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✳ ✳ ✳
②♥









=









❢✶(♣✶) ❢✶(♣✷) ✳ ✳ ✳ ❢✶(♣❇)
❢✷(♣✶) ❢✷(♣✷) ✳ ✳ ✳ ❢✷(♣❇)
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳

❢♥(♣✶) ❢♥(♣✷) ✳ ✳ ✳ ❢♥(♣❇)









·









①✶
①✷
✳ ✳ ✳
①❇









❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✹ ✴ ✸✹



P❛r❛❧❧❡❧ ✇✐t❤ ❧✐♥❡❛r ✐♥✈❡rs❡ ♣r♦❜❧❡♠s ✭❆✉st✐♥ ❡t ❛❧✳ ✷✵✶✵✮

◆❇✿ t❤❡ ♠✉❧t✐✲s♦✉r❝❡
♠♦❞❡❧

② =

❙
∑

s=✶

❢ (♣s) · ①s + ◆

✐s ❥✉st ❛♥ ✉♥❝♦♠♠♦♥✱
❡①♣❧✐❝✐t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
t❤❡ ❧✐♥❡❛r ✐♥✈❡rs❡ ♠♦❞❡❧ ♦♥
t❤❡ r✐❣❤t✿

✭✐♥ r❡❞✿ ✉♥❦♥♦✇♥s✮

② =

❇
∑

❜=✶

❢ (♣❜) · ①❜ + ◆ = ❋ · ❳ + ◆

✇✐t❤ ❇ ✭❧❛r❣❡✮ ♥✉♠❜❡r ♦❢ ❜❛s✐s ❡❧❡♠❡♥ts

✭✈♦①❡❧s✴♣✐①❡❧s✴♦t❤❡r✮ ❢♦r ✇❤✐❝❤ ❛ s♣❛rs❡ s♦❧✉t✐♦♥ ✐s
s♦✉❣❤t









②✶
②✷
✳ ✳ ✳
②♥









=









❢✶(♣✶) ❢✶(♣✷) ✳ ✳ ✳ ❢✶(♣❇)
❢✷(♣✶) ❢✷(♣✷) ✳ ✳ ✳ ❢✷(♣❇)
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳

❢♥(♣✶) ❢♥(♣✷) ✳ ✳ ✳ ❢♥(♣❇)









·









①✶
①✷
✳ ✳ ✳
①❇









❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✹ ✴ ✸✹



▼✉❧t✐✕s♦✉r❝❡ ♠♦❞❡❧

❆✐♠✿ t♦ ❡st✐♠❛t❡ ❙ ❛♥❞
{♣✶, ①✶, . . . , ♣❙ , ①❙}✳

s✐♥❣❧❡ s♦✉r❝❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ✭❡✳❣✳
♥✮❀

t❤❡♥ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡✿

❦

❦

❲❤② st✐❝❦ ✇✐t❤ t❤❡ ❡①♣❧✐❝✐t
r❡♣r❡s❡♥t❛t✐♦♥❄
t❤✐♥❣s ❣❡t ♠♦r❡ ✐♥✈♦❧✈❡❞
♥♦♥✲❧✐♥❡❛r✐t② ✐s ❜❛❞
✐♥t❡r♣r❡t❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞
✇❡ ❝❛♥ ❣♦ ❜❛②❡s✐❛♥

❈❤❛♥❣❡ ♦❢ ♣❡rs♣❡❝t✐✈❡✿ ❢r♦♠ ♣♦✐♥t
❡st✐♠❛t❡ ①

t♦ ✇❤♦❧❡
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ① ①

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✺ ✴ ✸✹



▼✉❧t✐✕s♦✉r❝❡ ♠♦❞❡❧

❆✐♠✿ t♦ ❡st✐♠❛t❡ ❙ ❛♥❞
{♣✶, ①✶, . . . , ♣❙ , ①❙}✳

S s✐♥❣❧❡ s♦✉r❝❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ✭❡✳❣✳
R
♥✮❀

t❤❡♥ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡✿

X =
⋃

❦

S❦

❲❤② st✐❝❦ ✇✐t❤ t❤❡ ❡①♣❧✐❝✐t
r❡♣r❡s❡♥t❛t✐♦♥❄

t❤✐♥❣s ❣❡t ♠♦r❡ ✐♥✈♦❧✈❡❞
♥♦♥✲❧✐♥❡❛r✐t② ✐s ❜❛❞
✐♥t❡r♣r❡t❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞
✇❡ ❝❛♥ ❣♦ ❜❛②❡s✐❛♥

❈❤❛♥❣❡ ♦❢ ♣❡rs♣❡❝t✐✈❡✿ ❢r♦♠ ♣♦✐♥t
❡st✐♠❛t❡ ①

t♦ ✇❤♦❧❡
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ① ①

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✺ ✴ ✸✹



▼✉❧t✐✕s♦✉r❝❡ ♠♦❞❡❧

❆✐♠✿ t♦ ❡st✐♠❛t❡ ❙ ❛♥❞
{♣✶, ①✶, . . . , ♣❙ , ①❙}✳

S s✐♥❣❧❡ s♦✉r❝❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ✭❡✳❣✳
R
♥✮❀

t❤❡♥ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡✿

X =
⋃

❦

S❦

❲❤② st✐❝❦ ✇✐t❤ t❤❡ ❡①♣❧✐❝✐t
r❡♣r❡s❡♥t❛t✐♦♥❄
t❤✐♥❣s ❣❡t ♠♦r❡ ✐♥✈♦❧✈❡❞

♥♦♥✲❧✐♥❡❛r✐t② ✐s ❜❛❞
✐♥t❡r♣r❡t❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞
✇❡ ❝❛♥ ❣♦ ❜❛②❡s✐❛♥

❈❤❛♥❣❡ ♦❢ ♣❡rs♣❡❝t✐✈❡✿ ❢r♦♠ ♣♦✐♥t
❡st✐♠❛t❡ ①

t♦ ✇❤♦❧❡
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ① ①

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✺ ✴ ✸✹



▼✉❧t✐✕s♦✉r❝❡ ♠♦❞❡❧

❆✐♠✿ t♦ ❡st✐♠❛t❡ ❙ ❛♥❞
{♣✶, ①✶, . . . , ♣❙ , ①❙}✳

S s✐♥❣❧❡ s♦✉r❝❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ✭❡✳❣✳
R
♥✮❀

t❤❡♥ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡✿

X =
⋃

❦

S❦

❲❤② st✐❝❦ ✇✐t❤ t❤❡ ❡①♣❧✐❝✐t
r❡♣r❡s❡♥t❛t✐♦♥❄
t❤✐♥❣s ❣❡t ♠♦r❡ ✐♥✈♦❧✈❡❞
♥♦♥✲❧✐♥❡❛r✐t② ✐s ❜❛❞

✐♥t❡r♣r❡t❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞
✇❡ ❝❛♥ ❣♦ ❜❛②❡s✐❛♥

❈❤❛♥❣❡ ♦❢ ♣❡rs♣❡❝t✐✈❡✿ ❢r♦♠ ♣♦✐♥t
❡st✐♠❛t❡ ①

t♦ ✇❤♦❧❡
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ① ①

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✺ ✴ ✸✹



▼✉❧t✐✕s♦✉r❝❡ ♠♦❞❡❧

❆✐♠✿ t♦ ❡st✐♠❛t❡ ❙ ❛♥❞
{♣✶, ①✶, . . . , ♣❙ , ①❙}✳

S s✐♥❣❧❡ s♦✉r❝❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ✭❡✳❣✳
R
♥✮❀

t❤❡♥ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡✿

X =
⋃

❦

S❦

❲❤② st✐❝❦ ✇✐t❤ t❤❡ ❡①♣❧✐❝✐t
r❡♣r❡s❡♥t❛t✐♦♥❄
t❤✐♥❣s ❣❡t ♠♦r❡ ✐♥✈♦❧✈❡❞
♥♦♥✲❧✐♥❡❛r✐t② ✐s ❜❛❞
✐♥t❡r♣r❡t❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞

✇❡ ❝❛♥ ❣♦ ❜❛②❡s✐❛♥

❈❤❛♥❣❡ ♦❢ ♣❡rs♣❡❝t✐✈❡✿ ❢r♦♠ ♣♦✐♥t
❡st✐♠❛t❡ ①

t♦ ✇❤♦❧❡
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ① ①

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✺ ✴ ✸✹



▼✉❧t✐✕s♦✉r❝❡ ♠♦❞❡❧

❆✐♠✿ t♦ ❡st✐♠❛t❡ ❙ ❛♥❞
{♣✶, ①✶, . . . , ♣❙ , ①❙}✳

S s✐♥❣❧❡ s♦✉r❝❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ✭❡✳❣✳
R
♥✮❀

t❤❡♥ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡✿

X =
⋃

❦

S❦

❲❤② st✐❝❦ ✇✐t❤ t❤❡ ❡①♣❧✐❝✐t
r❡♣r❡s❡♥t❛t✐♦♥❄
t❤✐♥❣s ❣❡t ♠♦r❡ ✐♥✈♦❧✈❡❞
♥♦♥✲❧✐♥❡❛r✐t② ✐s ❜❛❞
✐♥t❡r♣r❡t❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞
✇❡ ❝❛♥ ❣♦ ❜❛②❡s✐❛♥

❈❤❛♥❣❡ ♦❢ ♣❡rs♣❡❝t✐✈❡✿ ❢r♦♠ ♣♦✐♥t
❡st✐♠❛t❡ ①

t♦ ✇❤♦❧❡
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ① ①

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✺ ✴ ✸✹



▼✉❧t✐✕s♦✉r❝❡ ♠♦❞❡❧

❆✐♠✿ t♦ ❡st✐♠❛t❡ ❙ ❛♥❞
{♣✶, ①✶, . . . , ♣❙ , ①❙}✳

S s✐♥❣❧❡ s♦✉r❝❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ✭❡✳❣✳
R
♥✮❀

t❤❡♥ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡✿

X =
⋃

❦

S❦

❲❤② st✐❝❦ ✇✐t❤ t❤❡ ❡①♣❧✐❝✐t
r❡♣r❡s❡♥t❛t✐♦♥❄
t❤✐♥❣s ❣❡t ♠♦r❡ ✐♥✈♦❧✈❡❞
♥♦♥✲❧✐♥❡❛r✐t② ✐s ❜❛❞
✐♥t❡r♣r❡t❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞
✇❡ ❝❛♥ ❣♦ ❜❛②❡s✐❛♥

❈❤❛♥❣❡ ♦❢ ♣❡rs♣❡❝t✐✈❡✿ ❢r♦♠ ♣♦✐♥t
❡st✐♠❛t❡ ①̂

t♦ ✇❤♦❧❡
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ π(①)∀① ∈ X

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✺ ✴ ✸✹



▼♦r❡ t❤❛♥ ✐♠❛❣✐♥❣

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✻ ✴ ✸✹



▼♦r❡ t❤❛♥ ✐♠❛❣✐♥❣

908.6 908.8 909 909.2 909.4

X position

0

0.05

0.1

0.15
Northern source

270.5 271 271.5

Y position

0

0.05

0.1

0.15
Northern source

4.5 5 5.5

FWHM

0

0.02

0.04

0.06

0.08
Northern source

380 400 420 440 460

Flux

0

0.05

0.1

0.15
Northern source

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✻ ✴ ✸✹



▼♦r❡ t❤❛♥ ✐♠❛❣✐♥❣

908.6 908.8 909 909.2 909.4

X position

0

0.05

0.1

0.15
Northern source

270.5 271 271.5

Y position

0

0.05

0.1

0.15
Northern source

4.5 5 5.5

FWHM

0

0.02

0.04

0.06

0.08
Northern source

380 400 420 440 460

Flux

0

0.05

0.1

0.15
Northern source

910.6 910.8 911 911.2 911.4

X position

0

0.05

0.1

0.15

0.2

0.25
Southern source

240.5 241 241.5

Y position

0

0.05

0.1

0.15

0.2

0.25
Southern source

6.5 7 7.5

FWHM

0

0.05

0.1

0.15
Southern source

1100 1120 1140 1160 1180

Flux

0

0.05

0.1

0.15
Southern source

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✻ ✴ ✸✹



❇❛②❡s✐❛♥ ♠✉❧t✐✲s♦✉r❝❡ ♠♦❞❡❧

❈❤♦♦s❡ ❛ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥ X
✭❢r♦♠ ❤❡r❡ ♦♥✱ ① ✐s t❤❡ ✇❤♦❧❡ s❡t ♦❢ ✉♥❦♦♥✇♥s✮

π(①) = P(s)π(♣✶, ①✶, . . . , ♣s , ①s)

✇✐t❤
◮ P(s) ♣r♦❜❛❜✐❧✐t② ♦❢ s s♦✉r❝❡s
◮ π(♣✶, ①✶, . . . , ♣s , ①s) ♣r✐♦r ♦❢ s♣❡❝✐✜❝ ❝♦♥✜❣✉r❛t✐♦♥

❈❤♦♦s❡ ❛ ❧✐❦❡❧✐❤♦♦❞

② ①
② s ❢ ♣s ①s

✷

✷

✷ ♥♦✐s❡ ✈❛r✐❛♥❝❡

❈♦♠♣✉t❡✴❈❤❛r❛❝t❡r✐③❡ t❤❡ ♣♦st❡r✐♦r

① ② ② ① ①

◆❇✿ ✐t ❞❡♣❡♥❞s ♦♥ ✭❛t ❧❡❛st✮ ♦♥❡ ✭❤②♣❡r✮♣❛r❛♠❡t❡r

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✼ ✴ ✸✹



❇❛②❡s✐❛♥ ♠✉❧t✐✲s♦✉r❝❡ ♠♦❞❡❧

❈❤♦♦s❡ ❛ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥ X
✭❢r♦♠ ❤❡r❡ ♦♥✱ ① ✐s t❤❡ ✇❤♦❧❡ s❡t ♦❢ ✉♥❦♦♥✇♥s✮

π(①) = P(s)π(♣✶, ①✶, . . . , ♣s , ①s)

✇✐t❤
◮ P(s) ♣r♦❜❛❜✐❧✐t② ♦❢ s s♦✉r❝❡s
◮ π(♣✶, ①✶, . . . , ♣s , ①s) ♣r✐♦r ♦❢ s♣❡❝✐✜❝ ❝♦♥✜❣✉r❛t✐♦♥

❈❤♦♦s❡ ❛ ❧✐❦❡❧✐❤♦♦❞

π(② |①) ∝ exp

(

−
‖② −

∑

s ❢ (♣s)①s‖
✷

σ✷

)

◮ σ✷ ♥♦✐s❡ ✈❛r✐❛♥❝❡

❈♦♠♣✉t❡✴❈❤❛r❛❝t❡r✐③❡ t❤❡ ♣♦st❡r✐♦r

① ② ② ① ①

◆❇✿ ✐t ❞❡♣❡♥❞s ♦♥ ✭❛t ❧❡❛st✮ ♦♥❡ ✭❤②♣❡r✮♣❛r❛♠❡t❡r

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✼ ✴ ✸✹



❇❛②❡s✐❛♥ ♠✉❧t✐✲s♦✉r❝❡ ♠♦❞❡❧

❈❤♦♦s❡ ❛ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥ X
✭❢r♦♠ ❤❡r❡ ♦♥✱ ① ✐s t❤❡ ✇❤♦❧❡ s❡t ♦❢ ✉♥❦♦♥✇♥s✮

π(①) = P(s)π(♣✶, ①✶, . . . , ♣s , ①s)

✇✐t❤
◮ P(s) ♣r♦❜❛❜✐❧✐t② ♦❢ s s♦✉r❝❡s
◮ π(♣✶, ①✶, . . . , ♣s , ①s) ♣r✐♦r ♦❢ s♣❡❝✐✜❝ ❝♦♥✜❣✉r❛t✐♦♥

❈❤♦♦s❡ ❛ ❧✐❦❡❧✐❤♦♦❞

π(② |①) ∝ exp

(

−
‖② −

∑

s ❢ (♣s)①s‖
✷

σ✷

)

◮ σ✷ ♥♦✐s❡ ✈❛r✐❛♥❝❡

❈♦♠♣✉t❡✴❈❤❛r❛❝t❡r✐③❡ t❤❡ ♣♦st❡r✐♦r

π(① |②) ∝ π(② |①)π(①)

◆❇✿ ✐t ❞❡♣❡♥❞s ♦♥ ✭❛t ❧❡❛st✮ ♦♥❡ ✭❤②♣❡r✮♣❛r❛♠❡t❡r

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✼ ✴ ✸✹



❇❛②❡s✐❛♥ ♠✉❧t✐✲s♦✉r❝❡ ♠♦❞❡❧

❈❤♦♦s❡ ❛ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦♥ X
✭❢r♦♠ ❤❡r❡ ♦♥✱ ① ✐s t❤❡ ✇❤♦❧❡ s❡t ♦❢ ✉♥❦♦♥✇♥s✮

π(①) = P(s)π(♣✶, ①✶, . . . , ♣s , ①s)

✇✐t❤
◮ P(s) ♣r♦❜❛❜✐❧✐t② ♦❢ s s♦✉r❝❡s
◮ π(♣✶, ①✶, . . . , ♣s , ①s) ♣r✐♦r ♦❢ s♣❡❝✐✜❝ ❝♦♥✜❣✉r❛t✐♦♥

❈❤♦♦s❡ ❛ ❧✐❦❡❧✐❤♦♦❞

π(② |①) ∝ exp

(

−
‖② −

∑

s ❢ (♣s)①s‖
✷

σ✷

)

◮ σ✷ ♥♦✐s❡ ✈❛r✐❛♥❝❡

❈♦♠♣✉t❡✴❈❤❛r❛❝t❡r✐③❡ t❤❡ ♣♦st❡r✐♦r

π(① |②) ∝ π(② |①)π(①)

◆❇✿ ✐t ❞❡♣❡♥❞s ♦♥ ✭❛t ❧❡❛st✮ ♦♥❡ ✭❤②♣❡r✮♣❛r❛♠❡t❡r

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✼ ✴ ✸✹



P❛r❛❧❧❡❧ ✇✐t❤ s♣❛rs❡ ❧✐♥❡❛r ✐♥✈❡rs❡ ♣r♦❜❧❡♠s

◮ s♣❛rs❡ ❧✐♥❡❛r ✐♣

argmin ‖② −

❇
∑

❜=✶

❢ (♣❜) · ①❜‖
✷ + λ

❇
∑

❜=✶

|①❜|

❇❛②❡s✐❛♥ ♠✉❧t✐✕s♦✉r❝❡ ♠♦❞❡❧

① ②
②

❙

s ✶ ❢ ♣s ①s
✷

✷
s ①✶ ①s

s ❝❛♥ ♣❡♥❛❧✐③❡ ❧❛r❣❡r ♠♦❞❡❧s✱ ❡✳❣✳ s P♦✐ss ✇✐t❤ ✶✳

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✽ ✴ ✸✹



P❛r❛❧❧❡❧ ✇✐t❤ s♣❛rs❡ ❧✐♥❡❛r ✐♥✈❡rs❡ ♣r♦❜❧❡♠s

◮ s♣❛rs❡ ❧✐♥❡❛r ✐♣

argmin ‖② −

❇
∑

❜=✶

❢ (♣❜) · ①❜‖
✷ + λ

❇
∑

❜=✶

|①❜|

◮ ❇❛②❡s✐❛♥ ♠✉❧t✐✕s♦✉r❝❡ ♠♦❞❡❧

π(① |②) ∝ exp

(

−
‖② −

∑❙

s=✶ ❢ (♣s) · ①s‖
✷

σ✷

)

P(s)π(①✶, . . . , ①s)

s ❝❛♥ ♣❡♥❛❧✐③❡ ❧❛r❣❡r ♠♦❞❡❧s✱ ❡✳❣✳ s P♦✐ss ✇✐t❤ ✶✳

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✽ ✴ ✸✹



P❛r❛❧❧❡❧ ✇✐t❤ s♣❛rs❡ ❧✐♥❡❛r ✐♥✈❡rs❡ ♣r♦❜❧❡♠s

◮ s♣❛rs❡ ❧✐♥❡❛r ✐♣

argmin ‖② −

❇
∑

❜=✶

❢ (♣❜) · ①❜‖
✷ + λ

❇
∑

❜=✶

|①❜|

◮ ❇❛②❡s✐❛♥ ♠✉❧t✐✕s♦✉r❝❡ ♠♦❞❡❧

π(① |②) ∝ exp

(

−
‖② −

∑❙

s=✶ ❢ (♣s) · ①s‖
✷

σ✷

)

P(s)π(①✶, . . . , ①s)

P(s) ❝❛♥ ♣❡♥❛❧✐③❡ ❧❛r❣❡r ♠♦❞❡❧s✱ ❡✳❣✳ P(s) = P♦✐ss(γ) ✇✐t❤ γ < ✶✳

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✽ ✴ ✸✹



▼♦♥t❡ ❈❛r❧♦ ❛♣♣r♦①✐♠❛t✐♦♥

❲❡ ❛✐♠ ❛t ❝❤❛r❛❝t❡r✐③✐♥❣

π(① |②) ∝ π(② |①)π(①)

●♦❛❧ ✭♦❢ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s✮✿ ♦❜t❛✐♥ ❛ s❡t ♦❢ ✇❡✐❣❤t❡❞ ♣♦✐♥ts ① ♣
♣ ✶ P ✭♣❛rt✐❝❧❡s✮ t❤❛t

r❡♣r❡s❡♥t t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥✱ ✐✳❡✳ s✉❝❤ t❤❛t

♣

❤ ① ♣ ✇ ♣ ❤ ① ① ② ❞①

❢♦r ❛♥② ✭✇❡❧❧ ❜❡❤❛✈❡❞✮ ❢✉♥❝t✐♦♥ ❤

① ②
♣

✇ ♣ ① ① ♣

s❛♠♣❧✐♥❣ ❛♣♣r♦①✐♠❛t✐♥❣

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✾ ✴ ✸✹



▼♦♥t❡ ❈❛r❧♦ ❛♣♣r♦①✐♠❛t✐♦♥

❲❡ ❛✐♠ ❛t ❝❤❛r❛❝t❡r✐③✐♥❣

π(① |②) ∝ π(② |①)π(①)

●♦❛❧ ✭♦❢ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s✮✿ ♦❜t❛✐♥ ❛ s❡t ♦❢ ✇❡✐❣❤t❡❞ ♣♦✐♥ts {① (♣)}♣=✶,....,P ✭♣❛rt✐❝❧❡s✮ t❤❛t
r❡♣r❡s❡♥t t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥✱ ✐✳❡✳ s✉❝❤ t❤❛t

∑

♣

❤(① (♣))✇ (♣) →

∫

❤(①)π(① |②)❞①

❢♦r ❛♥② ✭✇❡❧❧ ❜❡❤❛✈❡❞✮ ❢✉♥❝t✐♦♥ ❤(·)

① ②
♣

✇ ♣ ① ① ♣

s❛♠♣❧✐♥❣ ❛♣♣r♦①✐♠❛t✐♥❣

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✾ ✴ ✸✹



▼♦♥t❡ ❈❛r❧♦ ❛♣♣r♦①✐♠❛t✐♦♥

❲❡ ❛✐♠ ❛t ❝❤❛r❛❝t❡r✐③✐♥❣

π(① |②) ∝ π(② |①)π(①)

●♦❛❧ ✭♦❢ ▼♦♥t❡ ❈❛r❧♦ ♠❡t❤♦❞s✮✿ ♦❜t❛✐♥ ❛ s❡t ♦❢ ✇❡✐❣❤t❡❞ ♣♦✐♥ts {① (♣)}♣=✶,....,P ✭♣❛rt✐❝❧❡s✮ t❤❛t
r❡♣r❡s❡♥t t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥✱ ✐✳❡✳ s✉❝❤ t❤❛t

∑

♣

❤(① (♣))✇ (♣) →

∫

❤(①)π(① |②)❞①

❢♦r ❛♥② ✭✇❡❧❧ ❜❡❤❛✈❡❞✮ ❢✉♥❝t✐♦♥ ❤(·)

π(① |②) ≃
∑

♣

✇ (♣)δ(① − ① (♣))

s❛♠♣❧✐♥❣ ←→ ❛♣♣r♦①✐♠❛t✐♥❣

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✾ ✴ ✸✹



❇❛s✐❝ ▼♦♥t❡ ❈❛r❧♦ ✕ ■♠♣♦rt❛♥❝❡ ❙❛♠♣❧✐♥❣

∫

❤(①)π(① |②)❞① =

∫

❤(①)
π(① |②)

η(①)
η(①)❞①

η(①) ✐♠♣♦rt❛♥❝❡ ❞❡♥s✐t② s✳t✳
π(① |②) > ✵→ η(①) > ✵❀

✐❢ {① (♣)}♣=✶,...,P ✐✳✐✳❞✳ ❢r♦♠ η(①)
▲▲◆ ❣✉❛r❛♥t❡❡s

∑

♣

✶

P

π(① (♣)|②)

η(① (♣))
❤(① (♣))→

∫

❤(①)π(① |②)❞①

◮ ❣❧♦❜❛❧ ❛♥❞ ♣❛r❛❧❧❡❧

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✶✵ ✴ ✸✹



❇❛s✐❝ ▼♦♥t❡ ❈❛r❧♦ ✕ ▼❛r❦♦✈ ❈❤❛✐♥ ▼♦♥t❡ ❈❛r❧♦

❆♥ ✐rr❡❞✉❝✐❜❧❡✱ ❛♣❡r✐♦❞✐❝ ▼❛r❦♦✈
❈❤❛✐♥ ❤❛s ✐♥✈❛r✐❛♥t ❞✐str✐❜✉t✐♦♥✳

❇✉✐❧❞ ❛ π(① |②)✲✐♥✈❛r✐❛♥t ❦❡r♥❡❧
❑ (① ′|①)✱ t❤❡♥ s❛♠♣❧❡ ① (♣+✶) ❢r♦♠
❑ (·|① (♣)) ❡r❣♦❞✐❝ t❤❡♦r❡♠

∑

♣

✶

P
δ(① − ① (♣)) ≃ π(① |②)

❊①❛♠♣❧❡✿ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s
♣r♦♣♦s❛❧✰❛❝❝❡♣t❛♥❝❡✴r❡❥❡❝t✐♦♥✳

◮ ❧♦❝❛❧ ❛♥❞ s❡r✐❛❧

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✶✶ ✴ ✸✹



▲✐♠✐t❛t✐♦♥s ♦❢ ❜❛s✐❝ ▼❈

■♠♣♦rt❛♥❝❡ ❙❛♠♣❧✐♥❣ ▼❛r❦♦✈ ❈❤❛✐♥ ▼♦♥t❡ ❈❛r❧♦

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✶✷ ✴ ✸✹



❙❡q✉❡♥t✐❛❧ ▼♦♥t❡ ❈❛r❧♦ s❛♠♣❧❡rs

❙❡q✉❡♥t✐❛❧ ▼♦♥t❡ ❈❛r❧♦ ✭❉❡❧
▼♦r❛❧ ❡t ❛❧✳ ✷✵✵✻✮ ❝♦♥str✉❝t ❛
s❡q✉❡♥❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s
π✶(①), . . . , π■ (①) s✉❝❤ t❤❛t

◮ π✶(①) = π(①) ✐s t❤❡ ♣r✐♦r
❞✐str✐❜✉t✐♦♥

◮ π■ (①) = π(① |②) ✐s t❤❡
♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥

◮ π✐ (①) ∼ π✐−✶(①)

❖✉r ❝❤♦✐❝❡✿

✐ ① ② ① ✐ ①

✐ ✵ ✶ ✱ ✐ ✐ ✶

✭ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣✱ t❡♠♣❡r✐♥❣✱✳✳✳✮

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✶✸ ✴ ✸✹



❙❡q✉❡♥t✐❛❧ ▼♦♥t❡ ❈❛r❧♦ s❛♠♣❧❡rs

❙❡q✉❡♥t✐❛❧ ▼♦♥t❡ ❈❛r❧♦ ✭❉❡❧
▼♦r❛❧ ❡t ❛❧✳ ✷✵✵✻✮ ❝♦♥str✉❝t ❛
s❡q✉❡♥❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s
π✶(①), . . . , π■ (①) s✉❝❤ t❤❛t

◮ π✶(①) = π(①) ✐s t❤❡ ♣r✐♦r
❞✐str✐❜✉t✐♦♥

◮ π■ (①) = π(① |②) ✐s t❤❡
♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥

◮ π✐ (①) ∼ π✐−✶(①)

❖✉r ❝❤♦✐❝❡✿
π✐ (①) ∝ π(② |①)α✐ π(①)

α✐ ∈ [✵, ✶]✱ α✐ < α✐+✶

✭ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣✱ t❡♠♣❡r✐♥❣✱✳✳✳✮

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✶✸ ✴ ✸✹



❙❡q✉❡♥t✐❛❧ ▼♦♥t❡ ❈❛r❧♦ s❛♠♣❧❡rs

❙❡q✉❡♥t✐❛❧ ▼♦♥t❡ ❈❛r❧♦ ✭❉❡❧
▼♦r❛❧ ❡t ❛❧✳ ✷✵✵✻✮ ❝♦♥str✉❝t ❛
s❡q✉❡♥❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s
π✶(①), . . . , π■ (①) s✉❝❤ t❤❛t

◮ π✶(①) = π(①) ✐s t❤❡ ♣r✐♦r
❞✐str✐❜✉t✐♦♥

◮ π■ (①) = π(① |②) ✐s t❤❡
♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥

◮ π✐ (①) ∼ π✐−✶(①)

❖✉r ❝❤♦✐❝❡✿
π✐ (①) ∝ π(② |①)α✐ π(①)

α✐ ∈ [✵, ✶]✱ α✐ < α✐+✶

✭∼ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣✱ t❡♠♣❡r✐♥❣✱✳✳✳✮

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✶✸ ✴ ✸✹



❙❡q✉❡♥t✐❛❧ ▼♦♥t❡ ❈❛r❧♦ s❛♠♣❧❡rs

●❡♥❡r❛❧ s❝❤❡♠❡✿

✵ ■♥✐t✐❛❧✐③❛t✐♦♥✿ s❛♠♣❧❡ P ♣❛rt✐❝❧❡s {①
(♣)
✶ }♣=✶,...,P ❢r♦♠ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ π✶(①)❀

t❤❡♥ ✐t❡r❛t❡

✐ ▼❈▼❈ st❡♣✿ ❢♦r ❡✈❡r② s❛♠♣❧❡ ✭♣❛rt✐❝❧❡✮ ♣r♦♣♦s❡ ❛♥❞ ❛❝❝❡♣t✴r❡❥❡❝t

✐✐ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ st❡♣✿ ✉♣❞❛t❡ t❤❡ ♣❛rt✐❝❧❡ ✇❡✐❣❤t

✇
♣

✐ ✇
♣

✐ ✶

✐ ①
♣

✐ ✶

✐ ✶ ①
♣

✐ ✶

◆✳❇✳✿ ❛t ✐t❡r❛t✐♦♥ ✐ ✱ ①
♣

✐ ✇
♣

✐ ♣ ✶ P ❛♣♣r♦①✐♠❛t❡

✐ ① ② ① ✐ ①

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✶✹ ✴ ✸✹



❙❡q✉❡♥t✐❛❧ ▼♦♥t❡ ❈❛r❧♦ s❛♠♣❧❡rs

●❡♥❡r❛❧ s❝❤❡♠❡✿

✵ ■♥✐t✐❛❧✐③❛t✐♦♥✿ s❛♠♣❧❡ P ♣❛rt✐❝❧❡s {①
(♣)
✶ }♣=✶,...,P ❢r♦♠ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ π✶(①)❀

t❤❡♥ ✐t❡r❛t❡

✐ ▼❈▼❈ st❡♣✿ ❢♦r ❡✈❡r② s❛♠♣❧❡ ✭♣❛rt✐❝❧❡✮ ♣r♦♣♦s❡ ❛♥❞ ❛❝❝❡♣t✴r❡❥❡❝t

✐✐ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ st❡♣✿ ✉♣❞❛t❡ t❤❡ ♣❛rt✐❝❧❡ ✇❡✐❣❤t

✇
♣

✐ ✇
♣

✐ ✶

✐ ①
♣

✐ ✶

✐ ✶ ①
♣

✐ ✶

◆✳❇✳✿ ❛t ✐t❡r❛t✐♦♥ ✐ ✱ ①
♣

✐ ✇
♣

✐ ♣ ✶ P ❛♣♣r♦①✐♠❛t❡

✐ ① ② ① ✐ ①

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✶✹ ✴ ✸✹



❙❡q✉❡♥t✐❛❧ ▼♦♥t❡ ❈❛r❧♦ s❛♠♣❧❡rs

●❡♥❡r❛❧ s❝❤❡♠❡✿

✵ ■♥✐t✐❛❧✐③❛t✐♦♥✿ s❛♠♣❧❡ P ♣❛rt✐❝❧❡s {①
(♣)
✶ }♣=✶,...,P ❢r♦♠ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ π✶(①)❀

t❤❡♥ ✐t❡r❛t❡

✐ ▼❈▼❈ st❡♣✿ ❢♦r ❡✈❡r② s❛♠♣❧❡ ✭♣❛rt✐❝❧❡✮ ♣r♦♣♦s❡ ❛♥❞ ❛❝❝❡♣t✴r❡❥❡❝t

✐✐ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ st❡♣✿ ✉♣❞❛t❡ t❤❡ ♣❛rt✐❝❧❡ ✇❡✐❣❤t

✇
(♣)
✐ = ✇

(♣)
✐−✶

π✐ (①
(♣)
✐−✶)

π✐−✶(①
(♣)
✐−✶)

◆✳❇✳✿ ❛t ✐t❡r❛t✐♦♥ ✐ ✱ ①
♣

✐ ✇
♣

✐ ♣ ✶ P ❛♣♣r♦①✐♠❛t❡

✐ ① ② ① ✐ ①

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✶✹ ✴ ✸✹



❙❡q✉❡♥t✐❛❧ ▼♦♥t❡ ❈❛r❧♦ s❛♠♣❧❡rs

●❡♥❡r❛❧ s❝❤❡♠❡✿

✵ ■♥✐t✐❛❧✐③❛t✐♦♥✿ s❛♠♣❧❡ P ♣❛rt✐❝❧❡s {①
(♣)
✶ }♣=✶,...,P ❢r♦♠ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ π✶(①)❀

t❤❡♥ ✐t❡r❛t❡

✐ ▼❈▼❈ st❡♣✿ ❢♦r ❡✈❡r② s❛♠♣❧❡ ✭♣❛rt✐❝❧❡✮ ♣r♦♣♦s❡ ❛♥❞ ❛❝❝❡♣t✴r❡❥❡❝t

✐✐ ✐♠♣♦rt❛♥❝❡ s❛♠♣❧✐♥❣ st❡♣✿ ✉♣❞❛t❡ t❤❡ ♣❛rt✐❝❧❡ ✇❡✐❣❤t

✇
(♣)
✐ = ✇

(♣)
✐−✶

π✐ (①
(♣)
✐−✶)

π✐−✶(①
(♣)
✐−✶)

◆✳❇✳✿ ❛t ✐t❡r❛t✐♦♥ ✐ ✱ {①
(♣)
✐ ,✇

(♣)
✐ }♣=✶,...,P ❛♣♣r♦①✐♠❛t❡

π✐ (①) ∝ π(② |①)γ✐ π(①)

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✶✹ ✴ ✸✹



▼❈▼❈ ♠♦✈❡s
❊①♣❧♦r✐♥❣ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡

❈❧❛ss✐❝
♣❛r❛♠❡✲

t❡r
✉♣❞❛t❡
=⇒

⇐=

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✶✺ ✴ ✸✹



▼❈▼❈ ♠♦✈❡s
❊①♣❧♦r✐♥❣ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡

❇✐rt❤
=⇒

❉❡❛t❤
⇐=

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✶✻ ✴ ✸✹



▼❈▼❈ ♠♦✈❡s
❊①♣❧♦r✐♥❣ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡

❙♣❧✐t
=⇒

▼❡r❣❡
⇐=

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✶✼ ✴ ✸✹



▼❈▼❈ ♠♦✈❡s
❊①♣❧♦r✐♥❣ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡

❚②♣❡ ❝❤❛♥❣❡

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✶✽ ✴ ✸✹



❆♥ ✐♥s✐❣❤t ✐♥t♦ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡
✭❙❝✐❛❝❝❤✐t❛♥♦ ❡t ❛❧✳ ✷✵✶✾✮

❚r✉❡
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❆♥ ✐♥s✐❣❤t ✐♥t♦ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡
✭❙❝✐❛❝❝❤✐t❛♥♦ ❡t ❛❧✳ ✷✵✶✾✮
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❆♥ ✐♥s✐❣❤t ✐♥t♦ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡
✭❙❝✐❛❝❝❤✐t❛♥♦ ❡t ❛❧✳ ✷✵✶✾✮
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❆♥ ✐♥s✐❣❤t ✐♥t♦ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡
✭❙❝✐❛❝❝❤✐t❛♥♦ ❡t ❛❧✳ ✷✵✶✾✮
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❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✶✾ ✴ ✸✹



❆♥ ✐♥s✐❣❤t ✐♥t♦ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡
✭❙❝✐❛❝❝❤✐t❛♥♦ ❡t ❛❧✳ ✷✵✶✾✮

❚r✉❡
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❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✵ ✴ ✸✹



❆♥ ✐♥s✐❣❤t ✐♥t♦ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡
✭❙❝✐❛❝❝❤✐t❛♥♦ ❡t ❛❧✳ ✷✵✶✾✮

❚r✉❡
s♦✉r❝❡
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❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✵ ✴ ✸✹



❆♥ ✐♥s✐❣❤t ✐♥t♦ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡
✭❙❝✐❛❝❝❤✐t❛♥♦ ❡t ❛❧✳ ✷✵✶✾✮

❚r✉❡
s♦✉r❝❡
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❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✵ ✴ ✸✹



❊①❛♠♣❧❡ ♦♥ ❜r❛✐♥ ✐♠❛❣✐♥❣
✭❙♦rr❡♥t✐♥♦ ❡t ❛❧✳ ✷✵✶✹✮

❚r✉❡ ❧♦❝❛t✐♦♥s✳ ❉❡♥s✐t② ≥ ✶/✶✵✵✵✳ P♦✐♥t ❡st✐♠❛t❡s✳

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✶ ✴ ✸✹



❇❡tt❡r ❡①♣❧♦✐t✐♥❣ ❙▼❈ s❛♠♣❧❡rs
❱✐❛♥✐ ❛♥❞ ❙✳✱ ✐♥ ♣r❡♣❛r❛t✐♦♥

Pr♦❜❧❡♠✴♦♣♣♦rt✉♥✐t②✿ ■♥t❡r♠❡❞✐❛t❡ ❞✐str✐❜✉t✐♦♥s ❛r❡ t②♣✐❝❛❧❧② ❞✐s❝❛r❞❡❞
❇✉t t❤❡② ❧♦♦❦ ♥✐❝❡✦ ❈❛♥ ✇❡ ✉s❡ t❤❡♠❄

❚②♣✐❝❛❧ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡ ✐s

✐ ①
① ② ① ✐

✐ ②

✇✐t❤

✶ ✵ ✲ st❛rt ❢r♦♠ t❤❡ ♣r✐♦r ①

■ ✶ ✲ ❧❛st ❞✐str✐❜✉t✐♦♥ ✐s t❤❡ ♣♦st❡r✐♦r ① ②

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✷ ✴ ✸✹



❇❡tt❡r ❡①♣❧♦✐t✐♥❣ ❙▼❈ s❛♠♣❧❡rs
❱✐❛♥✐ ❛♥❞ ❙✳✱ ✐♥ ♣r❡♣❛r❛t✐♦♥

Pr♦❜❧❡♠✴♦♣♣♦rt✉♥✐t②✿ ■♥t❡r♠❡❞✐❛t❡ ❞✐str✐❜✉t✐♦♥s ❛r❡ t②♣✐❝❛❧❧② ❞✐s❝❛r❞❡❞
❇✉t t❤❡② ❧♦♦❦ ♥✐❝❡✦ ❈❛♥ ✇❡ ✉s❡ t❤❡♠❄
❚②♣✐❝❛❧ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s❡q✉❡♥❝❡ ✐s

π✐ (①) =
π(①)π(② |①)α✐

π✐ (②)

✇✐t❤

◮ α✶ = ✵ ✲ st❛rt ❢r♦♠ t❤❡ ♣r✐♦r π(①)

◮ α■ = ✶ ✲ ❧❛st ❞✐str✐❜✉t✐♦♥ ✐s t❤❡ ♣♦st❡r✐♦r π(① |②)

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✷ ✴ ✸✹



❚✇♦ ❦❡② ♦❜s❡r✈❛t✐♦♥s
❖❜s❡r✈❛t✐♦♥ ✶

π✐ (①) =
π(①)π(② |①)α✐

π✐ (②)

❋♦r ❛ ❧✐❦❡❧✐❤♦♦❞ ✐♥ t❤❡ ♥❛t✉r❛❧ ❡①♣♦♥❡♥t✐❛❧ ❢❛♠✐❧② ✇✐t❤ ♥❛t✉r❛❧ ♣❛r❛♠❡t❡r

② ① ✐

✐
② ①

r❛✐s✐♥❣ t♦ ❛ ♣♦✇❡r ❝♦rr❡s♣♦♥❞s t♦ r❡s❝❛❧✐♥❣ t❤❡ ♣❛r❛♠❡t❡r✦
❊①❛♠♣❧❡✿ ❢♦r ❛ ●❛✉ss✐❛♥ ❧✐❦❡❧✐❤♦♦❞✱ ✶ ✷ ❛♥❞

② ❢ ① ✷

✷ ✷

✐ ② ❢ ① ✷

✷
✐

✷

■♥t❡r♠❡❞✐❛t❡ ❞✐str✐❜✉t✐♦♥s ❛r❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥s ✇✐t❤ ❛ ❞✐✛❡r❡♥t ✈❛❧✉❡ ♦❢ t❤❡
❤②♣❡r♣❛r❛♠❡t❡r✦
❋♦r ●❛✉ss✐❛♥ ❧✐❦❡❧✐❤♦♦❞✱ ✇❡ ❤❛✈❡ s❤r✐♥❦✐♥❣ ❡✛❡❝t✐✈❡ ✈❛r✐❛♥❝❡ ✐

✐

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✸ ✴ ✸✹



❚✇♦ ❦❡② ♦❜s❡r✈❛t✐♦♥s
❖❜s❡r✈❛t✐♦♥ ✶

π✐ (①) =
π(①)π(② |①)α✐

π✐ (②)

❋♦r ❛ ❧✐❦❡❧✐❤♦♦❞ ✐♥ t❤❡ ♥❛t✉r❛❧ ❡①♣♦♥❡♥t✐❛❧ ❢❛♠✐❧② ✇✐t❤ ♥❛t✉r❛❧ ♣❛r❛♠❡t❡r θ

πθ(② |①)
α✐ ∝ πα✐ θ(② |①)

r❛✐s✐♥❣ t♦ ❛ ♣♦✇❡r ❝♦rr❡s♣♦♥❞s t♦ r❡s❝❛❧✐♥❣ t❤❡ ♣❛r❛♠❡t❡r✦

❊①❛♠♣❧❡✿ ❢♦r ❛ ●❛✉ss✐❛♥ ❧✐❦❡❧✐❤♦♦❞✱ ✶ ✷ ❛♥❞

② ❢ ① ✷

✷ ✷

✐ ② ❢ ① ✷

✷
✐

✷

■♥t❡r♠❡❞✐❛t❡ ❞✐str✐❜✉t✐♦♥s ❛r❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥s ✇✐t❤ ❛ ❞✐✛❡r❡♥t ✈❛❧✉❡ ♦❢ t❤❡
❤②♣❡r♣❛r❛♠❡t❡r✦
❋♦r ●❛✉ss✐❛♥ ❧✐❦❡❧✐❤♦♦❞✱ ✇❡ ❤❛✈❡ s❤r✐♥❦✐♥❣ ❡✛❡❝t✐✈❡ ✈❛r✐❛♥❝❡ ✐

✐

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✸ ✴ ✸✹



❚✇♦ ❦❡② ♦❜s❡r✈❛t✐♦♥s
❖❜s❡r✈❛t✐♦♥ ✶

π✐ (①) =
π(①)π(② |①)α✐

π✐ (②)

❋♦r ❛ ❧✐❦❡❧✐❤♦♦❞ ✐♥ t❤❡ ♥❛t✉r❛❧ ❡①♣♦♥❡♥t✐❛❧ ❢❛♠✐❧② ✇✐t❤ ♥❛t✉r❛❧ ♣❛r❛♠❡t❡r θ

πθ(② |①)
α✐ ∝ πα✐ θ(② |①)

r❛✐s✐♥❣ t♦ ❛ ♣♦✇❡r ❝♦rr❡s♣♦♥❞s t♦ r❡s❝❛❧✐♥❣ t❤❡ ♣❛r❛♠❡t❡r✦
❊①❛♠♣❧❡✿ ❢♦r ❛ ●❛✉ss✐❛♥ ❧✐❦❡❧✐❤♦♦❞✱ θ = ✶/σ✷ ❛♥❞

(

exp−
(② − ❢ (①))✷

✷σ✷

)α✐

= exp






−
(② − ❢ (①))✷

✷
(

σ√
α✐

)✷







■♥t❡r♠❡❞✐❛t❡ ❞✐str✐❜✉t✐♦♥s ❛r❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥s ✇✐t❤ ❛ ❞✐✛❡r❡♥t ✈❛❧✉❡ ♦❢ t❤❡
❤②♣❡r♣❛r❛♠❡t❡r✦

❋♦r ●❛✉ss✐❛♥ ❧✐❦❡❧✐❤♦♦❞✱ ✇❡ ❤❛✈❡ s❤r✐♥❦✐♥❣ ❡✛❡❝t✐✈❡ ✈❛r✐❛♥❝❡ ✐
✐

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✸ ✴ ✸✹



❚✇♦ ❦❡② ♦❜s❡r✈❛t✐♦♥s
❖❜s❡r✈❛t✐♦♥ ✶

π✐ (①) =
π(①)π(② |①)α✐

π✐ (②)

❋♦r ❛ ❧✐❦❡❧✐❤♦♦❞ ✐♥ t❤❡ ♥❛t✉r❛❧ ❡①♣♦♥❡♥t✐❛❧ ❢❛♠✐❧② ✇✐t❤ ♥❛t✉r❛❧ ♣❛r❛♠❡t❡r θ

πθ(② |①)
α✐ ∝ πα✐ θ(② |①)

r❛✐s✐♥❣ t♦ ❛ ♣♦✇❡r ❝♦rr❡s♣♦♥❞s t♦ r❡s❝❛❧✐♥❣ t❤❡ ♣❛r❛♠❡t❡r✦
❊①❛♠♣❧❡✿ ❢♦r ❛ ●❛✉ss✐❛♥ ❧✐❦❡❧✐❤♦♦❞✱ θ = ✶/σ✷ ❛♥❞

(

exp−
(② − ❢ (①))✷

✷σ✷

)α✐

= exp






−
(② − ❢ (①))✷

✷
(

σ√
α✐

)✷







■♥t❡r♠❡❞✐❛t❡ ❞✐str✐❜✉t✐♦♥s ❛r❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥s ✇✐t❤ ❛ ❞✐✛❡r❡♥t ✈❛❧✉❡ ♦❢ t❤❡
❤②♣❡r♣❛r❛♠❡t❡r✦
❋♦r ●❛✉ss✐❛♥ ❧✐❦❡❧✐❤♦♦❞✱ ✇❡ ❤❛✈❡ s❤r✐♥❦✐♥❣ ❡✛❡❝t✐✈❡ ✈❛r✐❛♥❝❡ σ✐ =

σ√
α✐

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✸ ✴ ✸✹



❚✇♦ ❦❡② ♦❜s❡r✈❛t✐♦♥s
❖❜s❡r✈❛t✐♦♥ ✷

π✐ (①) =
π(①)π(② |①)α✐

π✐ (②)

① ② ① ✐

✐ ② ✐

t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t ✭❞❡♥♦♠✐♥❛t♦r✮ ❜❡❝♦♠❡s

✐ ② ② ✐ ✐ ✐

❛♥❞ ❙▼❈ s❛♠♣❧❡rs ♣r♦✈✐❞❡ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t✦
❲❡ t❤❡r❡❢♦r❡ ❤❛✈❡ t❤❡ ❡✈✐❞❡♥❝❡ ❢♦r ❢♦r ❢r❡❡ ✭❡✈❛❧✉❛t❡❞ ❛t ✐ ✐ ✐ ✶ ■ ✮

✐ ② ② ✐ ✐

●✐✈❡♥ ❛ ❤②♣❡r♣r✐♦r ✱ ✇❡ ❝❛♥ s❡❧❡❝t t❤❡ ❤②♣❡r♣❛r❛♠❡t❡r✱ ♦r ❛✈❡r❛❣❡ ❛❝r♦ss ✐t✦ ❲❡ ❝❛♥
❡♠❜♦❞② ✉♥❝❡rt❛✐♥t② ♦♥ t❤❡ ❤②♣❡r♣❛r❛♠❡t❡r✳

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✹ ✴ ✸✹



❚✇♦ ❦❡② ♦❜s❡r✈❛t✐♦♥s
❖❜s❡r✈❛t✐♦♥ ✷

π✐ (①) =
π(①)π(② |①)α✐

π✐ (②)

=
π(①)π(② |① , α✐θ)

π✐ (② |α✐θ)

t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t ✭❞❡♥♦♠✐♥❛t♦r✮ ❜❡❝♦♠❡s

✐ ② ② ✐ ✐ ✐

❛♥❞ ❙▼❈ s❛♠♣❧❡rs ♣r♦✈✐❞❡ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t✦
❲❡ t❤❡r❡❢♦r❡ ❤❛✈❡ t❤❡ ❡✈✐❞❡♥❝❡ ❢♦r ❢♦r ❢r❡❡ ✭❡✈❛❧✉❛t❡❞ ❛t ✐ ✐ ✐ ✶ ■ ✮

✐ ② ② ✐ ✐

●✐✈❡♥ ❛ ❤②♣❡r♣r✐♦r ✱ ✇❡ ❝❛♥ s❡❧❡❝t t❤❡ ❤②♣❡r♣❛r❛♠❡t❡r✱ ♦r ❛✈❡r❛❣❡ ❛❝r♦ss ✐t✦ ❲❡ ❝❛♥
❡♠❜♦❞② ✉♥❝❡rt❛✐♥t② ♦♥ t❤❡ ❤②♣❡r♣❛r❛♠❡t❡r✳

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✹ ✴ ✸✹



❚✇♦ ❦❡② ♦❜s❡r✈❛t✐♦♥s
❖❜s❡r✈❛t✐♦♥ ✷

π✐ (①) =
π(①)π(② |①)α✐

π✐ (②)

=
π(①)π(② |① , α✐θ)

π✐ (② |α✐θ)

t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t ✭❞❡♥♦♠✐♥❛t♦r✮ ❜❡❝♦♠❡s

π✐ (②) = π(② |θ✐ ) θ✐ = θα✐

❛♥❞ ❙▼❈ s❛♠♣❧❡rs ♣r♦✈✐❞❡ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t✦

❲❡ t❤❡r❡❢♦r❡ ❤❛✈❡ t❤❡ ❡✈✐❞❡♥❝❡ ❢♦r ❢♦r ❢r❡❡ ✭❡✈❛❧✉❛t❡❞ ❛t ✐ ✐ ✐ ✶ ■ ✮

✐ ② ② ✐ ✐

●✐✈❡♥ ❛ ❤②♣❡r♣r✐♦r ✱ ✇❡ ❝❛♥ s❡❧❡❝t t❤❡ ❤②♣❡r♣❛r❛♠❡t❡r✱ ♦r ❛✈❡r❛❣❡ ❛❝r♦ss ✐t✦ ❲❡ ❝❛♥
❡♠❜♦❞② ✉♥❝❡rt❛✐♥t② ♦♥ t❤❡ ❤②♣❡r♣❛r❛♠❡t❡r✳

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✹ ✴ ✸✹



❚✇♦ ❦❡② ♦❜s❡r✈❛t✐♦♥s
❖❜s❡r✈❛t✐♦♥ ✷

π✐ (①) =
π(①)π(② |①)α✐

π✐ (②)

=
π(①)π(② |① , α✐θ)

π✐ (② |α✐θ)

t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t ✭❞❡♥♦♠✐♥❛t♦r✮ ❜❡❝♦♠❡s

π✐ (②) = π(② |θ✐ ) θ✐ = θα✐

❛♥❞ ❙▼❈ s❛♠♣❧❡rs ♣r♦✈✐❞❡ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦♥st❛♥t✦
❲❡ t❤❡r❡❢♦r❡ ❤❛✈❡ t❤❡ ❡✈✐❞❡♥❝❡ ❢♦r θ ❢♦r ❢r❡❡ ✭❡✈❛❧✉❛t❡❞ ❛t {θ✐ = α✐θ}✐=✶,...,■ ✮

π(θ✐ |②) ∝ π(② |θ✐ )π(θ✐ )

●✐✈❡♥ ❛ ❤②♣❡r♣r✐♦r π(θ)✱ ✇❡ ❝❛♥ s❡❧❡❝t t❤❡ ❤②♣❡r♣❛r❛♠❡t❡r✱ ♦r ❛✈❡r❛❣❡ ❛❝r♦ss ✐t✦ ❲❡ ❝❛♥
❡♠❜♦❞② ✉♥❝❡rt❛✐♥t② ♦♥ t❤❡ ❤②♣❡r♣❛r❛♠❡t❡r✳

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✹ ✴ ✸✹



◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts
❆ t♦② ❡①❛♠♣❧❡

❯❦♥♦✇♥ ♣❛r❛♠❡t❡rs✿
♥✉♠❜❡r ♦❢ ●❛✉ss✐❛♥
❢✉♥❝t✐♦♥s❀
♠❡❛♥✱ ✈❛r✐❛♥❝❡ ❛♥❞ ❤❡✐❣❤t
♦❢ ❡❛❝❤ ●❛✉ss✐❛♥ ❢✉♥❝t✐♦♥❀

♠❡❛s✉r❡❞ ❞❛t❛✿
♣❡rt✉r❜❡❞ s❛♠♣❧❡s ♦❢ t❤❡
♠✐①t✉r❡✱ ●❛✉ss✐❛♥ ♥♦✐s❡

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✺ ✴ ✸✹



◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts
❆ t♦② ❡①❛♠♣❧❡

❯❦♥♦✇♥ ♣❛r❛♠❡t❡rs✿
♥✉♠❜❡r ♦❢ ●❛✉ss✐❛♥
❢✉♥❝t✐♦♥s❀
♠❡❛♥✱ ✈❛r✐❛♥❝❡ ❛♥❞ ❤❡✐❣❤t
♦❢ ❡❛❝❤ ●❛✉ss✐❛♥ ❢✉♥❝t✐♦♥❀

♠❡❛s✉r❡❞ ❞❛t❛✿
♣❡rt✉r❜❡❞ s❛♠♣❧❡s ♦❢ t❤❡
♠✐①t✉r❡✱ ●❛✉ss✐❛♥ ♥♦✐s❡

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✺ ✴ ✸✹



◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts
❙t❛♥❞❛r❞ ❛♣♣r♦❛❝❤

❲❡ ❝♦♠♣❛r❡ ♦✉r ♠❡t❤♦❞ ✇✐t❤ ❛ st❛♥❞❛r❞ ❛♣♣r♦❛❝❤✿

◮ ❛✉❣♠❡♥t st❛t❡ s♣❛❝❡ ✇✐t❤ σ

◮ ✉s❡ ▼♦♥t❡ ❈❛r❧♦ t♦ s❛♠♣❧❡ ❢r♦♠

π(s, ①✶, . . . , ①s , σ|②)

❈♦♠♣✉t❛t✐♦♥❛❧❧② ✭s♦♠❡✇❤❛t✮ ❤❡❛✈✐❡r

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✻ ✴ ✸✹



◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts
❆ t♦② ❡①❛♠♣❧❡

❚❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❤②♣❡r♣❛r❛♠❡t❡r ❬t♦♣✿ st❛♥❞❛r❞❀ ❜♦tt♦♠✿ ♥❡✇❪

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✼ ✴ ✸✹



◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts
❆ t♦② ❡①❛♠♣❧❡

❊rr♦r ♦♥ ❤②♣❡r♣❛r❛♠❡t❡r ❡st✐♠❛t❡ ❬r❡❞✿ st❛♥❞❛r❞❀ ❜❧✉❡✿ ♥❡✇❪

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✽ ✴ ✸✹



◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts
❆ t♦② ❡①❛♠♣❧❡

❊rr♦r ♦♥ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❬r❡❞✿ st❛♥❞❛r❞❀ ❜❧✉❡✿ ♥❡✇❪

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✷✾ ✴ ✸✹



◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts
❇r❛✐♥ ✐♠❛❣✐♥❣

▼♦r❡ ❛❝❝✉r❛t❡ ♣r♦❜❛❜✐❧✐t② ♠❛♣s ❬t♦♣✿ ♥❡✇❀ ❜♦tt♦♠✿ st❛♥❞❛r❞❀

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✸✵ ✴ ✸✹



◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts
❇r❛✐♥ ✐♠❛❣✐♥❣

❙t❛♥❞❛r❞ ❛♣♣r♦❛❝❤ ♣r♦✈✐❞❡s ❤✐❣❤❡r ✈❛r✐❛♥❝❡✱ ♦❢t❡♥ ❜❡tt❡r ❡st✐♠❛t❡s ♦❢ t❤❡ ❤②♣❡r♣❛r❛♠❡t❡r ❬r❡❞✿
st❛♥❞❛r❞❀ ❜❧✉❡✿ ♥❡✇❪

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✸✶ ✴ ✸✹



❙✉♠♠❛r✐③✐♥❣

P❡rs♣❡❝t✐✈❡s

◮ ✉♥❞❡rst❛♥❞ ✐♠❛❣✐♥❣ ❛♣♣❧✐❝❛t✐♦♥ ✭✳✳✳✮

✇♦r❦ ♦♥ t❤❡ ❛❞❛♣t✐✈❡ ❝❤♦✐❝❡ ♦❢ ✐ ✐ ✶ ■

✜♥❞ r❡❛s♦♥❛❜❧❡ ❤②♣❡r♣r✐♦rs

❈♦♥❝❧✉s✐♦♥s

r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r s❡❧❡❝t❡❞ ❢♦r ❢r❡❡

❛✈❡r❛❣✐♥❣ ❛❝r♦ss ❞✐✛❡r❡♥t ✈❛❧✉❡s ❡♠❜♦❞✐❡s ✉♥❝❡rt❛✐♥t②

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✸✷ ✴ ✸✹



❙✉♠♠❛r✐③✐♥❣

P❡rs♣❡❝t✐✈❡s

◮ ✉♥❞❡rst❛♥❞ ✐♠❛❣✐♥❣ ❛♣♣❧✐❝❛t✐♦♥ ✭✳✳✳✮

◮ ✇♦r❦ ♦♥ t❤❡ ❛❞❛♣t✐✈❡ ❝❤♦✐❝❡ ♦❢ {α✐}✐=✶,...,■

✜♥❞ r❡❛s♦♥❛❜❧❡ ❤②♣❡r♣r✐♦rs

❈♦♥❝❧✉s✐♦♥s

r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r s❡❧❡❝t❡❞ ❢♦r ❢r❡❡

❛✈❡r❛❣✐♥❣ ❛❝r♦ss ❞✐✛❡r❡♥t ✈❛❧✉❡s ❡♠❜♦❞✐❡s ✉♥❝❡rt❛✐♥t②

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✸✷ ✴ ✸✹



❙✉♠♠❛r✐③✐♥❣

P❡rs♣❡❝t✐✈❡s

◮ ✉♥❞❡rst❛♥❞ ✐♠❛❣✐♥❣ ❛♣♣❧✐❝❛t✐♦♥ ✭✳✳✳✮

◮ ✇♦r❦ ♦♥ t❤❡ ❛❞❛♣t✐✈❡ ❝❤♦✐❝❡ ♦❢ {α✐}✐=✶,...,■

◮ ✜♥❞ r❡❛s♦♥❛❜❧❡ ❤②♣❡r♣r✐♦rs

❈♦♥❝❧✉s✐♦♥s

r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r s❡❧❡❝t❡❞ ❢♦r ❢r❡❡

❛✈❡r❛❣✐♥❣ ❛❝r♦ss ❞✐✛❡r❡♥t ✈❛❧✉❡s ❡♠❜♦❞✐❡s ✉♥❝❡rt❛✐♥t②

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✸✷ ✴ ✸✹



❙✉♠♠❛r✐③✐♥❣

P❡rs♣❡❝t✐✈❡s

◮ ✉♥❞❡rst❛♥❞ ✐♠❛❣✐♥❣ ❛♣♣❧✐❝❛t✐♦♥ ✭✳✳✳✮

◮ ✇♦r❦ ♦♥ t❤❡ ❛❞❛♣t✐✈❡ ❝❤♦✐❝❡ ♦❢ {α✐}✐=✶,...,■

◮ ✜♥❞ r❡❛s♦♥❛❜❧❡ ❤②♣❡r♣r✐♦rs

❈♦♥❝❧✉s✐♦♥s

◮ r❡❣✉❧❛r✐③❛t✐♦♥ ♣❛r❛♠❡t❡r s❡❧❡❝t❡❞ ❢♦r ❢r❡❡

❛✈❡r❛❣✐♥❣ ❛❝r♦ss ❞✐✛❡r❡♥t ✈❛❧✉❡s ❡♠❜♦❞✐❡s ✉♥❝❡rt❛✐♥t②

❆❧❜❡rt♦ ❙♦rr❡♥t✐♥♦ ❆♣r✐❧ ✼t❤ ✷✵✷✷ ✸✷ ✴ ✸✹
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