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FULLY NONLINEAR 2ⁿᵈorden PDE :

(E) FCX
,
u
,
Du

,
D' a) = o in IR?

Standing asscannptiohs :

F : IR
"
XIRXIR

"
✗ In-7ITL Continuous & PROPER :

Fair , P , E) ≤ FKA , P ,
-5 ) ¥ r ≤ ^

,
I 70 ;

F Satis fils a COMPARI SON PRINCIPLE in all BOUNDED

◦ per seta SLEIR
"

,
ii.e.
,

U
,
✓ sub & superSol. ii. r

n ≤ v an IR ⇒ u ≤ ✓ in r
.

[ Wall Known Under suine REGULARITY in × & NON DEGENERA

in either u or In ]

PROBLEM
. (Liouville prophty fa SEMI- Solutions )

• ne CCIR" ) BOUNDED Visco SITY SUB- SOLUTION of
47

f- In ] ≤ ◦ KIR⇒no=
autant ?

• Salme question for SUPER - SOLUTIONS

f- [ u ] ≥ 0 .
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The ans wer is often No

ubohudeol
,

• { - An ≤ o in /R" ucoasf ? /
✗Es if 4=2

- No if u ≥ 3

nA ) = ifn =3
,
nai ≥ ,,È ifn ≥ 4

•
Grnshin Laplaciano. Agli = È
- -

Associated hanno gehen hann :

9K¥ ) = ( ✗
" +4%1+4 ⇒ - Ag f- = o kg to

u (✗ i.= | pdylonrial ,
it 9<1 is a Soledad

,
NONGSTANT

Tg if f≥' Subs •lutioh
.

• Heisenberg Lapleciah : { È , = 2×+2822. in IR
]

A-
µ
" :-(IÌTEYU .

E
,

= 2g - 2×22.

91kJPY :'-((2+2212+2-2)
%
,
Craig ,

z ) = Ifa bonobo!
non- Lòhstalt

.

& - Ah,
n ≥ 0

.

In any homog.
Carnot

group

with hanno
g.
dim Q

,
in = -1-(1-192)

' -¥
Solus

7- A-
⇐
u ≤ ◦

.
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NI : Sharp contract with Liouville profeta fer
SOLUTIONS : in all previously ahfsles Solutions in

IR
"

are
↳NSTANT

.
.

This follows from HARNACK IN EQUALITY for

Solutions
.

(see Bonfiglioli - lancowlli-ugnztom.fr this in cannot groups .)

In fact , fa F as dove & UN / FORMA ECLCPTIC

all bounded Solutions of Ftu ] -0 in IR
"

are

Constant
,
su Caffarelli , Cabré book 1995 .

I

5



Sometime the ahswer to Liouville puputj fa
sub - or supersolutus is YES

.

• ORNSTEIN - UHLENBECK diffusion :

-

An + ✗ ( X - m) • Du ≤ o IUIR
"

,
V70 ,

metti
"

is associated to an F-Raonic diffusion processi

sub Solutions are Constant V4
.

Mare geuerelhy -
An -beh • Du ≤ o ¢ lim ben .✗ = - ao

txt> no

les Liouville phoferty .

"

RECORRENCE Condition
"

See Khasmilnsbii
,
Paroloni

,
Veretehnikov . -

,

GRIGOR' "AN

for Connections with diffusion processor on MAN'FOLDS .

FIRST ORDER TERM
,
with " CONFINI NG VECTOR FIELDS

"

,

CAN HECP !

• Al 50 NON LINEAR ( TY Con trelp : PUCCI F- ✗TREMAL

OPERATORS
,

0<1 ≤ 1 :
[ c- In

M
-

(E) = Inf } - Telnet i. Me :& ,
11' ≤ M ≤11.1 }

= -1 Eli - I Zeieieigehvehesof E
li > o liso

MIE / = sup } seme } =
- deci - hee .

.

.

ei > o
e:< °
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Centri - Leoni AIHP 2000 i.allbonwdedsussohetia.sc/.M+u
≤o are CONSTANT ⇔ n ≤ f- + 1ti

& this is possible in dinmn > 2 if 1> 1 .

They also Study more general FA
,
D'a)* ICH up ≤ o

• I.Capuzzo Dolcetto- Centri , Chen
-Falmer consideri

1ˢᵗ onda tennis
"

Smell at 00
"

.

Instead
,
we take LARGE 1ˢᵗorda terms with

bcx ) . ✗ < o
"

b confini Lg Vector field
"

,

1- F NON LINEAR & DEGENERATE ELLIPTIC
.
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An ABSTRACT LIOUVILLE THEOREM..
Assume

• SUB - ADDITIVITY : f- [ y - 4) ≤ f- [y} - FFY] lfy , YEE
& F[ cast.] ≥o .

• SCALING : Effy ] ≤ 919 ) FTY} , y >
◦ ¥9 > 0 .

• STRONG MAXIMUM PRINCIPLE : f- [a] ≤ o in IR
"
Visco

.

Serse
,

◦ ≤ ucxo) = matu = : M ⇒ UEM in IR
"

.

IR"

• (YAPUNOV FUNCTION OR EXHAUSTION FUNCTION :

3- WELSCCIR
" )

,
R > 0 :

f- [ w ] ≥o anni > R
,

lim n' (XI - ta
HI -so

•

"

khasminshi test
"

: UEUSCCIR
" ) , F[u ] ≤ o

fin [e. g. , UBOUNDED ] .

Hi -soo LÌ , ≤ ◦ ,
u ≥ o .

Then u = Constant .
13

Harden assumption to check :

• SMP • 7 of Ljapunov function .
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THE STRONG MAXIMUM PRINCIPLE
.

Known Ceres :

• F UNIFORMLY ELLIPTIC i Caffarelli - Cabré book

MTE-F)≤ ftp.P.E/-Flx,r,r, ≤ m'
_

(E -I )

in

• F-=L = EI? E
, ,

.
.
.

/
In tiòrhnauder Vector fields ,

i -1

i. e
. .

7k Il Es
,
. . .

,
em ) = in LTXEIR

"
: Bony 1969

• E = Bellman operators involviwftliarhnahder fields
= scgp La con ilgf La 1

.

M.B- F.Dalia 2001 -3
.

Need the motion of SUBUNIT VECTOR FIELD
.

• Fetterman - Phong 1983 : E- - fr (ACH Drin)

2- t.RO/-slRdissuBuwiTifAcxI-(ZxoZ)lx ) ≥ 0

i. e '

, aij { if ;
≥ / 2- • 512 HEER

"

,

KK
.

• F NON LINEAR : DEF
.

2- SUBUNIT 'if

sup FA,
o
, p ,
] - jrpxp) > o Hp : 2- (☒ •

p to

V > 0

"
F Strictly deneasing in the direction of the matrix
Woldegenerate 2- a)⑦ Zcx)

"

.
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MiB . - A. GOFFI 2019

thorens : 2- (• ) Lipschitz SUBUNIT VECTOR FIELD
,

UEUSCIR)
,

F [u ] ≤ o i-r
,
o ≤ ucxoi-maxu-i.mg

←

yls ) -7121s ) ) , ylotxo ⇒ uffa ) / =M
# s

.

Corday 1 .I susanit vector fields :

any ×
, y c- IR

"

can be Joined

↳ concatenati ng insegue
#ÈÈ. Fa

•

⊕ ⑧

Curves if i
= > SMP holds fa FEIIEO .

Creg 2 F has Es
,

. .

, Em submit vector

fields Satis fying the fiòrmalder Condition
.

⇒ SMP holds
.

lo



Main Example : FULLY NON LINEAR SUBELLIPTIC

EQUATION S :

✗ = { Is
,
.
. .

, In } vector fields , Dan:-(E, " , _ . .

/ Imu )
-

(DÈEhorizontal gradi.at
& Hessian .

È=ymwi 1- ed horizontal Hessian .

(SEI ÷ÉÈ in ""

with a Proper .

Assume G uuifamlyellipticw.at ?⃝Inf :

M
-

(M-N)≤ G ( ✗ftp.N/-GGr,p,N)--MjaM-Nl↳ ↑
0

M
±

Pucci Operators on ibm .

1,1

Rewrite E) in Euclideo in coordinate as

F ( × ,
u

,

Du
,
In / = 0 : the vector fields Es

, → In
are SOBUNIT for this F .

"



REDUCTION to PUCCI / NE QUAL/ TCES
. : 1 : SUD Sole

.

Assume

GHz
,
P
,

0) ≥ ti :( xp , p ) : = inffckxir-bTH.pl .

a-
Then

Milk.int/+HiHir,Dx" / ≤ Girini ? " "F)
≤o

⇒ a-F-tqs-Easubsolnti.cn
d-M-i-HI-IN.is

.

: M
-

+ Hi is 1-positive.ly

homogeneonsahdCONUEAssumealso.cl
( ×) ≥ 0

,
C
" loc

. eguicoht .

• b
"
loc

. uuifovnly Lip .

Then SMP holds fa MTRIHY-itlilxi.DK/≤◦

& their also for Gl ) ≤ o
.
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REDUCTION to PUCCI / NEQUALITIES : 2- superSoli .

Assume

GHYP.co) ≤ t.ly/X,r,p)=supfc4xir-b4H.p } .

a

Then

Milk# +1-1,1×17%4 ≥ GHTIYC.int)

⇒ can reduce to SUPER - Solutions of Mitty .

1st
.
Conclusion : the Liouville property holds

for this class of equation 5- UNIFORMLY

SUBELLIPTIC EQUATIONS as sooh as THERE

EXIST A LYAPUNOV FUNCTION .

.
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How to build LJAPUNOV FUNCTION s ? i. e
.

WELSCCITIIBR )
,

F [ w ] ≥o in IIÌIBR
.

• For NON - DEGENERATE Operators !

WCXK log /✗ 1
,
or

. .
WCXI = 1×12 . . .

.
.

• For Operators designed on CARNOT GROUPS

on GRU SHIN - TYPE GEOMETRIE S ;

f (X ) = FIOMOGENEOUS NORM

•E Heisenberg HÉITÉ
""

,
# ✗

si . . -1×2011×201+11=(4+1×2.1+1)

Skid / ✗ ti / Kd -11 ) =/ / ✗ti /
"
+ * {d+ , )

"

e. s .

/

°
' = '

, 9h ( ✗ ( y ,

2- ! :-( ¥+372 + E)
"
4

• ¥-2 Grnshinplahe 1122,2 Vector fields

✗1=-7 ,
È = ✗ 2g . fglxig ) :-(È-14721¥ .

We hrostly usa WCX) = log SCH . / a



•
E ¥1

,
. . .

,
In generation of a howogeneons

Carnot
group

IG TIR
"

= IR
"
× . . . ✗ Ndr ,

d
,
= tu

.

Diletiols
,
] >o :

↓
,

i.È -7112°'
, dici

"! . . . , ✗
'"/ =/dx

"

! . . > 17
")

R

Ho MOGENEOUS DIMENSION : ① = E i di > h .

l' =/

Known that [Folland ,
see Bonfiglioli -Lahcdelli -

Vga?- 2- oui book}

3- Symmetric nova 9 ,
TIOMOGENEOCIS W? - t.org ,

Smooth in Ptilol
,

A-
⇐ (92-0)=0 in IR! lol

.

Morlover 3- peso : pt -92
- Q

is THE FUNDAMENTAL

Solution of Ae = È
,

E? .

In
Wang costs can Compute explicitly

D)cw ⇒ Diaw & Dkw = :D
?
w

.

G

for W = logge ) .
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Example .

- -
.

1
.

The EFFECT of DIMENSION
.

In Heisenberg Kid : M
"
( (D
,?µuÌ) ≤ ° ,

a ≥;
11

line sup ≤ o ⇒ ucocst
.

☒↳• logglx ) lionv.prap.ly

⇔ Q ≤ ¥+1 Q : 201+2 the

CTLOMOGENEOUS DIM .

Sanne Condition as in IR
"

,

with u REPLACED by Q .
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È2 : The effect of 1st ORDER TERMS .

NON DEGENERATE EQS .
: =/ 28,

,
.
- It'n } :

M
-

(Nu ) + iigf / che - b
!> u } ≤o , limsup

non

¥ IN -> •

≤ °
,

u ≥; (c)

snap / b
"
. ✗ _ ctlxilog.IN/ ≤ d - din - il (1×1712)

" H
. + < o enough

"

eifle
⇒ veces tant .

or a 7C. > o & btsinall

NI . Condition (c) is Sharp if

• BIO
,

è≥
,
D= 1 ( - An ≤o I

• ba -- b fa
,

CIO ii. e. 1- (Nu) - b.Du ≤ o
1,1

-

17



F-X-ampll.3-UNIFORMCYSUBELCIPTICEQS.in
Heisenberg ltt

"
with testarda tams involvicg D.

µ
.

"
:

\

Mj
,
,
( ( DÌ , uf) + igf / can - b

"

Dan } ≤ 0
.

Fa w - loss# ,
con compiute %, /µ! À) &

get Liouville popatg if

( Hi )

⇒ Ib
"
. ☐+19¥:p - " f¥÷:/ ≤ 1-Ha-1)

bah ≥ R

Rtks : D- (4+1) simile toc ) (
with Q for n. ,

and I
( ✗ +, /

2

"" the role of 1×12 .

* consistenti with the case - Ahn ≤ o

D- Sharp fa Mj , ↳ uf) -b. Dna ≤ o

18



Su FFICIENT CONDITIONS for . (11-1) :

EITHER

CIN ≥ Co > o le b.
✗
• Da,g≤ cg ,

◦ R "

b "
. 1)
µ ] NEGATIVE ENOUGH

"

.

E. G.
,
01=7

, y : - È Dnf -1×1×424+27, gettò) -✗2)

asnfficient Condition fa (Hi ) is

limsup beh •
I < d-31

.

l'H -> ao XIII

19



EXA-MPLE.4.unifomlysubellipticeqs.ae Ht
"

with 1ˢᵗ onda tams involving Du
,
the

EuclideanJ.Mj.nl@ItiuFI_infb4H.Du≤ 0
,

b?.IR
"

→È
,

a

Las Liouville pioperty if 7 y > ◦ :

sup b
"
. Df ≤ - y ✗ • Dg +%) asg → • .

2

[ for the LINEAR case 1=1
,
de Singleton ,

cfr . Mannucci - Marchi - Tchou 2016 ] .
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EXAMPL-E5.oniformlyswbelli.pk: eas .

with

GRU SHIN Vector fields : {
¥1 = %

in 1,22
Eè ✗2g

fais ) -- (
"
* 4g 2)

↳

MÌ
,
/ ID; a)

*) + int / c'u -V.Di } ≤ o
in IR

'

has Liouville prop . if
, for 4 = ( ✗3,2×7)

2 Snap /
b?
y -

È Éloge } ≤ (-1-1)×2+11 -1)TÈ ,
1×1,41 >R.

Rink i. Save interpretation as for Hd :

either
"

b
"
. y < o enough

"

on
Cd
≥ co >

◦
_

• Also in this can the Condition is optional .
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t F- LAME

• CARNOT Groups of stfpz /
H - Type

- free

• Generali zed GRUSHIN : Fi = 2
✗ iinlRdQ-n-li-hh.ir> °

.

| =/ HUY; in IR
"

fingi -11×12
""'

-111-1×2) / JPY+4

• Heisenberg - GREINER Vector fields

• For general Cannot groups ! Non - OPTIMAL

sufficienti Conditions for - Alan +Hair ,Dan) ≤° .

Main diffialty : amputa. M'
=

.4.HIGH)

TEE Farthen reference : GRANT - GOFFI 2021 fa

Faida ) ≥/
"
"
+ IDUN

\ tu / Du /
t
-

ba ) :

22



A FEW OTHER RELATED RECENT REFERENCE

• Birindelli - Galis - leoni 2017

◦

" " - Ishii 2018 & 2021

• il - Dewengel - Leoni 2021

• Ferrari - Vitolo 2020
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APPLICATIONS & PROBLEMS !

• long time behaviour of sds.to PARABOLK Ees
.

"

t
+ f-(×

,
a

,

Du
,
☐24) = o

[M.B
.

- Cesaroni ]
.

• Saune for DEGENERATE PARABOLIC EQS
.
:

in Progress !

ut _ Agli +HCX, Dan ) - ◦

• CRITICAL VALUE for fully houlihan

ellipfic eqs .

: 7 CER :

in IR
"

FCX
, uidu ,

Dan ) = c

has a Solution with a given growth at A :

( M.B .

- Cesaroni UNIF
.
F- Ll . j Mannucci - Marchi - Taken

4 /NEAR in 11-11 )
• HOMO GENI 2- d-TION - _ . . .

• REGULARITY --

THANKS for YOUR ATENTON !
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