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Statement of the problem

aﬁz'?:;ﬂzfi:y Integro-differential Hamilton-Jacobi equation
results for
nonlocal PDE )\u _ I(U, X) + H(X’ Du) = f(X) in RN

with coercive
Hamiltonians

Olivier Le the Hamiltonian satisfies

May 2022 H(x, Du) > b|Du|™ — C, b,C >0,
and /(u, x) is a nonlocal diffusion

I(u,x) = / [u(x + z) — u(x) — 1g(2)Du(x) - z]vx(dz)
RN
vx(dz) is a x-dependent nonnegative Borel measure satisfying

sup / min{1, |z|?}ry(dz) < oo
RN

xERN

> prove comparison principle
> prove Holder/Lipschitz regularity
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Examples of nonlocal operator

General measures

I(u,x) = R’V[U(X + z) — u(x) — 1g(2)Du(x) - z|vx(dz)

Levy-Ito form
I(u, x) / [u(x +j(x,2)) — u(x) — 1g(z)Du(x) - j(x, z)]v(dz)

Measures absolutely continuous with respect to Lebesgue
measure

I(u,x) = /RN[U(X + z) — u(x) — 1g(z)Du(x) - z]K(x, z)dz

0<K(x,z) < IZI%“’ = nonlocal op. of order | o € (0, 2)
K(x,z) = M% > I(u, x) = (—A)7/2u(x) fractional Lapl.
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Comparison principle, existing results

Sublinear/subquadratic type nonlinearities
o 1, (RV) < 0o (no singularity) [Alvarez-Tourin 96], [Alibaud 07]
o [an |zlvx(dz) < o0 "o < 1" [Soner 86], [Awatif 91]
e | evy-Ito Form
with local 2nd order terms [Barles-Imbert 08],
quasilinear nonlocal equations [Chasseigne-Jakobsen 17]
e General measures
o € (0,2), a priori regularity for sol's [Mou-Swiech 15]
o < 1, optimal transport tools [Guillen-Mou-Swiech 19]

Superlin. /coercive nonlinearity‘ |H(x, Du)| > |Du|™ — C, m > 1‘
e Levy-Ito form [Barles-Koike-OL-Topp 15]

e Levy-Ito form with 2nd order terms [Barles-OL-Topp 17]

e General measures, 0 < 1, [Barles-Topp 16]
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Au— I(u,x) + H(x, Du) = f(x) in RV

Assumptions (A-I)
I(x,u) = /RN[U(X + z) — u(x) — 1g(z) Du(x) - z]vx(dz)

Levy condition : sup / min{1, |z|?}vx(dz) < oo
x€RN JRN

To deal with infinity : sup / vx(dz) =m(R) — 0
B

xERN RC R—o0

Regularity wrt x : 3 modulus w(r) —>00 s.t. Vr > 0,
r—

sup [ min{L, 1212}l ~ vy |(d2) < w(r)lx - ]
]RN

xeRN

Typical example : v, (dz) = K(x,z)dz, o € (0,2)
0<K(x,z) < M% |K(x,2) = K(y,2)| < ‘Z‘%’X—H




Comparison
and regularity
results for
nonlocal PDE
with coercive
Hamiltonians

Olivier Le:

May 2022

Au— I(u,x) + H(x, Du) = f(x) in RV

Assumptions (A-H) for H(x, Du), f(x)

Regularity for f : bounded and Lipschitz continuous.
Coercivity and superlinearity Vo<u<l1
pH(x, i~ p) = H(x, p) = (1 = p)(lp|™ — C),

Regularity wrt x : 9 modulus m s.t.

H(y, p+q)—H(x, p) < w(lx—y(A+]pI™) +w(lg))(1+]pI" ).

Typical example : H(x, Du) = b(x)|Du|™ with b(x) > b >0
bounded and Lipschitz continunous
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Comparison result

Theorem Let o € (0,2) and assume (A-1)-(A-H).
Let v and v be respectively a bounded USC viscosity
subsolution and a bounded LSC supersolution.

Then u < v in RV

Corollary There exists a unique bounded viscosity solution.

Remarks
e local case /(u, x) — Trace(A(x)D?u)
[Ishii-Lions 90], [Alvarez 96,97], [Da Lio-OL 06], [Koike-OL 11]...
e possible to add 2nd order local terms, to consider evolution
equations...



Proof for u — I(u,x) + |Du|™ = f(x) in RV

Preliminaries

Comparison
and regularity
results for _
nonlocal PDE ° U:,LLU, 0<,LL< ]., ,LL%].

with coercive
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e By contradiction, assume

12
0<M:= sup i(x)—v(y)— L 2}/’

x,yeRN He,_/

o ::du(x,y)
M = a(x) - v(y) — X7
x—y”
62 o 06(1) ejoo

DT (%) = Dv(X,7) = —Dy¢(X,7) = D™v(y) = 25X = p



Proof. Viscosity inequalities (1)
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B /(0.%) = I°(3) + I°(%) + 1'(%)
= [g,[6(x+2,7) — d(%.7) — b 2]vz(d2)
/51 fB\B [G(x + z) — a(x) — p- z]vz(dz)
= fBC[u X+z)—u(x) Jvz(dz)
o subsolution =
8(%) — 19(%) — 1(R) — 1(%) + 2 5™ < uf (%)

v supersolution
v(y) = 1°(7) = I°M(7) = I'(7) + BI™ = £(7)




Proof. Viscosity inequalities (2)

Comparison

gruaug At the end :
no'nlljocal PPE 0 < M <L7()_()—V(_ 1 _ =Im ) o1 1 AR -
with coercive <~ y) + (7[,“"_1 1)‘p‘ S / +/ +I + /_,Lf(X) f(y)

Hamiltonians
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May 2022 where

1°= [g,[0(x + 2,7) = 6(%,7) — B - 2]vx(dz)
_f55[¢()?7.7 + Z) - 9{)()_(7}7) - :5 : Z]V)_/(dz)

/o1 = Jo\5,[0(% + 2) = G(%) — B - z]vz(dz)
— Jp\g, V(7 + 2) = v(¥7) — B Z]vy(dz)

1= fpcla(s + 2) - a(®)]va(dz)
~elv(7 + 2) — v(P)vpldz)

Goal : to reach a contradiction
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Proof. Estimate of H and f

1~ p < 1| (Gmer = DIBI™ = bm(1 = p)lB™

pf(x) = £(y) = (n = DF (%) + £(x) = £(¥)
< (1 _N)Hf“oo + ||Df||oo|)_<_)7|

o [1F(R) = F(7) < C(L— 1) + o(1)
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Proof. Estimate of /° (smoothness of ¢)

Same estimate for /°(x) and /°(¥)

1°(%) = [g,l0(x + 2 y) ¢(%,y) — p - z]vz(dz)

¢(X+Z y)—o(x,y) -
:(]5()_(—{—2,_)/) (X y) X¢()?7}7)'z
1D2 L O(X, y)z z + |z|%05(1)

os(1)

€2

C
D [P(R)|1°(7)] < = sup | |zPrx(dz) <
6 x€RN J Bs

D (10 = 1(x) - 1(y) < 28
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Proof. Estimate of /! (finiteness of the measure outside B)

x) —1'(7)

= [gela(x + z) — a(X)|vx(dz) — [gclv(y + 2) — v(¥)]vy(dz)

= [pc [(U(X + 2) = v(y + 2)) — (8(X) — v(¥))] vx(dz)
——

<0 (%) >0
+ Jpelv(y + 2) — v(7)(vz(dz) — vy(dz))

< 2|Vl /1 ICEZICOR /ZZR”*(C’Z) + /|Z|ZR”?("21)

<w(R)|x—y| <m(R)—0 as R — oo

' < w(R)o(1) + m(R)| VR > 0

(%) (x,y) maximum point of 7(x) — v(y) —
D a(x+z) — v(y + 2) < (%) = v(y)



Proof. A first estimate of /%% (in annulus A; = B\ Bs) (1)

Comparison
d larit; s . —
a8l Hahn-Jordan decomposition of the signed measure 7 1= vg — vy
| | PDE - - P . — [
?l;)i:hOZZercive UV = U+ — VvV Wlth I/+7 v Z 0
Hamiltonians . 22—+ - —
Assumption (A-1) = f35 |z|*0*(dz) < os(1)|x — y|
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May 2022 D= (1 _ ]-suppl7+)17+ + 1suppl7+17+ >0

It = [, [6(X + 2) — B(X) — p- Zlx(dz2)
— [\ 7 +2) ~ v(p) ~ B 2lvgldz)
= [, [HE +2) V(7 +2) - (5() ~ v()] ()

<0 (maximum point) >0
+ [y li(x+2)—a(x) = p-2]7" (dz) - [, [v(y +2) = v(y) - p-2]7" (d2)

Two last terms are delicate.



Proof. A first estimate of /%% (in annulus A; = B\ Bs) (2)
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Ja ld(x +2) — 4(%) — p- 2] (dz)

s = 2 5|2 _ _
e P = A (-7

< 3 [, |2Pot(dz) < w(1)EH = |

17t < C|p|




Remark
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sl Actually we did a “naive” proof.
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In the local case, it would consists in doing

Olivier Le:

May 2022 trace(A(X)X) — trace(A(x)Y)

= trace((A(X) — A(X)) X_) + trace(A(7) (X ~ Y))
[]...[|[<Clx=¥| HXHSEC <0

Ishii-Jensen Lemma gives a better result :
if A1/2 is Lipschitz continuous, then

trace(A(x)X) — trace(A(X)Y) < HA(’?)UZ;A(;)UZ” <C x—y

62 e—0
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Proof. Boundedness of p

Plugging the estimates into the viscosity inequalities

M+ (1 — p)[p|™
< 20 4 H(R)oc(1) + m(R) + C|p| + C(1 — ) + oc(1)

Fix R big enough such that m(R) < %, send 6 — 0
= (L= p)lp|™ < C(1+p])
o ‘ |p| < C with C independent of e‘
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Proof. A second estimate of /19 (in annulus As = B\ B;)

Vi<p<l As={0<l|z] <ptU{p<|z| <1}

Iala(x + 2) = 4(x) = p - 2]7* (dz)

< ficpaip T (02) 4 fpa[0% + 2) — B(R) — p- 2] 7 (o)
bounded because |p| < C
< (D)l + S [ cppycr |27 (d2)

w190 < Cw(p) + Cw(1)p~2|% — 7| = 0,(1) + p~20c(1)




Proof. Conclusion

Comparison
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ekl Coming back to the viscosity inequalities with this new estimate

oner 1o AR AT L
BRN < =0+ w(R)o() + 0,(1) + p20u(1) + C(1 — ) + ac(1)

Fix p small enough and g close enough to 1 such that
0,(1)+CL—p)<
@ 0<M <ol y(R)o(1) + p20(1)

Send § — 0 then € — 0 to reach a contradiction. This ends the
proof.
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Regularity results (degenerate equations)

Sublinear nonlinearities, elliptic/parab. equations

e Holder/Lipschitz estimates

[Barles-Chasseigne-Imbert 11], [Barles-Chasseigne-Ciomaga-Imbert12]
e More regularity C1*/C%®  [Caffarelli-Silvestre 09,11],
[Silvestre 11], [Ros Oton-Serra 14], [Serra 15]

Superlin./coercive nonlinearity, degenerate equations

’ |H(x, Du)| > |Du|™ — C, m > 1‘

e Levy-Ito form

Holder continuity [Cardaliaguet-Rainer 11]

Lipschitz continuity [Barles-OL-Topp 17] (weak Bernstein method)
e General operator of order o € (0, 2)

subsolutions are ™=%-Holder [Barles-Koike-OL-Topp 17]

m—1"
(’;—:f in local case [Capuzzo Dolcetta-Leoni-Porretta 10])

solutions are ™=2"=-Hélder [Ciomaga-Le-OL-Topp, in progress]



