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Analytic (above) + Geometric (below) control

Analytic from above and geometric from below ?

Analytic control from above
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Analytic (above) + Geometric (below) control

Analytic from above and geometric from below ?

Analytic control from above

supersolution (Au < f in By with f e LI(B;))

Geometric control from below

Some kind of convexity of u

Questions:
a) Can we prove regularity for u (weak aolution) ?

b) Can we obtain optimal regularity of « based on

regularity of RHS and (modulus) of convexity from below ?
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Classical Solutions & Apriori Estimates

Classical Solutions: Example |
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Classical Solutions & Apriori Estimates

Coming back to the question

Supersolutions (analytic control from above)
u e 02(31)
Au <0 in By

Convexity (Geometric control from below)

D*u>0 in B

(Supporting plane from below everywhere)
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Classical Solutions & Apriori Estimates

Coming back to the question

Supersolutions (analytic control from above)
u e 02(31)
Au <0 in By

Convexity (Geometric control from below)
D*u>0 in B

(Supporting plane from below everywhere)

0 < ||D*u(z)|| < Au <0in By = D*v =0 in By

Then, u is affine
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Classical Solutions & Apriori Estimates

Different Perspective: Maximum Principle Argument

u is affine by a Maximum Principle Argument

Maximum Principle —» U=L
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Control (Ana) Above & (Geo) Below: Example |l

Supersolutions (analytic control from above)
ue C*By), Au<C

Convexity (geometric control from below)
D>u>0 in B
(Supporting Plane from below everywhere)

Question: Are there apriori estimates for u ?

(o < Au < C = CY(B,) Va e (0, 1))

0 < ||D*u(z)|| < Trace(D*u) = Au < C
||D*u(z)|| < C VxeB;, (ueCH with estimates)
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Classical Solutions: Example Il
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Classical Solutions & Apriori Estimates

Control Above & Below: Case llI

Supersolutions (analytic control from above)
u e 02(31)
Lu(z) := tr(A(z)D*u(z)), X-Id< A(z) <A-Id, Vx € By

Lu<C in B

Convexity (geometric control from below)
D?*u>0 in B

(tangent plane from below everywhere)
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Classical Solutions & Apriori Estimates

Control Above & Below: Case llI

Supersolutions (analytic control from above)
u e 02(31)
Lu(z) := tr(A(z)D*u(z)), X-Id< A(z) <A-Id, Vx € By

Lu<C in B

Convexity (geometric control from below)
D*u>0 in B
(tangent plane from below everywhere)

Question: Are there apriori estimates for u ?
How does the info from equation play out ?
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Classical Solutions & Apriori Estimates

Extremal Pucci Operators
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Classical Solutions & Apriori Estimates

Pucci Operators - Fully Nonlinear Operators - |

O0<A<A, MecS™"

Multiples of Trace Operator for Nonnegative Matrices
M > 0= M (M) =X-Tr(M) & M (M) = A-Tr(M)
(Super-additivity of M ) M (M + N) > My (M) + M, ,(N)

(Sub-additivity of M3 ) M, (M +N) < M\ (M) + M, (N)
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Classical Solutions & Apriori Estimates

Pucci Operators - Fully Nonlinear Operators - I

Homogeneity
A> 0= M*\-M)=x ME(M)
A< 0= ME\ -M)=\ - MT(M)

Envelope of Linear Operators

A€ SN spec(A) = o(A) = {M; p is an eigenvalue of A}

Ayn = {A €SV e a(A) = e [A,A]}

M (M) = inf Trace(AM), M, (M)= sup Trace(AM)
’ A€ Ay A ’ ACAy A
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Classical Solutions & Apriori Estimates

Envelope for Linear Equations

ue C*(By), (UE) A(z) € Axa, Vo € By.

Lu(z) := Tr(A(x)D*u) = Z i (T) Uy, (T) ()
ij=1

VL (UFE) operatorasin (x)
Lu< f in B; =>M;7A(D2u) < fin By
Lu>f in By = M} ,(D*u) > f in B

(Equations in blue are Fully Nonlinear Elliptic PDEs)
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Coming Back Again (Case lll)

Supersolutions (analytic control from above)
u € 02(31)
Lu(z) := tr(A(z)D*u(z)), A-Id< A(z) <A-Id, Vz € By

Lu<C in By
Convexity (geometric control from below)

D*u>0 in B
(tangent plane from below everywhere)
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Coming Back Again (Case lll)

Supersolutions (analytic control from above)
u € 02(31)
Lu(z) = tr(A(z)D*u(z)), A-Id< A(x) < A-Id, Yz € By

Lu<C in By

Convexity (geometric control from below)
D*u>0 in B
(tangent plane from below everywhere)
Question: Are there apriori estimates for u ?
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Coming Back Again (Case lll)

Supersolutions (analytic control from above)
u € 02(31)
Lu(z) = tr(A(z)D*u(z)), A-Id< A(x) < A-Id, Yz € By

Lu<C in By

Convexity (geometric control from below)
D*u>0 in B
(tangent plane from below everywhere)
Question: Are there apriori estimates for u ?
0 < \-||D%u(z)||< A - Trace(D?*u) < M;}A(Dzu) <Lu<C
|D?u(z)|| < A71-C VzeB (ueChH' with estimates)
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Replacing Convexity by
(Classical) Semi-Convexity
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Classical Solutions & Apriori Estimates

Geometric Meaning of (Classical) Semi-Convexity
u (classically) semi-convex

P(x) = -C|X-X,|? with C>0

(Supporting Parabola From Below)

L(x)=A(x-X,)+B

(Supporting Plane From Below)
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Classical Solutions & Apriori Estimates

Linear Modulus of Semiconvexity

u(z 4+ h) +ulz — h) — 2u(z)
|h[?
(Second Order Differential Quotient)

Afu(zx) =

u is semiconvex with constant C' > 0 <= AZu(z) > —C

Equivalences (u € C°)

i) u + (1= \)y) < du(a) + (1= Nuly) + §
u+ § | — xo|? is convex (¥ zp);

) z —yl?
)
iii) D*u > —C - I, in the sense of distributions;
)
)

11

iv) D?*u > —C - I,, in the viscosity sense;
u has a concave paraboloid of “opening C" touching from below
iii) & iv) are PDE characterization of semi-convexity

(%
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Classical Solutions & Apriori Estimates

Classical Solutions: Example 1V
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Control Above & Below: Case IV

u€ C*By), C>0, felLiB)
(analytic control) MX,A(DQU) <f in By,

(geometric control) D%y > —4C - Id in By

(Parabola from below everywhere)
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Control Above & Below: Case IV

u€ C*By), C>0, felLiB)
(analytic control) M;A(D%) <f in By,

(geometric control) D%y > —4C - Id in By
(Parabola from below everywhere)
Question: Are there apriori estimates for u ?

Answer: W24 Apriori Estimates
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Control Above & Below: Case IV

u€ C*By), C>0, felLiB)
(analytic control) M;A(D%) <f in By,

(geometric control) D%y > —4C - Id in By
(Parabola from below everywhere)
Question: Are there apriori estimates for u ?
Answer: W24 Apriori Estimates
Even more: C'~ 4 Apriori Estimates for ¢ > n
(By Morrey-Sobolev Embedding Thm)
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Control Above & Below: Case IV

D*u > —4C - 1d, P(z):=2C|z|?,
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Control Above & Below: Case IV

D*u > —4C - 1d, P(z):=2C|z|?,
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Control Above & Below: Case IV

D*u > —4C - 1d, P(z):=2C|z|?,
v(z) :=u(x) + P(z), wvisconvex

~
—~~
8
~—
v

M A (D?u())
M;a(D*v(z) — D*P(x))

v
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Control Above & Below: Case IV

D?u> —4C-Id, P(x):=2C|z],

v(z) :=u(x) + P(z), wvisconvex

fl@) > M \(D?u(z))
> M;A(D?0(x) — D*P())
> M\ (D?0()) + M\ (~D*P(x))
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Control Above & Below: Case IV

D*u > —4C - 1d, P(z):=2C|z|?,
v(z) :=u(x) + P(z), wvisconvex

fl@) = M;,(D?u(x))
> M; ,(D*(x) — D*P())
> M (D*0(x)) + My, (= D?P(x))
> M (D*0(x) = M3, (D*P())
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Control Above & Below: Case IV

(AR AVARN AVARN V]

Diego Moreira (UFC)

D*u > —4C - 1d, P(z):=2C|z|?,
v(z) :=u(x) + P(z), wvisconvex

D?v(z)) — (DQP(x))

Tr(D?*v(x)) — 4nCA (since v is convex)
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Control Above & Below: Case IV

(AR AVARN AVARN V]

v v

Y

Diego Moreira (UFC)

D*u > —4C - 1d, P(z):=2C|z|?,
v(z) :=u(x) + P(z), wvisconvex

M/\A(D%x) M (D P(z))
-Tr(D?*v(x)) — 4nCA (since v is convex)

A - Vee(x) — AnCA

A - (Uee(z) 4+ 4C) — 4nCA

AMiee(x) — AnCA,
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Control Above & Below: Case IV

—4C < uge(x) < XY f(x) +4nCA) Vz € By.

This implies

ullwaa(s, ) < D+ (C+ llullzagsy + 1 lzos,))-

Moreover, if ¢ > n by Sobolev-Morrey Embedding Theorem

ullgri-nsagp, ) < D(C + [lullLeosyy + 11l Lacsy)
/
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Control Above & Below: Case IV

—4C < uge(x) < XY f(x) +4nCA) Vz € By.

This implies
ullwaa(s, ) < D+ (C+ llullzagsy + 1 lzos,))-
Moreover, if ¢ > n by Sobolev-Morrey Embedding Theorem

lullers—vrags, ) < D(C +Ifulleay + 1o, )

What happens with more complicated notions of convexity ?
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Classical Solutions & Apriori Estimates

What If a More Complicated Geometry from below?

Questions

@ What happens under more complex notion of convexity ?
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Classical Solutions & Apriori Estimates

What If a More Complicated Geometry from below?

Questions

@ What happens under more complex notion of convexity ?
@ Is it possible to prove regularity for weak solutions ?
@ Regularity + Apriori Estimates ?

Relevant Point: Regular semi-convexity has PDE type descrtiption
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Classical Solutions & Apriori Estimates

General Concept of
Semi-Convexity
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Classical Solutions & Apriori Estimates

General Concept of Semi-Convexity

General Concept of Semi-Convexity

P(x) = -C|X-Xo|*** with C>0
C1® supporting surface from below

P(x) = -|x-Xo|w(]|X-Xo|)
Clv supporting surface from below
0=w(t) »0 as t»0*
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Classical Solutions & Apriori Estimates

Elements of Convex Analysis I: Semi-Convexity

u:Q— R, Q CR" bounded and convex
w: Ry — R, nondecreasing, upper-semicontinuous, w(0) =0
u is w — semiconvex iff Va,y € Q

w(Az + (1= Ny) < du(z) + (1= Muly) + AL =Nz - ylw(lz —yl)

/

Chv(correction)
Ct : .
w(t) = - Wwesay that « is C'— semiconvex

u is C — semiconvex <= D?*u > —C - I,, (PDE characterization)
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Classical Solutions & Apriori Estimates

Elements of Convex Analysis Il: Semi-Convexity

w—Normal Mapping
duulw) = {€ € R u(y) = u(@) +&-(y—a)~ly—alw(ly—al) ¥y e Q}.
Ot : Q= PR"), =+ Jyu(r)
Opu(x) # & <= Uuis w — semiconvex

Proposition 2.1.2 Let u € C '(A), with A open. Then both u and —u are locally
semiconcave in A with modulus equal to the modulus of continuity of Du.

(P. Cannarsa & C. Sinestrari Book)
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Caffarelli-Kohn-Nirenberg-Spruck Theorem

CKNS Theorem
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CKNS apriori estimate

Theorem (Caffarelli, Kohn, Nirenberg, Spruck, CPAM, 1985)
Letu € C?(B,) be such that

i) Lu = Tr(A(z)D*u) < C in B, with \Id < A(x) < AId

i) ||uller(s,) < C
i1i) u IS w—semiconvex in B, where w(t) = Ct® for some o € (0, 1].
Then, there exists C = C(n, \, A, C,a) > 0 so that
c

Vu(z) — Vu <
Vu(e) = Va0 € [

Va,y € B, a.

(1)

Analytic (above) + Geometric (below) controls
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CKNS apriori estimate

Theorem (Caffarelli, Kohn, Nirenberg, Spruck, CPAM, 1985)
Letu € C?(B,) be such that

i) Lu = Tr(A(z)D*u) < C in B, with \Id < A(x) < AId

i) ||uller(s,) < C
i1i) u IS w—semiconvex in B, where w(t) = Ct® for some o € (0, 1].
Then, there exists C = C(n, \, A, C,a) > 0 so that
c

Vu(x) — Vu < Vz,y € B,/s. 1)

Analytic (above) + Geometric (below) controls
render an estimate on the MC of the Gradient
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BFM Result

BMF Result
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BFM Result

Theorem (BFM, 2019, CMP)
Let p be a bounded and w—semiconvex viscosity solution to
M A(D*u) < f in By
Assume that f € LY(B,) withq > n and thus T :=1—n/q > 0. Set
[ f (B, (o)) < V(p) (2)
V%oegl, 0<p<1—\x0].
{ w(4s) + s7 if ¢>n,

w(4s) + V(4s) if n = ¢, with ¥ as in (2) above.

T(s):=

Then, ¢ € CYY (B, j54) with precise estimates in Velcor (s, Jo1)
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Estimates on [V]cor(p, )

q>n,

[Velcor (s, g < C<1 + Hf”LQ(Br)>

q=n,

el Lo (5,
[V(,O]CO,T(BT/M) S C<1 + # +w(7‘)>.

r

Comparing with CKNS result
(RHSBdd = g¢=00=17=1)

Vip(w) = Vp(y)| < C(le = yl* + o —y|) < Cla—yl*
C
| <
1+ |log |z — yl|
for |z —y| <<1

(CKNS)  [Vp(z) — Veo(y)

Clz —y|* <
1+ [log |z — yl|
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BFM Result

Application of Regularity Theorem for Supersolutions

uwe Wr"(B) = ue C2(B)) Vae(0,1)

loc
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BFM Result

Application of Regularity Theorem for Supersolutions

uwe Wr"(B) = ue C2(B)) Vae(0,1)

loc

u is w—semiconvex — u € C}(B))

loc

uwe W2"(B;) and w —semiconvex = u c C''(B))

loc

Proof: Set f := Au € L"(B;). Then, v is a L™ —strong solution to
Au < f in Bj.

In particular, u is a L™ —viscosity solution to Au < f in Bj.
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Estimates Semiconvex Functions

Theorem ((BMF) - Estimates for w—semiconvex functions)

Letu € L'(B,) be aw—semiconvex function and p € (0, c0).

(a) u e CVH(B,);

loc ’

(b) There exists C; = Cy(n,p) > 0 such that

1/p
sup |u| < Cy [ (7[ |u|pdx> + rw(r)] )
BT‘/Q By

(¢) For some C3 = C3(n,p) > 0 we have

Cs 1/p
esssup |Vu| < — <][ |u|pd;v> +rw(r)| . (3)
Br/2 r Br
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Ideas of the Proof

|deas of the Proof
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Ideas of the Proof

Harnack Approach
Flipping the MC Above &
Below
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ue C%By), M, \(D?u) <0< M, (D*) inB
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Assume that u separates from [ by below by (rate) w(r) > 0.
iélrf(u —1)>—w(r) Vre(0,1).

Setting v, (x) := u(z) — l(z) + w(r) for x € By. Then,
0<v, € CUB,), M; \(D*0) <0< M, (D) in B,
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Harnack: control by below implies by above

ue C%By), M, \(D?u) <0< M, (D*) inB

u — | satisfies Harnack inequality whenever v — 1 >0 in B
Vi affine function (Converse is also true (Caffarelli (1999))
Let [ affine function so that «(0) = 1(0)
Assume that u separates from [ by below by (rate) w(r) > 0.
iélrf(u —1)>—w(r) Vre(0,1).

Setting v, (x) := u(x) — l(z) + w(r) for x € By. Then,

0<v, € CUB,), M; \(D*0) <0< M, (D) in B,
Harnack inequality implies
sup(u—1) < sup(u—I1l+w(r)) = sup v, < Cv,(0) = Cw(r) Vr e (0,1).

r/2 r/2 B’I’/Q
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Key Idea To The Proof of Theorems

Assume that
@  is w—semiconvex

@ 0€ 0,p(0)
® M; ,(D*p) < f in B,.
Then,
p(x) = 0(0) = |z|w(|z]) Vo € B,
This implies,

@ 0o =¢p—¢0)+rw(r)>0 in B,
® M; \(D%*) < f inB,
@ pis w — semi-convex
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Key Idea To The Proof of Theorems

This implies,

1
(]i @EOdz) o< C<i§f¢+r1+a||f\|Lq(Br)>
r/2 T

< O(rw() +r N fllas,), a=1-n/q

1

||@||LOO(BT/4) S D ’ (f SOEOdl‘)% + .D . TW(’I”) = 019(7')

Br/?

1l (B, . < E(T cw(r) + )| £l paep,) =t Dr-9(r)

el (s, < E(T'w(T) + 1 fllpaep,) = (D +1) -7 - 9(r)

O(r) := w(r) + 7% fllzas,)
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New Developments
(Work with E. Pimentel)
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New Developments

1
WH ][ udz | <C inf  w+ o )
- (Bp/2<xo> ) WH <Bp/2<xo> P e, o>>)

for every p > 0 and = € B; such that B,(zq) C By

1
€

p\To

B,

for some € > 0, and every p > 0 and x¢ € B; such that B,(z¢) C B;.
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New Developments

New developments & Results (with E. Pimentel)

(C1) u+ ¢ (c — u) satisfies (WH) and (L>* — L¢), Vc constant
(C2) u+1 (I — u) satisfies (WH) and (L*>° — L¢), VI affine
@ Weak Harnack Inequality

Nonnegative Supersolutions to Linear + Nonlinear PDEs, Super
Q-minimizers, De Giorgi Class DG
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(C1) u+ ¢ (c — u) satisfies (WH) and (L>* — L¢), Vc constant
(C2) u+1 (I — u) satisfies (WH) and (L*>° — L¢), VI affine
@ Weak Harnack Inequality

Nonnegative Supersolutions to Linear + Nonlinear PDEs, Super
Q-minimizers, De Giorgi Class DG

@ L[> — ¢ type estimates

Subsolutions to Linear + Nonlinear PDEs, Sub Q-minimizers, De
Giorgi Class DG, w—semiconvexity, C, C1* from below
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New Developments

New developments & Results (with E. Pimentel)

(C1) u+ ¢ (c — u) satisfies (WH) and (L>* — L¢), Vc constant
(C2) u+1 (I — u) satisfies (WH) and (L*>° — L¢), VI affine
@ Weak Harnack Inequality

Nonnegative Supersolutions to Linear + Nonlinear PDEs, Super
Q-minimizers, De Giorgi Class DG

@ [ — [* type estimates

Subsolutions to Linear + Nonlinear PDEs, Sub Q-minimizers, De
Giorgi Class DG, w—semiconvexity, C, C'1* from below

@ Results: Flipping C, C1« regularities from below + Sobolev
Regularity (Besov Spaces) of Supersolutions and Convex
Envelope (of supersolutions) (Like L. Caffarelli’s Result)
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New Developments

Thank You Very Much !
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New Developments

LINEAR ALGEBRA
REMARKS
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New Developments

Linear Algebra Remarks (l)
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New Developments

Linear Algebra Remarks (l)
M = (mij); jeq1, . my € S™"

n
M= Imyl,  |IM][spec = maz{|Al, X € o(M)}

i,7=1
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New Developments

Linear Algebra Remarks (l)

n
M= Imyl,  |IM][spec = maz{|Al, X € o(M)}

ij=1
Spectral Theorem
4
IB = {e;}i-; orthonormal basis in R" with Me; = \; - ¢;
n
(Mv,v) = Zvlv] (Mej, ej) = ZAUM Z]_Z)\v
i,j=1 1,j=1
max_ [(Mwv,v)| = || M]|spec
vES"—
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New Developments

Linear Algebra Remarks (II)
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New Developments

Linear Algebra Remarks (II)

n

IM[1 =Y |mijls || M]|spec = maz{|A|, A € o(M)}

1,j=1
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New Developments

Linear Algebra Remarks (II)
M = (mij);jeq1,. my €S

IM[1 =Y |mijls || M]|spec = maz{|A|, A € o(M)}

1,j=1

[|M||l1 < C(n)-||M||spec (Finite Dimensional VS)
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M = (mij);jeq1,. my €S

IM[1 =Y |mijls || M]|spec = maz{|A|, A € o(M)}

i,j=1
[|M||l1 < C(n)-||M||spec (Finite Dimensional VS)
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New Developments

Linear Algebra Remarks (II)
M = (mij)ijeq1,. ny €S™"

IM[1 =Y |mijls || M]|spec = maz{|A|, A € o(M)}

i,j=1
[|M||l1 < C(n)-||M||spec (Finite Dimensional VS)
M > 0= |my;| < [[M]}1 < C(n)|[M||spec < Cl|M||spec < C-Tr(M)

u is convex < D?u(zx) > 0 — [Ugs; | < C||D*u(z)|| < C - Au(x)

Diego Moreira (UFC) Supersolutions & Convexity. May 30, 2022 49/57



New Developments

Extremal Pucci Operators
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New Developments

Pucci Operators - Fully Nonlinear Equations - |

O<A<A, MeS™"

Tr(M) &./\/l AM )=A-Tr(M)
A e 8" spec(A) = a(A) = { u; wis an eigenvalue of A}
Ayp = {A €8 peo(Ad) =pe [A,A]}

M A(M) = inf Trace(AM), M ,(M)= sup Trace(AM)
’ AeAy A ’ AcAy A
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New Developments

Envelope for Linear Equations

ue C*(By), (UE) A(z) € Axa, Vo € By.

Lu(z) := Tr(A(x)D*u) = Z i (T) Uy, (T) ()
ij=1

VL (UFE) operatorasin (x)
Lu< f in B; =>M;7A(D2u) < fin By
Lu>f in By = M} ,(D*u) > f in B

Equations in blue are Fully Nonlinear Elliptic PDEs
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New Developments

Pucci Operators for Nonnegative Matrices

O<A<A, MecS™"

My A(M) =X -Tr(M*) = A-Tr(M™)
M A(M) = A-Tr(M*) = X-Tr(M™)
M > 0= M (M) =X\-Tr(M) & M5 ,(M) = A-Tr(M)

M A (M) + M, (N) < M, (M + N) (superadditive)
MG A(=M) = =M\ (M)
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New Developments

Viscosity Solution
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New Developments

Viscosity Solution (Motivation-I)

u € 02(31) with Au > 0in Bj.
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New Developments

Viscosity Solution (Motivation-I)

u € 02(31) with Au > 0in Bj.

Assume that ¢ € C?(B;(x0)) touches u by above at
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New Developments

Viscosity Solution (Motivation-I)

u € 02(31) with Au > 0in Bj.

Assume that ¢ € C?(B;(x0)) touches u by above at

Then, since (u — ¢) has a local maximum at z, then

D*p(x0) > D*u(wo) = Ap(x0) > Au(zo) > 0
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New Developments

Viscosity Solution (Motivation-I11)

Suppose now F': S™*" x B; — R so that
(Monotonicity) Vx € By, M > N in " = F(M,x) > F(N,z)
u € C%(By) with F(D?u,z) > 0in By.
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New Developments

Viscosity Solution (Motivation-I11)

Suppose now F': S™*" x B; — R so that
(Monotonicity) Vx € By, M > N in " = F(M,x) > F(N,z)
u € C%(By) with F(D?u,z) > 0in By.

Assume that ¢ € C?(B;(x¢)) touches u by above at

Then, since (u — ¢) has a local maximum at z, then
D?p(wo) > D*u(o) = F(D*p(0),20) = F(D*u(x), 20) > 0
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New Developments

Definition Viscosity Solution

Suppose now F': S™*" x B; — R so that
(Monotonicity) Vz € By, M > N in 8" = F(M,z) > F(N,x)

u € C°(B,) satisfies F(D?u,z) > f(z) in the viscosity sense if

whenever ¢ € C?(B;(x¢)) touches u by above at g
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New Developments

Definition Viscosity Solution

Suppose now F': S™*" x B; — R so that
(Monotonicity) Vz € By, M > N in 8" = F(M,z) > F(N,x)

u € C°(B,) satisfies F(D?u,z) > f(z) in the viscosity sense if

whenever ¢ € C?(B;(x¢)) touches u by above at g

F(DQQD(xo), xo) > F(D2u(:c0),x0) >0
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