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The setting

In this talk we consider a nonnegative energy functional

Quavlil = [ (I96l5+VigP)dx=0 o€ whe(@)n ce)

and its associated Euler-Lagrange equation
Q) av(u) 2 div(|Vulf 2AVY) + V|uP2u=0  inQ,
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The setting

In this talk we consider a nonnegative energy functional

Quavlil = [ (I96l5+VigP)dx=0 o€ whe(@)n ce)

and its associated Euler-Lagrange equation
Q) av(u) 2 div(|Vulf 2AVY) + V|uP2u=0  inQ,

Here Q C RN, N > 2 is a domain, 1 < p < o0, A € L2 (Q;RV*N) is a
symmetric and locally uniformly positive definite matrix function,
N

€525 ai(x)&¢ xeQ £erY,

ij=1

and V is a real valued potential in a certain local Morrey space M/ (p; Q).
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The setting

In this talk we consider a nonnegative energy functional

Quavlil = [ (I96l5+VigP)dx=0 o€ whe(@)n ce)

and its associated Euler-Lagrange equation
Q) av(u) 2 div(|Vulf 2AVY) + V|uP2u=0  inQ,

Here Q C RN, N > 2 is a domain, 1 < p < o0, A € L (Q; RV*N) is a

loc
symmetric and locally uniformly positive definite matrix function,
N
PN N
€525 ai(x)&¢ xeQ £erY,
ij=1

and V is a real valued potential in a certain local Morrey space M/ (p; Q).

The operator A, alu] = div(|Vu|/’Z\72AVu) is called the (p, A)-Laplacian.
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Agmon-Allegretto-Piepenbrink-type (AAP)-theorem

Theorem (YP-Psaradakis (2016))
Qp.av >0 on WLP(Q) N C.(Q) iff the equation Qpav(u)=0inQ

admits a positive weak solution (or positive supersolution) in WI})f(Q)

Corollary

Qp.av >0 on WHP(Q) N C.(Q) iff the generalized weak maximum
principle holds in any subdomain w € Q. That is,

Qav(u)>0inw, andu>0o0ndw = u>0inw.
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Picone identity and the simplified energy

Let u be a positive solution of Q, 4, (u) =0 in Q. Then for all
0 < ¢ € C(Q) the following Picone-type identity holds:

Qp.a.v(ug) :/ “(qu +uVolh — ¢P|Vul|f — pcbp_lu\Vu\ﬁ_zVu-AV(b dx.
Q

Theorem (YP-Tertikas-Tintarev (2008))

Let u be a positive solution of Q, 5 \,(u) =0 in Q. Then for all
up € WHP(Q) N C(Q) we have

Qoo (u6) = Eu(6)2 | WPIV0(0IVula +ulV6l2)" 2,

where the equivalence constant depends only on p. The functional E, is
called the simplified energy of Qp A v -
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H,(€2, V) the space of Hardy-weights

First aim: characterize the space #,(€2, V) of all Hardy-weights, i.e.,
functions g € Lt _(Q) such that the following Hardy-type inequality holds:

loc
/Q\g\lqﬁ!”dx < CQpav(e)  Voe WHP(Q)N C(Q)

for some C > 0.

Suppose that Q, a v > 0 in Q. If H,(Q, V) = {0}, then Qp 4 v is said to
be critical in €, otherwise, @, a,v is subcritical in Q. If @, 4 v 2 0in Q,
then Qp a,v is said to be supercritical in €.
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(p,A,v-capacity

Definition

Let u be a positive solution of Qp 4 v(u) =0 in Q. For a compact set
F € Q, the Qp a,v-capacity of F with respect to (u, ) is defined by

Cap,(F,Q) £ inf{Qpav(9) | 6 € NEu(Q)},
where Nk o(Q) £ {¢ € WHP(Q) N C() | ¢ > uon F}.
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(p,A,v-capacity

Definition
Let u be a positive solution of Qp 4 v(u) =0 in Q. For a compact set
F € Q, the Qp a,v-capacity of F with respect to (u, ) is defined by

Capy(F,Q) £ inf{Qpav(¢) | ¢ € Nru(Q)},

where Nk o(Q) £ {¢ € WHP(Q) N C() | ¢ > uon F}.

We equip H,(€2, V) with the norm:

& yop JelsllP
lgllr@,v) = sup{ Cap, (F, Q)

In fact, (2, V) is a Banach function space. Moreover, in the subcritical
case, certain weighted Lebesgue spaces are embedded in H (2, V).

| F € Q compact s.t. Cap,(F,Q) # 0}.

v
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Maz'ya-type characterization of Hardy-weights

_ Jr lgllulP dx
& ll#s(0,v) = suP{Capu(F,Q) | F € Q compact s.t. Cap,(F,Q) #0¢.
Theorem (YP - Das (2022))

Let p € (1,00), and u be a positive solution of Qp a v(u) =0 in Q. Let
g € Ll (Q), then HgHHg(Q’V) < oo iff the Hardy-type inequality

/Q glldPdx < CQuav(d) Voe WHP(Q)NCAQ)  (HI)

holds. Moreover, let B4 (2, V') be the best constant in (HI), then
g llru@.v) < Bg(Q, V) < Collgllny@a,v),

where C,, depends only on p. Furthermore, |/g||5(0,v) = Bg(Q2, V) is an
equivalent norm on H,(SQ2, V). In particular, up to the equivalence relation
of norms, the norm ||-|[3u(,v) is independent of the positive solution u.

v
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Proof of necessity:

Let g € LL () be a Hardy-weight. Let F C Q be a compact set. Then
for any v such that yu € WP(Q) N C(Q) with » > 1 on F

[ lellupax < [ lglvup de < B(2.V)Quav(in).
Taking the infimum over all Yue W1P(Q)NC(Q) with 1»>1 on F, we get
/ lg|lulP dx < Bg (€, V)Cap,(F,Q) for all compact sets F in .
F

Hence, [|gl[3u(o,v) < Bg(Q2, V).
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Proof of Sufficiency:
Let [|gll3y(q,v) < oo and 0 < ¢ € C°(€2). Define

0 if p <271,
55 —1]" f2Yl<yp<d,  —oo<j<ox,
1 if 20 <,

where a =1if p>2,and a =2/pif p < 2.

Pi(x) =

The space of Hardy-weights 30.5-3.6.2022

Yehuda Pinchover (Technion)

9/ 14



Proof of Sufficiency:
Let [lgll7m(avy < o0 and 0 < ¢ € C°(Q). Define

0 if p <271,

55 —1]" if2l<y<2d, —oo<j<oo,
1 if 20 <,

where a = 1if p> 2, and a =2/pif p < 2. Since

[ Jellul? dx< g gy Capa(F. 9), VF € @ compact, Capy(F. D) £0,

Pi(x) =

gllulP dx < llgllsm@,v)Q@pav(uy) W =1ony >2.

fr— /
{y>2/}
Using the co-area formula, replacing @, 4 v with the simplified energy,
estimating v; and V1);, and finally summing up, one obtains
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/Q gluvl? dx < Gollglmev) Qv (ut).
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Definition (Beppo Levi space)

The generalized Beppo Levi space ’DA v+(Q) is the completion of
WP(Q) N C.(Q) with respect to the norm

1/p
I9llpe () 2 [IV@lallEney + 19150 e 0y]

For g € H,(€2, V), consider the generalized principal eigenvalue
4(2. V) £ inf{Qpav(0) | 0 € W@ (), [ lgllof e =1,
In fact,
6(2.V) = inF{Quav(0) | 6 € D%.(@). [ lellol dx =1,

We say that the best constant Bg(, V) is attained if
Sg(Q, V) = (Bg(RQ, V)~ is attained in DL?  (Q).
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Sufficient condition for attainment of the best constant

Let  Hpo(Q V) 27, (V) L(@) 1@,

Theorem (For the case V = V)
If g € Hpo(Q2, V), then the functional

To(9) 2 /Q gll6lP dx

is compact on DA v+ (). In particular, Bg(Q2, V) is attained in DA (),

Since Hp (2, V) C ’HPO(Q, V1), it follows that if g € Hp (2, V), then
Tg is compact in DA N (9).
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Attainment of the best constant | (spectral gap condition)

Theorem

Assume that A€ C7, g€ Hp(Q, V)N M (p;Q), and

loc
S¢(Q) < ST(Q) 2 sup{K € Q| Sg(2\ K)}.

Assume that fQ\Kl V=GP dx < oo, where G is a positive solution of the
equation Q;J,A,V—Sg Q)|g|[u] =0 in Q\ K of minimal growth in a
neighborhood of in;inity in Q, where K € K1 € Q.

Then, Bg(Q) is attained in D%, ().

Proof’s outline: If Sg(Q) < SF(Q), then @, 4 v—s,(Q)g| is critical in Q,
with a ground state ® and a null-sequence 0 < ¢, < ®. It follows that
Jo(V™ +|g))dP dx < 00, ¢ —  in Di\’ﬁ/Jr(Q), and we may pass to the
limit in the identity:

/Av¢n|zdx+/ﬂ v+¢n|zdx=op,A,vSg(mg(aw/ﬂ V_4hdx+54(Q) /Ag!qb‘,idx.
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Attainment of the best constant Il (spectral gap condition)

For x € Qand g € Hp(82, V), define the Hardy constant of g at x by

8600, ) 2 limipH{Qp.av(0) | 6 € DY@ B, [ [gllolPax=1},

(X

and let ¥ £ {x € Q[ Sg(x,Q) < o0}, and S;(Q) £ inf__5Sg(x, Q).

Theorem

Let Q be a bounded domain, V € M{ (p;Q) s.t. V= € Hpo(Q, V7).
Suppose that g € H,(Q, V) s.t. |Tg| = 0.

If Sg(2) < Sz(Q2), then Bg(Q) is attained in DA v+ (82).

The proof relies on concentration compactness arguments.
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Thank you for your attention!

The space of Hardy-weights



