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Uniformly elliptic operators

L u(x) := div (A(x)Du(x)) + 〈b(x),Du(x)〉

A(x) = (aij(x))i ,j=1,...,n

b(x) =
(
b1(x), . . . , bn(x)

)
,

aij , bj , ∂xi aij , ∂xj bj ∈ Cα
(
Ω
)
, i , j = 1, . . . , n.

bounded functions, Ω open set of Rn. A symmetric and

λ|ξ|2 ≤ 〈A(x)ξ, ξ〉 ≤ Λ|ξ|2

for every x ∈ Ω and ξ ∈ Rn.
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More differential operators
Uniformly parabolic operators:

L u(x , t) = div (A(x , t)Du(x , t)) + 〈b(x , t),Du(x , t)〉 − ∂tu(x , t)

Degenerate operators on Carnot groups:

L u(x , y , t) =
m∑

j ,k=1

Xj (ajk(x , y , t)Xku(x , y , t)) + X0

Examples:

I X0 = 0, X1 = ∂x + 2y∂t , X2 = ∂y − 2x∂t (m = 2)
L = X 2

1 + X 2
2 (sub-Laplacian on the Heisenberg group)

I X1 = ∂x , X0 = −∂t + x∂y (m = 1)
L = X 2

1 + X0 (degenerate Kolmogorov operator)
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Mean value formulas

for uniformly elliptic and
parabolic equations
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The very beginning

Theorem (Cauchy)

Let Ω be an open set of C and let f : Ω→ C be holomorphic.
Let z ∈ Ω and let γ : I → Ω be a smooth, closed path. Then

f (z) =
1

2πi

∮
γ

f (w)

w − z
.

Theorem (Gauss)

Let Ω be an open set of Rn and let u ∈ C 2(Ω).
If ∆u = 0 in Ω, and B(x , r) ⊂ Ω, then

u(x) =
1

H n−1(∂B(x , r))

∫
∂B(x ,r)

u(y)dH n−1(y).
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About the proof

Choose Ω̃ = B(x0, r)\B(x0, ε), v(x) = cr − Γ(x − x0)

Ω̃

x0
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About the proof (cont.)

0 =

∫
Ω̃

(u(x)∆v(x)− v(x)∆u(x)) dx =∫
∂B(x0,ε)

〈u(x)∇v(x)− v(x)∇u(x), ν(x)〉dH n−1(x)−∫
∂B(x0,r)

〈u(x)∇v(x)− v(x)∇u(x), ν(x)〉dH n−1(x)→

u(x0)−
∫
∂B(x0,r)

−〈∇Γ(x − x0), ν(x)〉︸ ︷︷ ︸
(ωnrn−1)−1

u(x)dH n−1(x).

as we let ε→ 0. Note that: v = 0 in ∂B(x0, r).
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The heat equation

Theorem ([Pini] - 1951)

Let Ω be an open set of R2 and let u ∈ C 2,1(Ω) satisfying the heat
equation ∂tu(x , t) = ∂2

xu(x , t). Then

I

u(x , t) =
1

H 1(∂Ωr (x , t))

∫
∂Ωr (x ,t)

K (x , t, y , s)u(y , s)dH 1(y , s),

I

u(x , t) =
1

µ(Ωr (x , t))

∫
Ωr (x ,t)

(x − y)2

4(t − s)2
u(y , s)dy ds.

Here
Ωr (x , t) :=

{
(y , s) ∈ R2 | Γ(x , t, y , s) > 1

r

}
⊂ Ω.
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The set Ωr (x , t)

∂Ωr (x , t) :=
{

(y , s) ∈ R2 | Γ(x , t, y , s) = 1
r

}
={

(y , s) ∈R2 | (x − y)2 = 4(t − s)
(
log(r)− 1

2 log(4π(t − s)
)}

(x , t)
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Further results
Uniformly parabolic equations
I Montaldo (1955)
I Watson (1973) - several variables
I Kuptsov (1978) - bounded kernels
I Fabes, Garofalo (1987) - smooth coefficients
I Garofalo, Lanconelli (1989)

Degenerate equations
I Citti, Garofalo, Lanconelli (1993) - Sub-Laplacians
I Garofalo, Lanconelli (1990) - Kolmogorov equation
I Lanconelli, P. (1994) - Kolmogorov equation
I P. (1995) - Kolmogorov - smooth coefficients
I Lanconelli, Pascucci (1999) - Hörmander’s operators
I Cupini, Lanconelli (2021) - smooth coefficients
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Main results

Theorem 1 [Malagoli, Pallara, P.] (submitted) Let u be a classical
solution to L u = f in Ω. Then, for every (x0, t0) ∈ Ω and for
almost every r > 0 such that Ωr (x0, t0) ⊂ Ω we have

u(x0, t0) =

∫
∂Ωr (x0,t0)

K (x0, t0; x , t)u(x , t) dH n(x , t) +∫
Ωr (x0,t0)

f (x , t)
(

1
rn − Γ(x0, t0; x , t)

)
dx dt

K (x0, t0; x , t) =
〈A(x , t)∇xΓ(x0, t0; x , t),∇xΓ(x0, t0; x , t)〉

|∇(x ,t)Γ(x0, t0; x , t)|
.
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Main results

Theorem 1 (cont) Let u be a classical solution to L u = f in Ω.
Then, for every (x0, t0) ∈ Ω and for every r > 0 such that
Ωr (x0, t0) ⊂ Ω we have

u(x0, t0) =
1

rn

∫
Ωr (x0,t0)

M(x0, t0; x , t)u(x , t) dx dt +

n

rn

∫ r

0

(
%n−1

∫
Ω%(x0,t0)

f (x , t)
(

1
%n − Γ(x0, t0; x , t)

)
dx dt

)
d%

M(x0, t0; x , t) =
〈A(x , t)∇xΓ(x0, t0; x , t),∇xΓ(x0, t0; x , t)〉

Γ(x0, t0; x , t)2
.
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About the proof

Consider the function v(x , t) = Γ(x0, t0; x , t)− 1
%n and apply the

divergence theorem to∫
Ω

(
u(x , t) L ∗v(x , t)︸ ︷︷ ︸

0

−v(x , t) L u(x , t)︸ ︷︷ ︸
f (x ,t)

)
dx dt =

∫
Ω

(
divx

(
u(x , t)A(x , t)∇xv(x , t)− v(x , t)A(x , t)∇xu(x , t)

)
−

divx
(
u(x , t)v(x , t)b(x , t)

)
+ ∂t(u(x , t)v(x , t))

)
dx dt
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About the proof (cont. 1)

Ωε
r (x0, t0) :=

{
(x , t) ∈ Rn+1 | Γ(x0, t0; x , t) > 1

%n , t < t0 − ε
}

t = t0 − ε(x0, t0)
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Divergence formula
Weak formulation of the divergence theorem (Maggi’s book -
2012).

F ∈ C 1(Rn+1), Ω =
{

(x , t) ∈ Rn+1 | F (x , t) > c
}

Φ ∈ C 1(Ω,Rn+1) ∩ C
(
Ω,Rn+1

)
If H n (Crit(F ) ∩ ∂Ω) = 0, then∫

Ω
div Φ(x , t)dx dt = −

∫
∂Ω
〈Φ(x , t), ν(x , t)〉dH n(x , t)

Partial regularity of ∂Ω

I Dubovickĭı (1957)

I Bojarski, Haj lasz, and Strzelecki (2005)
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Subelliptic operators

on Carnot groups
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Prototype equation

ut(x , y , t) = ∆xu(x , y , t)+〈x ,∇yu(x , y , t)〉 (x , y , t) ∈ Rn×Rn×R

[Kolmogorov](1934) Fundamental solution (n = 1) with singularity
at (0, 0, 0)

Γ(x , y , t) =
√

3
2πt2 exp

(
− x2

t − 3 xy
t2 − 3 y2

t3

)
.

Γ(x0, y0, t0; x , y , t) = Γ(x0 − x , y0 − y − x0(t0 − t), t0 − t)
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Uniformly elliptic and parabolic equations Subelliptic operators on Carnot groups

Prototype equation

ut(x , y , t) = ∆xu(x , y , t)+〈x ,∇yu(x , y , t)〉 (x , y , t) ∈ Rn×Rn×R

[Kolmogorov](1934) Fundamental solution (n = 1) with singularity
at (0, 0, 0)

Γ(x , y , t) =
√

3
2πt2 exp

(
− x2

t − 3 xy
t2 − 3 y2

t3

)
.

Γ(x0, y0, t0; x , y , t) = Γ(x0 − x , y0 − y − x0(t0 − t), t0 − t)

Mean value formulas Università di Modena e Reggio Emilia
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Hypoellipticity

Theorem ([Hörmander] - 1967)

Let u be a (distributional) solution to X 2
1 u + . . . ,X 2

mu + Yu = f in
Ω ⊂ RN × R. If

span
{

Y ,X1, . . . ,Xm, [Xi ,Xj ], [Xi ,Y ], . . . , [Xi , . . . , [Xj ,Xl ]]
}

= RN+1

Then
f ∈ C∞(Ω) ⇒ u ∈ C∞(Ω).

Commutators: [Xi ,Xj ]f := XiXj f − XjXi f
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Kolmogorov operator

L := ∂2
x + x∂y − ∂t = X 2 + Y

I X = ∂x , Y = x∂y − ∂t ,

Y ∼

 0
x
−1

 X ∼

1
0
0

 [X ,Y ] = XY − YX ∼

0
1
0


[X ,Y ]f := ∂x(x∂y − ∂t)f − (x∂y − ∂t)∂x f = ∂y f
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Variable coefficients

L u = divx (A(x , y , t)Dxu) + 〈x ,Dyu〉 − ∂tu, (x , y , t) ∈ R2n+1.

Theorem
If A(x , y , t) := (ajk(x , y , t))j ,k=1,...,n is symmetric, uniformly

positive, with bounded C 1,α coefficients, then a fundamental
solution Γ for L exists, with estimates:

c−T Γ−(x , y , t; ξ, η, τ) ≤ Γ(x , y , t; ξ, η, τ) ≤ c+
T Γ+(x , y , t; ξ, η, τ)

for every (x , y , t), (ξ, η, τ) ∈ R2n+1 with 0 < t − τ < T .

Remark. The fundamental solution doesn’t belong to C 1.
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Finite perimeter sets

Let E be a measurable subset of Rn+1. For any open set
Ω ⊂ Rn+1 the perimeter of E in Ω is

P (E ,Ω) := sup

{∫
E

div (ϕ) dz : ϕ ∈ C 1
c

(
Ω;Rn+1

)
, ‖ϕ‖∞ ≤ 1

}
.

Note that
P (E ,Ω) < +∞ ⇔ χE ∈ BV (Ω)

and, in this case, P (E ,Ω) = |DχE |(Ω).
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General formula

If E has finite perimeter in some open set Ω ⊂ Rn+1, then∫
E

div φ(x , t)dx dt = −
∫

Ω
〈φ(x , t),DχE (x , t)〉

Remark If F ∈ C 1(Ω) and

Ec := {(x , t) ∈ Ω | F (x , t) > c}

then, for any compact subset K ⊂⊂ Ω and for almost every c ∈ R
we have P(Ec ,K ) < +∞.
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Reduced boundary

We say that (x , t) ∈ Ω belongs to the reduced boundary FE of E
if |DχE |(B%(x , t)) > 0 for every % > 0 and the limit

νE (x , t) := lim
%→0

DχEB%(x , t)

|DχEB%(x , t)|

exists in Rn+1 and satisfies |νE (x , t)| = 1.

We have FE ⊂ ∂E and∫
E

div φ(x , t)dx dt = −
∫
FE
〈φ(x , t), νE (x , t)〉dH n(x , t)
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Some remarks

I This approach doesn’t require Dubovickĭı’s theorem,

I it extends to Hörmander’s operators on Carnot groups

L u(x , t) :=
m∑

j ,k=1

Xj (ajk(x , t)Xku(x , t)) + X0u(x , t) = f (x , t).

Remark Classical solutions are not C 1 in the Euclidean sense.
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Super level set
L := ∂2

x + x∂y − ∂t

Γ(x , y , t) =
√

3
2πt2 exp

(
− x2

t − 3 xy
t2 − 3 y2

t3

)
.

(0, 0, 0)

Ωr (0, 0, 0) ∩ {y = 0}

(0, 0, 0)

Ωr (0, 0, 0) ∩ {x = 0}
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Super level set

L := ∂2
x + x∂y − ∂t

Γ(x0, y0, t0; x , y , t) = Γ(x0 − x , y0 − y − x0(t0 − t), t0 − t)

(x0, y0, t0)

Ωr (x0, y0, t0) ∩ {y = y0}

(x0, y0, t0)

Ωr (x0, y0, t0) ∩ {x = x0}
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Strong minimum principle

Theorem ([Bony] - 1969, [Amano] - 1979)

Let u : Q → R be a non-negative solution to uxx + xuy = ut .
If u(0, 0, 0) = 0, then u ≡ 0 in the Propagation set A(0,0,0).

t

xy

(0, 0, 0)
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Many thanks for your attention!
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