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Symmetric Kolmogorov operators

Define v
Lu:=Au+ 7” Vu, ue C®(RN).

L can be defined via the sesquilinear form

a(u,v) = - Vu-Vvdpu.

Abdelaziz Rhandi (University of Salerno) Bi-Kolmogorov operators



Introduction

Symmetric Kolmogorov operators

Define v
Lu:=Au+ 7” Vu, ue C®(RN).

L can be defined via the sesquilinear form

a(u,v) = - Vu-Vvdpu.

Assume that p is the density of a probability measure and

loc

\Y
(H1): € Hpe(RY), =% € Lo (RY), r> N,

iufu > 0, VK compact.
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The maximal domain
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Introduction

The maximal domain

By [Albanese-Lorenzi-Mangino, JFA. 2009], under (H1), L|ce
generates an analytic semigroup of contractions in L2 := [*(RV, 1)
(even in LF).
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Introduction

The maximal domain

By [Albanese-Lorenzi-Mangino, JFA. 2009], under (H1), L|ce
generates an analytic semigroup of contractions in L2 := [*(RV, 1)
(even in LF).

Problem 1: Find general conditions on p s.t. D(L) = Hﬁ(RN).
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Ornstein-Uhlenbeck operator
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Ornstein-Uhlenbeck operator

plx) = (2m) M2e W2 =
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Ornstein-Uhlenbeck operator

w(x) = (2r)"N2e X2 —
Lu=Au—x-Vu.

[Lunardi, TAMS 1997] proved D(L) = HEL(]RN).
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Ornstein-Uhlenbeck operator

w(x) = (2r)"N2e X2 —
Lu=Au—x-Vu.

[Lunardi, TAMS 1997] proved D(L) = HEL(]RN).
Under some convexity assumptions on u
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Introduction

Ornstein-Uhlenbeck operator

w(x) = (2r)"N2e X2 —
Lu=Au—x-Vu.

[Lunardi, TAMS 1997] proved D(L) = HEL(]RN).

Under some convexity assumptions on u

D(L) = Hﬁ(RN) see [Da Prato-Vespri, Nonlinear Anal. 2002] and
[Priiss-Rh-Schnaubelt, Houston J. Math. 2006].
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Hardy and Rellich's inequalities
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Hardy and Rellich's inequalities

2
Co/ |u|2dx§/ |Vul2dx, N> 3;
RV || RN
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Introduction

Hardy and Rellich's inequalities

2
Co/ |u|2dx§/ |Vul2dx, N> 3;
RV || RN
> 2
(c0—1)2/ ’“’dxg/ |Aul?dx, N >5,
rY X[ RN

where Go := (N — 2)2/4, u € C=(RN).
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Introduction

Hardy and Rellich's inequalities

| g
|U|2 2
Co/ 2dxg/ |Vuldx, N >3;
RV |X| RN
> 2
(c0—1)2/ ’“’dxg/ |Aul?dx, N >5,
rY [x[* RN

where Go := (N — 2)2/4, u € C=(RN).

For more details and applications see [Balinsky-Evans-Lewis: " The
Analysis and Geometry of Hardy's Inequality”, Springer 2015]
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Weighted Hardy and Rellich’s inequalities

In [Canale-Gregorio-Rh-Tacelli, Appl. Anal. 2019] suitable
conditions on p imply
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Introduction

Weighted Hardy and Rellich’s inequalities
In [Canale-Gregorio-Rh-Tacelli, Appl. Anal. 2019] suitable
conditions on p imply

2
Co/ Mdu < / VuPdu+ Cllullf,  ue C(RY)
R RN :

w[x[?

with Gy optimal.
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Introduction

Weighted Hardy and Rellich’s inequalities

In [Canale-Gregorio-Rh-Tacelli, Appl. Anal. 2019] suitable
conditions on p imply

2
Go [ 1dus [ IVuPdutClully,  we CxEY
R RN #

w[x[?

with Gy optimal.
Problem 2: Find general conditions on p s.t.

U2
-1y [ [P g < [ uPdut Cluly,  we (@)
RV || RN a

holds with (Cp — 1)? optimal.
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Bi-Kolmogorov operators

Define
ar(u,v) ::/ LuLvdp, u, v e D(L).
RN
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Introduction

Bi-Kolmogorov operators

Define
ar(u,v) ::/ LuLvdp, u, v e D(L).
RN

a; densely defined, nonnegative and continuous closed form.
So, the bi-Kolmogorov operator

D(A) {ue D(L):3f € L/ a(u, v) :/ fvdu, Yv € D(L)}
RN
Au = f

generates an analytic semigroup of contractions (e_tA) in Li.
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Problem 3: Find general conditions on p that give
D(A) = H;(RY);
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Introduction

Problem 3: Find general conditions on p that give
D(A) = H;(RY);

Problem 4: Study asymptotic properties and eventual positivity of
e A

Abdelaziz Rhandi (University of Salerno) Bi-Kolmogorov operators



tA

Asymptotic properties of e

Invariant measure
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Asymptotic properties of e tA

Invariant measure

Assume

1

(H1):  pe HL (RY), el (RYY, r>n,

loc

iﬂfu > 0, VK compact.
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Asymptotic properties of e tA

Invariant measure

Assume

1

(H1):  pe HL (RY), el (RYY, r>n,

loc

iﬂfu > 0, VK compact.
Then

Proposition 1: j is the unique invariant measure for et
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tA

Asymptotic properties of e

Proof.

Abdelaziz Rhandi (University of Salerno) Bi-Kolmogorov operators



tA

Asymptotic properties of e

Proof.

Prove
/ etAfdu:/ fdu, f€ D(A).
RN RN
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Asymptotic properties of e tA

Proof.

Prove
/ etAfdu:/ fdu, f€ D(A).
RN RN

Integrate the "formule de tous les jours”,

t
/RN(etAf_f)dH:—/O e5A</RNAfdu>ds:0, t>0.

Since CZ° is a core for L, 11 € D(L) and L1l = 0, which give
Jaw Af dp = [on LA dp = 0.
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Asymptotic properties of e tA

Proof.

Prove
/ etAfdu:/ fdu, f€ D(A).
RN RN

Integrate the "formule de tous les jours”,

t
/RN(etAf_f)dH:—/O e5A</RNAfdu>ds:0, t>0.

Since CZ° is a core for L, 11 € D(L) and L1l = 0, which give

Jan Af dp = [ LA dp = 0.

Uniqueness follows from the ergodicity of 4 with respect to (e~*),
i.e.
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Asymptotic properties of e tA

Proof.

Prove
/ etAfdu:/ fdu, f€ D(A).
RN RN

Integrate the "formule de tous les jours”,

t
/RN(etAf_f)dH:—/O e5A</RNAfdu>ds:0, t>0.

Since CZ° is a core for L, 11 € D(L) and L1l = 0, which give

Jan Af dp = [ LA dp = 0.

Uniqueness follows from the ergodicity of 4 with respect to (e~*),
i.e.

1 t
L2 — lim / e_SAfds:/ fdp, Vf € L,
0 RN

t—+oo t
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tA

Asymptotic properties of e

Asymptotic behaviour:
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tA

Asymptotic properties of e

Asymptotic behaviour:

Proposition 2:

For f € Lﬁ one has

L2 — lim e_tAf:/ f dp.
RN

t—o0
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Asymptotic properties of e

Positivity:
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Asymptotic properties of e tA

Positivity:

For A = j—; [Evgrafov-Postnikov, Math. USSR Sbornik 1970,
Hochberg, Annals Prob. 1978] proved that

e f(x) = /Rk(t,x,y)f(y) dy

with
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Asymptotic properties of e tA

Positivity:

For A = j—; [Evgrafov-Postnikov, Math. USSR Sbornik 1970,
Hochberg, Annals Prob. 1978] proved that

e f(x) = /Rk(t,x,y)f(y) dy

with

1
3 —yl*\3
o) = ety e (‘s <X4tﬂ>)

cos <3\8/§ <|X ;:’\4);)

k has an oscillatory character = no positivity.

Abdelaziz Rhandi (University of Salerno) Bi-Kolmogorov operators



Asymptotic properties of e tA

Eventual positivity of e 1A%

For 0 < up € C.(RN), [Gazzola-Grunau, Discr. Cont. Dyn. Syst.
2008] proved
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Asymptotic properties of e tA

Eventual positivity of e 1A%

For 0 < up € C.(RN), [Gazzola-Grunau, Discr. Cont. Dyn. Syst.
2008] proved

» for any compact K € RN, 3T, > 0 that depends on uyg s.t.
e % yo(x) > 0 for all t > Tk, x € K;
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Asymptotic properties of e tA

Eventual positivity of e 1A%

For 0 < up € C.(RN), [Gazzola-Grunau, Discr. Cont. Dyn. Syst.
2008] proved

» for any compact K € RN, 3T, > 0 that depends on uyg s.t.
e % yo(x) > 0 for all t > Tk, x € K;

» 37 > 0 that depends on up such that for any t > 7, 3x, € RV
st. e ™% g(x) < 0.
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tA

Asymptotic properties of e

Eventual positivity of e *:
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Asymptotic properties of e tA

Eventual positivity of e *:

» Proposition 2 = individual asymptotic positivity of e,

i.e.
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Asymptotic properties of e tA

Eventual positivity of e *:

» Proposition 2 = individual asymptotic positivity of e,

i.e.

felZ®RY), = Jim dist(e”"f, L2(RV)4) =0,
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Asymptotic properties of e tA

Eventual positivity of e *:

» Proposition 2 = individual asymptotic positivity of e,

i.e.

felZ®RY), = Jim dist(e”"f, L2(RV)4) =0,

> If one assumes that D(A") C LS (RN), applying recent
results by Arora and Gliick, one deduces, " local individual
eventual positivity', V0 < f € Li, VK C RN compact s.t.
f(x) >0, xe BecBRN), (BCK,|B|>0),3c>0,t>0
s.t.
e Axkf)(x)>c, t>ty, xeK.
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Weighted Rellich’s inequalities

Assumptions

Set

Assume

1|V
u=-|-£

2 1Ap
=il )

VH € Higo(RY), Ap € L, (RY);
limsup |x|°U =0, U < C on RN\ Bg.

x—0
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Weighted Rellich’s inequalities

Weighted Rellich’s inequalities
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Weighted Rellich’s inequalities

Weighted Rellich’s inequalities

Theorem 1: Assume N > 5, (H2). For u € C=(RN),
> Ve >0,

2
C
2 |u(x)| </ Ll 2
((G-1) 6)/RN X[ du < RN! u()Fdp+ —lullz;
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Weighted Rellich’s inequalities

Weighted Rellich’s inequalities

Theorem 1: Assume N > 5, (H2). For u € C=(RN),
> Ve >0,

2
C
2 |u(x)| </ Ll 2
((G-1) 6)/RN X[ du < RN! u()Fdp+ —lullz;

2
(Co-17 [ %0 < [ 1tatapan+ lulfy.
R

| x4 RN
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Weighted Rellich’s inequalities

Remark:

» (H2)+ weighted Hardy's inequality =
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Weighted Rellich’s inequalities

Remark:

» (H2)+ weighted Hardy's inequality =

| H < C(IVollg + llell ) ¥ € HARY)
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Weighted Rellich’s inequalities

Remark:

» (H2)+ weighted Hardy's inequality =

| H < C(IVollg + llell ) ¥ € HARY)

> This and (H1) — (H2) =
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Weighted Rellich’s inequalities

Remark:

» (H2)+ weighted Hardy's inequality =

| H < C(IVollg + llell ) ¥ € HARY)

> This and (H1) — (H2) =>
since C°(RN) is a core for L, hence the weighted Rellich's
inequalities in Theorem 1 hold for all u € D(L).
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Weighted Rellich’s inequalities

Optimality of the constant
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Weighted Rellich’s inequalities

Optimality of the constant

Theorem 2: Assume N > 5, (H1) and Ve >0, 3C. > 0's. t.
' < | ’2 + C  in BRO-
Then,

c/ ’X‘4du </ |Lu>dp + CHuHHl, ue HE(RN)

2
does not hold if ¢ > (Cy — 1)? = (W) .
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Domain characterization

Assumptions

(H3)

D; \Y%
[ 2,1 N . ﬂ <i C l
0 e W [ (2)] < 5+ |
.. Dy € Vi
i) e W2HRN), D,--()‘SJFC Ala
( ),U loc( ) y L ’X‘ € U

fori,j,k=1,...,N.
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Domain characterization

Characterization of D(L)
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Domain characterization

Characterization of D(L)

The weighted Rellich inequality + (H3)(i) =
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Domain characterization

Characterization of D(L)

The weighted Rellich inequality + (H3)(i) =
"weighted Landau-Kolmogorov inequality”:

2 2 2
I9ul3, < D%l + Cllull
and "weighted Calderon-Zygmund inequality”:

1D%ulliz < C(lILulliz + llullz2)-
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Domain characterization

Characterization of D(L)

The weighted Rellich inequality + (H3)(i) =
"weighted Landau-Kolmogorov inequality”:

2 2 2
I9ul3, < D%l + Cllull
and "weighted Calderon-Zygmund inequality”:
2
102l < C(ILulz + ulliz)-

Thus,
Theorem 3: Assume N > 5, (H1) — (H3)(i). Then

D(L) = HA(RM).

Abdelaziz Rhandi (University of Salerno) Bi-Kolmogorov operators



Domain characterization

Characterization of D(A)

Abdelaziz Rhandi (University of Salerno) Bi-Kolmogorov operators



Domain characterization

Characterization of D(A)

Theorem 3 —

D(A) = {u € HA(R"): Lue HX(RM)}.
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Domain characterization

Characterization of D(A)

Theorem 3 —
D(A) = {u € HA(R"): Lue HX(RM)}.

Several improved weighted Rellich’s inequalities =—>
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Domain characterization

Characterization of D(A)

Theorem 3 —

D(A) = {u € HA(R"): Lue HX(RM)}.
Several improved weighted Rellich’s inequalities =—>
Theorem 4: Assume N > 7, (H1) — (H3). Then

D(A) = HA(RV).
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Domain characterization

Characterization of D(A)

Theorem 3 —
D(A) = {u € HA(R"): Lue HX(RM)}.
Several improved weighted Rellich’s inequalities =—>
Theorem 4: Assume N > 7, (H1) — (H3). Then
D(A) = HA(RV).

Examples:

> u(x) = ke~ m, m > 0 satisfies (H1) — (H3).
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Domain characterization

Characterization of D(A)

Theorem 3 —
D(A) = {u € HA(R"): Lue HX(RM)}.
Several improved weighted Rellich’s inequalities =—>
Theorem 4: Assume N > 7, (H1) — (H3). Then
D(A) = HA(RV).

Examples:

> u(x) = ke~ m, m > 0 satisfies (H1) — (H3).

(H3) is essentially needed for m € (0, 1].
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Domain characterization

Characterization of D(A)

Theorem 3 —
D(A) = {u € HA(R"): Lue HX(RM)}.
Several improved weighted Rellich’s inequalities =—>
Theorem 4: Assume N > 7, (H1) — (H3). Then
D(A) = HA(RV).

Examples:

> u(x) = ke~ m, m > 0 satisfies (H1) — (H3).

(H3) is essentially needed for m € (0, 1].

> pu(x) = cmjl;’;, o, >0, 8> a+ N satisfies (H1) — (H3).
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Domain characterization

The bi-Ornstein-Uhlenbeck operator:

Abdelaziz Rhandi (University of Salerno) Bi-Kolmogorov operators



Domain characterization

The bi-Ornstein-Uhlenbeck operator:
p(x) = (2m) N2~ F/2 —
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Domain characterization

The bi-Ornstein-Uhlenbeck operator:
p(x) = (2m) N2~ F/2 —

Lu=Au—x-Vu.

[Lunardi 1997] = D(L) = H2(RN).
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Domain characterization

The bi-Ornstein-Uhlenbeck operator:
p(x) = (2m) N2~ F/2 —

Lu=Au—x-Vu.

[Lunardi 1997] = D(L) = H2(RN).
Theorem 4 (and the above example) = D(A) = H(R").
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Domain characterization

The bi-Ornstein-Uhlenbeck operator:
p(x) = (2m) N2~ F/2 —

Lu=Au—x-Vu.

[Lunardi 1997] = D(L) = H2(RN).
Theorem 4 (and the above example) = D(A) = H(R").
Moreover,

e f(x) = /R Kt x,y)f(y) dy
= f(SW)_% /OOO sT(sm(sxf)) N/2e_

N o, leTPVix —yP?
os<2(s\/f—2) 8tan(s\f)> ds

ls\fx y|2
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Domain characterization

Many thanks and stay healthy
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