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The Ruscheweyh’s Derivative and some
Criteria for Univalence in the Unit Disc

M. OBRADOVIC - S. OWA

RIASSUNTO - Per una funzione f(z) = z+az22° +..., onalilica in |z| < 1,vengono
dati alcuni criteri di univalenza mediante derivate di Ruscheweyh:
D" f(z) = ﬁ,—;f * f(z) (“+” indica il prodotto di Hadamard).

ABSTRACT - For a function f(z) = z + a32® 4 ..., analtic in |z] < 1, some
criteria for univalence in terms on the Ruscheweyh’s derivative:

D f(z) = “—_})Tn- * f(z) (“*” s the Hadamard product) are given.
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1 - Introduction and preliminaries

Let A denote the class of functions of the form f(z) = z + i a,z*
k=2

which are analytic in the unit disc U = {2: |2] < 1}.
As usual, by §*(a), 0 < a < 1, we denote the class of starlike func-

tions of order a in U, i.e.

S*(a):{feA: Re{%}n,zev}.

The class $*(0) = S* we call the class of starlike functions.
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In [5] RUSCREWEYH introduced the classes K, C A, n € Ny =
{0,1,2,...} under the condition

D f(a)) 1
(1) Re{ an(z)}>2, zeU,
where
&) D"f(2) = Ty * f2)

and “*” means the Hadamard product of two analytic functions. He
showed that K,y C K, C K, = §*(1/2) holds for n € N,. This implies
that K, n € Ny, are the subclasses of univalent functions in U.

Let f and g be analytic functions in U. We say that f is subordinate
to g, written f < g, or f(2) < g(2), if ¢ is univalent in U, f(0) = g(0)
and f(U) C g(U)-

In the present paper by using the Ruscheweyh’s derivative (2) we
give some criteria for univalence in U. The similar method was given in

).

For our results in the second part of this paper we need the next
lemmas.

LEMMA A. Let g be a convezr univalent in U, g(0) = 1. Let f be
analytic in U, F(0) =1 and let f < g in U. Then for all n € IN,,

z z

(n+ 1)z~ / £ f(1)dt < (n + 1)z~ / g(t)dt.

[4

This lemma in more general form is due to HALLENBECK and
RUSCHEWEYH [1].

LeMMA B. (7] Let f and g be analytic functions in U, with f(0) =
9(0). If the function h(z) = 2g(z) is starlike and

zf'(z) < 24 (2),
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then
£2) < o(2) = (0 + / M

LEMMA C. [7] Let p be a positive measure on [0,1] and let q(z,1) be
a complez function on U x [0,1) such that ¢(z,-) is p-integrable on [0,1]
for all z € U. Suppose that Reg(z,t) >0 for z€ U, t € [0,1], ¢(—1,1) is
real and

1 1
Re{q(z,t)} > )’ forlZl <r<1, telo,1].

I
o) = [z 0du(t),

then

Re{q—(lﬁ} > q(ir) Jor |z <r.

2 - On some criteria for univalence

First we give the following

LEMMA 1. Let p(z) be analytic in U, p(0) = 1, and let n € IN,,
O0<k<l If

3) (1+ (n+ 1)p(2) + 28/(2)) < 1 - hz,

n+2

then p(z) <1 - kz.

PROOF. Since the function 1 - k2(0 < k < 1) is a convex function in
U and since

(n+ 1pte) + () = 2 n ey,
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then by applying Lemma A we get

z

(n4+1)z-"- o/ t"ni2 (1 + (‘"“”(’))') dt < (n+1)s~ [ (1-k)de.

in
0

From there we easily obtain

1 n+1 n+1z
n+2 nt+2°

i.e.
p(z) <1—kz.

THEOREM 1. Let f(z) € Aand D" f(2) # 0 for 0 < |2| < 1, and
n € INy. If there ezists a real number k, 0 < k < 1, such that

DMG) | ¢ g |22
D+ f(2) D~ f(z)

D"*‘f(z) < 1
Drf(z) " 1—kz

ProoF. The condition (4) and D" f(2) # 0 for 0 < |z| < 1 implies
that D"+ f(z) #0for 0 < |z] < 1. If p(z) # 0, z € U in Lemma 1, then
the condition (3) can be written in the form

M ntl : zp'(2) ..
) 2 (g~ ()) <k

If we put p(2) = 5]2:)—1’}(_2—), then we have p(0) = 1 and p(z) # 0 for

0 < |z] < 1. After taking the logarithmic differentiation and by using
identity

6) AD™f(2)) =(m+ 1)D™+ f(z) - mD™ f(z), m € Ny,

(4) -1 <k zeU

then f(2) is univalent in U and

we get
p(z) (n41 zp'(2)\ _ D" f(2) D"t? f(2) _
(7) m ( p(z) —("+ )‘ p(z) ) = Dn+lj(z) (Dn+xf(z) 1) ‘
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From the condition (4) and the relation (7) we conclude that the condition
(5), i.e. (3)is sa.tlsﬁed Now, by Lemma 1 we have that p(z) < 1 - kz,
1

which implies — p( ) l_kz,x.e.
D f(2) < 1
D"f(z)
. 1 1 Drt! f(z)}
< btain Re{ ————=? >
SmceR.e{l_kz} 1+k for0<k 1, we obtain e{ D7/ (2)

%, z € U. By the Ruscheweyh’s result this proves that f is univalent
inU.

For n = 0 in the previous theorem we have.

CoROLLARY 1. Let f € A and f(z) # 0 for 0 < |2| < 1. If there
ezists a real number 0 < k < 1 such that

zf"(z) Zf'(l)
Zol R Fo) NEAE
1 z2f'(z) 1
"""fes'(uk) ond =0y Y 1-ks

This is the earlier result due to ROBERTSON [4].

TreOREM 2. Let f€ Aandlet D"f(z) # 0 for 0 < |2| < 1. If
there ezists a real number k > n + 1, n € Ny, such that

D™ f(2) D f(2)
® I‘ "t D sy l N<¥ D)

then

zelU,

D" f(2) (n+1)-# ntl,
9) s <1+ ln( )

(where we takeIn1=0).
v1+4 1)?
If, in addition, n+1< k< -+ +2 (Bt 1) hen

Re {I—)I;:—}{—gz} > a(n, k),
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where
(10) a(n, k) = (1+%k—21n (1_ n-,:-l))—x

PROOF. From the condition (8) we have that D"*! f(z) # 0 for 0 <

|z} < 1, hence p(z) = o +‘lf§_()) is analytic in U and p(z) # 0. Hence,

the condition (8) is equivalent to

D f(2) D2 f(z2)
D f(z) ((" + 2)Dn+lf(z) - l)l <k,

or if we use the identity (6),

(n+1)-z(_DDn:_{j(_zl_))' <k,
ie.
(11) In+1-2p'(2)] < k.

The previous relation (11) we can write in the form

((n+1) - ¥)z

PRy Ep =2¢'(2),

zp'(z) <

and since z¢’ is starlike, by Lemma B we have that

p(z) < q(2) =1 +/(kn:(1l)+1k

(12) (n+l)’— n+l
=1+————n+1 (l+ E ),

which was to be prove.
Since the function g, given by (12), is convex and ¢(U) is symmetric
with respect to the real axis, we conclude

i 1) - P +1 '
@ we{ZL )51 BT (1,20 e
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For the proof of the second part of this theorem we will use Lemma
C. Namely the function g, given by (12), we can write in the form

/‘ 1+ (":tllz-fi(":tll'z

- Trm; 4=
1
=/q(z,t)dt,
0
where
1+ (nil)’-fi(nil]tz
2_ 13
Since — (n+l) k+(n+l) <lfortef0,1]]and n+1 <

f__
k < 1+V1+4(nt1) = ko(n) we get Re{g(z,t)} > 0 for z € U and
t € [0,1]. Because Re{1/q(z,t)} > 1/¢(-1,t), by Lemma C we have

1 1 1
() =ne e

_ (n+12 -k ( n+1))'l
"O+ nr1 oB\Im 7%

Finally combining this result with the relation (9) already proved, we
obtain the statement of Theorem.
Taking n = 0 we have the following.

COROLLARY 2. Iff € A, f(z) # 0 for 0 < |2]| < 1 and if there
ezists k > 1 such that

z2f"(2)
oM ll k

2f(z)|
@)

zeU,

(15)
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then 1)
z
1 — L2
Py <1 )log(l-}-k)
Later, if ko = 1.8089... is the root of the equation 1+(1—k2)1n (1 + %) =

0, then f(2) € S* for 1 < k < ky.
Moreover, if 1 < k < (14 V5)/2 = 1.618..., then f(z) € §*(a),
where

a=a(0,k) = (1+(1-k7)log (1 - %))-l .

This is the earlier result given by MocaANv [2].
REMARK 1. Let’s put g(k) = ( 1 5’ where a(n, k) defined by (10),

(n+1)? - k? n+1
p(k)=1+———1n(1— - )

n+1
1+/1+4(n+1)2
< 3 —

ie.

and let consider this function for n +1 < k £
ko(n) < n + 2, and fixed n € INo.

2k 1 1
Since (k) = ——In (1 - "_“f__) _mtl_y .

—1+2E - (

m-2

n+1

) >0fork>n+1

we deduce that B(k) is an increasing function in that interval. Also we
easily get that k_.lj:_nwo B(k) = 1, while

ko(n) | (1_n+1> _

Blko(n))=1- "= In 1=
1n41
_2+§ko(n)+ >
1ntl_9_
>1+§n+224_225
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(because kq(n) satisfies the equation ¥ — (n+1)? = k, and ko(n) < n+2.
In that sense, the function a(n,k) = 1/8(k) is decreasing function on

n 4+ 1 < k < ko(n) from 1 to a(n, ke(n)) = ~ B(ko(m)) < 0.44...
For n = 1 in Theorem 2 we have the followmog criteria for univalence.

CoROLLARY 3. Let f(2) € A for 0 < |z| <1 and f'(2) #0. If there

exists a real number k,

2<k<k(l)= 1 +2‘/ﬁ = 2.5615... such that
D3 f(2) D*f(2)
s | <Hlmrc| #€
th
- Re {sz(z)} > af1, k)
le( ) 9 ¥
and f is univalent in U,
where
— k2 -1
(16) a1, k) = (1+4 2’“ In (1- %)) .

PrROOF. We only need to prove that f is univalent in U. According

to Remark 1 we have that 0.339... = a(1,k(1)) < a(1,k) < 1. Since
Re { sz(z)} >a(1,k)20.339...> k- which implies Re {1 + /) >
D' f(z) T 4’ f'(2)

—5) we conclude that f is univalent [3].

If we use the result of Ruscheweyh for univalence in the unit disc

n+1
(R {DD,, f{(;)} ,2 el ) from Theorem 2 and Remark 1 we obtain

forn>2

COROLLARY 4. Let f € A and let D" f(z) #£0, 0 < |z] <1. If there
exists a real number n+ 1 < k < k,, where k, is the root of the equation

(n+1) - & (_n+1))"l_l
(H‘ rerwatL 1 Uiy =3
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and if
D2 f(z) _ D™ f(2)
(n+2)——D"+‘f(z) ll <k @) | zel,

then D f(2) )

n z

Re{—m} > -2' , z€U

t.e. f is univalent in U.
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