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On a Certain Class of Meromorphic Univalent
Functions with Positive Coefficients

M.K. AOUF

RiassuNTO - Si definisce la classe Ly(a,8,A,B,7) (0 € a <1, 0< 8 <1,
-1<A<B<1,0<B<1eAl/(A-B) < v <£1) delle funzioni meromorfe
univalenti in U = {2: 0 < |z] < 1}. Per questa classe si oltengono stime per i
coefficienti, e si studiano proprietd di distorsione. Vengono anche determinali i raggi
dei campi circolari nei quali le funzioni sono stellate o convesse. Infine viene dimostrato

che la classe Ep(a, B, A, B, v) é chiusa rispetto alle operazioni di combinazione lineare
convessa e di convoluzione.

ABSTRACT ~ In this paper, we inlroduce a class Lp(a,8,A,B,v) (0 € a < 1,
0<f<1,-1<A<B<1,0<B<1and A/(A- B) £ v <1) of meromorphic
univalent functions in U® = {2: 0 < |z| < 1} and investigate coefficient estimates,
distortion properlies, radii of starlikeness and convezity for this class. Furthermore, it

is shown that the class Tp(a, B, A, B, 7) is closed under conver linear combinations and
convolulions.
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1 — Introduction

Let 3" denote the class of functions of the form

o0
+ 2 a,z"

n=1

(1.1) _f(z) =

N[ -
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which are regularin U* = {z: 0 < |z| < 1} with asimple pole at the origin
with residue 1 there. And let 3, denote the subclass of }_ consisting of
analytic and univalent functions f(z) in U*. A function f(z) in ¥, is
said to be meromorphically starlike of order a if

(1.2) Re {—%(;;)} >a , (zeU*)

for some a(0 < a < 1). We denote }_°(a) the class of all meromorphically
starlike funcitons of order a. Similarly, a function f(2) in J_, is said to
be meromorphically convex of order « if

(1.3) Re {- (1 + sz’ég))} >a , (z€U%)

for some (0 < & < 1). And we denote by Y",(a) the class of all mero-
morphically convex functions of order . The class y""(a) and similar
classes have been extensively studied by POMMERENKE[6], CLUNIE [3],
MILLER [4] and others.

Let L, dente the class of functions of the form

(14) (D=4 0, (@20

n=1

that are analytic and univalent in U*. In [5] Mogra, Reddy and Juneja
defined the class 3 (a, 8) of meromorphically starlike functions of order
a(0 < a < 1) and type (0 < f < 1) which is a subclass of £, and
investigated interesting properties for the class I;(a, #) which is denoted
by 5,(e,8,A,B)(0<a<1,0<f<1,-1<A<B<land0< B<
1). Recently CHo, LEE and OWA [2] defined the class £,(a, 87)(0 € a <
1,0<f<1and % < 7 £ 1), which is a subclass of T, and investigated
properties for the class I;(a,8,7).

2 — Coeflicient estimates

We begin with the definition of } (e, 8, A, B,7).
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DEFINITION. A function f(2) in Y, is in the class Y (a,8, A, B,7)
if it satisfies the condilion

2f'(z)+1 .
(B= A+ A7 () + (B Arara <P (V)

Jor somea(0<a<1),p(0<pf<1),-1<A<B<1,0<B<1and
7(A/(A-B)<1<1).

THEOREM 1. Let f(z) = %-{- )o:o: anz" be analytic in U*. If
n=1

@1) 31+ (B- Ay + AB)asl < (B - A)Br(1— a),

for some a(0 < a<1),$(0<p<1),-1<A<B<1,0<B<1and
v(A/(A - B) < v<1), then f(z) is in the class Y (a,B, A, B,7).

PRrooF. Suppose (2.1) holds for alla admissible values of a, 3, A, B,
and 4. Then we have

|22/'(2) + 1| - B{2*f'(2)[(B ~ Ayy + Al + [(B - A}y + A]| =

(> -]
Z na,z"t!

n=1

(B-Ay(a—-1)+ fj[(B — A)y + Ana, 2| <

n=1

~-B

<Y n(l+ (B — A)By + AB)lan]|z|"* ~ (B - 4)By(1- ).

n=1
Since the above inequality holds for all r = |z, 0 < r < 1, letting r — 1,
we have

3 01 + (B - A)By+ AB)as] < (B - A)pr(1 — o)

n=2

by (2.1). Hence it follows that f(z) is in the class Y (a, 8, 4, B,7).
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Let us write Z,(a, 8,4, B,7) = L,AY.(, 8, A, B,7) where £, is the
class of functions of the form (1.4) that are analytic and univalent in U*.

THEOREM 2. Let the function f(z) = ~ + Z a,2" (a, > 0) be

analytic in U*. Then f(z) is in the class (a,ﬂ A B ,7) if and only if
(2.1) is satisfied.

Proor. By Theorem 1, it is sufficient to show the “only if” part. Let

us assume that f(z) = %-}- ioj a,z"(a > 0)is in the class £,(a, 8, 4, B, 7).
n=1
Then

22f'(z)+1 _
[(B - A)y+ Al22f'(2) + [(B - A)ya + A]|

00
Y nayzntt
- n=1

= = < B,
(8= )1+ 4) (1= £ nauentt) - (B - Ayt 4]

(z€ U).
Using the fact | Re(z)| < |z for all 2,

(2.2)

o0
Y. na,z"H!
Re n=1 < ﬂ,

[(B- Ay + 4] (1 - "21 na,,z"“) —[(B~ A)ya + A]

(zeU").

Now we choose the values of z on real axis so that f(z) is real. Upon

clearing the denominator in (2.2) and letting z — 1 through positive
values, we obtain

©0

Y- n(1+ (B - A)By + AB)an < (B - A)By(1 - a).

n=1

Hence the result follows.
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COROLLARY 1. If the function f(z) = %.*. f: a,z" is in the class
n=1
Z,(a, B, A, B,7), then

(B = A)Br(1-a)
@) e nr@-aprap 0 "2V

The result is sharp for the function

_ l (B—A)By(1-a) n
@4 SE)= 0B Ayt By

(n21).

3 — Distortion properties and radii of starlikeness and convexity

—

THEOREM 3.  If the functionf(z) =
¥y(a,B,A, B,7), then

-+ § a,z"is in the class
z n=1

1 _(B-A)(1-a)
|2l (1+(B-A)Br+AB

1, (B-AB(1-a)
Tt T+ (B - A+ 45)

)IZI <2l <

||

|z
The result is sharp.

PRrOOF. Suppose f(z) isin Z,(a, B, A, B,7). By Theorem 2, we have

= (B — A)By(1 - a)
2 S T B P17 4B

n=1

Thus '
1 o0

If(2) € = +12 ) an
IZI n=1

(B - A)ﬂ7(l - a) Izl
(1+(B-A)Br+A8) "

IA

oot
I
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Also,
/()] 2 I_I ~ | Zan

n=1

>_]_‘__ (B_A)ﬂ‘y(l—a) Izl
Tl (14 (B-A)By + AB)
The result is sharp for the function

1, _(B-A)p(1-a)
&)= 2+ T B - Apr+ 4D)

THEOREM 4. If the function f(z) = - + E a,z" i8 in the class

o(a,B,A,B,7), then f(z) is meromorphtcally starlzke of order §(0 <
§<1)in|z| <r=r(a,p,A,B,~,5), where

{n(l +(B - A)By+ AB)(1-6) }”‘"*"
(B-A)B1(1-a)(n+2-8) )

r(a B,A, B’716)

The result is sharp.

PROOF. Let f(2) be in the class £,(a,B, A, B,7). Then, by Theo-
rem 2,

SnlHB-Apr+Ag)

(3.1) 2T B-Apri-a) oS

It is sufficient to show that
zf'(2)
f(2)

for |2] < r(a,B, A, B,7,6), where r(a, 8,4, B,7,§) is as specified in the
statement of the theorem. Then

[1+ <1-4§

5 (n+Daz”| & (n+ Danle™™

n=1 < n=1

)| _
ie)

s :
1+ Y ap2n 1- z: a,)z|n+!
n=1
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This will be bounded by 1 - § if

(3.2) > (%—}—”) a2 < 1.

n=1

By (3.1), it follows that (3.2) is true if

(L2d) oo 2O BB (2

-3 B-Ap(i-a) ' "2
or
(1 + (B — A)By + AB)(1~4)
@) ks { G a0 "2

Setting |z| = r(a, B, A, B,7,6) in (3.3), the result follows. The result is
sharp for the functions

1, _(B-4)fyl-0) .,
(3’4) fn(z) = fl(l + (B A)ﬂ7+ Aﬂ) ’ (n' Z 1)’

Using the method of Theorem 4, we obtain the following.

THEOREM 5. If the function f(z) = - + E a,2" is in the class

p(a, B, A, B,7) then f(z) is meromorphxcally convez of order §(0< 6 <
1) in|z| < r = r(a,B, A, B,7,6), where

{(1+(B—A)57+Aﬂ)(1—5)}('7‘l"'7.

T(Q,ﬂ)AyB!716) = inf (B - A)ﬂ'y(l —a)(n +2- 6)

n>1

The result is sharp for the functions defined by (3.4).
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4 - Convex linear combinations and convolution properties
1
THEOREM 6. Let fo(2) = Z and

— l (B - A)ﬂ7(1 - 0) N
o=t mrm-amean” 0 2D

Then the function f(z) is in the class £,(a,B,A,B,7) if and only if

it can be ezpressed in the form f(z) = Y Afn(2), where A, > 0 and
n=0

§° A, =1.

PROOF. Let f(z) = 3> Anfa(z) with Ay > 0 and 3° A, = 1. Then
n=0 n=0

e 1,&, (B-Ap(l-a)
f(2) = nzﬂ»\,.f..(Z) =5t g'\" n(1+(B- A)f1+AB)
Since

SRt (B Ayt Af), (B-A)py(i-a) __
Z (B-APBy(l-a) "n(1+(B- A)Sy+ AB)

=zAn=1_'\051)

n=1

by Theorem 2, f(z) is in the class X,(a, 8, 4, B, 7).
Conversely, suppose the function f(z)is in the class I,(a, 8, 4, B, 7).

s"lce a (B - A)ﬂ7(1 - 0) ((n S 1)
S O+ BB A 0 (2D
settine (14 (B - A)by + A8)
n - Y
=TG- 0 2D
and I
=1~ Z Ans

n=l
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it follows that

f5) =3 Mal2).

n=0

This completes the proof of the theorem.

THEOREM 7.  The class I,(a, 8,A, B,7) i8 closed under convez
linear combinations. :

ProoF. Suppose fi(z) = -i-+ )o:o: .2z (i = 1,2) are in the class
n=1
Tp(a,B,A,B,7). Let

@) =Q-)a@E)+th(z) , (0£tL]).

Then -
J(2) = 2 (1= t)ons + tan2)2".
n=1
By Theorem 2, we have
S (14 (B = A)y + AB)(L = 1)ans + tanz) <
n=1

<(1 - 1)(B - A)Br(1- &) + (B~ A)py(1 - a)
=(B - A)1(1 - a).

Therefore it follows that f(z) isin the class £,(a, 3, A, B, 7).
ROBERTSON [7] has shown that if f(z) = i— + )i'o: a2, 9(z) = 1 +
n=1

§ b,z" are in ¥_,, then so their convolution f * g(z) = 1 + f: anbnz".
n=1 Z =1

TrEOREM 8. If the functions f;(z) = %+ f_oj a,;2" are in the class
n=1
%p(a,B,A,B,7) for each i = 1,2,...,m, respectively, then the convolu-
tion fy # fo % ... # fm(2) is in the class S,(1 - [[(1 - &), 5,4, B, 7).
i=1
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PROOF. Since the functions f;(z) are in the class X,(e, 8, 4, B,7) for
each i = 1,2,...,m, respectively, by Theorem 2,

oo

Y n(1 4 (B - A)By+ AB)an; < (B - A)Bv(1 - &)

n=1

and
o < (B 481~ a)
M1+ (B-A)pr+ A8

for any n > 1. Hence we have

00

3 n(1+ (B - A)by+ 48) [ ans <

n=] =1

< ; n(1+ (B - A)By + Aﬁ)"ﬁl (1( f. ('BAZﬁZ;z(slvlﬁ)“"'“ -

o (B-apy
=+ (8= Ay + Apy= L1~

oo

‘S n(1+ (B - A)By + AB)anm <

n=1

i=1

((B—A4)B)" m
T (14 (B - A)8y + AB)™-1 E(l - ) <

<(B - A)By {1 ~a-Ja- a.-))} :

i=l
Hence the result follows.

COROLLARY 2. The class £,(a,f, A, B,7) is closed under the con-
volution.

REMARK. Putting A = —1 and B =1 in the above results we get
the results of CHo, LEE and Owa [2].
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