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The Fourth-Order Differential Equation Satisfied
by the Associated Orthogonal Polynomials

S. BELMEHDI - A. RONVEAUX®

RiassunTO - Partendo dall’equazione differenziale di Riccati soddisfatta dalla fun-
zione di Stieltjes di un funzionale lineare, viene costruito un algoritmo che permette di
costruire l’equazione differenziale di quarto ordine soddisfatta dai polinomi ortogonali
associali (di grado arbitrario) della classe di Laguerre-Hahn. Nella situazione clas-
sica (Hermite, Laguerre, Bessel, Jacobi) inoltre, queste equazioni differenziali vengono
Jornite in modo esplicito.

ABSTRACT - Starting from the Riccati Differential equation satisfied by the Stieltyes
Junction of a linear funclional, we work out an algorithm which enables us to write
the fourth-order differential equation satisfied by the associated (any order) orthogonal
polynomial of the Laguerre-Hahn class. Moreover in the classical situation (Hermite,
Laguerre, Bessel, Jacobi) we give explicitely these differntial equations.

Key Wonrps — Riceali differential equalion - Laguerre-Hahn class - Asociated
orthogonal polynomials.

A.M.S. CLASSIFICATION: 33 - 34A

1 - Introduction

The associated polynomials of any order (order r) of a given Laguerre-
Hahn orthogonal sequence belong to the Laguerre-Hahn class [1] and
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Internationales de la Communauté Frangaise de Belgique™ for their financial supports.
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therefore satisfy a 4th order linear differential equation.

For the classical families: Jacobi, Laguerre, Hermite, Bessel, the 4th
order differential equation is known in the case r = 1, as given by GRros-
JEAN [2,3] for Legendre and Jacobi polynomials, and by RONVEAUX [4] in
the general situation. For any r (integer or not) the differential equation
was obtained by WimP [5] for the Jacobi polynomials after heavy com-
putation using MACSYMA. For all the classical polynomials and for an
arbitrary integer r (r fixed) a REDUCE package was written by BELME-
HDI and RONVEAUX (6] from which a conjecture was put forward about
the differential equation satisfied by the associated polynomials, of any
order, of the Hermite and the Laguerre sequences.

In this work, using systematically the properties of the linked Stieltjes
functions of associated polynomials, we obtain the differential equation
for the associated of any order of a Laguerre-Hahn orthogonal polynomial
sequence. The application to the classical case confirms the conjecture
already indicated and recover, via a change of interval, the differential
equation of WiMP [5].

2 — Riccati differential equation for the Stieltjes functions and
consequences
Let {Pa}na>0 be a sequence of monic orthogonal polynomials with

respect to the regular linear functional L.
{Pn}nxo satisfies the following second order recurrence relation:

(1) Poya(z) = (z- Bns1)Pns1(2) — Tns1 Pul(2) n20
P(z)=z-Po, Fo(z)=1
with
(ﬂm')'n) eCxC*

. 70 = (L, 1) is the first moment of £; we will take it equal to unity.

(L, P,) denotes the value of the linear functional £ applied to P,(z).
We define the associated orthogonal polynomials of order r with re-

gard to L) as follows:

(=) — PYS
x p—

1) !
(2) 1,_1P£"(z)=<£""’-P . ()), r>1,n>0



(3] The Fourth-Order Diflerential Equation Satisfied etc. 315

assuming that P{® = P, and £(®) = £, where £~ is the linear functional
with respect to which { P{"~1}(n > 0) is orthogonal, and it is understood
that £~ acts on the variable . Using the three-term recurrence relation
satisfied by {P,}n»0, and by induction on r we get: [7]

) P{y(z) = (z - pr+n+l)Pn+l(z) Tetnt1PN(z), n>0
P(2)=2z-6,, Pz)=1, r20

Let us define the formal Stieltjes function of £("):
L)
(4) s(a) = -y 50k
>0

where
(£0), =(£",3a4), k>0, r20.

It is a well known result that: [8,9]

(£)o
5 So(2)= ————%—.
(5) o(2)= -5 AO)
One can easily show that:
) —
(£9)y =
and
Tr
6 Se(2) = ——7——F——.
(6) (2) 2= Pr + Sr41(2)
LEMMA 1 - [1]. If S, satisfies the Riccali differential equation i.e.:
Q) 51 =2t 24 s, 4+ D,

r—1

where ¢, C, and D, are polynomials, then the same property holds for
Sr+1, wilhout increase of the degree of the polynomial coefficients; i.e.:

Dr
¢S,I-+l = 7334.1 + Cr+lSr+l + Dr+1
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with

D,
Cr+l =-C, + 27(3 - ﬂr)

®)  Dua=-¢+ 1D+ %(z — B -Ciz-B).

r—1

An important consequence is:

2 _m
(9) Cl‘+l4 C,. = DrDr+] - D"-lDl' +¢&

TIr Yr-1 Tr )

The key to the relation between S, and the associated orthogonal
polynomials is given by the basic identity [10].

P-(.'“) — Srins1 P.S'_*n”

(10) S, = 42— -
va-l?l - M-nHP'£ )

Entering (10) in (7) gives a Riccati equation for S, 41 to be identified
with:
' Diin o2 '
S ine1 = Tran Seent1 + Crint1Srantr + Drgnyt

and using the identity [10,1]

r4n
()  BPO - POPIY =T[ %, r20, n21
k=r
we get:
LEMMA 2.
r4n D , 2 . ”
I w22 = 2 (P0)” - 9,C PO P

(12) k=r Trin
+ D, (PO)" + 7.0w (PO, PV
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L 1:Crsn = 226 [(P,S'“’)l PO~ PRV (P,fl)n)']
k=r
(13) +2 7 D, P+ plrty)
1
+2D, PO P, ~ 4,C. [POPYH) + PG PIEY
r4n 2

2
I I 7kDr+n+l = 77r1 Dr—l (P,S'+1)) - ‘y,.C,-P,E"H)P,S:,)l
(14) k=r r-

+ 0, (PR) 4 76w (PR PE*Y) n20

where:

W(f.9)=fd-Sg.

REMARK. If we set n = 0 in (13) and (14) we obtain (8).

By eliminating (P+D)’ (resp (P{),)’) between (13) and (14), and
using (11) we get a differential relation for P,(,Z,), (resp P{r+1),

LeMMma 3 [1,12].

(15) ¢ (P)' = SEHCP), - D ygy PO+ D, P
r—1

(16) ¢ (Pe) = gm;_“'_ PE+O_ D PO 1_73; PO,

An alternative expression of Lemma 3 can be obtained by substi-
tuting n — 1 for n, using the second order recurrence formula (3) and
applying the relation (8); that is to say:

LEMMA 4.

(17) ¢ (P'('r))’ + Cr+n+2| + Cr P'Sr) =

D
r+n P'E?l + '7rl Dr_lp'(‘r_-iil)

r+n Pe
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(18)  g(Pe?) 4 Contt=Crpran _ Detn pivny _ De pery
2 Yr4n Tr

We substitute for ¢(P,f \)' from (15) into a new equation obtained
after differentiation and multiplication of the equation (17) throughout
by ¢, and we get:

d?
{¢2Dr+nd_xz

+ [D,+.. (Dmvrw _Clpii— 03)

d
+ ¢[CrDr+n - W(¢1 Dr+n)] H

Tren 4
(19) - ¢W (;{—%‘*‘Cr Dr+n) ]Id} [var)]

{¢D,-_1D,-+,. (P:t:))’ - [¢W (Dr—h Dr+n)

7r—

+ Cr+rl+l -C, Dr-xDr+n] P(r-H) + Dr—lDrin P(r+l)}

2 Trin

Using (9), (19) can be written as follows:

d? d
{¢Dr+n‘—i—;:-2- + ¢[CrDr+n -W (¢’ D"+ﬂ)] E

+ [D"I‘D"D"""l — ¢W (Cr+n+2l 4+ Cr,D,-.*.,,)
Tr-1
3D ) (r+1)
(20) —'¢Dr+n,§;"— Id} [P( ] = Yoot {¢Dr-1Dr+n (P )

Cr 1 - Cr r
- [¢W (Dr—lyDr+n) + _%'—Dr—IDH-n] P,Efxl)

+ Baln )
7r+n
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We substitute for %Pf,’“) from (16) into (20) and we obtain:
r4n

ProvposITION 1.
(21) Dr.n [P.E')] = Nr+l.n—l [P,S'fxl) )
where D, ,, and N,y -1 are the following differential operators:

d? d
Dr,n = ¢Dr+nE + [CrDr+n - W(¢’ Dr+n)] E

Crin C, 8D
- [W (—+ +2l L ’Dr+n) + Deta Z_'y—: I

k=r

Nr+l.n-l = 771' {2Dr—1Dr+n

r—-1

d-
E - W(Dr—hDr-l-n)Id} .

If we star from (18) and apply the same process as we did for (17)
we get a differential relation involving only P{"%") and P("), i.e.:

PROPOSITION 2.

(22) Drsrni [P,S'_*,‘)] =N,, [p,f')]
where
Dry1,n-1 = ¢D i—[CD +W(¢,D )]—‘i
r+ln- r+n dz? rr4n y Pegn dz
Crins1 = C, 2D,
- [”l ( 2 )Dr-}-n) + Dr+n k—z-;—;' Id
- _ 2D, Dy d ,
Nep=- oy = +W (D,,Dpyn) Iy.
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3 — Differential equations

The following steps now give the fourth-order differential equation

satisfied by each P{"). For the sake of expedience, we rewrite (21) in the
following form:

Dya [P)] = a1 (PED) 4 5, PHD

with

a =2 i D,_,, b = ——7'—W (Dr—hDr-l-n)
Yr-1 Tr-1

we substitute for ¢D, ., (P,S'_*,l))” from (22) into a new equation obtained
after differentiation and multiplication of the equation (23) throughout
by ¢.

We get:

6 (Don [PO]) - asFo [P] = an (PERY) 4 5,PEHY.
By applying the same process to the previous equation, we can write:
8D 1n [ (e [BP])] - 8Desn (0o [])' - W, [P17]
= ag (P0) 4 b PIAD
where
a2 = 01 [CeDyyn + W (6 Dresn)] + 6 [(a1Drsn) + b1
by =ay [w (M—'-,Dr+..) + Dryn i D, | + b}

2 k=r Te p
a3 = 62[Cr Dryn + W (4, Dryn)] + @D, 4n(az +b1)

_ r¢n D h
ba = [W (Mi Dr+n) + Dr+n = + ¢Dr+nb'2 .
2 k=r Te J
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The equation:

Dr.n [P '5"] a,Dryn by

¢ (Dr [P, .ﬁ"])' - alwr.n [PP] ap b,
¢Dr+" [¢ (D'.n [P’Sr)])/]' =0
_¢Dr+n (alwr,n [P,f')])

—a;ﬁ,,,. [P,S')] a3 bs

now gives the expected fourth order differential equation for P{").

The scheme described here can be applied to all orthogonal poly-
nomials provided that their formal Stieltjes function satisfies a Riccati
differential equation; the same condition is true for the Laguerre-Hahn
class [12,1,13] which includes the semiclassical [12] and the classical fam-
ilies.

4 - Applications

The very peculiar situation corresponding to the classical case (C;:
Polynomial of degree one, D;: constant, k > 0, D_; = 0 cf. Table 1)
simplifies considerably the previous developments. After simplification
by D,,, the differential operators are reduced to :

& nd  [ClL...+C D,
L Sop(Zomnr T 3~ 2R
Drm ¢d1:’ +(Cr+ ¢)d:c + ( 2 b= T ¢

= & nd [Cluny~C. D
'Dr+1.n-1=¢———(C'r—¢)E+ (—*—t"——z: —i)fd

dz? 2 k=r Tk
Ir d
N, -1 = 15—
+1,n-1 2 1 Dr ’d::
Nr,n - _2&1
v, dz

and (21), (22) can be written as follows:
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d2 / d C,- n + C’ iy
{¢Zz:—2 +(Cr+¢) -+ (—i—ﬂ—— > ) Ia}[P,S')]
(23) k=r
— o 1 (r+1)Y’
27:-—1 Dr_l (Pn—l )
d nd  [Clipn-C &
(o c- g+ (Gomy= -5 ) i
(24) k=r

PY.L) ( p’(.r))'

Tr

By differentiating (24) and multiplying the obtained equation throughout
by 2—"—D,_,, and using (23) we get:

r—1

¢ (Drm [P,S"])" + (2¢' - C)(D..n [P.E"])'

ri4ntl 3C' "'f'ﬂ "
+ —t—*—— 2 = +9") DealP7)]

4D, _,D
= 1 (pn)y
- (P3")
in other words:
d‘ C, r+n
{¢d_3+5¢¢l [2¢(_:m1_+__ Z7E+2¢”)
k=r
4D,_,D,| &*
2 _ 2 21 r)
+ 4¢ Cr + Yr-1 dz?
’ r+n
+3 [¢ (Crinil + C Z + ¢ll) _ C,'.Cr] di
kz=r

y  r4n 1 47 p
+(c,,ni,—:ic 3D, ¢,,)(C,i..ﬂ+0 3 ) } (P =0

2 k=r Tk k= 7

Thus we can write explicitly the coefficients of this differential equa-
tion for the four classical sequences; cf. Table 2 and Table 3.
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(11]

(1+4z4+utg+0)(1+u) (1 -4z + u +0g)(1 + ) (1+u)= | (t+u)z- nw..!.
U 44
1+yz+d+o 1-(¥+o)z - - %1%“.«#"%
a
R+g+o 1-%4v

S b+ g+) _ . +£T«+&T 1T+0 42— =g @)%
1+d+m 1-9g - z- Azs«f.»v..uoq
g~2+3(g +0) (t+2(1-2))2 0+ z— 72— || (N +p)-=(2)%
| el 3 z 1 (z)¢
o —g+2z(z+d+0)- (1+20)z- 1-o-z zz (z)p

1qodeyp {ossag sazonBuery CETLEE ) ¢

spetwoufjod reuoBoyqiio [eaiswepd ayy 10p viwQ :I IqE],
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[t— sz +u+g+0))(z+u)u (£ -4z +u+og)(1 -4z + v+ 0g)(z + u)u fi jo "pon
: (1 - o)z1—

(f — @) —=[(sz+g+0) - (1+sz+u+g+ouz—vle Zl(t—4+0)z—(1~4g+u+vz)u=—2gle M Jo "o
8= d—0)~(1+u+g+o)uz+i(utgd+o)p+ 20+ ¥ —z(1 ~2)g—

(o — ¢0)2 = g7 (4T + g+ 0) = (1 + 43+ u+ ¢ + 0)uz — py] gt =44+ 9)z = (1 -4z +u+oz)u—-21)2 3o “J30D

Am - NHvHOﬁ ﬂﬁcﬁ sa Jo 'Jop

«: - NHV -H ::a Jo °J39D

1A=

1qooeyp Psseg —td

(1qooer pue [assag pajeIdosse) uojenba [RIHUIISPIP I9PI0 YI¥ I} JO SIUIAPI0D i€ QKL

(z+u)u (z +u)uy f jo 'j20D
(sz+u+o42-)e zz1- Mo 20D
¥+ g0 = 2(47 + u + o) + 2~ (sz+u+ x-)y uft JO 0D
g 0 wft JO 390D
. 1 unt 3o 120D
T A=%d
axaandeq sy —uy

(2319nBv pue JWISH PIIv|0sTe) OENbD [EHUIIYIP I3PI0 Y 39} JO NUIPYPICD T AIRL
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