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Uniform Stability with Respect to the Impulsive
Perturbations of the Solutions of Differential
Equations with Impulses

A.B. DISHLIEV - D.D. BAINOV

RIASSUNTO - Si introducono la nozione di stabilila forte uniforme per i sistemi or-
dinari di equazioni differenziali, e quella di stabilita uniforme rispetto alle perturbazioni
impulsive per i sistemi di equazioni differenziali con termini impulsivi. Si indicano delle
condizioni sufficienti affinché la stabilitd forte uniforme o la stabilitdé Lipschilziana forte
della soluzione di quiete per un sistema differenziale ordinario inducano la stabilit uni-
forme rispetto alle perturbazioni impulsive.

ABSTRACT — The notions of strong uniform stability of the zero solution of systems
of differential equations and uniform stability with respect to the impulsive perturbations
of the zero solution of systems of differential equations with impulses are introduced.
The main resulls are given in two theorems. The first of them contains sufficient con-
ditions under which the strong uniform stability of the zero solution of the respective
system without impulses implies uniform stability with respect lo the impulsive pertur-
bations of the zero solution of the initial system with impulses. In the second theorem
sufficient conditions are given, under which the uniform Lipschitz stability of the zero
solution of the respective system without impulses implies uniform stability with respect
to the impulsive perturbations of the zero solution of the initial system with impulses.

KeY Worps — Impulsive perturbations - Differential equations with impulses.
A_.M.S. CLassIFICcATION: 34D99

1 — Introduction

Numerous evolutionary processes during their development are sub-
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ject to short-time perturbations. In many cases the duration of these
perturbations is comparatively small and we can assume that they are
realized momentarily in the form of impulses. An adequate mathemati-
cal model of such processes is given by the systems of ordinary differen-
tial equations with impulses which are the object of investigation of the
present paper. Because of the complexity of these systems it is possible
to find their solutions in a closed form only in exceptional cases. That is
why it is appropriate to develop their qualitative theory. In many papers
[4] - [7], etc. specific criteria for stability of the solutions of the systems
of ordinary differential equations with impulses are proposed. The defini-
tions of stability introduced in the cited papers represent a modification
of the respective classical definitions. In this paper a type of stability
characteristic only for the solutions of this type of systems is introduced,
namely uniform stability with respect to the impulsive perturbations.

2 — Statement of the problem

Consider the following initial value problem for systems of differential
equations with impulses

(1) L jwe),  t#n,
©) As(®)|_ = Li(a(n),
3) z(To) = %o,

where f: Rt x D—R", R* = [0,400), D is a domain in IR"*; I;:
D—R",i=12,.., (70, Zo) € R* x D and

Az(z)|‘=n_ = z(7; + 0) — z(n).

At the moments 71 ,72,..- (11 < 72 < ...) the integral curve of problem
(1), (2), (3) meets some of the hypersurfaces

(4) gi:t =t(z), i=1,2,...,

where t;: D — R*. In equality (2) by j; we have denoted the number
of the hypersurface met by the integral curve of the problem considered
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at the moment 7;,i = 1,2,.... We shall note that in general 1 # j; (see
Example 1 of [2]).

The solution of problem (1), (2), (3) is a piecewise continuous func-
tion with points of discontinuity 7y, 75,... of the first kind at which it
is continuous from the left. In more details, the solution of problem (1),
(2), (3) is defined as follows:

i) for 7y <t < 7 it coincides with the solution of problem (1), (3);
ii) for i; < t < 7y it coincides with the solution of system (1) with
initial condition

z(7i + 0) = z(m) + I;; (z(%)) , i=12,...

If after an impulse the integral curve hits again a hypersurface of (4),
ie. if ; = t,(2(n) + I;;(z(n))), 4, k € {1,2,...}, then a new impulse at
the moment 7; is not realized.

Introduce the following notation: z;(t; 1o, ;) is the solution of prob-
lem (1), (2), (3). The index I shows that the magnitudes of the impulses
are determined by means of the set of functions I = {I;,i = 1,2,... }.
Denote the solution of the respective initial value problem without im-
pulses (1), (3) by z(t; 7,%o). Introduce the sets &; = {(t,2);ti-a(2) <
t < ti(z),z € D}, i=1,2,..., to(z) = 0for z € D. By || we shall
denote the Euclidean norm in IR". Introduce also the following sets:
B = {z;||z|| < 6}, & > 0; if the set A # @, then Bs(A) = {z;||z —a]| <
5,a € A}, By(0) = 0; OA is the set of all boundary points of 4; C[X,Y]
is the set of all continuous functions ¢: X — Y.

3 — Preliminary notes

We shall say that conditions (A) are satisfied if the following condi-

tions hold:

Al. The function f € [1R+ x D, lR"] and is locally Lipschitz continuous
with respect to z in D with a constant independent of ¢.

A2. There exists a constant M > 0 such that || f(¢,z)|| £ M for (t,z) €
R* x D.

A3. For any point (75, zo) € R* x D the solution of the problem without
impulses (1), (3) does not leave the set D for ¢ > 7.
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A4. The functions t; are Lipschitz continuous with respect to z in D with
respective constants L; < 1/M,i=1,2,....

A5. 0< tl(Z) < t,(z) <...,T€ D.

LEMMA 1 [3]). Let conditions (A) hold.

Then, if (10,20) € Q, then the first hypersurface met by the integral
curve (t,z(t; 7o, Zo)) for t > 7o is 0.

DEFINITION 1. We shall say that the solution z(t; 79,%0) of problem
(1), (2), (3) is quasiunigue if in any of the intervals (1i_y, 7], i = 1,2,...,
the solution of the problem without impulses

Z—: = f(t,z), =(ri=1) = zs(Tic1i To,%0) + I, (-’51(7'.'-1; Toy zo))

is unique, I;(z) =0,z € D.

We shall note that by Definition 1, after an impulse it is possible for
different integral curves to merge. This is due to the fact that some of
the functions (E + I;) may be not bijective. Here E is the identity in R".

By z1+(t; To,Zo) we denote the solution of the following system with
impulses

(5) &t
0] As(t)]_, = L), i=12...

with initial condition (3) where I}: D —R" m1,73,...(7] <73 < ...)
are the moments at which the integral curve (t,z1+(2; To, o)) meets the
hypersurfaces (4) and s; is the number of the hypersurface met by this
integral curve at the moment ,i=12,.... We shall note that in
general s; # i, i = 2,3,..., i.e. the hypersurfaces met successively by
the integral curves (t,z+(; 70, 20)) and (,2:(t; 7o, Zo)) may not coincide.
Further on we shall use the notations z} = z;+(7;70,%o) and z{* =
z; + I, (), i = 1,2,....
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We shall say that conditions (B) are satisfied if the following condi-
tions hold:

B1. There exists a constant A > 0 such that (E+I;): D — D\ B,(8D),
i=1,2,....

B2. t;(z) — oo as i — oo, uniformly with respect to z € D.

B3. There exists a constant d > 0 such that for any point z € D and
t=1,2,... we have t;(z) > t;(z + Ii(z)) + d.

LEMMA 2. Let the following conditions be satisfied:

1. Condition (A) and (B) hold.
2. |I; (z) — Li(z)|| < min(A,Md), t € D,i=1,2,....
Then for any point (75,20) € RY x D the solution z1-(t; 10, 0) of
problem (5), (6), (3) is quasiunique and continuable for any t > ,.

PROOF. Let (15,20) € R* x D. In view of condition Bl and the
inequalities

I (z) - L(z)l <A, =z€eD, i=12,...

we establish that (E+I7): D — D. From the last relation and condition
A3 it follows that the solution z;.(t; 7o, z,) exists and does not leave the
set D in its definition domain. The quasiuniqueness of the solution follows
from condition Al. It remains to show that z.(¢; 7o, Zo) is continuable
for any t > 7,. The following two cases are possible:

i) The integral curve (¢, z;+(¢; 7o, Zo)) for t > 7o meets a finite number
of hypersurfaces of (4). We shall note the fact that this case is possible
only if the domain D is underbounded. Let the meetings be realized at
the moments 7}, 73,...,7;. Taking into account that z;* € D as well as
condition A3 and the equality

z(t; 7y, zt) = 244 (25 70, o)
which is fulfilled for ¢ > 77, we conclude that zy(¢; 70, 29) € D fort > 7.

Hence in this case the solution of problem (5), (6), (3) is continuable for
any ! > 1.
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ii) The integral curve (¢, z;+(¢; 7o, Zo)) meets for ¢ > 7o infinitely many
hypersurfaces of (4). First we shall show that

(7) 8; < Si41), i=12,...,
i.e. that the numbers of the hypersurfaces met successively by the integral

curve (t,z+(t;To,%o)) are increasing.
From conditions B3, A4 and condition 2 of the lemma we obtain

L t'i(3:+) =1,,(z]) - t,, (2 + L.(7))
+ (=5 + Ic.'(zi.)) - t'i(z: + I:.(z;))

> d— [t (e} + Lu(@5) ~ tis(a + L0 |
> d - L|Li(a}) - L) 2 d - L Md > 0.

From the last inequality and condition A5 we establish that the point
(77,2;%) € Qi where k > s;. But then by Lemma 1 the first hypersurface
met by the integral curve (¢,z(t;77,z;%)) for t > 77 is ox. The last
conclusion means that for t > 7 the integral curve (2, z;+(t; 70, Zo)) meets
first the hypersurface o;. Hence s;4; = k and s;41 > 8;, i.e. equalities
(7) are valid. Then in view of the fact that s; are integers we obtain that
8; — 00 as 1 — 00, whence by condition B2 we find that

‘l_igr,-‘ = lim t,,(z7) =o00.

From last relation and the fact that the solution of problem (5), (6), (3)
is defined and unique in any of the intervals (1;_y, 1), © = 1,2,..., we
deduce the assertion of the lemma in this case as well.

Thus Lemma 2 is proved.

In the following example we shall show that if condition B3 is vio-
lated, then the assertion of Lemma 2 may be not valid.

EXAMPLE 1. Let n = 1 and D = (—00,+00). Consider the following
initial value problem

(8) ‘;—: =0,t#7; Az(t)L:n =Li(z(r)),i=1,2,...; z(0)=z,,
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where the impulse functions I; are defined by the equality

LEPRPPST
Lz)=I(z)={ %
(1=l = 1)=.lel <1,

and the impulse hypersurface (in this example the impulse curves) are of
the form

0;:t=t;(z)=a.rctg|z|+i1, zeD, i=12,....

Let £ be an arbitrary positive number. Consider the respective per-
turbed initial value problem

(9) ‘;—:=0,t #7103 Az(t)L__}ﬂ:I;(:(r“)),i: 1,2,...; z(0)==z,,

where I?(z) = I;(z) - sign(z)e,z € D.
It is trivial to verify that for problem (8) conditions Al - A5, B1 and
B2 hold. Moreover, it is clear that

|5 - 1@ = |1 @) - I(z)|=¢,z€D.

In spite of this, however, if |zo| > max{1,1/e}, then the solution of
problem (9) is not continuable for ¢ > . In this case the integral curve
of (9) meets infinitely many times the hypersurface (curve) oy. This
phenomenon is called “beating”. This phenomenon is considered in more
details in [2).

We shall stress explicitly that for the impulse curves and the impulse
functions of the example we have

t(z) 2 ti(z + Ii(z)), zeD, i=12,...,

but condition B3 is not satisfied.
We shall say that conditions (C) are satisfied if the following condi-

tions hold:

Cl. f(t,0)=0,t e R*, 0€ D.
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C2. I(0)=0,i=1,2,...

From condition (C) it follows that z,(;7,0) = 0 for ¢ 2> 7.

DEFINITION 2. We shall say that the zero solution of system (1), (2)
is uniformly stable with respect to the impulsive perturbations if (V € > 0)
(3 6 = é(¢) > 0) (¥(70,20) € R* x (BsN D)) (VI;: D— R",||[}(z) -
L(z)| <6 forzeD,i=12,...) = [zr(tir0,z0)]| <& fort 2 ro.

We recall the following definition.

DEFINITION 3. We shall say that the zero solution of system (1) is
uniformly stable if (¥ € > 0) (3 6 = () > 0) (V(70,20) € R* x (Bsn
D)) = ||z(t;70,20)|| < € fort 2 7o

In the above definition to any £ > 0 there correspond infinitely many
constants § > 0. Moreover, for any § corresponding to € we have § < e.
Henceforth by &(c) we shall denote the smallest upper bound of all §
satisfying Definition 2. For each ¢ > 0 we construct the sequence of
numbers

61 = 6(6) 9 61 = 6(61),... N 6{ = 5(6.'_1),.. ..
The inequalities
6i>0, '6i+1565, i=1,2,...

hold, hence the sequence &,8, ... is convergent. Denote by §* = 6*(¢)
its limit.

DEFINITION 4. We shall say that the zero solution of system (1) is
strongly uniformly stable if it is uniformly stable and for any € > 0 the
inequality 8*(€) > 0 holds.
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Sufficient conditions for strong uniform stability are contained in the
following lemma.
LEMMA 3. Let the following conditions hold:

1. The zero solution of system (1) is uniformly stable.

2. (36 > 0)(¥(1o,20) € R x(BsND)) the function p(t) = ||z(t; 7o, zo)]|
is monotone decreasing for t > 5.
Then the zero solution of system (1) is strongly uniformly stable.

In fact, from condition 2 it follows that for any ¢ > 0 we have §*(¢) =

€>0.
In the following example we shall consider an equation for which the

equality §(¢) = ¢ is not satisfied for any € > 0. In spite of this, the zero
solution of this equation is strongly uniformly stable.

ExAMPLE 2. In this example by z(¢; 7o, zo) we shall denote the so-
lution of the problem

= = (t2), a(m) =,

where
- 2zt, (t,z) € R* x [0,1];
fit,zy=4{ —2z[t+ (1 - 2)k], (t,z) e R* x (1,2);
-22(t-k), (t,z) € R x [2,00),

k is a positive constant and (7o, zo) € R* x R*. The problem considered
has a unique solution continuable for any ¢t > ro. Moreover, foranyzo >0

we have
z(1;T0,20) >0 for t2 7.

Then, taking into account that
f(t,x) < -2z(t—k) for (t,z)e R* xR*,
we find that

(10) 0 < 2(; 70, %0) < X(t; 70, %0)



336 A.B. DISHLIEV - D.D. BAINOV (10]

where x(t; 70,20) is a solution of the initial value problem
dz
E = —2z(t - k) ’ 1(7'0) =Zg..

It is easy to see that x(t; 7o, To) = Zoexp [(1o — k)? — (¢ — k)?]. Conse-
quently, in view of (10) we conclude that the zero solution of the problem
considered is uniformly stable. Moreover, we have:

(i) 6(e)=¢ for 0<e<l;
(i) ceexp(—k?) <b(e)<e for 1<e<2;
(iii)  8(e) = eexp(—k?) for €22,
whence we conclude that
§°(e) 2 eexp(~k*) > 0,

i.e. that the zero solution of the problem of this example is strongly
uniformly stable.
LEMMA 4. Let the following conditions be fulfilled:
1. Conditions A1, A3 and C1 hold.
2. The zero solution of system (1) is strongly uniformly stable.
Then (V 70 € R*)(V £ > 0)(V 20 € Bee N D,& = §°(e)) =
[lz(t; 7o, zo)|| < 6° for t 2 0.
PROOF. Let € > 0, §; = 6(g), 6, = 6(6,),...,8* = '_l_i.rg&,- and
(7o, Z0) € R* X (Bse N D). Then, since ||zof| < 6;, then

lz(t; To, Zo)]| < &y for t2 1m0, i=12,..., fH=c¢.

Hence
l2(t; 70, za)| < 6 for t2> 7.

This completes the proof of Lemma 4.
DEFINITION 5 [1].  We shall say that the zero solution of system

(1) is uniformly Lipschitz stable if (3 G > 0)(3 g > 0) (¥(70,20) €
R* x (B,nD)) = |jz(t; 10, z0)|| < G| o] for t > 7.
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4 —- Main results

TREOREM 1. Let the following conditions be fulfilled:
1. Conditions (A), (B) and (C) hold.

2. The zero solution of system (1) is strongly uniformly stable.
3. |2+ L(=)| < [=z|/1+w), z€ D, i=12,...,w>0.
Then the zero solution of system (1), (2) is uniformly stable with
respect to the impulsive perturbations.

PROOF. Let 70 € IR*, ¢ > 0 and let 6* = 6°(¢) < &, §* be the
respective constant in the definition of strong uniform stability of the zero
solution of system (1). Introduce the notation § = min (A, Mé§,ws* /(1 +
w)). Let the functions I satisfy the inequalities

|I:(z) - Li(z)| <6 for z€D, i=12,....

Then by lemma 2 for any point o € D the solution z;.(¢; 7., zo) is qua-
siunique and continuable for ¢ > 7o. Let ||zo]| < § < 6*. From Lemma 4
it follows immediately that

l|z1+(; 70, z0) || = lz(t; 7o, z0)]| < 8* <€, T<tL Ty,

From condition 3 of the theorem and the above estimate for ¢t = 77 we
find
=3+l = =3 + I, (=)

< "z; + Is:(”;)" + "I:,(z;) - Isn(z;)"
< =31/ 4 @) + wb* /(1 + w) < &°.
Again by Lemma 4 we obtain
||I,o(t;1‘o,z°)" = "Il‘(t; Tl.’z;+)|'
= [|lz(ti i, 21l

<§ <e, nT<tLT,.
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By induction we obtain the estimates
|zie(t;m0,20)|| < 8° <€, 1, <t<T, i=12,....
This completes the proof of Theorem 1.

THEOREM 2. Let the following conditions be satisfied:

1. Conditions (A), (B) and (C) hold.

2. The zero solution of system (1) is uniformly Lipschitz stable with a
constant G.

3. |z + L()| £ |=)/(G+w), z€D, i=12,..., w>0.

Then the zero solution of system (1), (2) is uniformly stable with
respect to the impulsive perturbations.

PROOF. Let g be the respective constant in the definition of uniform
Lipschitz stability of the zero solution of system (1), 7o € IR*, let € be
an arbitrary positive constant and § = min(A, Md,g,(G)). Let the
functions I satisfy the inequalities

I (z) - Ii(z)|| < w8/(G+w) for z€D, i=12,...

From Lemma 2 it follows that for any point zo € D the solution
z1+(t; To, To) is quasiunique and continuable for t > 7o. Let [|zof < 6 < g.
Then we obtain

lzr+ (70, 20)]| = J|2(ti o, z0)| < G <€, TSt TY.
Moreover, we have
Iz = ll=1 + £, (=D
< 25 + Ly (@) + 175, (=3) = Ly ()]
< /(G+w)+ws/(G+w)<b<yg.

L]
z,

Hence
“:l:,o(t;To,J:o)“ = "zl‘(l;r;vz;+)"

= ||z(t;1'l',z;+)"

<G6<e, TM<t<T.
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Finally we find by induction

(1
[2)

(3]

4]
(5]
(6]
(7

llzlo(t;To,xo)" < &, T‘.—l <t S Ti 1= 1,2,...

This completes the proof of Theorem 2.
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