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Certain Classes of Analytic Functions of
Complex Order and Type Beta

M.K. AOUF - S. OWA - M. OBRADOVIC

RiassunTto - Sia S(1-b,8) (b # 0, complesso, 0 < f < 1), la classe delle funzioni
f(z2)=z+ ) anz", andlitiche in U = {z: |z] < 1} che, perz = re'® € U, soddisfano

n=2
la condizione:
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Inoltre, si dice che g(z) = 2+ 2 bnz™ appartiene alla classe C(b, B) (b # 0, complesso,
s n=2
0 < B <1) se e solo sc z9'(z) € S(1—b,8). Questo arlicolo tralta lo studio di alcune
proprietd di tale classe di funzioni.

ABSTRACT — Let S(1 = b,8) (b # 0, compler, 0 < § < 1),denote the class of
Junctions f(z) = z4 ) anz” analytic in U = {z: |z| < 1} which satisfy for z = re® e
n=2
U,
)
f(z)

ITE L (@
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Further g(z) = 24 ) baz" is said lo belong to the class C(b,8) (b # 0, complez,

n=2

0 <A <1)ifandonlyifzg'(z) € S(1-5,B). This paper investigales cerlain properties

<l.
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of the above mentioned classes.
Key WoRbs - Analylic - Starlike - Convez - Complez order.
A.M.S. CuassiricaTioN: 30C45

1- Introduction

Let A denote the class of functions f(z) = z + z a,z" which are

analyticin U = {z: |z < 1}. In [24] WIATROWSKI mtroduccd the class
of complex functions of order b(b # 0, complex) defined as follows:

DEFINITION 1. A function g(2) € A is said to be convez function
of order b (b # 0, complez), that is g(z) € C(b) if and only if ¢(z) # 0
inU and

(1.1) Re{1+;zﬂiz))} 0, zeU.

In [16] NAs® and AoUF introduced the class S(1—b), b # 0, complex,
of starlike functions of order 1 — b, defined as follows:

DEFINITION 2. A function f(z) € A is said to be starlike function
of order 1 —~ b (b # 0, complez), that is f(z) € S(1 — &) if and only if
f(z)/z#0in U and

(1.2) n{1+b(’ff('£‘;) 1)}>o, zeU.

It follows from (1.1) and (1.2) that
(1.3) g(z) € C(b) ifand only il zg'(z)€ S(1-0b).

The class C(b) has been studied by Nasr and Aour [14, 15] and AOUF
[2].

Motivated by [7, 1, 13], we in the present paper, introduce the concept
of “type” for the classes S(1 — &) and C(b), b # 0, complex, as follows:
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DEFINITION 3. A function (2) € A is a starlike of order 1 — b and
type B, f(2) € S(1-4,8), if and only if for all z € U, the inequalily

20z)
(1.4) T /) T <1,
29 (200 140) - (2 )

holds for b # 0, complez and 0 < B < 1.

DEFINITION 4. A function g(z) € A is a convez of order b and lype
B, 9(z) € C(b,B), if and only if for all z € U, the inequality

i(’(z')_)
(1.5) p AL g <1,
# (5 - (5)

holds for b # 0, complez and 0 < § < 1.

It follows from (1.4) and (1.5) that
(1.6) g(z) e C(b,0) ifand only if z¢'(z) € S(1-5,8).

By specializing b and B we obtain several subclasses studied by vari-
ous authors in earlier papers:
(1) S(1 - b,1) = 5(b) and C(b,1) = C(b), 5(1 - b, ) = F(b, M),
M > % and Cgb, 2;;’;') = G(b,M), M > -%, are, respectively, the class
of bounded starlike functions of complex order, introduced by Nasr and
AoOUF [17], and the class of bounded convex functions of complex order,
introduced by Nasr and Aour [15].

(2) S(1 - (1 - a)cos re™,1) = §*a), M| < £, 0€a< 1, 5(1 - (1 -
a),8) = §*(a,f), 0 < & < 1, 5(1 - (1 - a)cosre™,8) = §¥a,f),
jAl < 3,0 £ a < 1, are, respectively, the class of A-spirallike functions
of order a, introduced by LIBERA [10], the class of starlike functions of
order « and type [ studied by JuNelA and MOGRA [7] and the class
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of A-spirallike functions of order & and type f, studied by MOGI.IA and
AHUJA (13]. Also C(cosde™*,1) = C2, |A| < %, C((1 —a) cos de”iA 1) =
CMa) |\l < 5,0 < a < 1,C{(1 - @)cos de™™, B) = CXa, B), |A] < F,
0 £ a < 1, are respectively, the class of A-Robertson functions, studied
by RoBERTSON [19], LiBERA and ZIEGLER {11], BAJPAI and MEKROK
[4], the class of functions for which zg’(z) is A-spiral-shaped of order
a, introduced and studied by Cuicnra [5) and Sizuk [23], the class of
A-Robertson functions of order & and type g, studied by AnuJa [1].

(3) S(I—ws Ae™, 2%7‘1) =R Al <5, M> 1, S(l—(l—a) cos de™ A,
22;7') = Fy(Ma), [\ <5 0<a< 1, M> L and S(l — cos Ae™ A,
L—_C;u) = H(}), |A| < %, are, respectively, the classes introduced and
studied by KuLsHRESTHA [9], AouF [3]) and GokL [6]. Also C( cos Ae™*?,

".‘,'T;l) =G A <%, M> 1, C((l — a) cos de™**, 3%’”;—’) = Gm(A, @),
|Al < 3,0 < a< 1,M > 1, are the classes introduced and studied,
respectively, by KULSHRESTHA [9] and Aovur [3].

(9) 5(1- (1-a),1) =5, 0< a <1, 5(0,1) and (0, 21), M > &,
are the classes introduced and studied, respectively, by WRIGHT [25],
McCarty [12], R. SINGH [21], and SinGH and SiNGH [22]. Also C(1 —
a,1) = Cla), 0 € a < 1, is the class of convex functions of order «,
introduced by RosErTsoN [20].

Since our classes includes various subclasses as noticed above, study
of its various properties will lead to a unified study of these subclasses.
In the present paper, we shall give at first a representation formula for
the classes S(1 - b,8) and C(b,B). A sufficient condition for a l'uncti-on
to belong to $(1 — b,3) and C(b,5) has been obtained. We maximize
|a3 - pa§| over the classes S(1 — b,8) and C(b,8). Distortion thecorems
are obtained for the classes S(1 = b,8) and C(b, 8). Also we obtain the
sharp radius of starlikeness for the class 5(1—b,8) and the sharp radious

of convexity for the class C(b,5)-
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2 — The representation formulas

Let @ denote the class of functions ¢(z) which are analytic in U and
which satisfy |¢(z)| < 1 for all zin U. We first give the following lemma.

LEMMA 1. Ifa function H(z) = 14 § d,z", analytic in U, salisfies
n=1
the condition

H(z)-1
1) 2B(J1(z)—140b) - (H(z)-1) <L

for some b #0, complex, 0 < § <1 and forall z€ U, then

_ 1 ((1—2B) + 28b) 2¢(2)
(2:2) H2) = = 58— Deelz)

for some ¢(z) € Q. Conversely, a function H(z) given by (2.2) for some
#(z) € Q is analytic in U and satisfies (2.1) for all z in U.

ProoF. The first half of the lemma is obtained immediately by an
application of Schwarz’s Lemma [18]; and the converse part follows from
the observation that the function

_ 1-((1-28) +28b)z
T 14(28-1)z

maps |z| < 1 onto the disc

l1-w
2B(w-1+6)— (w1

<l

in the w-plane.

THEOREM 1. A function [(z) € A, is in the class S(1 - b,8) if and
only if

(2.3) f(z) = zexp {—Zﬂb j o ;(_t)l)w) dt} ,

Jor some ¢(z) € Q.
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zf'(2)
f(2)

satisfies

Proor. First suppose f(z) € §(1-b,8). Noting that

the hypothesis of the first part of Lemma 1, we see that

zf'(z) _ 1-((1-28)+ 20b)2¢(z)
f(z) 1+4(26 - 1)2¢(z)
for some ¢(z) € Q. Thus we have
[(z) 1 _ —20b¢(2)
(24) ) "= 138~ Ve

An integration from 0 to 2 in (2.4) followed By an exponentation leads to
(2.3).
Conversely, if (2.3) holds, then

zf'(2) _1- ((1-28) + 26b) 2¢4(2)
f(2) 1+(26 - 1)2¢(z)

Now the theorem follows by the converse part of Lemma 1.

From Theorem 1 and using (1.6), we get:

CoROLLARY 1. A function g(z) € A, is in the class C(b,0) if and
only if

oy f 20
Jor some ¢(z) € Q.

An immediate consequence of Theorem 1, and a representation the-
orem for functions in S7(0,83) given by JUNEJA and MOGRA [7] may be
shown in the following corollary:

CoRroLLARY 2. f(2) € S(1 - b,8) if and only if there is a function
fi(z) € §°(0,8) such that

b

o= <[5

F4
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Also an immediate consequence of Corollary 1, and a representation

theorem for functions in C°(0,8) given by Axuia [1] may be shown in
the following corollary:

CoroLrary 3. g(z) € C(b,8) if and only if there is a function
g:(z) € C°(0,P) such that

g'(z) = [s\(=)] -

REMARK ON THEOREM 1 AND COROLLARY 1

(1) For 8 = 1 in Theorem 1 and Corollary 1, we obtain, respectively, a
representation formulas for the classes S(1 - b) and C(b).

(2) For = 2= M > 2 (or = 122, m =1~ ;, M > }) in Theorem
1 and Corollary 1, we obtain, respectively, a representation formulas for

the classes F(b,M) an G(b, M).

(3) For b= (1 —a)cosAe™™, [Aj< %,0<a<l,and =22 M >}
(or B =22™ m=1- L, M > })in Theorem 1 and Corollary 1, we
obtain, respectively, a representation formulas for the classes Fy(A,a)

and Gpu (A, a).

(4) Putting b =1-a,0 < a < 1, in Theorem 1, we obtain a represen-
tation formula for the class $*(a, ) determined by JUNEJA and MOGRA

7).

(5) Putting b = (1 - a)cosde™, |A| < £, 0 < a < 1, in Corollary 1,
we obtain a representation formula for the class C*(a,8) determined by
Anuia (1).
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3 — The sufficient conditions

We now establish a sufficient condition for a function to be in §(1 —

b,8) and C(b,5).
THEOREM 2. Let f(2) € A. Then f(z) € S(1-b,8), if for b # 0,

complez,

(3.1) i {2n(1-8) = 1411 - 28(1 - b)[} |an| < 20818,

n=2

whenever € (0,4] ,

B2 3 {(m=1)4 28— 1)(n— 1)+ 266} [an] < 2606],

n=2

whenever B¢ [1,1],
holds.

Proor. Let |z] = r < 1. Noting that

(33) 125(2) = ()] < 3 (r = 1)l

n=2
and

26(z1(2) - (1 - 0)f(2)) = (2/'(2) - S(2))| 2
2 {2ﬂlbl - i(l - 2f)n|an| - f: 1-26(1- b)HanI} r

n=2

(3.4)

we see Lthat

|2f'(2) = J(2)] - |2B(2"(2) - (1 - )/ (2)) - (2/'(2) - f(2))] £

Lf: {2n(1 - B) = 1+ |1 - 28(1 - b)|} [an] - 2ﬂ|b|] r,

=2
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provided 0 < § < 1. The last quantity is < 0 by (3.1), so that f(2) €
§(1—b,0). For the second part, we assume that (3.2) holds for € (1,1].
In this case,

|26(2f'(z) = (1 - 8)/(2)) - (/'(z) - f(2))] 2

n=2

(3.5) oo
> {aati- 35108~ 1= 1)+ 29 o
Now the theorem follows, as before, from (3.3), (3.5) and (3.2).

COROLLARY 4. Letg(z)=z2+ f: b,z" € A. Then g(z) € C(b,P) if

n=2

for b # 0, complez,

(36)  Son{2n(1-B)— L+]1-26(1- b)) oa] < 2801,

n=2
whenever B € (0,3} ,

[= <]

(3.7) Z (n—1)+ (26 - 1)(n — 1)+ 28b]} |b.] < 268,

whenever P € [3,1] ,

holds.

Proor. The function ¢(z) is in C(b,J) if and only if z¢'(2) € S(1 -
b, ). Now, since

z¢'(z)=z+ Z nb,2",
n=2
by replacing a,, by {nb,} in Theorem 2, we have the theorem.

REMARKS ON THEOREM 2 AND COROLLARY 4

(1) For # = 1 in Theorem 2 and Corollary 4, we obtain, respectively, a
sufficient condition for a function to be in S(1 — b) and C(b).
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(2) For g = %fl, M > 1, in Theorem 2 and Corollary 4, we obtain,

respectively, a sufficient condition for a function to be in F(b,M) and
G(b, M).

(8) For b = (1-a)coshe™, M| < 5, 0<a< 1, and § = 3—._,’%'1,
M > 1,in Theorem 2 and Corollary 4, we obtain, respectively, a sufficient
condition for a funclion to be in Fy(),a) and Gy (A, a).

(4) Puttingb=1~a,0 < a < 1, in Theorem 2, we obtain the sufficient
condition determined by JuNEIA and MoGRra [7].

(5) Puttingb=1-a,0<a<1,2and g = 3» in Theorem 2, we obtain
the sufficient condition determined by McCaRTY [12].

(6) Putting b = (1~ a)cosAe™™, [A| < £,0 < & < 1, in Theorem 2 and

Corollary 4, we obtain, respectively, the sufficient condition determined
by MoGRA and Anvia [13] and Auuia [1].

4 - Coefficient bounds

Let Q denotes the class of bounded analytic functions w(z) in U,
satisfying the conditions w(0) = 0 and |w(z)| < |2| for z € U. We need
in our discussion the following lemma:

LemMMA 2 [8]. Let w(z) = § caz" € Q, ifv is any complez number,
n=1
then

(4.1) ez — vel| < max {1,|v|} .
Equality may be atlained with the functions w(z) = 22 and w(z) = 2.

TueoreM 3. If [(z) =z + iza,,z" €S(1-50),8#1, and p is

any complez number, then
(42)  |as - paj] < Blol max {1, |286(2p — 1) - (26 - 1)|} -

This inequality is sharp for each p.
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PROOF. Since f(z) € S(1 ~ b,5), (2.3) gives

2f/(z) _ 14 [(26 - 1) - 28b}u(2)
(43) i) - 14T

where w(2) = 2¢(z) = Z azt e Q.
We get from (4.3) a.fter expa.ndmg and equating coefficients that

(4.4) a9 = —2ﬁbc1

(4.5) az = —Fb{[1 — 28 — 28blc} + ¢;} .

Using (4.1), (4.4) and (4.5) we get the result. Since (4.1) is sharp,
(4.2) is also sharp.

COROLLARY 5. Ifg(z) =z + fj bo2" € C(b,B), B # 3, and p is
n=2
any compler number, then

|b3-pb§| < Bl lmax{l l3ﬁbp. 2686 - 28 + 1|}
This inequalily is sharp for each p.
Treorem 4. Let f(z) € S(1~b,B), and f(z) = z+n§a,.z", zeU.
(a) I B{b[" + (& - 1)Re{b}] > (1= B)(k—~1)[k — 1+ Re{s}], let

B[ 18l + (k — 1)Re{3}]
T - p)k-1 Jk-1+ Re{b}]

=2,3,...,(n-1).

Then

(4.6) |an| < e ), H[ (28 - 1)(k —2) + 288,
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Jorn=23,....,N +2; and

1 N42

[I |(2ﬂ-1)(k—2)+2ﬂb|, n>N +2.
k=2

(4.7) |aa| € (N+1){(n—-1) L

(b) 17 B[[ef" + (k — 1)Refb}] < (1~ B)(k - 1)[k = 1+ Re{6}], then

(4.8) laﬂls-:%s Jor n2>2.

The bounds in (4.6) and (4.8) are sharp for all admissible B, b # 0,
complez, and for each n.

PROOF. Since f(n) € §(1-b,8), (4.3) gives

[(28 — 1)z/'(2) - (26— 1)f(2) + 2Bbf(2)] w(z) =
= [(2)-z2f'(z), wenN.

(4.9)

Now (4.8) may be written as

{2ﬂbz + i[(?ﬂ ~1){(k - 1) 4 24b) atz"} w(z) =

k=2

= f:(l —k)apz*,

k=2
which is equivalent to

{2/3bz + f [(28 = 1)(k = 1) + 26b] akz"} w(z) =

k=2

= Zn:(l -— k)a,,z* + Z: bgzk N

k=2 k=n41
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where f byz* converges in U. Then, since |w(z)| < 1,
k=n41

n—-]1

26bz + Y [(28 ~ 1)(k — 1) + 266} a,2*

2

(4.10)

Z(l — ka2t + i be2*

k=2 =n+1l

v

Writting z = rei’, r < 1, squaring both sides of (4.10), and then
integrating, we get

n-1 2
48°|bf"7* + Y [(28 - 1)(k - 1) + 286 fau['r* >
k=2

>3 k= 1Yalr* + 3 |bafr®

k=2 k=n+1

Let r — 1, then on some simplification we obtain

(n — 1)]aa|" < 4878 + ’:S:: {|(2,6 - 1)k- 1)+
(4.11) k=2

+260" = (k= 17 }as*, n>2.

Now there may be following two cases:

Let ﬂ[|b|2 + (k- l)Re{b}] > (1~ B)(k- 1)[k -14 Re{b}]. Suppose
that n < N + 2; then for n = 2, (4.11) gives

|a!| S 2ﬂ|bl )

which gives (4.6) for n = 2. We establish (4.6) for n < N+ 2, from (4.11),
by mathematical induction.
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Suppose (4.6) is valid for k = 2,3,... ,(n—=1). Then it follows from (4.11)

(n —1)|a.|’ < 46%b]" + "f{[uzﬂ ~1)(k- D+

k=2

+288" ~ (k- 1] ——; (k_l)',H](i?ﬂ—l)(p 2)+2ﬁb!}

= 7 [11(26-1)(k - 2) + 286
G 2),)Hlﬁ )k -2)+ 268"

Thus, we get

(n 1)|Hl(2ﬂ 1)(k - 2) + 28],

which completes the proof of (4.6).

Next, we suppose n > N + 2. Then (4.11) gives

N42
(= 1%l <487+ 3 {28 - 1) - 1)+
k=2

2 =17} al's T {fap-1)6- 1+

k=N+3

+ 2ﬁb|2 — (k- 1)2}|a,,|2 <

< 462b|* +A§f {l(?ﬁ ~ 1)(k = 1) +2ms]2 - (k- 1)2}!a~=l2-

On substituting upper estimates for 22,03, .., 42 Obtained above,
and simplifying, we obtain (4.7).

(b) Let 4[lbf* + (& - DRe{b}| < (1= B)(k - 1)[k - 1+ Re{8}], then it
follows from (4.11)

(n—1)%[a|” < 48700, (n22)
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which proves (4.8).
The bounds in (4.6) are sharp for the functions given by

(412)  f(2)=2(1- 8- gyl
The bounds in (4.8) are sharp for the functions given by
(4.13)  fa(2) = 2(1 = (28~ 1)) PV gy %;

whereas for § = 1,

(4.14) D) = zexp (), (n22).

COROLLARY 6. Ifg(z) =z + 300, b,2" € C(b,B).
(a) If B[J6" + (k — DRe(d)] > (1= )k - 1)k - 14 Re(b}], let

N={ B[Ibf* + (k - 1)Re(t)] ] b=23,. (0o 1),
(1~ B)(k = 1)k ~ 1+ Re{b}]

where N is the greatest integer of the ezpression within the square bracket.
Then

(4.15) b} < # 1‘[ |(28 - 1)(k —9+ 264},

* k=2
forn=23,...,N+2;and

N+3
(4.16) jbs) < o l)l(N T J‘[ ](2ﬂ-1)(k—2)+2ﬁb|, n>N+2.

=2

(b) If B[[b] + (k — Refs)] < (1= B)(k~ 1)[k — 1+ Re{b}], then

281b
(4.17) ol € s, m22.
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The estimates in (4.15) are sharp for the funclion given by
—a - 1
(418)  ¢()=(1-(28-1)a) D, gy,

where B[[6[" + (k ~ DRe(b)] > (1- B)(k - 1)K — 1+ Re{b}], while the

estimates in (4.17) are sharp for the functions given by
- “1)(n- 1
(4.19) gi(z) = (1~ (20— l)zn—l)( 288)/1(28-1)( 1)], B # 5 :

whereas for § = %

(4.20) 9n(2) = exp ( z"") , (n2>2).

n-1

REMARKS ON THEOREM 4 AND COROLLARY 6

(1) Puttingb=1-a,0< a < 1, in Theorem 4, we obtain a Theorem
of JUNEIA and Mocra [7].

(2) Putting b = (1 - a) cos he~, |Al < Z,0 < a < 1, in Theorem 4 and
Corollary 6, we obtain, respectively, a Theorem of MOGRA and AHUJA
(13] and Anuaa [1).

(3) By choosing b = cos Ae~ and g = 2224, 1Al < %, in Theorem 4, we
get the result of GokL [6).

(4) By choosing 8 = 1 and B == M > L in Theorem 4 and

2M
Corallary 6, we get the results obtained by Nasr and Aour [14, 15, 16,

17}, respectively.

(5) The coefficient estimates determined by KULSHRESTHA [9],ZAMARSKI
[26], WriGHT (25], McCarTY [12], R. SiNGH [21], and many others can
be obtained from Theorem 3 and Corollary 6 by taking different values
of § and b.
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5 — Distortion Theorems

THEOREM 5. Let f(2) € A. If f(z) € §5(1 —-b,8), then for |z| =T,
0 <7<1,and for all § € (0,3)U(3,1], b # 0, complez,

(5.1) U(z)' <r [(1 + (28 - l)r)(l-:f}[:l)] - ,
(1- (26 - 1)r) (550
and
Reld i%élf
(1-(28- 1),-)('-1#)]
(5.2) f(z)| 2 Relb ;
Ve [(1 + (28 - )W)

whereas for f = 1, b# 0, complez,

(5.3) |/(2)I < rexp (blr),
and
(54) U@z rexp(— ).

All these estimales are sharp for all admissible values of 8, b.

Proor. Since f(z) € S(1-b,8), the condition (1.4) coupled with an
application of Schwarz’s Lemma [18], implies

%l - fl < R, where
1— (28 - 1)[28(1 = Refo}) ~ 1]52 + 126(26 - 1)Im{b}?
= 1- (26— 172 ’
and .
R= 206|b)r

1= (28-1)2r7° (it =)
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Hence we have
1 - 2BJblr + (28 — 1)[26(Re(b} - 1) + 1] 2
1- (28— 1) =

(5.5) <Re {sz('i))} <

1+ 2B]blr + (28 - 1)[26(Re{b} - 1) + 1]
1-(26 - 1)*2

Noting

2] < ) e 29

_ (1o [ fe ]
_of R[t Toiem 1 &

and using (5.5), we see that

0 o[

Now suppose § € (0,1) U (%,1] and b # 0, complex. Then from (5.6), we

get
N ,,(x-Tu)
(12 e L2220

which gives (5.1). For the case when 8 = %, and b ;é 0, complex, (5.6)
immediately proves (5.3). In view of

o (1) = e (1o 22) - e (5 (s 42)) e -

/ Ine (P10 1) a,
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and with the aid of (5.5) we may write

[z )D > 2[3|b|] -((Zﬂ—))J:L di.

(5.7) log (

If B # L, then carrying out the integration in (5.7), we obtain (5.2).
Further, when 8 = 3, then we immediately get (5.4) from (5.7). The
extremal function for all the inequalities is given by

2(1- (20 - Dea) VD e =1, g2,

1
zepbez), ll=1, f=3.

CoROLLARY 7. Let g(z) € A. If g(z) is in C(8,8), then for |z| =
r < 1 and for all b # 0, complez, B € (0,3)U(3,1],

(59) 1¢(2)] < [(”(2‘3 - 17! _“"J)] ,
~La-@s- s
and
b s
(5.10) |9'(2)| 2 [(1 Jal —H‘J)] ;
(1+(2ﬁ—1)r)( )

whereas for = 1, b # 0, complez,
(5.11) ¢/ (2)] < exp ([6]7)

and

(5.12) |¢(2)] 2 exp (= JbIr).
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The eztremal function for all the inequalities is given by

(- @8- 1)e) VP =1, p£ 5,
(5.13)  gof2) = .
exp(be z), [e]=1, ﬂ=§'

REMARK ON THEOREM 5 AND COROLLARY 7

(1) For 8 = 1in Theorem 5 and Corollary 7, we obtain, respectively, the
bounds for |f(2)| and |g'(z}|, where f(z) € S(1 - b) and g(z) € C(b).

(2)For f=22t M > L (orf=14" m=1~L, M >3)in Theorem
5 and Corollary 7, we obtam, respectwely, the bounds for |f(2)| and
| ()|, where f(z) € F(b,M) and g(z) € G(b,M).

(3) Forb = (1-a)cos ™, [A]< £, 0< a < land = =L M > 1 (or
f=HE m=1-L,M>1)in Theorem 5 and Corollary 7, we obtam,
respectively the bounds for | f(z)| and |¢(2)], where f(z) € Far(A, @) and
g(z) € Ga(A, ).

(4) Putting b = (1~ a)cosde™, |A| < £,0 < @ < 1, in Theorem 5 and
Corollary 7, we obtain, respectively, a Theorem of MOGRA and AHUJA
[13] and Anuvia [1).

6 — The radious of starlikeness and convexity

THEOREM 6. The sharp radius of starlikeness of the class S(1—6,3),
B # 1, is given by

28 -

The ezpression in (6.1) is real and finite (< 1) only when B # 5 and such
that

(6.2) g2 > (26-1)

(6.1) r.={mb|+\/ﬂ2|b|’—(2ﬁ—1)[ 2 Re{b}-l]}

Re{b} - 1]
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ProoF. From (5.5), we have

/(2) 1-(26-1)r?
where |2| = 1.
Thus Re{%—?] > 0 for |z| < r,, where 7, is given by (6.1) provided

that the expression under the radical sign in (G6.1) is non-negative, i.e.,

BB > (26 - 1757 Re(b} - 1

which gives (6.2).
To show that (6.1) is sharp, we let

fu(2) = z(1 = (28 — 1)2) VD g 4 % ird

r [(2;1 ~1)r - \/f]

t=—

1-(28-1r/t

and obtain

tfi() 1 - 28blr + (28 - 1) [5555b - 1] »®
/(1) 1- (28 - 1) ’

which has a zero real part at r given by (6.1). This completes the proof
of the theorem.

REMARKS ON THEOREM 6

(1)B=1and = ";&;' S M>1,m=1- 'Eli' leads, respectively, to the
results obtained by Nasr and Aour [16,17)].

(2)b=cosde ™ [A| < Land B =2 M>1,m=1- 3 leads to

the result obtained by KuLsuresTHa {9).
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COROLLARY 8. Let g(2) € A and g(z) is a member of C(b,B). Then
the sharp radius of convezity of the class C(b,8), B # 1, is given by (6.1).
The radius is real and finite (< 1) if B # ; and (6.2) is satisfied. The
result is sharp for the funclion

gi(z) = (1= (28~ 1)z)72VCD gy % and

o [(m- 1)r - \/f]

‘= 1-@p-1)n/ft

REMARKS ON COROLLARY 8

(1) Putting b = (1~ &) cos de™™, [A] < %, 0 < @ < 1, in Corollary 8, we
get a theorem of Anvia [1].

(2) Putting B = 1, in Corollary 8, we get a theorem of NASR and AOGUF
[14].

(3) Putting b = cosde™™, |A] < % and B = 1 in Corollary 8, we get a
theorem of LIBERA and ZIEGLER [11].

(4) Putting b = (1 - @)cosde™, [A| < 2,0 < @< land f = 1in
Corollary 8, we get a theorem of Cuicura [5).

(5) On taking the appropriate values to b and 8 the above corollary can
give the corresponding radius of convexity for the functions in the classes

G(b, I"I), G,\.M and GM(/\,Q).
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