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On a Conjecture of Multiplicative Partitions

H.Z. CAO

RIASSUNTO - Si indichi con f(n) il numero dei fallori essenzialmente diversi del
numero inlero n > 1. In questo lavoro si dimostra che se Py(n) > 3, allora f(n) <
n/logn, dove Py(n) indica il pit piccolo fatlore primo din.

ABSTRACT - Let f(n) denote the number of essentially different factorizations of
the integer n > 1. In this paper, we prove that if Pi(n) > 3, then f(n) < nflogn,
where Pi(n) denotes the smallest prime faclor of n.

Key WoRbps — Multiplicative partitions - Prime faclorization.
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1 — Introduction

In this paper, n,m; denote integers > 1; P(n) denotes the largest
prime factor of n, Pi(n) the smallest prime factor of n and w(n) the
number of different prime factors of n. Let logarithm be with the base
e. Consider the set T(n) = {(my,m,,...,m,)|n = mym,...m,}, where
we identify those partitions which differ only by the order of the factors.
We define f(n) = [T(n)] and f(1) = 1. For example, f(12) = 4, since
12=6-2=4-3=3-2-2 are the four multiplicative partitions of 12.

In 1983 HuGHEs and SHALLIT [2] have proved that f(n) < 2rY? and
made two conjectures:

Conjecture 1. f(n) < n.
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n
j . —_— 4,
Conjecture 2. f(n) < logn forn # 14

In [2], they point out that the sccond is more doubtful. In 1986
and a year later, MaTTICS and Dopp [3] and CHEN X1A0-XIA [1] have
proved the conjecture 1 independently. Six years have elapsed, but the
conjecture 2 has not becr proved.

In this paper, we shall prove the following

n
THEOREM. [If Py(n) > 3, then f(n) < logn’

Note that f(144) = f(2%3?) > 144/ log 144.

2 - Some Lemmas
To prove the theorem, we need the following lemmas.

16
LEmMA 1. If Pi(n) > 3 and w(n) > 2, then Z 1< Y ak

d| s

r
Proor. Let n = [] p™, py < p2 < ... < p, be the prime factorization
i=1

of n. If r = 2, we have

o1

(1) Am_ _ o2 g+l | oy 41
Tl ST s

If r > 3, since (a + 1)/11*" < (a+1)/2° <1 and 2 > 2«, where
is any natural number, we have

2.

s _ ar 0|+1H0.‘+1< a, 01+102+1<

(2) n3 _pr*a' pl*al i=2 p?"‘ = 113er 54t 7

gzg;i a; +1 az a; +1
= 7%ez glay = 7iaz gla
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By (1), (2), we get

45 < ™ a +1
at = 7her gla

Consider g(z) = z/7%* for z > 0. We have

78e (1- lgls)
78+ '

g(z)=

If ¢(z) =0, we get z = 3/log7, 1.5 < 3/log7 < 2. Obviously, ¢'(z) > 0
for 0 < z < 3/logT; g'(z) < 0 for z > 3/log7. Hence we get g(a) <
1 1

2
max{g(1),(2)} for a which is any natural number. Since 7T < e
2 oy 2 . ] o +1 2
= 2 < =
§,we get v < 37 By similar method, we easily get i S I
o, we get
Y1
iy 22 _ 4 4 _16
nd “ b7l T Y245 T 625 2
1]
1
LEMMA 2. If Pi(n) > 3, then E a< i

c|Rn"-5

' .
Proor. Let n = [] p‘,-",p, < pg < ... < p, be the prime factorization
i=1

of n, we have

<Py lorm(ioYy7
Zesp2aspl(-5)

Ift =1, we have
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If 1 > 2, we have

Z < n ﬁ (I 1)_1 n ﬁ P n Pt . Di <
a<s — - — =—]|]——=— <
olfy  Prici Pi Pooypi—1 pp—11Pie1—1
-1
< z P_ 1 nsln.

LeMMA 3. Ifn > 1, then f(n) < Y f(d).
d| By

¢ Cy . H
Proor. Let n = [ p’, p; < p < ... < p,, be the prime factoriza-
j=1

tion of n. Consider the sets: Tjyj,..5(n) = {(ppit~—I1ps—iz .. .pf,"""",

my,...,m,) | n = p,pf’"j'pg"j’...psc"'])'j"mz...m,}, 0 < Jji < ¢
1<i<g-1;0<j, <c, -1, where we also identify those partitions
which differ only by the order of factors.

We easily see that

|T5sizie (@) = S(P] P ... p*) and

€ € cq=1

T(n) = U U Tt U I}sz---fq(n)’

J1=0j2=0 Jq=0

So we have

(5] €2 €g— 1

J@) =T < 3.5 - ¥ [Tiaese(m)] =

J1=0j2=0  jg=0

=S Y ¥ s = TS
H1=0j2=0  jg=0 a5
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LEMMA 4. f(n)< —1% for n with Pi(n) > 3 ezcept n = 5,7,11,13,25.

Proor. We first find out all n with P;(n) > 3 not exceeding 60 and
satisfying n < 15f(n). Let n, with Pi(n) > 3 and n < 60, be of the form

n= Hp, 1< P2< ... <P, Since 5-7-11> 60, we have s < 2. If

i=1

s = 1, since 5% > 60, then n can only be expressed in one of the forms p,,
p3. If s = 2, since 52 - 7 > 60, then n can only be expressed in the form
pip2. I n = py, then f(n) = 1. All prime numbers n with 3 < n < 15
are 5,7,11,13. If n = p? or pps, then f(n) = 2. The only value of n
with P;(n) > 3 and n = p? or p;p, not exceeding 30 is 25. So, all n with
Py(n) > 3 not exceeding 60 and satisfying n < 15f(n) are §,7,11,13,25.

We shall prove that f(n) < % for n with P;(n) > 3 and n > 60.

We arrange all n with Py(n) > 3 and n > 60 in increasing order to
obtain the sequence {n;}, i = 1,2,.... When i = 1, we have f(n,) =
f(61) = 1.

Suppose that f(r;) < < for jwith1<j<i—1,wherei—12>1.
We shall prove that f(n;) 5 —13

By Lemma 3 and Lemma 2, we ha.ve

f(n) £ Y f(d) <fM)- 3 +f(5)- +f(7)— +f(11)—

SFon
25 1
+f(13)— +f(25)—1—1-+Eng
l'—,,‘:;
DN SR W S SR U
15 ' 154 15760 15"
43 1
—+—=n< — 0
since T + 601: < 5 for n > 60.

CoroLLARY. f(n)} £ % Jor n with P,(n) > 3 and n < ¢'®.
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2 forn=5,7,11,13,25
logn

(or see [2)). If n # 5,7,11,13,25, P(n) > 3 and n < e!®, by Lemma 4,
we have

Proor. It is easy to verify that f(n) <

| 3

n

for n<e!®,

f(n) <

<
15 =

(=]

logn

So, our assertion has been proved. 0

8 — Proof of the theorem

We arrange all n with Py(n) > 3 in increasing order to obtain the
sequence {n; }, £ = 1,2,.... Let n,, be the largest number which belongs
to the sequence and does not excced e’®. By the Corollary, we know

n; . n:
Y < ! < i < ko that i) < -
that f(n;} < log, for 1 < i < ko. Suppose that f(n;) < Tog 7 for

1<i< k-1, where k — 1 > ko. We shall prove that f(n;) < LI
log n,
Since f(n) < —Z_ holds for n with w(n) = 1 (see [1]), we may

logn
suppose that w(n) > 2.

By Lemma 3, we have

@) fi)< Y fid= 3 S+ Y S(d)=51+S5,.
NS dl ook )

‘S"é d>né’

By f(d) < d and Lemma 1, we get

16 }.a
(4) S;Sng Z 155"5'11*& .
oy

Since n, > e!5, we have
] +

1

n; _ ¢ _ 64 163 1 n
5 e 5 S5 2 o ong < gk
(5) lognk>15>25 or 25""<4Iognk
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By the induction hypothesis and Lemma 2, we get

d 3
(6) R a<d
‘lannkilogd Z

log ny ~ 4logn;
|—,,*;y
d>"k
By (3)-(6), we get
<
flm) < logn
Qur theorem is now proved by induction. 0

Editor’s Note

Conjecture 2 has been proved in general by F.W. Dopp and L.E.
MaTTICS, Ezlimaling the number of mulliplicalive pariilions, Rocky
Mountain Journal of Mathematics 17 (1987), 797-813. However, the
direct proof for the special case Py(n) > 3, presented here by the Author,
is more accessible.
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