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Existence and Regularity Results for a
Nonlinear Elliptic Equation

M.F. BETTA - A. MERCALDO

RiAsSUNTO — In guesto lavoro studiamo l'esistenza e la regolaritd delle soluriond
del problema:

v € Wé'p(ﬂ) : —(ai(z, 4, Vu))s, — (b,-(z)]u]"’u),_. + h(z,w) = (fi)s,

dove  C IR™ ¢ un aperto limilato, A(u) = —(ai(z,u, Vu))z, é un operalore del lipo
Leray-Lions su W)'P(Q), i coefficienti b;(z) appartengono ad un opportuno spazio di
Lorentz e h(z, u) € un termine non lineare che soddisfa la condizione di segno h(z,u)u >
0 ¢ nessuna condizione di crescenza rispello alla u.

ABSTRACT - In this paper we are concerned with the erislence and regularity of
the solulions of the problem:

8 € WIP(Q) : —(ai(z, u, Vu))y, — (hi(2)lul"u)s, + bz, 1) = (fi)s,

where @ C R"” is a bounded open sel, A(u) = —(ai(z,u,Vu))s, is ¢ Leray - Lions
operator on WyP(Q), b,(z) are in a suitable Loren!z space and h(z,u) is a nonlinear
term satisfying the sign condition h(z,u)u > 0 bul no growth condition with respect to
u.

Key WoRrps — Nonlinear elliptic equations - Eristence result - Regularity result -
Rearrangements.
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— Introduction

Let us consider the problem:
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e {N" = = (02, 0,V 8~ ()P 0)s, + b W) = (), i D

u=0 on Jf)
where p>1, Q is a bounded open set of R" (rn>3), A(u) =
= —(a;(z,u,Vu)),, is a Leray-Lions operator on W,*(), h(z,u) is a
strongly nonlinear term in that no growth restriction is imposed while it
is assumed the sign condition h(z,u)u > 0 and the coeflicients b;(z) are
in a suitable Lorentz space.

In the lincar case (p = 2, h(z,u) = 0) existence and regularity the-
orems are well known when the coefficents are in L#(2) with k > n (see
eg. [22]). Besides, when the cocfficients b, are in L(n,c0), existence
and uniqueness results are proved in [4], while regularity theorems are
in [2]. There exist similar results when the cocllicients belong to the
“intermediate” Lorentz spaces L(n,p) (see [11]).

Existence theorems for strongly nonlinear elliptic problems are in [9],
[10], [15], [23], where the theory of pscudomonotone operators is used.
Similar problems are considered in [6], [8],[20], [21], where apriori esti-
mates of the solutions allow to prove existence thcorems.

In (7] and [13] regularity results are proved for the solutions of (*)
when b; =0 and f; € L(Q) with g < nf(p—-1) or ¢ > n/(p — 1).

In this paper we firstly give an existence thecorem for (*) when the
coefficents b; belong to L(n/(p — 1),/(p — 1)) with » < r < oco. For the
proof we use a technique that can be found in [10]. Furthermore with
the same hypotheses on the coeflicients b;, we prove a regularity theorem.
Precisely, supposed |f|] € L{q,p’) and set s = [g(p — 1)]*, we show that
the solution u of (*) belongs to the Lorentz space L(s,p), provided that
g is less than a critical value depending on the norm of b; when r = oo,
while il r < oo there isn’t any critical value. When r = oo, the analogous
result for the linear case is in [2].

1- Notations and preliminar results

Let u be a real valued measurable function defined in a bounded open
set { of R" and pi(¢) denote its distribution function, that is:

p(t) = meas{z € Q : |u(z)] > t}, t>0.
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The decreasing rearrangement of u is defined by:
u'(s) = inf{t > 0: pu(t) <s}, s € [0, meas (]

and, denoting by Q¥ the ball centered in the origin with the same measure
as (1, the spherically symmetric rearrangement of u is defined by:

u*(:r) =u*(C.|z|"), ze Q¥

where C,, is the measure of the n—dimensional unit ball. We recall some
properties of the rearrangements:

[u@)pdz = [lw(s)pds = [w*@pdz,  p21
1} 1] el

f|Vu#|"dz < /IVu|”dz,
a# f

Moreover we point out the Hardy’s inequality:

(1.1) a/hwldz < b/u'(.s)v'(.s)ds =n'[ u? vt dz,

For more details on rearrangements sce [5], [12], [14], [16).

If1 <p<ooand!l£gqg< oothe Lorentz space L(p, q) is the class of
functions u such that:

/¢
dz
il = (1/ [u*(z)lzl""’]'hln) < o0,
#

lullp.co = sup u¥(2)]z[*/? < co.
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For the theory of these spaces see for example [17], [18], [19). We just
recall that L(p,p) is the classical LP space and:

p>r= L(p,00) C L(r,1);

(12) 1<g<r<oo= L(p,1)C L(p,q) C L(p,7) C L(p,o0) and

s < (9" ol

P
Moreover the following decomposition lemma holds ([22]; see also

[11])):

LemMa 1.1, Ifl1<p<oo0,1<q< o0 andu € L(p,q), then for
any € > 0 there are k(c) > 0, v’ € L*(), v" € L(p,q) such that:

u=u +u", |12'|lee < K(e), " llp.e < £-

Finally we remind two inequalities.
If 1> pitis easy to prove that (see [1], [3]):

(1.3) /lu#lpmn(plt Dy < ( ) j‘vu#'plx|n@/t l)d:r

where 1* = nt/(n — 1).
The following inequality is a generalization of the well known inter-
polation inequality in L? spaces:

(1.9) fluflp,e < "“”?q"u”:;a

l-a
r

+

1
wheretﬁpﬁrand—p:

le

2 — Existence theorem

Let us consider the following Dirichlet problem:
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(2.1) { N : z ;(“i(“:u»vu))s.-—(b.'(z)|u["’u):.-+h(1:, W=(fi)s :; ?m

where p > 1 and:

(i) Q is a bounded open set of R", n >3 ;
(ii) ai(z,n,£) is a Carathéodory function for € R",n€ R,z € R and

ai(z,m,€)& 2 [€[°, EER, nelR, ae z€fl;

(iif) lai(z, 7, €)| < crllélP=" + [nlP~* + k()]
where ¢; > 0 and k(z) € L*'(Q) with %-{- % =1;
(iv) [ai(z,m &) — ailz,m, E)](& - &) > 0,  £# &

(v) h(z,n) is a Carathéodory function for 2 € 2, 7 € IR and
h(z,mn >0 neER, ae. z€Q;
(vi) sup |h(z,7)| < hi(z) € L), >0
(vii) [f(z)] = (T ()P € 1) 5
(viii) B(z) = (T, |bi(2)[2)"/ € L (pf 1’19%1)' with n < r < oo.

In this section we study the existence of weak solutions of problem
(2.1), i.e. the existence of (at least) one function u € W, "(£2) such that:

h(u()) € INR), k(- u())u() € L'(Q)

(2.2) f [a:(z, uVu)pe; +bi(z)|ul " ups, +hiz, Yolds = - f fipzdz
[} 1]

Yo e WP ()N L*(R) and for ¢ = u.
We prove the following result:

THEOREM 2.1.  Let us assume, in addilion lo the hypotheses (i)-
(vii), that one of the following conditions holds:

L i # B
(a) B(z)e L (p— 1,oo) that is B#*(z) < T
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moreover;
n a——
B< =2,
P
T .
s ), withn <r < oo;
1'p-1
moreover:
5 n_p)p—l( n )(P"‘l)/"
” "”I(P—l)l"/(P—l) < p n-— p

Then the Dirichlet problem (2.2) has a solulion u € W;'P(f).

Proor. Let us consider the operator A : WP —» W-1#" defined
by:
U= —(A,-(z,u, Vu))l'i
where A;(z,u, Vu) = a;(z,u, Vu) + b(z)[uff~?u, i = 1,..,n.
We just have to prove that A is a pseudomonotone operator, that
maps bounded sets into bounded sets and that is coercive (see [9], [23])-
We start proving that A is coercive, i.e.:

< Av,v >

1%l

where ||v]| denote the norm of v in Wy(Q).
By (ii), Holder’s and Hardy’s inequalities, we have:

(23) SAvr> = 1ol ( / ai(z, v, Vo)os, dz+ / bi(z)|o[P~2vvs, d:z:)

— 00 for [|v]] = o0

BE
e / B(z)lol?~! | Voldz

1/p’
2 ||elr-t ~ ( j B(z)”'lvl”dz)
0

1/p'
levll"'l-(. B*(I)”'IU#I"dz) .
*
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IfBel (pn—l,oo), by (1.3) with t = p, we obtain:

1y’ "
o

Bp \P7' o
< (n ) ol
-p

Hence, from (2.3), and (2.4), we get:

< Av,v > Bp \*!
(2.5) _— > [1 - (——) ‘ [Pt
Il n—p Il

On the other hand, from hypothesy (a), we deduce that pB/(n —p) < 1,

then A is coercwe
If B € L( T ——1-), with » < r < oo, by Holder’s inequality,
P

P-
(1.2) and (1.3), we obtain:

r

, 115!
26) ( [ 5P 1*Pdz) < IBlgon,

n+

n—p (r-1)/r p-1
s( = ) 1Bllnso-1yrsip-y 101125

(p=1)1r pet
n-— p p )
s ( n ) (n - p) Bl so-1)r10-livliP~

p-1
p*rp/(r-p)

Hence, from (2.3) and (2.6), we have:

< Av,v >

o]

(p=1)Ir p-1
n—p P -
> [1 —( n ) (n—p) I Bllaser-1yrste-1y | 0P~ -

Thus, using (b), A is coercive.

(2.7)
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Now we prove that A maps bounded sets into bounded sets. We

consider a function u € Wy*(f) such that |[u]| < C with C > 0 arbitrary
constant.

By (iii) and Hardy’s inequality, we get:

llai(z, 4, Vu) + b(z)|ulP~*ully < elullP~" + [I]l,/]+

+ ( / B#(;)P'|u#lvdz)w

n#

where ¢ > 0 is a suitable constant. Therefore, from (2.4) and (2.6), we
obtain the conclusion.

Finally we prove that A is a pseudomonotone operator, that is
for any sequence (u;); C Wy?(Q) such that u; — uin WP (R) and
limsup < Auj,u; — u ><0, it follows that < Ayj,u; —u >— 0 and Ay;

j—oo
converges to Au in the weak™-topology of W-17'(Q).

Although the proof of pseudomonotonicity is similar to that of the
result in {10}, for completeness we give a sketch of it here.
By (iii), we get:

(28) 1Az mOI < alldf™ + 1P + k(2)] + B(z) 0P~

Moreover, by (ii), we have:

(2.8 Ai(z 0 6)6 2 [€F - B(z)[nlP~[¢]-

Since u; — u in W;P(R2), there exists a subsequence, still denoted by

(1;);, such that t; — uin I? and 4; — u a.e. in . Moreover there
exists a function p € LP(Q) such that:

(2.9) Ju;(z)| < p(z), VieN,ae. z €.
If we set:
(2.10) pi(z) =

= [Ailz, (2}, Vuj(2)) - Az, u(z), Vu(2))l(n;(2))s; — (u(2))=:],
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then we have:

(2.11) limsup [ pjdz =

J—00

=limsup < Au;,u; —u > - lim < Au,u; —u><0.
j—ow Jﬂw

Moreover we get:

(210 p; = Ai(z, 15, Vu; )(4))s; — {Ai(z, u, Vu)|(u)e; — w4+

+ Ai(z,u;, Vuj)u } = Az, 45, V) (45)e; — 94

with (g;); an equi-integrable sequence of functions in L}(2). From (2.10),
using (2.8), (2.8) and Young’s inequality, we get:

(2.12) p; > ca| VP — caf|Vul + |ul? + B(z) [u;lP+
+ ;)P + B(z) [uf? + ki(2)}

where ¢, and ¢; are suitable constants and k,(z) is a function in L!(9).
If z is a point of 2 such that p;(z) < 0, by (2.12) and (2.9), we have:

(2.13) [Vu;(z)P < a(z)

where a(z) is indipendent of j and finite a.e. in Q.
Set p; = p} - p;, in which p} and p; are the positive and negative
parts of p; respectively. On the other hands, we have:

pi(z) =
=[Ai(z, uj(z), Vu;(z)) — Ailz,5i(2), Vu(){(ui(z))s; - (u(z))e, ]+
+Ai(z, 45(z), Vu(z)) — Aiz, u(z), Va(z))((v;(2))s; - (u(z))s]-
Hence, by (iv), for any z € Q such that pj (z) > 0, we get:
-p5(2)2
> [Ai(z,uj(2), Vu(z)) — Ai(z,u(2), Vu(2))][(4;(2))=; — (u(z))=]

= T‘J'(I) .
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Moreover by (2.13) and by the a.e. convergence of (u;); to u, r; — 0 a.e.
in 2. Hence p; — 0 a.e.in .
By (2.10), we obtain:

/ pydz = / Ai(2, 15, Vy) )z, dz = f g;de .
E E E

Since it is possible to prove, using hypothesy (a) or (b) as in (2.5) and
(2.7), that:

l/A,-(:r,u;,Vu,)(uj),sz >0,

E

/p,-‘d:c < /ijldr-
E E

From equi-integrability of (g;);, we deduce the equi-integrability of (p;);
and by Vitali's thecorem we obtain that pj — 0 in L'(Q).
Besides, from (2.11), we get:

it follows:

limsup [ ptdz = limsup / pydz + lim / prdz <0,
. Jim
1] 2]

Jj—co FA j—oo

hence p} — 0 in L!(Q).
Now we are able to prove that < An;,u; —u >~+ 0. Indeed we have:

| < Auju;—u> | <| < Ay — Anuy —u > |+ | < Aoy —u > |
5/]p,-|dz+|<Au,u;—u>l
n

and the right side goes to 0, as j — oo.
To conclude the proof of pseudomonotonicity, we have to prove that
Au; converges to Au in the weak*— topology of I'!""”'(Q).
To this aim we observe that there exists a subsequence of (p;);, still
denoted by (p;);, such that p; — 0 a.c. in Q. Morcover from the previous
inequalities, we have that sup [Vu;(2)| < 00 a.e. z € Q.
J
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Now if we consider a subsequence of {|Vu;(z)|} converging to £#, then
for the corresponding subsequence of indices, we have:

pi() = [Ai(z,u(2),§*) — Ai(z, u(2), Vu()))[E* — u(z);] = 0.

Hence £# = Vu(z) and Vu;(z) — Vu(z) a.e. in Q. Finally by Vitali’s
theorem, we get:

< Auj,v > = /ai(z,u,-,Vu,-)v,‘da: + jb,—(z)|u,-|”'2u,~v,..dz —
a fn

— jai(x,u,Vu)v,i + fb;(x)lul"zuv,i =< Au,v> .
fn n

3 — Regularity theorem

The aim of this scction is to obtain a regularity theorem for the
solution u of (2.2). Precisely we want to study the behaviour of ¥ when
the index of sommability of | f| increases. In the lincar case (p = 2) the
problem has been studied in [2].

THEOREM 3.1.  With the the assumption of theorem 2.1, let u €
WoP(Q) be a solution of (2.2) and s = [q(p — 1)]°. The following results
hold:

(a) ¥ B(z) € L (#oo) and |f| € L(q,p') with

n

AR

then u belongs to L(s,p) and

liulep < CUSELE

g(p-1)

where C = = qto— DIT™ - Diu(p— DI 177




48 M.F. BETTA - A. MERCALDO ) [12]

(b i B(z) € L (,%1;,%1) with n < r < 00 and |f| € L(g,#) with

then u belongs to L(s,p) and
el < Nl + Kli Ml
with N and K constants depending on n,p and q.

ProoF OF (a). Let us consider, for s € [0, meas(}], the collection
E(s) of subsets of § such that:

meas E(s) = s,

$1 < 8y = E(Sl) C E(Sz),
s=p(t) = E(s) = {z € 0 : |u(z)] > 1}.

Now we set:

s(z) = inf{3 € [0, measQ) : z € E(5)},
s(z)17 1
ou- (4"
glt) =g(-t) = [%(—tlr o , 12>0.

The following properties hold (for the proof see [2], [1]):

(3.1) G*(z) = |z H~D

(32)  gu(=)=Gl(z) il meas{y: [u(y)l = [u(z)]} = 0.

Now we construct a suitable test function.
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Set for 0 < k < esssupju| < oo,
glt)  if |tj<k
a(t) =
0 it [¢] >k

we introduce the function
)
1s)= [antt)es
0

which is Lipschitz continuous. We observe that the function L(u) con-
sidered in [2] can’t be used in (2.2) as test function. Hence we have to

use an approximation procedure. To this aim we introduce the following
truncated function i, of u:

n if u>n
#a(z) = { u(z) if Jul<n
—-n if u<—-n.

The lemma 1.1 of [22] implies:

wa = L(i,) € Wol" N L® and (¢a)z; = L'(2a)(in)s; -
Then choosing the test function

¥a(z) = / g(t)dt,

we have:

(3.3) j[a,-(z, u,Vu) + bi(2)|uf*u + fi(2)] (), 9x(8n) dz+
0

+ ! h(:r,u)( oj a() dt) dz = 0.
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Now we obscrve that, as n — co:

h(z,u)/g,,(t)dt — h(z,u)/gk(t)dt a.e. in§d

and

h(z,u)./g,,(t)dt’ < Clh(z,u)||n| € L}(Q).

Hence by Lebesgue's dominated convergence theorem, we get:

/hzu(/gkt)d!)dz——'./hzu(/gk dt)dz in L'(9).

On the other hand, from the recalled lemma of [22], as n — oo:

(ﬁﬂ)r.' gl’(ﬁn) - U, gk(U) a.e.in Q,

and besides, by Ilolder’s inequality:

/[a.-(z,u,Vu) + bi(I)IUIP_zu + f‘(I)] (ﬁﬂ )2.' gk(ﬁn)dz S
E

<C (/ |z, u, V) + b(2)|uf~*u + fi(z ) d:c) (‘-:/ (@, )F dm)

for every measurable subset E of Q. llence, using Vitali’s thcorem, we
obtain:

1/p

/[a.-(:c, u, Vu) + b;(2)|uff~u + Ji{z)] (n)s, g(fin) dz —
n

— j[a,-(z,u,Vu) +bi(z)uf u + fi(z)|ug, ge(u)dz in L1(N).
h]
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Then from (3.3), as n — o0, we obtain:

@4 [flola,u, Vo) + @+ @) v, () dot
fl

+h/h(z, u)(!g,(!)rlt) dz =0.

From (3.4), using (ii}, the definition of g and (3.2), we get:

(3.5) / IVuPPG(z)dz < I + L + s,
|ul<k
where:
(3.5) L=- / bi(z)|ulP~*uv,, G(z) dz,
Jul<k
(3.55) L=- j Jiz)us,Glz) dz,
|u|<k

(3.5.) Iy=— [ h(z,u) ( g (t)(lt) dr.
[\

To estimate the terms in the right hand side of (3.5) we have to
remind the following inequality (for the proof sce [2], [1]):

/ G(z)|[Vul? dz > ] G* ()| Vu*]P dz
n f) 4

which gives, together with (1.3) and (3.1}, the following “Sobolev type
inequality”:

# a(pla-1) g(p-1) ?
(3.6) n[lu P|z]®/*-D dz < [——n_q(p_l)] njc(z)wulrdz.
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Now we estimate I, Set uy(z) = min{|u(z)|,k}, the Holder’s and
Hardy’s inequalities give:

L] < j B(z)|uP~!|Vu|G(z) dz
|ul<k

1/p 1/p'
< / IVuI’G(z)dz) ( j B(z)”'lukl”G'(z)dz)
|lul<k fn
1/p 179!
< j |VulPG(z) dz (/B#(z)"luﬂ’G#(a:)dz) .
Jul<k n#

On the other hand, taking into account that B(z) € L (p—n—l-,oo) and
using (3.1) and (3.6), we get:

/B*(z)’ |uf|PG*(z)dz < B? /lu#ll’lzlﬂ(? l9-1)-P o

f11
’ _1(19__] .
<B [n—q(p ) /G(z)qu| dz.
Hence we have:
Bq(p plp'
(3.7) Ihl < -~——-—-—n i [ c@ivup da.

lul<k

Now, using the Holder’s and Hardy’s inequalitics, we evaluate /I,:
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< [ 171VuG()ds

lui<k

1/p' iy
< ( j IIIP'G(x)dz) ( j |Vu|’G(::)d:r)
n

lul<k

179 /e
g(nl II#I"'G*(::)da:) ( j [Vul’G(z)da:) .

Jul<k

Then by (3.1):

1/p
(38) IIzISlIIII..p'( / |Vu|'G(z)dz) :

u|<k

Finally, taking into account (v) we deduce:
(3.9) I<0.

From (3.5), using (3.7), (3.8) and (3.9), we have:

/9

( j IVuPG(z)dz| <
lul<k }

1/5'
By(p—1) 1" ,
<[ (lu L quI"G(r)dI) + 1Sl

-1 rl?’'
Now if we suppose ¢ < — L then Ba(p— 1)

e-DE+D M aoge-n] <
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and so, as k — 00, we obtain:

t/p
(3.10) ( / IVuPG(z) dz) <

[n— g(p— 1)’ ,
< =4 - D = [Balp= DT 1 I

By (3.10), using (3.6), part a)’ of the theorem is proved.

Proor of (b)'. As in the previous case, introduced the functions
s(z), G(z) and g(t) , we get (3.5) with I,, I; and I5, defined by (3.5.),
(3.5s) and (3.5.) respectively.

Now we consider I;. From the lemma 1.1, for any ¢ > 0 fixed,

. . n r
there exist two functions B’ € L*(Q) and B" € L

and a
-1'p-~1

constant k(¢) > 0 such that:
B=B+B", |B|<ke), B lrsp-1rsp-1) S -

Hence (3.5,) gives:

@3.11) L] < f B(z)[ufP~}|Vu|G(z)dz

lul<k
< [1B @I VuCe)z + [ 15" (@)llup ! VulG(z)de
juick Jul<k
=L +1

where:

I = [ | B (z)||u]~!|Vu|G(z)d=z

lul<k

= j |B" ()| [P~ |Vu|G(z)dz
|ul <k
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By Holder’s and Hardy’s inequalities and (3.1), we get:

1/p

1/p
(3.12) I} <k(e) / |VulPG(z)dz (/|u,,|’G(::)d:r)

|ul<k
1/
( / qul”G*(z)dx)
11
1/p

=k(¢) /|Vn[PG(x)d= el 1y, -

\ lui<t

1/p

<k(e) f IValPG(z)dz

\ lui<k

e R

On the other hand, (1.4) and Young’s inequality imply:

(313)  KENualligin, SKeNuF® il =X~

Se(eMluellP™ + ellue 1

where ¢(¢) is a suitable constant depending on ¢. Hence by (3.12) and
(3.13) , we obtain:

1/p
I{sc(e)nukn;"”( / IVuI"G(r)dz) +

ful<k

1/p
+ ¢||us ||(”’1)( /IVuFG(z)dI) R
[ul<k

and, finally, by (3.6):

1/p
(3.14) I;Sc(e)”ut":,p-n( fIVHIPG(:c)dx) +

lul<k

E[n—f-_iz(—;-l:)T)]P-l j |Vu["G(z)dz

lul<k
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Now we consider Ii’. By Holder’s inequality:

1/p

1/¢'
(3.15) I'< /IVuI’G‘(z)dz ( j |B"|P'|u,,|PG(z)d=)
1]

Jul<k

On the other hand, using Hardy’s and Holder’s inequalities, (1.2) and
(3.6), we get:

[10 upGtede < [ 1B 1t PGH (e)ie
o .

< "B”"nI(P‘l) eto-1) Nl cp e —p)

<o (3) et
- 8 ip

<e (E)’Ir [;ﬂ_;‘;_pll)] /qul”G'(z)dz.

Hence from (3.15) we get:

(316) I"<e (’;’)(’-l)ﬁ [n—i%]'-'lu IL (VP G(<) da.

Taking into account (3.14) and (3.16), (3.11) gives:

1/p
(3.17) |11|.<.c(e)||m,||;-l( j |Vu]’G(z)da,-) +
Jul<k
g(p—1) (P—l)lr .
[" ap- 1) /lvul G(z) dz.

Jul<k
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From (3.5), by (3.17), (3.8) and (3.9), we have:

( / IVul"G(z)d:c)”p’Se[—i(p———L]P-l [1+(§)U-%lx

n-— -1
g g(p-1)

1y
<( [ 1osress) el + W

|u|<k

Let € > 0 such that:

2 0
we get:

1/p'
( [ 196 dz) < Nl + K
jul<k

with N* and K’ suitable constants. As k — co,we obtain:

/9’
([rwursteres) "< w0
h

which gives, together with (3.6), the theorem.
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