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Some Remarks on Transitive Collineation
Groups of Finite Projective Planes

D. LENZI

RiassuNTo - In [3] noi abbiamo generulizzalo alcuni risultati diJ. ANDRE (si veda
[1]) e di H. KaRrzEL (8i veda [2]), ed abbiamo provalo una carallerizzazione riguardante
¢ grupps transitivi di collineazione di piani proiettivi finili. In questo lavoro noi sem-
plifichiamo quel risullato e grazie alla semplificazione conseguita miglioriamo un’altra
carallerizzazione dovuta a G. ZAPPA (si veda [S]).

ABSTRACT - In [3) we generalized some results of J. ANpnE (sce 1)) and H.
KKARZEL (see [2)), and proved a charucterizalion of transitive collineation groups of
finite projective planes. In this paper we simplify this result and consequenlly improve
another characterization given in [5].

KEy WoRDs - Finite aulomorphism groups of geomelrics siruclures - Affine and
projective planes.

A.M.S. Crassirication: 20B25 - 51E15

Let B be a subset and T a subgroup of a group G. In (3] we said that
B is a right (left) I'-block of G if:

(1) I'C B;

Vz,ye B: Bz '= By ! or

(2) -1 -1 -1 -1 1 ;
Bz2"'n By =I‘(z B=y'B or z"Bﬂy"B:I‘).
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If B is a right T-block but not a subgroup of G, then T is the left
stabilizer of B in G (sce [3), remark 12).

REMARK 1. If B C G and T and A are the left and the right
stabilizers of B in G respectively, then B is a right I'-block of & if and
only if B is a left A-block of G (cfr. propos. 13 of [3]).

In thcorem 10 of [3] we proved a theorem of which we give here (sce
theorem 1), for the reader's facility, a simpler version and a simpler proof.

THEOREM 1. Let B be a right T-block of a group G, A the right
slabilizer of B in G, let P := {Tz|z € G}, B:= {Tz € P[lz C B} and
L:={B-glg € G} where B.g:= {T'zg|l'z € B}.

Then (P, L) is a projective plane of order n, n € N, if and only if

il) (G:T)=n+n+1,
72) (G:A)=n*+n+1,
Ji) 1B =n+1. '

ProoF. It is obvious that if (P, L) is a projective plane of order n
then j1), j2) and ji) are true. Conversely let j1), j2) and ji) hold, morcover
let L:={geGVTzeP:T2g=Tz). Then L9G, LIaANT and
since (G: ') =n’+n+1€N, (G: L) is finite. Therefore if G’ := G/L,
I":=T/L, A’ := A/L, then B' := B/L = {Lblb € B} is a right I"-block
of the finite group G’ with (G' : T") = n®+n+ 1, {T"zjz € B’} =n+1,
A’ is the right stabilizer of ', (G’: A7) = (G: A) = (G: T) = (G": I)
and [A7] = |I’|; thus B’ includes exactly n + 1 left coscts of A7. As a
consequence, B includes exactly n + 1 left cosets of A, and hence the
set A of all the right I'-blocks of the type Bb-!, with b € B, has n + 1
elements. From this our assertion follows immediately. In fact (since
|Pl=n?+n+1,and | =n + 1 forevery ¢ € £, and By N By =T for
every pair of different elements B, B, € A) UA = G, (P, £) is a linear
space and |, N £5] = 1 for every pair of different elements ¢y, & € L. O

THEOREM 2. If B is a right T-block of a group G, then jl) and ji)
implies j2).
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Proor. Let L,G’,I",A’ and B’ as in the proof of theorem 1. Thus
(G': A") = (G: A); moreover, since B'A’ = B, |A7| divides |B'| = |I"] -
(n + 1), hence {A'| divides || = |G| = || - (» + 1) - n. Therefore, if
v + 1 is the number of the left cosets of A’ included in B’, then n 4 1is
a divisor of v + 1.

Now, since A’ is the right stabilizer of B’ in G, the set { B'b-!|b € B’}
has exactly v + 1 elements; moreover, since B’ is a right I"-block of ¢,
if B'z~! #£ B'y~! (where z,y € B’), then B'z~'n B'y~' =TI"; therefore
T n- (a4 1) 41T = [G] 2 [U{Bb € B} = [ -n-(v+ 1)+,
and hence n = v. 0

Now let G be a group, I 2 subgroup of G with (G: T) =n?*+a+1,

P := {Tz|z € G} the set of “points”, and B := {Toy,...,['on4;} 2
subset of P with |B| = n+ 1. We set B := UB, K := 07'To,, for
&me{l,2,...,n+1},A:={§ € GlFi,j,t,me{],...,n+ 1}, (1,7) #
(¢,m):6 € K;;N Ky}, A :={z € G|Bz = B}, L:= {B-glg € G} and
call the elements of £ lines.
G. Zappa proved in [5]:
The pair (P, L) is a projective plane if and only if the following conditions
are valid:

a) G = u{f(,,,,u,m €{1,2,...,n+ 1}}

b) A is a subgroup with (G: A)=n’+n+1

¢) ACA

By b) and ¢) we have i := (G: A) <n?+n+ 1.
The result of Zappa can be improved:

THEOREM 3. (P, L) is already a projective plane if the condition c)
is valid or the condition a) andi:= (G: A)<n’+n+ 1.

PRoOF. Since for each g € G the map : P32 Tz —Tzg € Pis
an automorphism of the structure (PL), we may assume o, = 1, hence
leT CB.

Now let z,y € B; then by 'B = B, 'z,Ty C DB, hence 'z, Ty € B,
i.e. Tz = To;, Ty = I'g; for some i,j € Znyy = {1,2,...,0 + 1}.
Therefore z := z"'y € K;; and [zz =Ty € BN Bz.

We have for m € Z,,:To,, € Bz & 3t € Z,4y:Tom =
Toz & 3l€ZLpy:z€ 0;'To, = K- Consequently BN Bz =
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{To, €BAte{l,....,n+1}):2€ Kin} 3 Ty =To;. Further: Bz~! #
By <= B:# B <= z€ K;j\A. If we assume c), i.e. A C 4,
then z € I(;; \ A implies z ¢ A, hence (by definition of A) z ¢ Km for
all K¢ # Kij and so BN Bz = To;. Therefore: Bz~! # By~! =
Bz-'n By ! =To; -y ! =T, ie. the condition (2) is valid and so B is
a right T-block. Since (G:T) = n? + n+1 and |B| = n + 1 we have, by
Th. 2, (G: A) = n? + n+ 1; hence, by Th. 1, (P,£) is a projective plane.

Now we assume a) and i = (G: A) < n? + n+ 1. As in the proof of
Th. 1 we proceed to the finite factor structure G/L, I'/L,...,i.e. we may
assume that G is finite. Then |B| = [[{-(n+1), |G| = |T|-(n®+n+1) =
T (n + 1)n + |0 = [Bln + |T| = [&] - i and by DA = B, [&||B].
Consequently |A] is a divisor of |T| = |G| -{B]n, and since i < n*+n+1,
we have |A] = |T| and i = n? +n+ 1. If T denotes the left stabilizer of B,
ther ' C T, and |T| is a divisor of | B| and of |G|, hence of [T'| = |G|—|B|-a
Consequently I' = T and |T| = |T| = [A].

Nowlet z,y € Band M = U{z"'B|z € B};then AC z~'BNny !B
(since 1€ z7'BNy ‘B and BA=FB)and “z7'B=y'B <= zy~'€
I'". Therefore |{z"'B|z € B}| = l'ﬁl =n+1, |M L (n+ 1)(|B| -

) + 18] = (n+ 1) ((r + 1) 1] ~ TE) + 0] = [T - (n? + n + 1)
and if there are z,y € B with zy~' ¢ T and z~'BNy~'B #£ A, then
M| < |T|-(n*+n+1),ie. M #G.

But by a) G = U{0;'T0;li,j € Zny} = U{o7'Bli € Z,;,} C M.
Thus z-'BNy~'B=Aforalz,y € B withzy ! ¢ T,iec. Bisaleft
A-block of G and so by remark 1 and T =T, B is a right I'-block. This
together with (G: T) = (G: A) =n?+n+1and |B] = n+ 1 implies by
Th. 1 that (P, L) is a projective plane.
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