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Interpolation by Piecewise Weighted Mean Functions

V. DEMICHELIS

RiAassuUNTO - Nel lavoro viene introdotla una classe di funzioni "medie pesate a
tratti” per l'interpolazione di una funzione reale f(z) nota in un insieme finito di nodi
zy < 12 < ... < zn. In ogni punlo z € [2,,2i41),i = 1,...,(n = 1), la media inter
polante é una mcdia pesata dei valori f(z,) ed [(zi31) . E stata studiats la regolaritd
delle medic pesale a tralli nell’intervallo (1, 2,] ¢ si sono dimostrale le proprieta di
"variation diminishing” ¢ di conservazione dclla monotonia della sequenza di valori

J(21)seees S(zn).

ABSTRACT - In the present paper we introduce a class of "piecewise weighted mean
Junclions” for the intcrpolalion of a real funclion [(z) given on a finile sel of nodes
2y < 72 < ... < zn. Al any point z € [z,,Zi41),i = 1,...,(n — 1) the interpolating
mean is a weighled mean of the values [(z,) and f(zi41). We analyse the smoothness
of the piecewisc mean funclions in the inlerval [£,1,), and we show lhat they satisfy
the varialion diminishing properly and lhey preserve the monolonicily of the sequence

f(zl)n'-'rl(z")'

KeEy WORDSs - Piecewise interpolation - Variation diminishing - Monotonicily
preserving.

A.M.S. CuasstFicaTION: 41A0S - 65D03

— Introduction

A wide class of weighted mean functions, possessing the interpolation
property, is defined in [1]. For a given set of real values f; = f(z;),i =
1,...,n, and distinct nodes z;,i = 1,...,n, arbitrarily distributed in
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I C R, the interpolating mean is given by
(1.1) u(fiz,n) =) fipi(zin)
i=1

where the weight functions p;(z;n), i = 1,...,n, satisfy the conditions:
pi(z,n) 20

(12) S pi(zin) =1
pi(zjsn)=68; , i,j=1,...,n.

We consider in particular the weight functions p;(z;n), which can be
represented by the general formula:

| TTtot) — otz
k=1
(1.3) pi(zin) = o2 i=1,...,n

> | Ttet@) - gtz

=1
#j

tealead

where a € R* and ¢(z) can be particularized as follows [1]}:
(1.4) p(z)=2 ,z€lICR

in this case the (1.1) becomes the well known Shepard interpolation for-
mula [2];

(1.5) @(z)=cosz ,z€[0,7)
(I.Q) plr)=¢ ,zelICR

more in general, we say that ¢(z) can be any function strictly monotone
and at least C!' in /.

In the present paper we introduce the "piccewise mcan functions™,
to do this we suppose that the nodes are in increasing order, namely
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z; < 73 <...< 7, and we apply a formula of type (1.1) to the pairs of
nodes z;,2;4,1 = 1,...,(n — 1); the resulting interpolation scheme is

i+1

(1.7) u;(f;z,n):Zj}p,(z;Z) vi=1..,n-1)
)=I

where

(z;2) = lo(z) = (zig1)| ™
(1.8) pi(z;2) le(z) = ()| + |¢(z) — e(Zi1)]%
(1.9) pi+1(2;2) = lp(x) - ()]

"~ e(z) = ezl + lo(z) = e(zigr)l™

with a; € R*; we note that the conditions (1.2) are satisfied by the
pair of weight functions defined by (1.8) and (1.9) and so usz(f;z,n)
interpolates the values f),..., f, and, in cach subinterval [z, 2;4,], is a
weighted mean of the values f;, fi41. We can immediately derive that the
following properties hold:

(1.10)  min(f;, fiy1) < u2(f32,0) < max(f;, figr) 2 € [TirsTiga)s
and if f; = fi;1 = ¢, then

(1.11) uy(fiz,n) = c[pi(:2) + pina(z: 2] = ¢,z € [zi,2i41)-
Moreover we can state the following lemma:

LeMMA 1.1.. The weight funclions defined by (1.8) and (1.9) with
a; > 1,1=1,...,(n~-1), salisfy the conditions

P(zj52)=0 ;k,j=1d(i+1).
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PROOF. Let
Bi(z) = |o(z) — (=)l
with r = ¢;, and
Bi(z) = rle(z) — w(z:)|"" sign[e(z) — ()¢’ (z);
calculating By(z) and its derivative B/(z) at the node z;, we get
(1'12) B.‘(I‘) = 0
(1.13) Bi(z;) = 0.

The weight function p;(z;2) and its derivative pi(z;2) can be ex-
pressed respectively by

By (z)
Bi(z) + B;;\(z)

100 on — Bist(2)[Bi(z) + Bis1(2)] = Bisa(2)[Biz) + Blyr(2)]
Pi(Iyz)— + [B-:(:l’)-{- Bi.’.:il‘)]z 1

now, by (1.12) and (1.13) we get

pi(z;2) =

’ B; 1(zi)Bi+l(3i) - B-‘+I(Ii)B$ 1(Zi)
1.14 (7;;2) = =it + =0
(L18)  pizig1;2) = 0.

Similarly we can obtain g, ,(z;;2) = pl,,(%i41;2) = 0 and the lemma
is proved.

From the lemma 1.1 it follows that, if a; > 1,i = 1,...,(n — 1),
then u,(/;z,n) has null derivative at the nodes z,,...,z, and is at l.ca-st
C* in the whole interval (z1,24); if a; € 1 for any i, then the relations
(1.12), (1.13), (1.14) and (1.15) don’t hold and, consequently, uz(f; Z,n)
can have cusps at the nodes z;,z;4,.

In order to avoid the null derivatives at the nodes z,,...,Z, We can
consider the following piecewise mean:

i+l
(1.16) ux(Liz,n) =Y Lipi(z;2) ,i=1,...,(n = 1)

j=i
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where L; = f(z;) + (z — z;)f'(z;),f = 1,...,n, a8 it has been already
suggested for the Shepard formula [2]; the piecewise interpolating mean
defined by (1.16) with a; > 1, = 1,...,(n — 1), interpolates at the
nodes z,,...,z, both the values f(z,),...,f(zn) and the derivatives
f'(zl)a (AR} fl(zn)'

In the next section we study more in detail the piecewise interpolating
mean u,(-;z,n) and we shall prove that this interpolation scheme enjoys
the variation diminishing and the monotonicity preserving properties.

1 - Two properties

The (1.7) can be also expressed by

uy(fiz,n) = Silo(z) - @(Zip)|® + fisrlo(z) - (p(zi?ld
(2.1) 2071 le(z) - o(z)|* + |(P(I) — oz )|

:rG[I.',.‘:‘.H]; i=l,...,(n—l)-

Y

We say that u,(f;z,n) has a zcro at a point ¢ € [z;, zy1] provided
that u,(f;¢,n) = 0, we shall write [3}:

2z, 5;,,)(u2) = number of zeros of u; in [z, 2i41] -

Now we prove the following lemma:

LEMMA 2.1.. The pair of weight functions dcfined by (1.8) and (1.9)
salisfics this condition

(2.2) D (:; }:21) >0 ]0" all zi<tHi<ta<zin.
] (4

ProoF. Devclopping the determinant in (2.2) we get

|P-(h:2) pis1(N;2)
P(12:2) piga(12:2)

= p(11:2)p41(12:2) = pini (hi2)p(12:2) =

= e ~elra)Mle(t) = oz —lv(h ) =2 (1) = @£ ™
Ue(h) =elz)lo +lw (L) = ez 1 )v(ta) = o(r )2 +p(t2) = w(£ie1)[*]




888 V. DEMICHELIS (6]

since z; < 1, < {3 < 7}, the last inequality follows from the strict
monotonicity of ¢(z), and the lemma is proved.

By the lemma 2.1 we can derive that the pair of weight functions
pi(2:2),pi41(2;2) forms a Tchebichefl system on [z;,z;41] and, conse-
quently, it holds [3, pag. 29]:

i+1
(23)  Zigi e Sipi(2:2)] <1, for all real f;, fiyy not all 0.

j=i

Following S.Karlin [4] we say that u,(f;z,n) is variation diminishing
in [2y,2,] if

S[:;,:n][u2(f;z»n)] < S-(.fhfzn--'vfn);
S[;ht..][uz(f;z’n)] = sup s-[u2(f; thn)i' v 1“2(j; tmy n)]

where the supremum is extended over all sets ¢, < 1, < ... < tm(t; €
[z1,2,]), m is arbitrary but finite and S~(y,, ¥2,-..,¥a) is the number of
sign changes of the indicated sequence, zero terms being discarded.

We can now state the following theorem:

THEOREM 2.1. The piccewise interpolating mean function ua2(f; z,n)
i8 variation diminishing in [z,,z,] and, in parlicular, il holds

(24) S[;h,,‘][uI(f;z‘n)]= S_(fl)”',fn):

PRrooF. Let the sequence (fi,..., f,) has no zero terms, then (2.4)
holds in the whole interval (z,, z,] if it holds locally in every subinterval
[zivzip)i=1,...,(n - 1), namely if

(2.5) S[;i,xi+,]["z(f;1»n)] = S_(fis fisr)-

If /, and fi;, have the same sign, then (2.5) follows immediately from
(1.10). If f; and f,4, have different sign, then S™(fi, fis1) = 1: in order
to get g, .., [1(fiz,n)] we note that the interpolation conditions at
z; and zi4) guarantee that uy(f;z,n) has at least one sign change in
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[zi,zi4,], moreover this sign change is unique by virtue of the relation
(2.3); so we can conclude that S, . = [ux(fiz,n)] = 1.

Let now the sequence (f;,...,f,) has r zero terms with 1 < r <
(n — 2), we suppose for simplicity that f; #0, fiy1 = fisa=... = fipr =
0, fisr41 # 0, then the (2.4) is verified if it holds

(2.6) Seorgepilta(fizm)] = 87 (fis fiarse s fiarsn)

by the (1.10) we derive that u(f;z,n) in [2;,2;4,] has the same sign
of f;, and in [zi4,,Zisr4+1) has the same sign of fi4,41; in the interme-
diate intervals [z,41,Zi42),-- -, [Zigr-1, Zitr] We get from the (1.11) that
uy(f;z,n) = 0, we can so conclude that the (2.6) is verified; finally if
r=(n-1),n, then S~(fi,...,f2) = 0 and, by (1.10) and (1.11) we can
derive that S[;‘_rn][u,(f;x,n)] = 0 too, and the theorem is proved.

Now we shall prove that the interpolation scheme uy(f; z,n) preserves
the monotonocity of the sequence (f1, f2,---,/n)

ProrosiTION 2.1. If fi, fas..., f» are monolonic, then uy(f;z,n)
il is monolonic in (zy,2,].

Proor. [4, pag. 22). Let d be any real number, and consider the
relation

i+l
w(fiz,n)—d =Y (f; —dpi(z:2) ii=1ls(n=1),

j=i

for any d, according to the hypotesis, the sequence (f, —d, 2—d,..., fa—
d) change sign at most once, the variation diminishing of uy(:;z,n) (re-
lation (2.4)) implies that u,(f;z,n) — d enjoys the same property, which
in turn implies the monotonicity of uy(f; z,n).

Finally, to illustrate the behaviour of the proposed method, we pre-
sent an example used in (5], where the interpolation values fy,..., fs are
the vertices of the polygonal line reported in Figure 1. The interpolation
curve uy(f;z,8) is obtained by setting p(z) = z in (2.1). In this case,
il ay = a; = ... = a; = 1, then uy(f;7,8) coincides exactly with the
polygonal line, this can immediately be derived by the relation (2.1).
Figure 1 shows the polygonal line and uy(f;z,8) witha; = a3 = ... =
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75

75

Fig. 2

ay = 2; Figure 2 shows u,(f;z,8) with variable exponents such that
1<a; < 2,i= l,...,7.
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