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The Doubly Confluent Heun Equation:
A Differential Equation Associated
with the Naked Singularity in Cosmology

H. EXTON

R1ASSUNTO - L’eguazione di Hcun a doppia confluenza ¢ un'egquazione differenziale
lincare del sccondo ordine con due solc singolarild entrambe irregolari e di secondo tipo.
L'cquazionc si risolve ulilizzando la trasformata di Laplace. La funzione modulanle ¢
soluzione dcll’cquazione di Mathicu generaliz:zala e, utilizzando l'intcgrule di Pochham-
mer, si ollcngono lulle le soluzioni significative sotlo forma di seric convergenti anche
se " equazionc di llcun a doppia conflucnza non ha singolarita regolari. Sebbene il mo-
tivo originalc ncll'affrontare queslo sludio fosse legato alla teoria di un caso limile di un
buco ncro con ragyio di Schwarzschild nullo (una singolarila nuda), l'aspello piullosto
inconsucto dcll'equazione diffcrenziale in esame merila ulleriore approfondimento.

ABSTRACT - The doubly conflucnt Heun cquation is a second order linear differ-
ential equation with only (wo singularitics both of which are irregular and of the second
type. This cquation is solved by means of a Laplace transform. The modulating func-
tion is a solulion of a generalised Mathicu cquation, and by ulilising a Pochhammer
doullc-loop intcgral, all the relevant solulions arc oblained in the form of convergent
scrics in spite of the fuct that the doubly conflucnl Heun equation has no regular sin-
gularities. Whilc the original molivation in carrying out this study was the connection
wilh the theory of a limiling case of a black hole with sero Schwarzschild radius (a naked
aingularity), the rather unusual aspect of the differential equation under consideralion
meniioncd above merits further interest.

Key WoRrps - Doubly confluent Heun - Generalised Mathiew - Naked singularily.
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1 — Introduction

A confluent form of the llcun equation occurs in various contexts
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including the theory of the Teukolsky black hole. See LEAVER [5). If
the doubly confluent IHeun equation is formed by means of confluence,
one interesting physical interpretation consists of the black hole with
zero Schwarzschild radius, that is a naked singularity. Although thid
notion is controversial from the point of view of certain aspects of current
cosmological theory, the resulting equation has certain analytic properties
in its own right which merit furtlier study.
In the first place, we have the differential equation

(1.1) 22Y" + (a + B2)Y' + (7 + 6z — 22?)Y = 0.

This equation has only two singularities, both irregular of type two,
one at the origin and the other at the point at infinity.

The Frobenius theory of lincar differential equations is not directly
applicable to dealing with irregular singularitics except perhaps to deduce
certain non-convergent solutions, and no further information is given. As
indicated by LEAVER [5], it will be shown that convergent series solutions
of (1.1) near the irregular singularitics do exist.

A precedent for this situation is already implicit in INCE [4], page
503, where the eqution

K K2 (z+ z“)] ¥ _,
2 4 4

(1.2) 2?w" + zw' - [a + =+

with two singularitics, both irregular and of the first type, may be trans-
formed into an algebraic form of Mathicu’s equation by the substitution
z = exp(2iz). Convergent series solutions relative to the irregular singu-
larities of (1.2) are thus possible.

2 - An alternative form of (1.1). Symmetries

For convenience, replace Y by exp(ez)y in (1.1) and obtain the equa-
tion

(2.1) 2y + (az’ + bz + c)y' + (dz + f)y =0,

wherea =26, 0=f,c=a,d=6+Pc and [ =7+ ac.
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The equation (2.1) will be taken as the standard form of the doubly
confluent Ileun equation.

Let z = 1/€ and y = £4/°y), when (2.1) becomes
(2.2)

e+ (2= o+ (25-8) e-a] 4 5 (1-e4 ) €41~ n=0.
This is of the same form as (2.1), so that if
(2.3) Z(a,b,¢,d, f;2)
is a solution of (2.1), then so also is
(24) z~9°Z(2 - ¢,2d/(a - b),~a,d/a(a - c + d/a), [ ~ bd[a;1/z).

Similarily, if in (2.1), we replace y by exp(—az)y, then a further
solution of (2.1) is seen to be

(2.5) exp(—az)Z(—a,b,c,d — ab, f — ac; z).

On combining (2.5) and (2.4), we obtain the fourth solution
(2.6)

d
exp(—az)za*Z(2~¢,b-24,a,(b~4)(1-c+b- 1), f-ac+b(£-1);1).
From these symmetries, it follows that if a convergent series repre-
sentation of (2.3) can be found, then fundamental systems of solutions of

(2.1) can be deduced relative to both of the irregular singularities. All
these solutions will be convergent series.

3 — The Laplace transform of (2.1)

As usual, write
(3.1) y= /e"u(t) dt,
c

where C is any closed contour on the Riemann surface of the integrand.
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On substituting this expression into (2.1), it is found that the mod-
ulating function u(¢) is any solution of

(3.2) tit+a)u" +[2a~d+ (a-b)Ju' —[b—-2— f - ct]lu=0.

Replace ¢ by —as, when (3.2) assumes its standard form as a gener-
alised Mathieu equation:

(3.3) s(1-s)u"+ [2—%—(4—b)s v =[2+f—-b-acslu=0

with Ince classification [0,2,1,]. Sce INCE [4] page 497.

Explicit scries solutions of (3.3) have been obtained by Exton (3]

by the intermediate use of the inhomogencous hypergecometric functions
studied by Babister [1}.

The standard solution of (3.3) ncar the origin is written as the uni-
formly and absolutely convergent scries

(3.4) CH(A,B;C;K;s) =Y K u.(s).
r=0

The parameters A, B, C and K are given by
d -
A+B=5-b, AB=2+ f-b, C=2——; and K = ~ac.

The function u,(s) denotes the multiple serics

s?r

(35) FAET L) 2 Amoms.

and
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(3.6)

Amgm,,..m.(A,B;C) = (A, mo)(B, mo)(C + 1,m0)(2, mo)

(A + 2,mo)(B + 2,m0)(C,mq)(1, mg)

(A+2,mg+m)(B+2,mp+ m)C+3,mg+m;)(4,mg+m,
(A+4 mo+m1)(B+4 mo+m,)(C+2 mn+m,)(3 mo+m,)

(A+2r-=2,mp+m+---+m,_;)(B4+2r-2,me+m;+---+m,_,) .
(A+2r,mo+my+---+m_ (B+2r,mo+m+---+m,y))

(C+2r— 17m0+ml+"'+mr—l)(2r)m0+ml+"'+m'-l) .
(C+2r—2,mp+my+---+m_)2r=-1,mo+my +---+m,)

. (A+2r,mo+m+---+m)B+2r,me+m+---4+m,)
(C+2r,mo+m +--+m))(l+2r,me+m +---+m,))’

where, as usual,

(a,m)=a(a+1)a+2)---(a+m—1)="T(a+m)/T(a),
(a,0)=1.

(3.7)

Here, and in what follows, the summation sign ¥ applics for cach of
the indicies of summation mg,my,...,m, from 0 to oo unless otherwise
indicated.

It has also been shown in Exton (3] that the function

(3.8) s$'=C(1-s)¢-4-8CH(1- A1 - B;2-C;K}9)

is also a solution of (3.3), and this is the form most convenient for the
present purpose.

4 ~ Convergent series solutions of (2.1)

In (3.1), suppose that the contour integration C is a Pochhammer
double loop slung around the points 0 and —a in the t-plane. Hence,
apart from any constant multiuplicrs and noting that { = —as, we sce
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that

(4.1) y= / e *s1=C(1 — 5)°~4-BCH(1- A,1 - B;2— C;K;3s)ds.
. {o:1)

Since the series (3.4) converges both absolutely and uniformly on the
contour, we have

(42) y= Z_A'—S S Amomy..ome(1— A1 = B;2 - O)T,

r=0 4""(% - %‘,7‘
where
(43) T = e""sl’c+"‘0+ml+“‘+mr+2r(1 _ S)C_A_Bds .
(0;1]

This integral may readily be evaluated by means of term-by-term
integration and we have

T = i (—az)P 31_c+mo+m,+~-+m,+p+2r(1 _ s)C_A'Bda P
= —p'

p=0 [0;1]

(2-C,mg+m; +---+ m, + 2r)
3-A-B,me+m +---+m, +2r)
2-C+mo+m+---+m, + 2r;
1F1( a:t)

(4.4) o (—1)motmtrtme

3J—-A-B+mo+m+---+m, +2r;

Sec Exton (2] page 17, for example.
Hence, the solution of (2.1) takes the form of the convergent series

- Kr
4.5 y= ————
(4.5) mzoil'r!(%—%,r)
2-Cymo+mi+---+m,+2r)
3-A-DB,me+mi+---+m,+2r)

2-C4+mo+m;+---+m.+2r;
az

5" Amomy,..m,(1-4A,1-B;2-C)

. (_l)mmw-mr,n (
3—A-B+me+my+---+m,+2r;
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The confluent hypergeometric function ,F; has been exhaustively
studied by many authors, including Slater [6].

If (2.4), (2.5) and (2.6) are now employed, fundamental systems of
solutions valid near both of the irregular singularities of (2.1) can be
written down.
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