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Tame Intersection Cohomology

B. CENKL®) - G. HECTOR - M. SARALEGI“*)

RIASSUNTO - In questo articolo dimostriamo che la comologia di intersezione di
una pscudovaricta X pué esscre calcolala a partire da certi complessi di deRham di
Cenkl ¢ Porter per complessi simpliciali.

ABSTRACT ~ In this paper we prove that the inlerscction cohomology of a pseudo-
manifold X can be computed from certain deRham complez of Cenkl and Porter for a
simplicial compler.

KEv Wonrps - Tame cohomology - Intersection cohomology - siralified pseudo-
manifolds.

A.M.S. CrassIFicaTION: S5N35 - 57TN80

Let X be an n-dimensional pscudomanifold (i.e. a compact space
with a closed subspace £, dimE < n - 2, such that X ~ I is an oriented
n-dimensional which is dense in X). Let [X] € Ha(X) be the fundamental
class of X and let N[X]: H*~¥(X) — H;(X) be the Poincaré map.

If X is a manifold (i.e. £ = @), then

(1) N[X] is an isomorphism,
(2) 1(X) x I,_; = Z, is nonsingular when tensored by Q.

If X is a pscudomanifold (i.c. T # @), then
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(1) and (2) are false in general,
(2), holds for the intersection homology I'.(X), [9].

ProBLEM: Find a deRham type complex IQ*(X) with the cohomology
IH*(X) such that there is an isomorphism

(1),  TH"(X) - II(X).

If so, is the pairing in (2), induced by the A-product of the differential
forms?

In this note we give a construction of IQ°(X) based on the tame
chain complex dual to the tame deRham complex of Cenkl and Porter
of (5], (13]. The resulting complex is a complex of differential forms on a
triangulation of a psecudomanifold. The cohomology of that complex also
carries a torsion information of the intersection homology.

Over the reals there are two constructions of a deRham complex
whose cohomology is isomorphic to the intersection homology [1],[2],{12).

None of these complex is closed under the product of forms. The new
invariant which arise from this phenomenon will be studied elsewhere.

1-~ Tame chain and cochain complexes

We use the following notation:

X stands for a simplicial set.

A is a simplicial Q,-module such that for each n, A}* is the tame
deRham complex,

C:(X) = Hom(A;%;Q,),

Cof(X) = ®nSm(X)®Cl,y/ ~, where ~ is an equivalence relation
which makes C, ; a differential graded Q,-module,

A‘.V(,\') = lIom(C.,,; Qﬂ)'

TueoreM 1.1 ([5], (13])). There are the isomorphisms H.(X,Q,) =~
H.(C. X)) of modules, and the isomorphisms H*(X,Q.)~ I{*(A**(X))
of algcbras.
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2 — The tame intersection chain complexes

Let X = X,, o X =X,,-7DX,,_3D"'3X0:)X_1 =Obea
stratification of an n-dimensional pseudomanifold X as in [7] or [9]. Let
X7 be an n-dimensional pseudomanifold X together with a triangulation
T, subordinate to the stratification. This means, in particular, that each
Xy is a subcomplex of X and the set of vertices V of Xr is ordered.
Therefore X7 is a simplicial complex.

With a simplicial complex there is associated a simplicial set con-
structed by adding to the simplices of the simplicial complex all the de-
generate simplices. Such a simplicial set is called polyhedral ({6, p.111)).
Thus with X7 there is associated the polyhedral simplicial set XT. Here
XT = {(vo,...,va)] vo < -+ € v,,v € V), where < stands for the or-
dering of vertices. The face and degeneracy operators are defined in
the usual fashion. With cach stratum X, there is associated a sub-
polyhedral simplicial set X7 = {.\',:(n);(li,s;}, and there are the inclu-
sions of polyhedral simplicial sets corresponding to the stratifications of
X; XT = XT 55T =XT,>XT ;5. 2Xx]2XT, =0

Let T be the barycentric subdivision of T. Then with the polyhedral
simplicial set X7 there is associated a simplicial set x7 corrcspondfng
to the barycentric subdivision of X7. There is also a direct construction
of X7’ from X ([6, p.199)). Considering the set V of nondegencrate
simplices of X7 and the partial ordering < on ¥; z < y when z is a face
of y, set

(XT')n = {(Io,...,zn)/zo SI] S "'SI.}, n=0,1....

With the polyhedral simplicial set X7 we associate the topological space
XT = U(XT x A,), where XT is given the discrete topology. I_h_cn the
topological rcalization of X7 is the topological space RXT = XT [ ~,
where the cquivalence relation (,a) ~ (y,b) is given by cither one of the
two conditions: (i) diz = y and a = b, (i) siz =y and a = 0;b. llere
8y o; denote the face and degeneracy operators on the simplicial set .A.
Since Xr is a (geometric) simplicial complex, the geometric realization
RXT is homcomorphic to the topological space Xt ([6, p-118]). Denote
this homcomorphism by r: RXT — X7. This homcomorphism can be
chosen in such a way that the composition

XT —RXT=XT /| ~ — Xy
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restricted to ¢ X A,,, where ¢ is an m-simplex with vertices vg,...,0m, is
a homeomorphism of ¢ x A,, onto the m-simplex [vo,...,vm] of X7. Let
T’ be a refinement of T and let ¢,¢’ € X7'. If the simplex rp(¢’ X An,)
of X7« is contained in the simplex rp(c x A,,,) of X7, we say that ¢’ is
contained in c.

Let R be a commutative ring and let C.(X7; R) and C.(XT'; R) be
the simplicial complexes of XT and X7 respectively. Then there is a
unique homomorphism of complexes

C.(XT;R) — C.(XT'; R)

defined as follows. To each £ € Cy(XT;R) we assign £ € C{XT;R)
50 that £'(¢) = 0 for ¢ € X7’ not contained in an i-simplex ¢ € X7 for
which £(c) # 0, and £'(c') = &(c) if ¢ is contained in an n-simplex ¢ € X7
for which £(c) # 0. Let C.(X;R) be the direct limit of the complexes
C.(XT; R) over all the triangulations of the polyhedron X.

The support [¢]r of € € Ci(XT; R) is the subcomplex of X7 (i.e. the
sub-polyhedral simplicial set). For a refinement T’ of T the geometric
realizations R(|¢|7) and R(|{|r+) are homeomorphic. We denote these
realizations by [£]. [{] is a subspace of X. A gcometric chain £ is said to
have the support |£].

A perversity p = (pz,P3,...,Pn) is a sequence of integers such that
P2 = 0 and peyy = pp or pryy = pi + 1; [7).

Let

(C.) LCio(XT)

be the subgroup of C; ((XT) consisting of those i-chains £ of weight g for
which

(P))r dim(€lr N X7_,) <i—k+pe
(P2)r dim(|9lr N X7 ,) S i~1—k + pe.
From (P,)r it follows that I,C. ((XT) is a subcomplex of C.,(XT). The

homology group
I, II.-.,(XT)

of the complex I,C. ,(XT) is called the i-th tame intersection homol-
ogy group of perversity p.
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LEMMA 2.1. The conditions (P,)r and (P;)r are independent of a
particular triangulation.

PRrRoOF. Observe that the dimensions of the space involved are equal
to the dimensions of their geometrical realizations. 0

Let Qp; = Q:‘ be the space Qf in [7], and let
H'-O(Q:,i) = H‘(C'.O(Q::i))
be the tame homology of the complex Q7.

LEMMA 2.2.

I,II.-,,(XT) = Im{”ﬁ'.c(Q:i) - H;,,(QIH,I)}-

PROOF. The proof is similar to that of [7). 0

COROLLARY 2.3. There is an isomorphism of modules

LI (XT)~ LH(XT;Q,)-

Proor. I,C. (XT) is a subcomplex of C. ((XT) and by [13], there
is an isomorphism I1.(C. ((XT)) ~ H.(XT;Q,). Therefore

Im{H:(C.(QT)) — Hita(Con(@pin1))} =
Im{11:(Q}iQq) — H,(Q}:41:Q0))
= I, H; (XT) by (7, p.160). 0
COROLLARY 2.4. Thcere arc isomorphisms
() LH(Xr;Q,)=~LHi(XT;Q,),
(i) LH(X;Q,) = LH(X1iQy)-
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Proor. (i) This isomorphism is a composition of the isomorphisms
Hi(Q,4: Q) ~ Hi(RQT;; Qq) and Ii(Q}:; Q) =~ Hi(RQJ ;s Qy)-
Next, recall that Q,; is a subspace of X7 and that

LH{(X7;Q,) = Im{H:(Qy.i;Qq) — His1(Qp,i+1:Qq)}
~ Im{H,(RQ}:; Q) — Hip1(RQT 113 Qq)}
~ Im{H;(Q} 1 Qq) — Hit1(Q7,41: Qy)}
= LH(XT;Q,).
(i1) The second isomorphism follows from the definition of intersection

homology with coeflicients in a ring ({7],[10]) a

Let R be a unitary ring with a unit. An R-orientation of an n-
dimensional pscudomanifold Xt is an oricntation of its regular part X7 —
¥. Such an orientation is given by an n-chain which associates with each
oriented n-simplex the unit element of R. The corresponding geometric
cycle is denoted by [X]. Let X7 be the polyhedral simplicial set associ-
ated with the polyhedron Xt ([6, p-199]). Let T’ be the first barycentric
subdivision of T and let X7  be the corresponding polyhedral simplicial

set.

LEMMA 2.5. A Q,-orientation [X] of the pscudomanifold Xy in-
duces a nalural morphism of complezcs

A= a(XT) L (XT).
The map N[X] induces the homomorphism of modules
r=ta(XT) T (X

This isomorphism is not an isomorphism for a singular pscudomanifold
Xr.
LEMMA 2.6.  There is a chain map

ﬂ: An-'.v(/\'T) — C.,q(."'r) .
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such that the diagram

An—k,' C.',(X)

X n(X]
N t

I,C.,,(X)

commules for every ¢ = 0,1,2...; k = 0,1,2,... and every perversily p.
Here ¢ stands for the inclusion.

PROOF. The statement follows from the argument given in [7}. O

While the chain complex I,C..(X) is a subcomplex of the ordinary
chain complex C..(X), it was observed, already in the original paper of
Goresky and MacPherson ([7]), that the intersection homology can be
expressed in terms of ordinary homology of a flag of subcomplexes of X:
Q.0 C Qp1 C-++ C Qpn = X, for every perversity p. Let :Qpi-1 — Qpii
and let 15:Q,; — X be the inclusions and let {C. (Q,.),d} be the chain
complex associated with the subcomplex @,,i of X. Set

(C) 1,Ci(X) = Z1((Qpisn) ® Wir(@r):
where
Zio(Qpist) = {2 € Ci(Qpan) [ 2 €48Z:4(Qr)) 5
Wi (Qpi) = {2 € Ci(Qy) | d2 # 0, Tgdz =0},
and t4, 74 stand for the inclusion and projection in the exact sequence
0 — Cuy(@p.e) ~% Co y(Qpot1) —2 Co(@res1s Qpe) —0-

Note that the induced differential maps Z; ((@y.is1) to zer0 and that

d”’i+l,'(op,l'+l) C Zi.c(Qr-H-‘) .

LEMMA 2.7. The composilion

1,Ci (X) — Ciy(@pi) — CLy(X)
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induces an inclusion of chain complezes
¥: Ipé-.q(x) — [,C. 4(X)
which gives an isomorphism on homology.

Proor. First of all we observe that the image of the composition lies
in I’,C.;,(X) for every i,q and p. But, according to [7, p.148], dim(QN- n
XT_,) <j =k + pi. Therefore for every z € Ci ((Q,.), togz € C, 1 (X)),
and dim(Jiogz| N X7 ,) < i — k + p; for every k because |z| = ILO#zI
Since dz € C;_1,4(Qp.i-1), togdz = diggz € Ci_y ¢o(X) and |diogz| =
ldz| it follows that dim(|diggz| N XT ,) < i — k — 1 + ps for every k.
Hence the inclusion ¢ gives a homomorphism 4 of diflerential graded
modules. In order to prove that ¢ induces an isomorphisin on homology it
suffices to show that ¥ induces an isomorphism . : H({I,C. (X),d}) =~
Im{H; (Qp:) = 1 4(Qpis1)}, for i =0,1,...,n. Observe that

Im{Hi (Qpi) — H; o(Qpit1)} =
t#Zi4(Qpi) | dCit1,(Qpis1) N g Cig(Qpi) =
i 1(Qp I-H) / d” i+l q(Qp l+l) =
H({1,C. ((X),d}). )
With the chain complexes
(C) {I,C. «(X),d}
() {L,C..((X),d}
there are associated the dual cochain complexes (A.) and (A.);
(A.) {1, A"2(X), d},
LAS(X) = AM(X)/J, AM(X). Here J,A"9(X) is the Q,-submodule
of those i-forms on X which vanish on the intersection i-chains
(i) {I,A**(X),d},
A' 1(X) = Hom(/, Ci <(X),Qy), and the induced differential maps

Hom(H ,q(Qp l)? Qq) to zcro, and "Oll](Z, 1(QP '+l) Q') to
]IOm(;'V,'“,'(Qp,i-H)v Qq)
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LEMMA 2.8. (i) The cohomology of the cochain complez (A.) and
the intersection homology are related by the exact scquence

0— Ezt(I,Hi_1,(X),Q,) — H'({LA**(X),d}) —
— Hom(I, H; ((X),Q,) — 0.

(ii) There are the isomorphisms of Q,-modules H({L,A(X),d}) =
H'({I,A™(X),d}).

PROOF. Since the complexes (A.) and (A.) are the dual complexes
of (C.) and (C.) respectively, the cohomologies ate related by the short
exact sequence. The sccond part follows from the chain equivalences of
the chain complexes {I,C*(X),d} and {I,C*1(X),d). 0

38 — The tame intersection deRham complex

Although the cochain complexes (A.), (A.) are expressible in terms
of differential forms and their quotients, they are basically just the duals
of the chain complexes (C.) (C.). It scems more appropriate to construct
a complex of differential forms on a triangulation of X whose cohomol-
ogy is isomorphic to the intersection homology via the Poincaré map.
Here we present a construction of such a complex (£2) and then relate its
cohomology to the cohomologies of the complexes (A.) and (A.).

Let X be an n-dimensional pscudomanifold together with its trian-
gulation T and its first derived triangulation T". Let T,_; be the (n-2)-
skeleton of T. Let p be a given perversity, p/ its complementary perversity
(ie. p+p =1t=(0,1,2,...,n-2)). Let s and ¢ be integers; 0 < i< n
and 0 < ¢. An (i,q)-form on X is an clement of the Q,-module

LX) = 01(X) 8 95'(X)

where the modules Qj-"(.\') i=12, are‘constructed in two stages.
First we construct the modules Qi(Qpa) for i = L2,
7 =1,2. Then the deformation retraction

n and

p: X —»(Q'." N {Ta-al) — QR
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is used to “pull back” the constructed modules.

3.1~ Construction of Q*(Q,..), 7 = 1,2.

Q';"(Q,,',,) fori = 1,2,...,n — 1, is the Q4-module of ({,q)-forms
which are d-closed and whose restriction to Q,; is non zero.

Q?'G(Qp.n) = AT¥(Qp.n)-

Q(Qpn) for i = 1,2,...,n — 1, is the Q,-module of (i,g)-forms w
on cach n-simplex, such that the restrictions to @, ;41 arc all the solu-
tions w of the equation dw = f for any 8 € dA*¥(Q,.:41) [i-e. for any
(global) coboundary of A'+19(Q,41)], such that the restriction of w to
Qpi wlq,; =a €dA19(Q, ;). If B = 0 then w = 0. Note that a global
solution w does not exist in general. But locally such solutions exist. If
a = 0 for example, then the existence of local solutions follows from the
(local) surjectivity of the differential d: A%(Q, iy1;Qp.i) — A+19(Qpit1)-
An explicit construction of w is based on the results of [4]. Since for any
nonzero w € Q;"’(Q,.,,.) the restriction dw to Qpi41 is a nonzero closed
form, it follows that d maps 25%(Q, ) to Q" (Q,.0)- lence we have

LEmMMma 3.2.
IPQ."(Qp.n) = Q;"(Qp.n) 5] Q;"(Qp.n)
is a diffcrential module for each pcrversily p and every q > 1.

LeMMA 3.3.  The cohomology of the complez I,Q0°9(Q, ), in di-
mension i, is isomorphic lo

Im{I¥(Qy,i41,Q¢) — H(Qp:,Qy)}-

Proor¥. First of all we prove that Im{. -.} is isomorphic to the coho-
mology H(L4(Q,.)). Let Q:-V.(Qr,i) be thc_rostriction of 2:9(Q,.») to
Q,i. Then IH(1,Q7%Q,.)) ~ 0(Q,) [ dQ57"9(Q,:), by definition of
the tame deRham complex Q. Then II'(L,Q°(Q, ) 2= I (I,Q2°1(Q, )
because the cohomology modules  [I'(1,Q°%(Qpn,Qpi)) and
]I‘*‘(I,,Q"’(Qp,n,Q,,_;)) of the relative complexes are zero; as the rela-
tives cocycles are zero. 0
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Let Q;*(X), j = 1,2, be the extensions of the Q,-modules Q;(Q,.»)
to X so that the cohomology of

LA (X) = Qy'(X) @ 22'(X)

is isomorphic to the cohomology of I,Q°4(Q,.). Such a complex
LQ(X) is called the tame intersection deRham complex with
perversity p and coefficients Q,. Its cohomology I,H*(X,Q,) is
called the tame intersection cohomology of X with coeflicients
in Q,. Let

é: I,Hi(X, Qc) _— Im{Hi(Q,,;+|, Q!) - Hi(Qr.i' Qc)}

be the isomorphism of modules.
Recall that the key step in the proof of Generalized Poincaré Duality
theorem ([7]) is the proof of the isomorphism

IP'HJ'(X) Qq) = ]m{”i(Qr.H»h Qq) - ”i(or.i’Qq)} ’

where p and p’ are complementary perversities, i.e. p+p =1t =(0,1,2,..
., —2) and i + j = n. That isomorphism is the composition of the
following four isomorphisms

LJ;(X,Q,)
T
és

Im{I;(Q, 5) —H;(Qp j31)}
1
2]

Im{H;(X = Qpis1 O[T-a|, X = Qpis1)— Hi( X =QpiN|Taa|, X - Q, )}
T

n(X]

lm{ll‘(Q,.;+,,Q,,_i+1 N |T -7') - ll‘(Q},i\Q’.i n ITn-ID)
1

é

Im {1 (Qpi1) — (Q,.0)}
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where i+ 7 = n, p+ P = t and where all the homologics are with
Q, coefficients. The isomorphisms ¢, and ¢, come {rom the long exact
sequences for the pairs; N[X] is the classical Poincaré duality isomorphism
in a relative form. The isomorphism ¢; is constructed in [7]. Let

A[X) = ¢s0¢z0n[X]o 0

be the composition of all these isomorphisms, together with our isomor-
phism ¢, as constructed above. Then we get

THEOREM 3.4.

LIF(X, Q) ™ i, _(X,Q,)

is an isomorphism of Q,-modules, fori=0,1,...,n, p+ p’ =t and any
g=12,...

Note that this generalized Poincaré isomorphism ﬁ[X] gives also the
isomorphism of all the torsion in the intersection homology with the tor-
sion in the tame intersection cohomology.

The complex I, A 9(X) can be “globalized” (following the construc-
tion of the complcx I,2°9(X)). The cohomology I, (X, Q) of the
resulting complex I, Q' “(X) is isomorphic to the mod ulc H(r, A*1(X).
These modules are rclatcd to the intersection homology by the short ex-
act sequence in Lemma 2.8. They are also related to the intersection

cohomology modules [, JI*(X,Q,) in the following way.

) ProPosITION 3.5. The cohomology modules I.H*(X,Q.) and
I.LH*(X,Q.) are related by the ezact scquence

0— Ext([, H™+(X,Q,), Q) — I H' (X, Qq) —
— Hom(I, H"~¥(X,Q,), Q) — 0,

wherep+p =1t.
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Note that I,Q°*(X) is not closed under the wedge product. For
example, let wy = (; + oy, k = 1,2, be two elements of [,Q°(Q,.»), such
that (; € Iin"'"(Qp.n), a; € IPQ;"'"(Qp.n)- Then wy Awy; = AG +§.
The restriction of £ to Q,4; is not an element of dA"*2-1(Q,; ,,,) in
general. Hence w; Aw, does not belongs to I,¥1+2:°(Q, ). This difficulty
does not disappear even when the perversities p are different for w, and
w,. However the wedge product of any two such forms is a well defined
form on every simplex of T, and the integral of such product is also well
defined. Using the symbol F][X] for that integration we can define a
pairing

Ipl HE(X’ Q" ) X InHu-i(X) Qn) — Qﬂm
by setting (a A[X])o(bN[X]) = (aAb)A[X]. This pairing, when tensored
with the rationals, for p, + p; = t, is the pairing of [7].
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