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Some properties of certain analytic functions

S. OWA - M. NUNOKAWA - H. SAITOH®"

RIASSUNTO - §i introducono due solioclassi Ba(a) e Cnl(a) di funzioni analitiche
nel cerchio unilario; se ne studicne le proprietd ed in particolare si considera una loro
generalizzedione.

ABSTRACT - Two subclasses Bn(e} and Cn(a) of certain analytie functions in the
unit disk are introduced. The object of the present paper is Lo derive some properties of
Junctions belonging to the clesses B,(a) and C.(a). Further, a generolization of the
clesses Bn(a) end Cala) is considered.

KEY WoRDS - Analytic funclion.

A.M.S. CLASSIFICATION: 30C45

1 - Introduction

Let A, be the class of functions of the form

(11) fRy =2+ i az* (meN={1,23..})

k=n+1

which are analytic in the unit disk U = {z: |z| < 1}. A function f(z)

{*}This research of the authors was completed at Gunma University, Maebashi, Gunma
371, Japan when the first author was visiting from Kinki University, Higashi-Osaka,
Osaka 577, Japan,
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belonging to A, is said to be in the class B,(a) if it satisfies

(1.2) Re{%‘fé—i'-;-)} <a

for some afa > 1) and for all z € U. Further, a function f(z) € 4, is
said to be a member of the class Cy(a) if it satisfies

zf"(2)
(1.3) Re{1+ e }<a
for some a{a > 1) and for all z € U. Note that f(z) € Ca(a) if and only
if zf'(z) € Ba{a).

2 - Properties of the class B,(a)

In order to prove our results, we have to recall here the following
lernma due to MILLER and MocaNU [2] (also, by MILLER [1]).

LEMMA. Let ¢(u,v) be a complez valued function,
¢$:D—C, DcCC* (C isthe compler plane)

and let © = u, + iup, v = v + ivs. Suppose that the function ¢{u,v)
satisfies

(i) $(u,v) is continuous in D;

(ii) (1,0) € D and Re{$(1,0)} > 0;

(ifi) for all (fuz,v1) € D such that v < —n(1+u})/2,
Re {#(iuz, ‘01)} <0

Let p(z) = 1+ paz™ + pann2™ + ... be regular in U such that
(plz), 20 (2)) € D for all z € U. If

Re {$(a(2),2'(2))} >0 (z€D),

then
Re{p(2)} >0 (z€U}.
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Now, we prove

THEOREM 1. If f(z) € Ba(a), then

z \ W7 n
2.1) R"(ﬁ) > e,
where vy > 0 and
(2.2) 1<a51+%".

PROOF. For f(z) € B,(a), we define the function p(z) by

1/
(2.3) (}(37)) =B+ (1 - B)p(z)
with
(2.4) 8= Ffé%—? .

Then, p(z) = 1 4+ paz™ + Pas12™* + ... is regular in U. It follows from
(2.3) that

2 o 1= B)ep(z)
(25) @ =T B+-P()’

or

(2.6) Rg{a-‘f'(‘)}=ne{a—1+"—(l'-—@-’i(ﬁl}>o.

i) B+ (- i)
Letting
(1 -8
(2.7 ¢{u,v)=a—l+m;,

t = %, + fug, and v = v, + fvg, we see that
(i)} ¢(u,v) is continuous in D = (C— {ﬁ;}) x C;
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(i) (1,0) € D and Re{¢(1,0)} =a~ 1> 0;
(iii) for all (iuy, v;) € D such that v; € —n(1 + u2)/2,

78(1 - By
7+ (- A7l
nyB(1 - B)(1 +u3)
2(6* + (1 - B)*u})
__(1-B)mn- 2a + 2)ul <0
2002+ (1-Pyu3) ~

Re{ct(iug,v;)} =a-1+

<a-—-1-

becanse 0 < f<land m—-2a+220.

Thus, the function ¢(u,v) satisfies the condition in Lemma. This
shows that Re {p(z)} > 0(z € U), that is, that

1/y
(2.8) B,e(J-,(%) >p=—T (e

Letting -y = 1, Theorem 1 leads to

CoROLLARY 1. If f(z) € B,(a) with 1 < a < 1+n/2, then

n

z
(2.9) Re(f(z))>n+2a_2 (zel).

Taking v = 2 in Theorem 1, we have

COROLLARY 2. If f(z) € Bp(a) withl <a <n+1, then

z n
(2.10) R)e1/f(z)>n+a_l (zeU).
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3 — Properties of the class C,(«)

For the class C,{a), we prove

THEOREM 2. If f(2) € Ch{a) with1 < a £ 1+n/2, then

f(z2) | n+2
(3.1) Re{zf’(z)}>n+2a (zeU).

Therefore, f(2) is starlike with respect to the origin in U.

PROOF. Define the function p(z) by

(3.2) zﬁg)—ﬁ+ﬂ — B)p(z).

Making use of the logarithmic differentiations of both sides in (3.2), we
get

) 1 (-Bw(E)
B3 Iy T ET(-PrE@ B0 B
80

efa (14 20
G

_ 1 (1 - B8)zp'(z)
-Re{a— P+ a—ApG)  B+0 -ﬁ)P(z)} >0

If we define the function ¢{u,v) by

1 (=B
(3.5) ﬂmw=ﬂ-g+g_mu B+(1-Bn’

with u = uy + iup, ¥ = ¥ + vy, then we obtain that
(i) ¢(u, ) is continuous in D = (C - {E'E_l ) x C;
(i) (1,0} € D and Re {¢(1,0)} =a—-1>0;
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(iii) for all (ius,%) € D such that v, € —n(1 +u3)/2,

_ . 8 A — B
Re {¢(‘“2)”l)} =a B8+ (1 - ﬁ)3u§ + P+(1- ﬁ);"g

g B nBO-p(+ud)
TR+ (1-/nd 202+ (1 - ) )
(1-8)(n +2— 2a)u}
== 7y < 0.
2(8% + (1 - B)*u3)
becanse 0 < f<landn+2—-2a2>0,
Therefore, applying Lemma, we completes the proof of Theorem 2.

Finally, we derive

THEOREM 3. If f(z) € Cp(a), then

Re(-L)"" i U
(3.5) (}',(7)) > m {(ze U),
where v > 0 and

(3.6) 1<a51+%.

PRoOF. Defining the function p(z) by

1 \V
37) (7)) =8+a-omto
with
T
(3.8) P=m¥ia—2
we have
Z"2)\ _ o g4 JL=BF ()
(39) a- (1 + F(z) ) =a-l+ B+(1-8)p(z)

Therefore, using the same manner of the proof in Theorem 1, we conclude
that Re {p(z)} > O (z € U), which implies (3.5}.
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Taking v = 1 in Theorem 3, we have

COROLLARY 3. If f(2) € Co(a) with1 < a < 1+ n/2, then

1 n
(3.10) Re(f,(z)) >—F—  (z€D).
Therefore, f(z) is close-to-convez in U.
Making ¥ = 2 in Theorem 3, we have

COROLLARY 4. If f(2) € Ch(a) withl <a < n+1, then

(3.11) Relff,zz) >n+2_1 (z € U).

4 ~ Generalization of B,(a) and C,(a)

In this section, we consider a generalization of the classes B,(a) and
Cal{a). ‘

THEOREM 4. If f(z) € A, satisfies

(41)  Re { - a)zfzg) +a (1 + ”J{(g))} <B (z€U)

Jor some a(a > 0) and (1 < 8 < 14 an/2), then

f(z) an + 2
(4.2) Ra{zf,(z)}>an+2ﬂ (zeU).
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PROOF. Letting

(4.3) ;’;% =7+ (1 -7)p(2)
with
(4.4) en+2

7=an+2ﬁ’

we have from (4.1) that

) ()
. Re{o- -0 - (1+ 5}

N LA ION I

y+ (1 -vp(z) v+ -71p(z)
Therefore, defining the function ¢(u, v) by

ol 1 a(l =)
(4.6) A Ry i e v

we know that
(i) ¢(u,v) is continuous in D = (C - {7—3—1}) x O
(i) (1,0) € D and Re {¢(1,0)} = -1 > 0;
(iii) for all (iuz,v1) € D such that v; £ —n(l +u3)/2,

. _ Y ay(l -1
Re {gliva, )} =8~ g g * 774 (1= 77l

<p- Y _ ney(l — 9)(1 + uj)
U+ (1-7g 2007+ (1 - 7)Pul)

_(Q=en-28+2ud _
20t A=)

<0.

Thus, with the help of Lemma, we complete the proof of our assertion.
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REMARK. If we take & = 1 in Theorem 4, then we have Theorem 2,
Taking a = 1/2 in Theorem 4, we have

COROLLARY 5. If f(2) € A, satisfies

zf'(z) , 2f"(z) _
@7 Re{ i+ S } <28-1 (z€U)
Jor some (1 < B < 1+n/d), then
£(2) n+4
(4.8) Re{zf'(z)}>n+4ﬂ (z€ U).

Further, letting a = 1/n, we have

COROLLARY 6. If f(z) € A, satisfies

S O gy
(4.9) Re{(n—l) o 2 }<nﬂ 1 (zel)

Jor some B(1 < B < 3/2), then

(4.10) Re { ‘J{(S)} >3 (zeD).
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