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Some six dimensional compact symplectic
and complex solvmanifolds

L.C. DE ANDRES - M. FERNANDEZ - M. DE LEON -
J.J. MENCIA®

RIASSUNTO ~ Si costruisce una famiglia di varietd compatte simplettiche di dimen-
sione 6 che hanno la stessa comologia di una verietd compatta Kéhleriana e struttura
simplettlice ¢ complessa.

ABSTRACT - We construct a family of compact symplectic solvmanifolds of dimen-
sion § which have the same cohomology ring as a compact Kéhier manifold. They have
compler structures, but we cannot determine whether or not these solvmanifolds admit
positive definite Kahler metrics.
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1 - Introduction

1t is well-known [12,5] that there are strong topological conditions
for a compact manifold M of dimension 2n to admit a positive definite
Kahler metric:

(1) the Betti numbers b3;(M) are non-zerofor L i< n;
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(2) the Betti numbers by;_, (M) are even ;

By bi(M) 2 bi_2(M)for 1 <i<n;

{(4) the strong Lefschetz theorem holds for M ;

(5) the minimal model of M is formal (so in particular all Massey
products of M vanish).

On the other hand, the additional structure of a complex manifold
leads to the Frolicher spectral sequence {E,} (see (7]). For a compact
manifold with positive definite K&hler metric this spectral sequence sat-
isfies:

(6) By X Ep .- X E,,

If M is a compact nilmanifold, not a torus, the conditions (4) and
(5) always fail (see [1,3,9]}. Thus M carries no positive definite Kahler
metrics. In contrast to the case of compact nilmanifolds there are com-
pact solvmanifolds non-nilmanifolds that satisfy both conditions (4) and
(5) ({6,2]). There, the examples described are 4 and 8-dimensional, re-
spectively.

In the present paper we construct a new family of compact solvmani-
folds MS(k) of dimension six each of which satisfics the conditions (1)-(6).
Whereas in [3] is proved that the minimal model of compact nilmanifolds
is not formal by showing that there are non-zero Massey products, all
Massey products in the spaces MS(k) vanish. For the compact solvman-
ifolds considered in [2] and [6] is proved that the corresponding minimal
model is formal by computing such a model, but the computation of the
minimal model of M®(k) is very long. Therefore we resort to the defini-
tion of formal manifold given in ([8], p. 158) to show that M°®(k) satisfies
condition (5}.

Moreover we prove that M%(k) possesses indefinite Kihler metrics
and so M®(k) has symplectic and complex structures. Finally, we also
study the Frolicher spectral sequence associated to the (natural} complex
structure on MS(k), and we show that this spectral sequence satisfies
condition (6). But, as the example of Benson and Gordon [2], we do not
know whether or not M%(k) admit {positive definite) Kihler metrics.

2 - The compact solvmanifolds M*%(k)
Let G(k) be the connected solvable (non-nilpotent) Lie group of di-
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mension 5 consisting of matrices of the form

e 0 0 0 0 =z
0 e* 0 0 0y
a= 0 0 eke 0 0 =z
=lo 0 0 e* 0y
0 1} 0 0 1 =z
0 0 0 0 0 1

where 2;,%,2 € R, 1 < i < 2, and k is a real number different from 0.
Then, a global system of coordinates {zy,3, Z2,¥2, 2} for G(k) is given
by

zi(a) = z;, yi(a)=yi! z(a)=z: 1€i<2;
and a standard computation shows that a basis for the right invariant
1-forms on G(k) consists of

{dz, — kxz,dz, dy, + kindz, dze — kxodz, dy; + kyedz, dz}.

This Lie group G(k) can be easily described as the semidirect product

IR x, IR‘, where
p: R~ Aut{R*)

is the representation defined by

e 0 0 0
0 e* 0 0

w(z) = 0 0 e 0 ' z€R.
0 0 0 e**

Therefore, G(k) possesses a discrete subgroup I'(k) such that the quotient
space G{k)/T'(k) is compact. Hence the forms dx, - kz;dz, dy;+ky:dz, dz,
1 <i <2, descend to 1-forms a;, 5, v, 1 £1 £ 2, on G(k)/T'(k).

Now, let us consider the product M®(k) = (G(k}/T'(k)) x S*. Then
there are 1-forms ay, By, az, B2, 7, 7 on M%(k) such that

do; = —koy Ay, dBi=kBiny, dy=dnp=0, 1<i<2.

Now, we notice that G(k) is completely solvable, that is adx : g(k) —
9(k) has only real cigenvalues for each X € g(k), where g(k) denotes
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the Lie algebra of G(k). In fact, g(k) is a Lie subalgebra of real upper
triangular matrices in gi{6,]R}). A theorem of Hattori(9] asserts that
the de Rham cohomology ring H*(G(k)/T'(k),R) is isomorphic to the
cohomology ring H*(g(k)) of the Lie algebra g(k) of G(k). Using this
result we compute the real cohomology of M(k) :

HO(M(k),R) = {1},
HY(M®(k),R) = {[7], [nl},
H*(MS(k),R) = {[en A 1), [a1 A Ba], [Br A 0], o2 A Bal [y A i},
H3(MS(k),R) = {[as ABi A4, (o1 A B2 A4], [Br Az A,
[az A B2 A, [ea A By A, [aa A Bz A,
[y Az A, (o2 A B2 Anl},
HYMS(k),R) = {[es ABiAcz ABa), [ea ABL A AT [a AB2 AY AT,
[BiAaz AyAn]fas AB Ay Anl},
HY(ME(k),R) = {[es ABLAaz AB Al [aa Ay Aaa A B2 AT},
HE(MS(k),R) = {[as ABL A aa A B2 AYA T}

Thus,
bo(MO(k)) = be(MO(k))
bi(M°(k)} = bs(MP(k))
ba(MS(k)) = bi(MP(k)) = 5,
bi(MS(k)) = 8.

Hence M¢(k) satisfies conditions (1)-(3).

I
R

THEOREM 1. The minirnal model of M®(k) is formal.

PROOF. The manifold M®(k) is formal if the homotopy type of the
exterior algebra of differential forms (A*MS(k),d) is the same as the ho-
motopy type of the cohomology ring (F'*(MS(k)),d = 0) (see [8], p. 158).
In other words, M%(k) is formal if (A*MS(k),2) and (H*(M¢(k)),d = 0)
have the same minimal model.
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Now, we define a map of cochain complexes
&: (H*(M5(k)), d = 0) — (A" M5(k),d)

by linearly choosing closed forms representatives for each cohomology
class; that is, ®[y] = 7, etc. One easily proves that ¢ is multiplicative and
then it is 2 homomorphism of differential graded algebras which induces
the identity on cohomology. Now, let ¥: (M, d) — (H*(M°(k)),d = 0)
be the minimal model of (H*{M®(k)),d = 0). Then &o¥:(M,d) —
(A* MS(k),d) is the minimal model of (A*M¢(k),d). Thus, the manifold
MS{k) is formal. g

Next, we show that M%(k) satisfies the strong Lefschetz theorem.

Let {X1, Y, X, Y, 2, T} be a basis of (global) vector fields on M°®(k)
dual to the basis of 1-forms {a,, 81, a2, 82,7,n}. Then

(X, 2] = kX;, [YoZ]= kY, 1<iS2;

and the other brackets being zero.

The collection {a; ABy, ey AB2, frAas, aahpy, 4 An} is a basis for
the closed 2-forms on M5(k). Thus, any cohomology class [w] of a closed
2-form w is given by

[w] = rly An) + slon A B] + tlon ABo) + ul[By A ag] +vfoe A By

for some constants ,s,¢,u,v. It is clear that w is non-degenerate if and
only if 7 # 0 and sv+tu # 0. The Lefschetz maps Alw]: HE (MO (k) —

HY(MS(k)) and Alw?]: H!(M®(k)) — H3(M°®(k)) are isomorphisms and
so0 MS(k) satisfies the strong Lefschetz theorem.

ReMARK. In [11) a compact symplectic 2n-dimensional manifold
(M,w) is said to be Lefschetz manifold if Alw)*~':H'(M)} —
H®~'(M) is an isomorphism. Then we have proved thet (M°(k),w)
are Lefschetz manifolds.

As we see, the manifold MO(k) satisfies the conditions (1)-(5). Next
we shall recall the following theorem duc to Benson and Gordon (2]:

THeOREM 2. ([2]) If G is o completely solvable Lie group with Lie
algebra g and T'/G is a solumenifold which edmits ¢ Kahler structure,
then
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(1) there is an Abelian complement a in g of the derived algebra
n=(g, g,

(2) a and n are even dimensional,

(3) the center of g intersects n trivially,

(4) the Kihler form is cohomologous to a left invarient symplectic form
W = wp + wy, where n = ker wy and a = ker w,,

(5) both wy and w; are closed but not exact in g (and also in ¢ and n),

(6) the adjoint action of a on n is by infinitesimal symplectic automor-
phisms of (n,w).

¥or the manifold Mé(k) the derived algebra n of g(k) xR is generated
by X,,Y1,X»,Y:. Then there exists an Abelian complement a of n in
8(k) x IR generated by Z,T. Hence a and n satisfy the conditions (1)-(3)
of Theorem 2. Furthermore, M®(k) satisfies conditions (4) and (5) of
Theorem 2.

Next, we shall construct an indefinite Kihler metric on M%(k). Define
an almost complex structure J on M¢(k) by
(1) JX,=X;, Jh =Y, JZ=T.

A direct computation shows that the Nijenhuis tensor of J vanishes.
Consequently, J is complex. A basis {A, u, v} for the 1-forms of bidegree
(1,0) is given by

A= +vV-1a;,
lu’=BI+ V_lﬁﬂ!
v=oa+v-1n.

Thus, we have
A= -2AA(v+0)

k
dp= g uh(v+o),

dv =0.
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Define
Q=AIAE+IAp+v=1vAD.

Then § is closed, and it is easy to see that ) has maximal rank.
Furthermore § is a symplectic form of bidegree (1,1) on M®%(k); and so
the metric g given by g(U, V) = Q(U, JV) for vector fields U,V on M%(k)

is an indefinite Kahler metric.
Therefore we have

THEOREM 3. MO(k) possesses an indefinite Kdhler metric. Hence,
MS(k) has symplectic and complez structures.

REMARK. If the coordinate functions z;, 1, 1 < i € 2 of the Lie
group G(k) are such that z, = z, and 3, = ¥, on G(k), then the compact
solvmanifold M(k) = (G(k)/T(k)) x §! is 4~dimensional. This manifold
was studied in [6], and there was proved that M (k) carries no complex
structures.

Next, we shall consider the Frolicher spectral sequence {E,} associ-
ated to the complex structure on M®(k) defined by (1). Let A" (M(k), C)
= @ AP? be the usual decomposition of the complex valued differential

pq20
forms, and d = 8+ with 3 of type (1,0) and J of type (0,1), #* =3 =0
and 85+ 88 =0.

Then it is known [7] that

W {a E_Z\M; Ba = 0}
b {ae A, a =383 for some ﬁEAm—-l}

= Hg*(M°(k)),

E§* = HP (Hz(M*(K)),0),

that is, the term B, of the spectral sequence is the cohomology of the
differential algebra (/\"",5) and the term E; is the cohomology of the

differential algebra (3-cohomology, 8).
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From (2), we have

HS (MO(k)) = {[5]},
Hz*(M°(k)) = {d A B},

Hy (M°(k)) = {(A Az A 81},

HZ(MO(k)) = ([},

Hy (Me(R)) = {Ir Al (A D), (v AP}

HP (MO(k)) = {AABADL[LAAAD]L [V AXA B},

H (MO(R)) = {lv AXA B AL},

HZO(ME(K)) = {r A g},

HP(MO(K)) = {[pAvADL A v A B, AN ALY
HYY(MO(K)) = {IMABAIAL), [EAVAXAD) DAVARAD]Y,
HZM(MO(K)) = {DABAXABA DL},

HZ(MO(k)) = {IAApAv]}

HZ'(MP(k)) = {[AApAvAD])

HX (M) ={DDApAvaXagpl,

HE(ME(K)) = {AApAVAIABAD])

Now it is easy to see that 8: HZ? — HE*!? is the zero mapping,
and hence By & B, = ... X E_,,
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