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On order-preserving isomorphism of Cy(X)

B. CENGIZ

RIASSUNTO ~ E ben noto che se esiste un isomorfismo lineare di Co(X) in Co(Y)
che conserva l'ordine, allora esiste, per ogni numero ordinale a, una costante positiva
K tale che card X®) < K cardY(®), Pertanto non esiste alcun isomorfismo lineare di
¢ in co che conservi l'ordine.

ABSTRACT - It is shown that if there is an order-preserving linear isomorphism of
Co(X) into Co(Y) then there is a positive constant K such that card X(*) < K card Y(®
for every ordinal number a. Consequently there is no order-preserving linear isomor-

phism of c into co.
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1 - Introduction

Let X be a locally compact space(!). We shall denote by Cy(X) the
Banach space of all continuous complex-valued functions that vanish at
infinity on X, provided with the supremum norm. If X is compact we
shall write C(X) instead of Co(X). Cg(X) (resp. C"(X) when X is
compact) will denote the real clements of Co(X) (resp. C(X)).

Let T be a lincar isomorphism (i.e. 7" and T~! are continuous) of
Co(X) onto Co(Y). The spaces X and Y need, of course, not be home-

(Throughout this paper all topological spaces are assumed to be Hausdorff.
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omorphic, unless [T |77} < 2 (see [1]). However, they share some
common properties, for one, they should have the same cardinality (see
[2]). Although, we also know of some other properties which are pre-
served under surjective isomorphisms of Cy(X) (see [4]), the problem is
basically open.

For into isomorphisms our expectations should naturally be more
modest. In [6], Holsztynski proves that if T' is an isometry from C"(X)
into C"(Y') then X is the continuous image of a closed subset of Y. The
same result was obtained previously by GEBA and SEMADENI [5] with
the additional hypothesis that T and T~! are order-preserving. In [3],
the author was able to generalize this result to the locally compact case
as follows: if T is a linear isomorphism of Cy(X) into Co(Y) such that
1T IT~*|| < 2 then for each ordinal number a, X(®) is the continuous
image of a subset of Y'*, where for a topological space Z, Z(®) denotes the
a-th derived set of Z defined by transfinite induction: Z©@ = Z, Z() is
the set of all non-isolated points of Z, and for any a > 1, Z() = (Z®)™)

ifa=6+1,and Z® = N Z® otherwise.
B<a

In this article we will drop the norm condition ||T|| ||T-!|| < 2 and
assume, instead, that T is order-preserving, and prove that for every or-
dinal number a, card X® < K card Y@, where K = inf||¢|| |¢~!||, and
where ¢ runs through the set of all order-preserving linear isomorphisms
of C{(X) into C5(Y).

Let us recall that a linear map T from Cp(X) into Cy(Y) is said to
be order-preserving if Tf > 0 for all f € Cy(X), f > 0. It should be
noted that the inverse of an order-preserving linear isomorphism need not
be order-preserving. For example, if we let X be the discrete space of
positive integers and Y be its one-point compactification with oo as the
point at infinity, and define T(f)(k) = f(k+ 1)+ 3f(1) for all k& > 1
and T(f)(cc) = 3f(1), f € Co(X), then clearly, T, (from ¢g = Co(X)
onto ¢ = C(Y')) is order-preserving but 7! is not. For another simple
example, let X =Y = [0, 1] and define T(f)(t) = f(t)+ [y f d\, t € [0,1],
f € C(X), where A is the Lebesgue measure on (0, 1].

Let T be an isomorphism of Cy(X) into Co(Y). T* will denote its ad-
joint, and for each y € Y, §, will denote the evaluation map on T(Co(X))
at y. We may and will identify bounded functionals on Cy(X) with finite
regular Borel measures on X. - |
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2 — The results

THEOREM. Let X,Y be locally compact spaces. If there ez-
ists an order-preserving linear isomorphism of C5(X) into Co(Y) then
card X@ < KcardY® for every ordinal number a.

We need the following lemma.

LEMMA. Let X,Y be locally compact spaces, and let T be a norm-
increasing, order-preserving linear isomorphism of Co(X) into Co(Y') with
|17 = 1. For each z in X let {Usi: i € I.} denote the family of all
open neighbourhoods of z in X. For each z in X and i € I let f.; €
Ci(X) be such that 1 = || fzil = fzi(z) > fri(2) 2 0 for all z € Uz and
fei(2) =0 forall 2 € X\ Uy;. ForeachO0<z<1,z€ X andi€ I, let
K.ile) = {y € Y: T(fui)(y) 2 €} and Yz(e) = {y € Y: T"6,({z}) 2 €}-
Then,

(a) Y(€) =N{K.i(e):i €I} forallz € X and0<e <1,
(b) Y.(e) NY® £ @ for every ordinal number 3, every z € X# and
0<e<l.

PRroOF. Fix z € X and 0 < € < 1. It is easy to see that for each y €
Y, T*6,({z}) = lim T(f.i)(y), and therefore {Kzi(€): i € I,} C Yz (¢).

Let y € Y:(¢) and write T*6, = ap, + p where a = T"6,({}). . is
the unit point mass at z and p = T*6, —ap.. Since T is order-preserving,
T*6, is a positive mecasure. Thus, 4 > 0. Therefore, for each i € I, we
have T(fz:)(y) = T°6,(fzi) = afzi(z) + [y fridi 2 a 2 € from which it
follows that Y;(e) € N{K.i(¢): i € I}, and this completes the proof of

(a).

Since for any finite subset {¢),...,1,} of I,
m I{:,’k(E) D {y G Y: T(ftilfliz MERR f-'l'in)(y) 2 E}
A=1

and this latter set is nonvoid, it follows that {K,;(¢): i € I} is a family
of compact subset of Y with the finite intersection property. Therefore,
Y. () = N{K,;(e): i € I.} is nonvoid.
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The preceding argument shows that (b) is true for 3 = 0. Now let
B > 0 and assume that (b) holds for every ordinal numbers § < 3.

Suppose that 3 is a limit ordinal. For each z in X and 0 < € < 1, by
part (a), Y;(¢) is a compact subset of Y. Now fixz € X% and 0 < € < 1.
Then, by the induction hypothesis, {Y,(e) N Y®: § < B} is a family of
compact subsets of Y with the finite intersection property, and hence,
Y.(e)NY® = 6r<]ﬂY,(e) NY® is nonempty.

Now let us assume that 8 = y+ 1. Suppose that there exist z € X
and 0 < € < 1 such that Y;(¢) N Y is empty. Then it follows that
there exists a finite subset {i1,1,,...,i,} of I, such that Y& N K, ()N
... N K, (€) is void. Let f = foiy  frig +oor fui, and K (€) = {y €
Y: T(f)(y) > €}. Then K;(e)nY® =9.

Let us choose a sequence {z),z,,...} of distinct points in X" with
f(zn) 2 V& for all n, and a sequence gy, gy, .. in C5(X) such that 1 =
”g"“ = gn(Tn) > gn(l) 2 0 for all z € X and gngm = 0 for all n # m.

For each n, let F, = {y € Y': T(9,f)(y) > €}. Since 0< g,f < fand T
is order-preserving, we have

(1) F. CKye) foralln.

Now fix n, let y € Y.,(v/€) and write T*6, = ap, + p where a =

T*6,({z}). Thena > /€ and therefore T(gnf)(y) = af (zn)+ [y gnfdp 2
€ which shows that y € F,,. Thus,

(2) F,0YM£0  foralln.
k
Let n;,n,,...,n, be distinct integers, and let g = 3 9n;f. Then,
3=1

k

clearly [lgll < 1, and [Tl 2 |T(g)(®)l = % T(9n;f)(y) 2 ke for every
J:

y € F,, NF,N...NF,,. Hence we have:

3) If k> |T||/e, then Fp, NFy,N...NF, =0 foranyk
distinct integers n;,n,,...,n.

From (1)—(3) it follows that K () N Y™ is an infinite set which in
turn implies that K (e)NY® > (K, (e)NY M) £ § (by compactness of
the set K;(e) NY), which is a contradiction. This completes the proof
of our lemma.
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PROOF OF THE THEOREM. Let T be an order-preserving linear
isomorphism of Cj(X) into C5(Y). We may assume that T is norm-
increasing (i.e. ||Tf]l > ||f|| for all f € Co(X)) and that ||T7!|| = 1 (for
otherwise we may replace T by ||T~!||T" which has, as easily shown, these
properties).

Let a be an arbitrary ordinal number. If Y@ is empty then, by the
lemma, X® must be empty. We may, therefore, assume that Y(*) #
@. Let us fix 0 < € < 1 and for each y € Y™ define X, = {z €
X@: T°6,({z}) > €}. Then by part (b) of the lemma we have card X, <

IT|l/e and X c U{X,: y € Y®}. Thus,

1
card X® < 3" card X, < El]Tll cardY®,
yEY(")

and since 0< € < 1 is arbitrary we conclude that card X(® <||T'|| card Y*),
which completes the proof.

COROLLARY.
i) There is no order-preserving linear isomorphism from ¢ into co.
ii) IfY is dispersed (i.e. Y(®) =0 for some a) but X is not, then there
is no order-preserving linear isomorphism of Co(X) into Co(Y').
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