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A necessary and sufficient condition for oscillation of

neutral type hyperbolic equations

D.P. MISHEV - D.D. BAINOV

RIASSUNTO - Si ottiene une condizione necessaria e sufficiente per l'oscil-
lazione delle soluzioni delle equazioni differenziali iperboliche lineari di tipo neutro
della forma (*) dove 2 é un dominio limitato di IR" con una frontiera regolare e

n

Au(z,t) = 3 uzz (2, t).
i=1

ABSTRACT - In the present paper a necessary and sufficient condition is obtained
for oscillation of the solutions of neutral type linear hyperbolic differential equations of
the form
wale,t) + 3 aalz,t - ) - [Bu(z 0) + 3 bi(00Au(z, 03] +

I J

*
+cu(z, t) + ch(x.t—ak) =0, (z,t)eflx(0,00)=GC,
K

where Q is a bounded domain in R" with a piecewise smooth boundary and
Au(z,t) = Y uzs,(z,8).

=1
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1 - Introduction

In the recent few years the fundamental theory of partial differen-
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tial equations with a deviating argument has been developed intensively.
However the qualitative theory of these classes of partial differential equa-~
tions, important for the applications, is still in an initial stage of its de-
velopment. Thus, for instance, to the oscillation theory for this class
of equations only a small number of papers in the period since 1984.
Sufficient conditions for oscillation of the solutions of hyperbolic differen-
tial equations with delay were obtained in the paper of GEORGIOU and
KREITH [2]. Conditions for oscillation of the solutions of neutral typer
hyperbolic differential equations were obtained by MISHEV and BAINOV
(3], [4] and YosHIDA (7].

2 - Statement of the problem

In the present paper a necessary and sufficient condition for oscilla-
tion of the solutions of neutral type linear hyperbolic equations of the
form

une(z,t) + 3 s (T, t — ) — [Au(z, t)+3 b;(t)Au(z, p; (t))] +
I J
+eu(z,t) +)_ crulz,t —ox) =0, (z,t) €N x(0,00)=GCG

is obtained, where 2 is a bounded domain in IR" with a piecewise smooth
boundary, Au(z,t) = Z Ug,z;(2,t), I, J, K are finite sets of successive

positive integers contammg the number 1.
Consider boundary conditions of the form

@ %=o, (z,2) € 82 x [0, 00)
and
(3) u=0, (z,t)€dx[0,00).

We shall say that conditions (H) are met if the following conditions

hold:
H1. b;(t) € C([0,00); R) for j € J.
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H2. p;(t) € C([0,) : R) andtl_i_.moop,(t)=ooforje.].
H3. c,a;,cr € Rforie [,k e€ K.
H4. 7, =const > 0,0, =const >0 fori€ I,k € K.

DEFINITION 1.  The solution u(z,t) € C*(G) N CHG) of problem
(1), (2) ((1), (3)) is said to oscillate in the domain G if for any positive
number a there ezxists a point (o, to:) € Q x (a,00) such that the equality
u(zo, to) = 0 should hold.

3 — Main results

In the subsequent theorems a necessary and sufficient condition for
oscillation of the solutions of problems (1), (2) and (1), (3) in the domain
G is obtained.

With each solution u(z,t) € C*(G) N C*(G) of problem (1), (2) we
associate the function

4) () = / u(z,)de, > 0.

Q

LEMMA 1. Let conditions (H) hold and let u(z,t) € C*(G)NC'(G)
be a solution of problem (1), (2). The the functional v(t) defined by (4)
satisfies the differential equation

(5) V() + D a"(t-m)+ o)+ avt—or) =0, tt,
T K

where ty is a sufficiently large positive number.
PROOF. Let u(z,t) € C*(G) N C'(G) be a solution of problem (1),

(2). From condition H2 it follows that there exists & number u > 0 such
that p;(t) > 0 for t > p,j € J. Introduce the notation

to = max{y, 7,0kt € I,k € K}.
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Integrate both sides of equation (1) with respect to x over the domain 2
and for ¢t > t, obtain

‘Z; [/u(z, t)dz+Za‘/u(z t——'r.)d:z:]
1]
- / Au(z,tydz + 3 b (2) / Au(a, pj(t))de] +
2 J f

+c/u(x, t)dz+ch/u(z,t—ak)dz =0.
K 9

1]

(6)

From Green’s formula it follows that

) /Au(:z:, t)dz = gi—‘dS 0,
Q
®  [oun@i= [ g @nms=0, je
1] an

Using (7) and (8), from (6) we obtain that

v'(t) + Za,-v”(t — 1)+ cv(t) + chv(t —o0x) =0
7 K

which was to be proved.
In the domain w consider the Dirichlet problem

AU(z)+aU(z)=0, z€RQ,

9)
U(z)=0, ze€dQ,

(10)
where o = const. It is well known (5] that the smallest eigenvalue o of
problem (9), (10) is positive and the corresponding eigenfunction w(z)

can be chosen so that p(z) > 0 for z € 2.
Assume the following two additional conditions fulfilled:
H5. b;(t) =b; e R for j € J.
H6. p;(t) =t — p; for j € J, where u; = const > 0.



(] A necessary and sufficient condition for oscillation of etc. 549

With each solution u(z,t) € C*(G) N C'(G) of problem (1), (3) we
associate the function
(11) w(t) = /u(:c, typ(z)dz, t=>0.

h!

We shall note that such averaging was first used by YOSHIDA [6].

LEMMA 2. Let conditions HS-H6 hold and let u(z,t) € C*(G) N
C(G) be a solution of problem (1), (3). Then the funtion w(t) defined by
(11) satisfies the differential equation

W'(t) + Y aw"(t - T) + o [w(t) + E bjw(t — u,-)]
(12) 4 J
+aw(t) + Y aw(t—o) =0, t>to,
K
where ty is a sufficiently large positive number.

PROOF. Let u(z,t) € C*G) N C*(G) be a solution of problem (1),
(3). Introduce the notation

to = max{n,u;, ox: i €I,j € J k€ K}.

Multiply both sides of equation (1) by the eigenfunction ¢(z) and inte-
grate with respect to z over the domain Q. For t > ¢, we obtain

Tj:? [ / u(z, t)p(z)dz + D e / u(z,t - 7:)e(z)dz|+
a T 3

(13) —[/Au(:x, t)e(z)dz +ij/Au(m,t— ;Lj)ga(x)dx]«}-
Q J o a

+c/u(:z:, t)p(z)dz + ZC,,/u(:z:, t—ox)p(z)dr =0.
A K

Q

From Green’s formula it follows that

/ Au(z, t)p(z)dz = / u(z, ) Ap(z)dz =
1]

(14) ?

= —ap [ u(z,t)p(z)dr = —agw(t),
‘[ Qow )
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/Au(m,t ~ u;)p(z)dr = /u(iz:, t — p;)Ap(z)dr =
=—ag /u(:c,t — p)p(z)dr = —aow(t — p;) -
h!

Using (14) and (15), from (13) we obtain
W)+ Y aw(t— ) + o [w(t) + Y bw(t— p,-)]
1 7

+ew(t) + chw(t —ox)=0
K

which was to be proved. 0
From the lemmas proved above it follows that the finding of condi-

tions for oscillation of the solutions of equation (1) in the domain G is
reduced to the investigation of the oscillatory properties of neutral type
ordinary differential equations of the form

&

(16) dt?

[-'B(t) + Y pi(t - Ti)] +) aqz(t—ox) =0, t>to.
7 K

Assume that the following conditions are fulfilled:

H7. p; € R,7; = const > 0 for 2 € I.

HS8. gy € R,0 =const > 0 for k € K.

DEFINITION 2.  The solution z(t) of the differential (16) is said
to oscillate if the function z(t) has a sequence of zeros tending to +oo.
Otherwise the solution is said to be nonoscillating.

In the proof of the subsequent theorems we shall use the following
result of ARINO and GYORI [1].

THEOREM 1 [1].  Let conditions H7-H8 hold. A necessary and
sufficient condition for equation (16) to have a nonoscillating solution is
that the corresponding characteristic equation

an A2 [1 +3 pie”‘"’] + 3 ek =0
1 K

should have a real root.
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A corollary of Lemma 1 and Theorem 1 is the following necessary and
sufficient condition for oscillation of the solutions of problem (1), (2).

THEOREM 2. Let condition (H) hold. A necessary and sufficient
condition for all solutions of problem (1), (2) to oscillate in the domain
G is that the equation

(s) FO = X1+ e +e+ P =0
I K

should have no real roots.

PROOF. Necessity. If Ap € IR is a root of equation (18), then the
function u(z,t) = e*** is a nonoscillating positive solution of problem (1),
(2) in the domain 2 x [to, 00).

Sufficiency. Suppose that the assertion is not true and let u(z,t) be a
nonoscillating solution of problem (1), (2). Let u(z,t) > 0 for (z,t) € G.
(The case when u(z,t) < 0 for (z,t) € G is considered analogously. From
Lemma 1 it follows that the function v(t) defined by (4) is a positive
solution of the differential equation (5). Then from Theorem 1 applied
to (5) it follows that equation (18) has a real root which contradicts the
condition of the theorem. - ; a

A corollary of Lemma 2 and Theorem 1is the followmg necessary and
sufficient condition for oscillation of the solutions of problem (1}, (3)-

THEOREM 3. Let conditions H3 — H6 hold. Then a necessary and
sufficient condition for all solutions of problem (1), (3) to oscillate in the
domain G is that the equation

(19) 9(X) = 2*[1+3aie™%] +ao[1+ Y bje™ ] +c+ Y cre™* =0
I J K

should have no real roots.

PROOF. Necessity. If Ap € IR is a root of equation (19), then the
function u(z, t) = e**p(z) is a nonoscillating positive solution of problem
(1), (3) in the domain Q x [to, 00).

Sufficiency. Suppose that the assertion is not true and let u(z,t) be a
nonoscillating solution of problem (1), (3). Let u(z,t) > 0 for (z,t) € G.



552 D.P. MISHEV - D.D. BAINOV (8]

(The case when u(z,t) < 0 for (z,t) € G is considered analogously.) From
Lemma 2 it follows that the function w(t) defined by (11) is a positive
solution of the differential equation (12). Then from Theorem 1 applied
to (12) it follows that equation (19) has a real root which contradicts the

condition of the theorem. a

ExAMPLE 1. Consider the equation

uy(z,t) + aUy(Z,t — 1) — [Au(m, t) + bi(t)Au(z, (t))] +

(20)
+eu(z, t) + qu(z,t—0y) =0, (z,t) €2 x(0,0)=G,

with boundary condition (2). Assume that the coefficients of (20) satisfy
the conditions:

bi(t), m(t) € C([0,00);]R.),t-li_l.Ilwpl(t) =00,

a;,¢,¢ € R, 7,00 =const >0,c+¢ <0.

In this case equation (18) takes the form
fO) =2 (14ae™n) + et e =0.

A straightforward verification yields f(0) f(+00) < 0. Hence the equation
has a real root and Theorem 2 implies that problem (20), (2) has a
nonoscillating solution.

ExAMPLE 2. Consider the equation

U (z,t) + arup(z,t — 1) — [Au(x, t) + bAu(z,t — ,u1)]+

(21)
+ecu(z,t) + cqu(z,t —01) =0, (z,t)€Qx (0,00) =G,

with boundary condition (3). Assume that the coefficients of (21) satisfy

the conditions:
a,b,c,c0€R,

T1, f41, 01 = const > 0,
ag(l+b1)+c+c <0.
In this equation (19) takes the form

gy = A (1 + 0'16—'\") + ap (1 + ble"'\“l) +c+ce =0,
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where ap = const > 0 is the eigenvalue of problem (9), (10). A straight-
forward verification yields g(0)g(+o00) < 0. Hence the equation ha a real
root and Theorem 3 implies that problem (21), (3) has a nonoscillating
solution.
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