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On the integration in convergence spaces
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RIASSUNTO - Si definisce un integrale, rispetto ad una misura non negativa e
finita, per le funzioni a valori in uno spazio pseudo-topologico di Husdorff completo. Se
ne studiano alcune proprietd
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1 — Introduction

The convergence spaces (also called pseudo-topological spaces or limit
spaces) have had a great utility for solving the different difficulties found
in the extension of the Fréchet differentiation in normed spaces to more
general topological vector spaces. Analogously to the extension process
in the differentiation theory, on extending the Bochner integral to the
case of functions valued in locally convex spaces, several theories have
appeared, which present some handicaps relative to different questions
like the completeness and the dual of the spaces L? and the permanence
of the existence of densities of measures (see (1], [2], 5], and [12]), among
others.
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'1?he main ob:]ect of this paper is to present an integration theory for
functions valued in convergence spaces. This let us to give a global treat-
ment for diverse known theories and it is useful for solving the difficulties
mentionned before and also in the study of the problems where it ap-
pears the duality between the differential (in pseudo-topological spaces)
and the integral, mainly related with the solution of differential equations
in these spaces.

The integral here has been defined with respect to a non negative
and finite measure but it could be extended for non necessarily finite
measures following a standard way. Also a similar development could be
made starting from measurable functions with countable image instead
of simple functions.

2 — Integration in convergence spaces

Let X be complete Husdorff pseudo-topological vector space and
(R, T, 1) a non negative and finite measure space. Let assume that for ev-
ery filter F on X which converges to zero (we will write F | 0) there exists
a filter F' coarser that F, which has a basis formed by absorbing, bal-
anced, convex sets. The countably additive vector measures m: L— X,
the simple functions and their integrals will be defined in a standard way.

DEFINITION 1. A non empty subset A C X is said to be bounded
if Ve [A] | 0, where V denotes the filter of the zero neighborhoods in R
(with the usual topology) and [A)] is the filter generated by the filter basis

{4}-

Clearly, if A is a non empty balanced, convex, bounded subset of
X, then the convergence structure defined by the gauge g4 of A, in the
linear subspace X, of X (generated by A) is such that a filter F | 0 (in
(Xa,Q4)) if and only if it is Sner than the filter Ve [A], (being [A]4 the
trace of the filter [A] on X4), and every bounded subset of the normed
vector space (X 4,9g4) is a bounded subset of the pseudo-topological space
X. Then we can state the following:

PROPOSITION 2. A countably additive measure m: X — X is
bounded (i.e. m(E) is a bounded subset of X ) if there exists a balanced,
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convez, bounded subset A C X such that m(X) C X4 and (X4,q4) @5 a
Banach space sugh that T4 is a total subset of the dual space of (X 4,q4),
being I 4 the family of the restrictions to X 4 of the linear and continuous
mappings from the convergence space X into IR.

PROOF. It follows from the DIEUDONNE-GROTHENDIECK theorem
(see the corollary 1.3.3, p.16, of (8]) since z’'m is a real value countably
additive measure, and therefore bounded, for every z' € T'4.

Remark that the restrictions to X 4 of the linear and continuous map-
pings from the convergence space X into IR, are continuous linear forms
on (X A4 A)-

DEFINITION 3. A filter S of simple functions is said to be uniformly
convergent on A € X to a function f: w— X if the filter generated by
the filter-basis {{f(t)—s(t): t € A,s € S}: S € S}, is convergent to zero.

As usual we say that a filter S of simple functions is almost uniformly
convergent to a function f: Q@ — X if for every € > 0 there exists A € X
such that 4(Q2 — A) < € and the filter S is uniformly convergent to f on
A.

PROPOSITION 4.  Let S be a filter of simple functions which is
uniformly convergent on A € T to a function f: w— X, then the filter
I4(S) generated by the filter-basis

{{/Asdu:se‘S}:SeS},

is a Cauchy filter on X and therefore it converges to a vector, that we will
denote by [, fdu. It is easily proved that the vector [, fdu is independent
of the filter S of simple functions.

PROOF. Let us suppose that u(A) > O and consider a filter F | 0
having a basis B formed by adsorbing, balanced, convex sets such that
it is finer than the filter generated by the filter-basis {{f(t) — s(t): t €
A.s € 8}: S € S}. Then if By, B; € B there exists S € S such that
{f(t) —s(t): te A,s € S} C B, fori=1,2, and therefore, if

si=Y Tixa, €S (i=1,2)

j=1



894 M® E. BALLVE - P. JIMENEZ GUERRA (4)

we have that

fA s,du — /szdp. Z(.’c — z3)u(A; N A) € u(A)(B: + By),

=1

from where it follows immediately that I, (8) is a Cauchy filter.

DEFINITION 5. A function f:  — X is said to be u-measurable if
there exists a filter S of simple functions and a filter (on X) F | O such

that S is almost uniformly convergent to f and for every F € F there
erists S € S verifying that

{Lsdu—Afd,u:sGS}CF

for every AsinX such that the filter S is uniformly convergent on A to
f.

PROPOSITION 6. With the notations of the definition 5, let (An)nen
be a sequence of pairwise disjoint members of ¥ such that u(Q— U A,) =

0 and S is uniformly convergent on A, to f, for everyn € N. Then the
filter 1(f) generated by the basis

{{ / du:nzm}:me]N},

0 4

Je=1

is convergent to a vector of X that will be denoted by [, fdu and it is
independent of the filters S and F and also of the sequence (A, )nen.

PROOF. In fact, we can assume that there exists a basis B of F,
formed by absorbing, balanced, convex sets. Then if B € B there existg

S € S such that
/8d;z— / fdue B

m m
U A U 4e

k=n k=n
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for every s € S and m,n € N with n < m. If 35 € S there exists no € N
such that
/ spdp € B
0 Ak
k=n

and
/ fdue B+B

U A«

k=n
for every m > n > ng, from where it follows that the filter I(f) is a
cauchy filter on X and so it converges to a vector [, fdu € X.
Let (Cp)nen C X another pairwise disjoint sequence such that u(2—

U C.) = 0 and the filter S is uniformly convergent on C,, to f for every
neN
n € IN. Let us prove that the filter generated by the basis

{{U(A;[cp) fdu:m,n > r}: T E IN}

k=1,...,m
p=1,...,n

is convergent to [, fdu. In fact, let be B € B then there exists so € So€es
and 7o € IN such that if m,n,p > 7o, u = min(m,n) and v = max(m, n)
then we have that

/fdy— / fdu € / Sody — / sodpy+ B+ B

U(A‘NCJ’) m U(A"an)
U Ag i=1,...,n U Ax i=1,...,n
k=1 J=1 P k=1 j=le,p

and

/sodu- / sodu € / sgdu+ BC B+ B,

m u(A,-ncj) U(Aincj)
U A i=1,...,n k=u,...,v
k=1 J=lho,p J=la,p

from where the result follows immediately, since the independence of F
is trivial and the independence of S is a consequence of the proposition
4.
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DEFINITION 7. A u-measurable function f: Q— X s said to be
p-integrable if there exists a filter S of simple functions almost uniformly
convergent to f and a filter F | 0 on X verifying that for every F € F
there exists S € S such that

(7.1)‘ /};sdp—/Afdp eF

holds if s € S and A € X, where [, fdu is the vector [, fy ,du whose
ezistence has been stated in the proposition 6.

THEOREM 8. Let f: £} — X be a p-integrable function and consider
the set function my: T — X defined by

m(a)= [ fdu  (AeD),

then the following assertions hold:

8.1. my is a countable additive measure.

8.2. my is u-continuous (i.e. the filter on X generated by the basis
{{ms(A): p(A) < €}: € € R*} is convergent to zero).

8.3. Let g: Q@ — X be another p-integrable function and o, 8 € RR.
Then af + Bg is p-integrable and masip.(A) = ams(A) + fmy(A) for
every A € L.

8.4. Let Y be a complete Hausdorff pseudo-topological space and
T: X —Y a linear and continuous mapping, then the function T o f
is u-integrable and

T( [ fau) = [T f)au

holds for every A € Z.

PROOF. 8.1. Let us consider two sequences of pairwise disjoint sub-
sets of X, (An)nen, (Bn)nen C I, a filter S of simple functions which is
uniformly convergent on A, to f, for every n € N, and a filter F | 0
on X which has a basis B formed by absorbing, balanced, convex sets,
such that p(Q — UNA,.) = 0 and S and F verify the conditions of the

ne
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definition 7. Then for every B € B there exists s, € Sy € S and ng € N
such that if m,n > ny we have that

/ fdp— / fdpe B+ / sodp— / sodu+B

+o0 n 400 n m
(U B 40 kL_Jl By (U Ben(U 40 kL_Jl By,

k=1 i=1 k=1 i=1

and

/ Spdp — / spdp =

+o00 n m
(U Bn(U 40 U &
k=1 i=1 k=1
= / sodp — / sgdu€e B+ B,
400 n m +o00
(U BanJ 40 (U Bt U 40
k=m+1 i=1 k=1 i=n+4l

from where the result follows easily.

8.2. Let be S and F two filters verifying the conditions of the defini-
tion 7 and suppose that the filter F has a basis B formed by absorbing,
balanced, convex subsets of X, then if B € B there exists s € Sp € S
and € > 0 such that

Afd#=A(f—so)dp+Lsodp€B+B

for every A € T with u(A) < € and so the result holds.
8.3. and 8.4. are trivial.

DEFINITION 9. A countably additive measure m: £ — X is said to
have locally small average range if there ezists a filter F | 0 on X such
that for every A € £* = {C € Z: u(C) > 0} and F € F there ezists
A eXi={CeZ:CcA,uC)>0} such that

m(C) m(D)

B Bl eF

wC)  u(D)

for every C,D € &3,
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THEOREM 10. If the space L£(X) of the u-integrable functions
h: Q— X, edowed with the following convergence structure: a filter
T on L(X) is convergent to a function f € L£(X) if there exists a fil-
ter F | 0 on X such that for every A € T, the filter generated by the
basis {{fa(9 — f)du: g € I}: I € I} is finer than F, is a complete
pseudo-topological space then every u-continuous countably additive mea-
sure m: £ — X having locally small average range, has a density in

L(X).

PROOF. Let us consider the filter of simple functions S, generated

by the basis(®
{{Z -Z}((—g%) C:w’Zr},ﬂEH}

Cen

where II denotes the family of all measurable and finite partitions of
ordered by refinement (i.e. m < 7 if every element of m; is modulo x
the union of elements of 7). Let us prove first that S, is a Cauchy filter.
In fact, let F | O be a filter verifying the condition of the definition 9
and which is coarser than the filter generated by the basis {{m(A): A €
5, 1(A) < €}: € € R*}. We can assume the existence of a basis B of the
filter F, formed by absorbing, balanced, convex subsets of X.

For every B € B and A € T* there exists a sequence (An)nen of
pairwise disjoint subsets of X belonging to T such that p(A— EJN Ap) =
0 and
m(C) _ m(D)
pw(C) (D) :

for every C,D € £} and n € IN. Moreover, since the measure m is
p-continuous there exists 7o € IN such that m(C) € B for every C € I,

+oo

being Ao = | An- Let be m = {Ay,... s Ang, Ao, — A} and consider
no+1
7y, T2 > o, then if

m C,', .
8; = Z L%;)lxci (z=la2)

Ci;€Eny

(We will take % =0.
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we have that

i C, C,
_/A(sl — 82)du € (Z > (7:_((6'1_)) - 7:_((#)#(01 n Cz))'*‘

k=1 C),C2,CAg
Ci€m;
i=1,2

no
B+BC)Y uwAy)B+B+B+Cu()B+B+B,

k=1

from where it follows that S, is a Cauchy filter in £(X), and therefore,
there exists f € L£(X) such that S, converges to f (in £(X)). Then
I4(Sy) converges to f, fdu and m(A) = [, fdu for every A € X, since
I4(S,) is convergent to m(A) and the limit structure on X is Hausdorff.

REMARK 11. In the case of being X a Banach space if we consider the
limit structure on it defined by its topology, then the integral stated here
contains the Bochner integral. Moreover, if X is a complete Hausdorff
locally convex space and we consider the limit structure defined by its
topology, then the integral defined in [13] (see also [12]) is also contained
in the integration defined here, since for every u-integrable function (fol-
lowing [13]) there exists a pirwise disjoint sequence (Ky;)nen C Z such
that u(Q— U K,) = 0 and for every n € IN there exists a net (f])ier, of

neEN

simple functions (vanishing outside of A,) which is uniformly convergent
to f on A, and the filter generated by the basis

{{Xr:f,-’;.:ijte,j=1,...,r,r_>_n}:n€]N}
Jj=1

verifies all the conditions of the definition 7. The integrals of [7], [11] and
[14] are similar to the integral of [13].

Moreover, if X is a complete Husdorff convex bornological space,
then the bornological integral defined in [6] is also contained in this one if
we consider on X the Mackey limit structure associated to the bornology
of the space (i.e. F | 0 on X iff there is a bounded, balanced and convex
subset B C X such that the filter on X generated by the basis formed
by the zero neighborhoods in (Xp,¢s) is coarser than F).
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