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Some sensitivity conditions for infinite groups

M.R. CELENTANI - U. DARDANO

RIASSUNTO — Si caratterizzano i gruppi risolubili nei quali ogni sottogruppo nor-
male ¢ pronormale-sensitivo. Tali gruppi risultano essere T-gruppi. Izzol‘tn si de-
scrivono i gruppi risolubili { cui sottogruppi infiniti godono della proprietd della x-
sensitivitd, quando x é la normalitd, la pronormalitd, la massimalita.

ABSTRACT — We charucterize soluble groups in which all normal subgroups are
pronormal-sensitive. Such groups turn out to be T-groups. Moreover solublg groups ufzth
the x-sensitivity condition for infinite subgroups are described, where x is normality,
pronormality, mazimality.
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1 - Introduction

Let x be a subgroup property and write H <, G if H is a x-subgroup
of the group G. Following P. VENZKE [18] we say that a subgroup K of
the group G is x-sensitive if the following holds:

(i) H<, K = 3X<,G:XnK=H

(i) H<,Gand K¢ H = HNK <, K.

In fact the property x considered by VENZKE in (18] is that of being
a maximal subgroup. From results in his work and [14] it follows that
in a finite soluble group the normal subgroups are maximal-sensitive if
and only if all (proper) subgroups are intersection of maximal subgroups.



998 M.R. CELENTANI - U. DARDANO [2]

Later M. EMALDI (6] has shown that the hypothesis of finiteness is unnec-
essary. Several authors have studied groups with sensitivity conditions
for various properties x, among them we quote [19], [12] and [1]. In the
last work S. BAUMAN has considered normality as x and shown that
G is a finite group then every subgroup of G is normal-sensitive if and
only if G is a soluble T-group. Here, as usual, by a T-group we mean
a group whose subnormal subgroups are normal. Much work has been
done on T-groups; our general reference on this topic will be (16}, from
which we will borrow terminology. Bauman’s result has been extended by
B. BRUNO and M. EMALDI in [2]. They have shown that if G is locally
finite or soluble group, it has the property considered by Bauman if and
only if it is a T-group, i.e., all of its subgroups are T-groups. Furthermore
in (3] groups with quasinormal-sensitive subgroups have been studied.

A subgroup H of a group G is said pronormal if for anyzeG,H
is conjugate to H* in (H, H®) or, in other words, = belongs to the set
(H,H*)Ng(H). Clearly normal subgroups and maximal subgroups are
pronormal. Also Sylow p-subgroups of a finite group G are pronormal and
it is well-known that, if G is soluble, the prime p may be replaced by any
set m of primes. Recently there has been some interest in pronormal sub-
groups. Generalizing a previous result of T.A. PENG [15], N.F. KUZEN-
NYI and [.YA. SUBBOTIN [13] have characterized locally soluble groups
in which all subgroups are pronormal (see below). Later EMALDI in (8]
has shown that for soluble groups the properties of having all subgroups
pronormal or that of having all subgroups pronormal-sensitive coincide.

In this work we characterize soluble groups in which all normal sub-
groups are pronormal-sensitive. They turn out to have property T but
not necessarily T, (see Theorem 2.2). Some results on this problem can
also be found in [4]. Moreover we consider group classes obtained by
imposing the x-sensitivity condition (only) to infinite subgroups, where
X is normality, pronormality, maximality. Also soluble groups in which
all infinite subgroup are pronormal are characterized.

Our notation is mostly standard; we refer in particular to [16] and
[17).

2 — Groups whose normal subgroups are pronormal-sensitive

In this section we will study groups in which the condition of being
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pronormal-sensitive is imposed to the normal subgroups of the group.
For the sake of compactness a group with such a property will be some-
times called X-group. Clearly simple groups are X-groups. Observe that
if G is a hypercentral group then pronormal and normal subgroups co-
incide. In fact an ascendent pronormal subgroup is normal and so the
hypercentre of a group normalizes every pronormal subgroup. Thus for
a hypercentral group also properties T and & coincide. In Theorem 2.2
we will characterize soluble X-groups. The proof of the theorem will be
accomplished through a series of lemmas and propositions, some of which
give characterizations of pronormal subgroups of soluble T-groups. The
first proposition handles also the non-soluble case. If H is a pronormal
subgroup of G we will write H pn G.

PROPOSITION 2.1. Let G be a X-group, G’ < N <G and H LG;
then
(i) H pn N implies H pn G;
(it) H a N implies H < G;
(iit) N is a X-group.

PROOF. (i) By Zorn’s lemma there is a subgroup M maximal subject
to the condition N < M and H pn M. Since M is normal in G there is
a pronormal subgroup P of G such that H = PN M. Then H <P and so
Hpn MP. It follows that P< M and H =Ppn G.

(#3) If H < N then by (i) H is at the same time pronormal and
subnormal in G.

(#43) Let H pn K 4 N. Then by the above K 4G and so there is a
pronormal subgroup P of G such that H = PNK = (PNN)N K and
PN N pn N. Furthermore if P, pn N and K <N then P, = PN N where
Ppn G;hence LNK=PNKpn K, as K4G. 0

We observe that if G is a T-group then the statement of Proposition
2.1 remains true even if we replace G’ with v3(G).

Before stating the main result of the section we give some definitions.
A group G is said to have property P if and only if for any H < G it
holds:

(7)) Hpn H® = Hpn G
(45) Hpn Gand NaG =+ HNNpn G
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Of course, in view of (j), (jj) may be equivalently stated with
H N Npn N instead of H N Npn G. Moreover it is clear that P im-
plies X and (j) implies T. Actually for soluble groups even X implies T
because it turns out to be equivalent to P, as we will see in the statement
of Theorem 2.2.

We will call KS-group a soluble group all of whose subgroups are
pronormal. By results in {13], non-periodic KS-groups are abelian and
a periodic group G is a KS-group if and only if G = B 1< A, where
A = 73(G) is an abelian Hall subgroup without elements of order 2, every
subgroup of A isnormal in G, B is a Dedekind group and any Sylow w(B)-
subgroup of G complements A. Moreover if C is a subgroup of the above
KS-group G, then there is a subgroup B; such that G = B, < A and
C = (BiNC)<(ANC). By results in [16] it follows that if G is a soluble
T-group and m(y3(G)) is finite, then G is a KS-group.

In fact KS-groups fall into the class of T-groups with the splitting
property, i.e., periodic soluble T-groups G which split over the odd com-
ponent of ¥3(G), which coincides with v3(G) if and only if the group has
also T. A periodic soluble T-group with the splitting property has the
form G = (B x D)<y A, where A and B are abelian coprime 2'-groups,
D is a Sylow 2-subgroup and the action by conjugation of B x D on A
is realized by @ : B x D — Paut A, where Paut A is the group of power
automorphism of A (see Theorem 5.2.1 of [16}).

THEOREM 2.2. Let G be a soluble group. Then the normal subgroups
of G are pronormal-sensitive if and only if G is a T-group and one of the
following holds:

(i) G is hypercentral;
(ii) G has an abelian non-periodic subgroup of indez 2;
(i5) G = (B x D)< A, where A and B are abelian coprime 2'-groups, D

8 a Sylow 2-subgroup of G and G/v3(D) is a KS-group.
Furthermore G has all normal subgroups pronormal-sensitive if and only
if G has P.

About case (iiZ) we note that clearly v3(D) is the 2-component of
73(G) and if G = (B x D) <y A then y3(D) < ker@ and G/v(D) is
canonically isomorphic to (B x (D/v3(D)) b<s A, where 8 is induced by
6. Moreover such a group G is a T-group whenever A is quasi-central in
G, i.e., every subgroup of A is normal in G.
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LEMMA 2.3. Let G be a soluble X-group. Then G is a T-group.

PROOF. Let first G be nilpotent. Then pronormal subgroups are
normal and from H 4K 4G it follows H = PN K aG, where P<G. Hence
G is a T-group in this case.

Let now G be any soluble X-group. Clearly the derived series
{G%}50 of G is quasi-central; in fact by Proposition 2.1 any of its mem-
bers has X, so that, if G0+) < H < G¥, from H4aGY) it follows HaGU-V
for any j, where 1 < j < 4. For any i, let C; = Co(G®/G¢*Y). Thus
G/C; is isomorphic to a group of power automorphisms of G®/G¢#+1) and
so is abelian. Hence G’ < C; and the series {G("},5¢ is a central series
for G’, which is therefore nilpotent. By the above and Proposition 2.1
any subgroup of G’ is normal in G; in particular G’ is a Dedekind group.

Let finally H 4 H® 4 G. There is no loss of generality in supposing
HNG'=1. Then H is abelian and H¢ = H x (H° N G') is a Dedekind
group; hence HG' is nilpotent by Fitting’s Theorem. Since HG' is a
A’-group we get H 4 HG' and so H 4 G, again by Proposition 2.1. 0

The next lemma gives a necessary condition for a subgroup of a sol-
uble periodic T-group to be pronormal. Then Proposition 2.5 will settle

the periodic case.

LEMMA 2.4. Let G be a periodic soluble T-group, A, the 2-compo-
nent of an abelian normal subgroup A of G such that m(A)Nn(G/A) € {2}
and H any subgroup of G. Then H pn HA if and only if H4 HA,.

PROOF. If H pn HA we have H < HA,, since A, is contained in the
hypercentre of G. Conversely let H<H A, and, without loss of generality,
suppose H N A = 1. Then it is enough to show that, for any a € Az, H
is conjugate to H® in (H, H*). On the other hand (H,H*) = Hi< A, =
H®p< A, < H < {(a), where A, < (a). The conjugacy follows now from
the Schur-Zassenhaus Theorem, since (a) is finite. a

PROPOSITION 2.5. Let G be a periodic soluble group. Then the

Jollowing are equivalent:

(e) G is a X-group;

(b) G = (B xD)<A, where A and B are abelian coprime 2'-groups, A is
quasi-central in G , D is a Sylow 2-subgroup of G which is a T-group
and G/~3(D) is a KS-group;
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(¢) G is a T-group and the subgroups of G normalized by the 2-component
of 73(G) are pronormal;
(d) G has P.

PROOF. Let L, be a Sylow 2-subgroup of L = v3(G).

(@) =+ (b) By Lemma 2.3, G is a T-group. Let G = G/L,.
Then by Lemma 2.4 for any . H < G it holds H pn HL; therefore H pn G
by Proposition 2.1. Thus G is a KS-group. Then G splits over I, say
G = Ko< L. If A is the 2-component of L then G = K < A and G
has the splitting property. Therefore G = (B x D) <4 A, where clearly
v3(D) = L; and also the requirements on A4, B, D are satisfied.

(6) == (c) By results in {16] G is a T-group. We observe that

= 13(G) = 73(D)[BD, 4}; in particular 7;(D) = L,. Let now H < @
a.nd H<HL,. By Lemma 2.4 we get at once H pn HA. Let G = G/HNA.
Then G = (B x D)< A has the same form as G. Thus there is no loss of
generality in assuming HNA =1.

Observe that any Sylow #(BD)-subgroup K of G complements A.
In fact 73(D) <G and 73(D) < K, hence it follows that K/v;(D) comple-
ments Ay3(D)/va(D) in the KS—group G/7(D) and KA = G. Now take
K such that H < K. It follows H <« Hy;(D) = Hy3(K) sn K and HaK,
for K ~ G/A is a T-group. Thus Hpn KA =G.

(¢) = (d) Let H < G and N<G. If Hpn G then, by Lemmg
2.4, [H,L,) < H and consequently [H N N,L,] < HN N which implies
HNN pn N. On the other hand, if H pn HS then we have HLy<HS L, q
G, since G/Ly is hypercentral. Hence HLy = HSLy and [H,L,) <
HLyNLy,=HN L, so that H is pronormal in G.

(d) = (e) This is clear. Q0

As costumed in the treatment of soluble T-groups we will study the
non-periodic case by distinguishing whether Fit G = C¢(G') is periodic
or not (type 1 or type 2, respectively). The next two statements settle
the non-periodic case and complete the proof of Theorem 2.2.

PROPOSITION 2.6. Let G be a non-abelian T-group of the form
G = (2,C), where C is a non-periodic abelioan subgroup with indez 2.
Then G has P and for any subgroup H of G not contained in C the
following are equivalent:
(a) H is pronormal in G;
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(b) H is pronormal in H®;
(c¢) C/H NC is periodic and its 2-component has exponent at most 2.

PROOF. We first show the equivalence of (a), (b) and (c). Recall that
z acts by conjugation on C as the inversion map.

(a) = (b) This is obvious.

(b) = (c) Let C, and C; be subgroups of G such that HNC? <
Co < C, £ C? and C,/Cy is a 2-group. Then C;/C, is contained in
the hypercentre of G/C, and HC,pn HC, < HC? = HC. 1t follows
HCy<HC, and so C,? = [H,Cy) < HCoNC? = C,. Therefore C?/HNC?
is periodic with no element of order 4. On the other hand, since C? =
~73(G), the 2-component of C? is radicable. Thus C?/H N C? has no
elements of order 2 and (c) is satisfied.

(c) = (a) This follows from Lemma 2.4, since the 2-component of
C/H N C lies in the centre of G/HNC.

Finally, let us to show that G has P. In fact we must only verify
condition (57). Then let H pn G and N <G. If N is contained in C' there
is nothing to prove. Otherwise N has the same form of G with C* = NNC
in the role of C, since C*/H NC" is periodic and has elementary abelian
2-component, by (c). It follows HNN pn G. 0

LEMMA 2.7. Let G be a non-periodic soluble T-group such that C =
Cc(G') is periodic. Then G is a X-group if and only if it is hypercentral.

PROOF. Let G be a X-group. Since we just have to show that G’
is contained in the hypercentre of G there is no loss of generality if we
assume that G’ is a p-group. Moreover, since G is generated by its ele-
ments of infinite order we may also assume G = (z) o< G', where z is one
of such elements. Let a the p-adic integer such that z acts on G’ as the
power automorphism of exponent a.

If () is pronormal in G, then so is (zP~!) = (z)N(zP~1)G’ in (zP~)G',
as the latter is normal in G. On the other hand (zP~')G’ is hyper-
central because z induces on G’ the power automorphism of exponent
o®~1, which is congruent to 1 modulo p. Hence G’ normalizes (zP~!) and
so [zP~!, G']| = 1, which is a contradiction because no element of infinite
order centralizes G'.
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Thus (z) is not pronormal and so there is a € G’ such that o ¢
(z,2%) = (z,za'"%) = (z)(a'~2). It follows that p divides & — 1 and sgo
()G’ = G is hypercentral. The sufficency of the condition is evident, [

We maeke a final remark about the fact that the sensitivity property
X together with solubility implies 7. Actually what we really have used
in the proof of Lemma 2.3 is that subnormal pronormal subgroups are
normal. So let us give a definition. Let G be a group and S(G) a subset

of the subgroup lattice £(G) of G. We say that the S(G) is a transitivity
system for G if the following hold:

() HaK<4G = 3S€eSG):SNK=H

(@) f NaGand S€ S(G),SNNsnN = SNNaN.

Observe that, if N = G, condition (ii') states S(G) N sn(G) C n(G).
Moreover, if S(G) is a transitivity system for G and G' < G, < G, by a
slight modification of the proof of Proposition 2.1(i) one can prove that
the normal subgroups of G; are normal in G and that the set S(Gy) =
{SNG, | S € §(G)} is a transitivity system for G;. Finally, by the same
proof of Lemma 2.3 and the trivial observation that the set of norma]l
subgroups is a transitivity system if and only if the group is a T-group,
one gets the following:

THEOREM 2.8. 4 soluble group is ¢ T-group if end only if it has g
transitivity system.

3 — Conditions on infinite subgroups

In this section we shall study soluble groups in which infinite sub-
groups are x-sensitive, where x is normality, pronormality and maximal-
ity. Consequently we divide the section in three parts.

3.1- Normality

We shall say that a group G has property B (respectively: property
IB), or that G is a B-group (respectively: IB-group), if all its subgroups
(respectively: infinite subgroups) are normal-sensitive. Furthermore a
group whose infinite subgroups are T-groups is said a T-group. As quoted
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above, for soluble groups properties B and T coincide. A corresponding
results hold for the classes IB and T'.

PROPOSITION 3.1. The followz'ng_; hold:
(i) If G is an IB-group, then it is a T-group;
(it) If G is a soluble T-group, then it is an IB-group.

Before proving Proposition 3.1 we have a look at T-groups. Clearly
all subgroups of T-groups are IT-groups, i.e.,groups in which infinite
subnormal subgroups are normal. The class of IT-groups has been stud-
ied by S. Franciosi and F. de Giovanni [9] and H. Heineken [10]. It
comes out that infinite periodic soluble IT-groups are either T™-groups or
Priifer-by-finite. Similarly, infinite soluble groups whose subgroups are
IT-groups (say TT-groups) are either T-groups or Priifer-by-finite; more-
over a Priifer-by-finite T-group is a T-group, unless its finite residual is
a 2-group, by Theorem 6.1.1 in [16]. Thus an infinite soluble group is
a T-group if and only if it is either a T-group or a T-group which is a
finite extension of a Priifer 2-group, where the sufficency of the condition
is ensured by a result of H. Heineken and J. C. Lennox [11], from which
it follows that subgroups with finite index of a soluble T-group are T-
groups. Note that this implies that an infinite soluble group has property
T if and only if it has both properties T and IT.

PROOF OF PROPOSITION 3.1. (i) Clearly G may be assumed infinite.
Let H 4 K G and N be the normal core in G of Ng(H). If K is finite,
then N has finite index in G. Thus in any case we have HaKN and KN
is infinite. It follows that there is a normal subgroup N; of G such that
H = N; N KN aG. We have seen that G is a T-group. Since subgroups
of an IB-group are IB-groups G is a T-group.

(i) Again assume G infinite. If G is a T-group it is a B-group,
(see [2]). Then let G be not a T-group. By the results in the previous
paragraph G is finite extension of a Priifer 2-group R (by a finite T-group,
of course). Let H ¢ K < G, where K is infinite and so R < K. If H
is infinite there is nothing to prove, since G/R is a B-group. Let then
H be finite and U be the subgroup of G formed by the elements of odd
order. Since G/UR is a Dedekind group it holds HU « KU « G and HU
is a finite B-group. It follows the existence of a normal subgroup N of
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HU (and hence of G) such that H = NN (KN HU) = N N K, what we
wanted. ]

Because of Proposition 3.1 it is desirable to give an explicit descrip-
tion of soluble T"-groups which are not T-groups. This follows easily from
what we observed above, as they have the splitting property, for they
have only finitely many elements of odd order.

THEOREM 3.2. Let G be an infinite soluble group. Then G has

property T' and not T if and only if G = (S x E x B) o< A, where:

(i) A and B are abelian groups with finite coprime odd orders;

(i) E is an elementary abelian 2-group;

(iii) every subgroup of A is normal in G;

(iv) either S = (2,D) or S = Q< D , where D is a Prifer 2-group, z
has order 2 or 4, Q is isomorphic to the quaternion group of order 8
and [S,D) # 1.

3.2- Pronormality

We begin by focusing our attention on groups in which every infinite
subgroup is pronormal. Since pronormality and subnormality together
imply normality it is clear that these groups are IT-groups. On the other
band, in a finite T-group all subgroups are pronormal. Hence in a locally
finite T-group all finite subgroups are pronormal, (recall that for nonp-
abelian T-groups local finiteness and solubility are equivalent). Indeed
this property characterizes T-groups among locally finite groups (see {7]).

PROPOSITION 3.3. Let G be an infinite soluble group. Then the
followring are equivalent:
(a) all infinite subgroups of G are pronormal;
(b) all subgroups of G are pronormal or G is an extension of a Prifer
p-group by a finite T'-group.

PROOF. (a) = (b) Clearly G is an IT-group. Let G be not Priifer-
by-finite. Then G is a T-group and all finite subgroups of G are also
pronormal.
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() = (a) Let G be Priifer-by-finite. Then the infinite subgroups
of G contain the finite residual R of G and hence are pronormal, as G/R
is a finite T-group. o

LEMMA 3.4. If every infinite subgroup of the group G is pronormal-
sensitive, then G is a T-group.

PROOF. Since the class under consideration is subgroup closed it is
enough to show that G is a T-group if it is infinite. Let H 4K 4G. Asin
the proof of Proposition 3.1, Ng(H) is infinite and there is a pronormal
subgroup P of G such that H = PN Ng(H) = Np(H). Thus H is a
self-normalizing subnormal subgroup of P. It follows that H = P<G. [l

We can now characterize soluble groups whose infinite subgroups are
pronormal.

THEOREM 3.5. Let G be an infinite soluble group. Then the follow-
ing are equivalent:
(a) every infinite subgroup of G is pronormal-sensitive;
(b) all infinite subgroups of G are pronormal and G is a T-group;
(c) all subgroups of G are pronormal or G is a Prifer-by-finite T-group.

PROOF. By Proposition 3.3 (b) and (c) are equivalent. Let us show
that also (a) and (c) are. 3

(@) == (c) By the previous lemma G is a T-group. If it is not
Priifer-by-finite then it is a T-group and so its finite subgroups are pronor-
mal. Let H be an infinite subgroup of G. By Lemma 2.4, H pn HG' and
50 as in the proof of part (i) of Proposition 2.1 we conclude H pn G.

(¢) == (a) If all subgroups of G are pronormal there is nothing to
prove. Let then G be a Priifer-by-finite T-group. If the finite residual
R of G is not a 2-group, then G is a T-group and all finite subgroups
of G are pronormal, hence all subgroups of G are pronormal. Therefore
we can assume that R is the 2-component of L = v3(G). In this case we
have that a subgroup H of G is pronormal if and only if it is normalized
by the finite residual R. In fact, let H be normalized by R and, without
loss of generality H N L = 1. Since G has a finite number of elements of
odd order, there is a complement K of Ly in G containing H. We get
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Hpn HLy and H < K, by Lemma 24 and for H<HR = Hy(K) 9 K
Thus H pn KL, = G, as we claimed.

Verifying that (a) holds is now easy. In fact from Hpn K and R< K
it follows that [H, R] < H, since R is contained in the hypercentre of G.
Moreover from Hpn G and R < K it follows [HNK,R) < [H,RInK <
HNK and so HN K pn G. o

About Theorem 3.5 we observe that in the proof we have also seen
that in the statement of (c) the Priifer subgroup may be taken a 2-group.

3.3 - Maximality

In this last part we study soluble groups whose infinite subgroups
are maximal-sensitive. As we said in the introduction, a soluble group
G has all normal subgroups maximal-sensitive if and only if G is an IM.
group, i.e., a group in which every subgroup is intersection of maximal
subgroups. In {14] F. MENEGAZZO has showed that & soluble group is an
IM-group if and only if it is periodic and has a normal Hall subgroup N
such that both V and G/N are elementary abelian and every subgroup of
N is normal in G. In particular a periodic soluble T-group has property
IM if and only if all its Sylow subgroups have prime exponent. Moreover
soluble groups whose infinite subgroups are intersection of maximal sub-
groups coincide with those soluble groups which are either IM-groups or
extensions of a Priifer group by a finite JM-group, see Theorem 2.6 in {5).

We first state a lemma on maximal subgroups and then show that
the groups under consideration are IT-groups.

LEMMA 3.6. Let G be a group, M a mazimal subgroup of G and
H < M. If H is a subnormal subgroup of G with defect 2, then H® < M.
In particular the intersection of all maximal subgroups of G containing
H is a normal subgroup of G.

PROOF. Let by contradiction G = H°M and = € G. Then there are
k € HS and y € M such that z = ky. If follows H* = H¥ < M and
HS < M, the contradiction we wanted. The rest is now clear, since the
intersection of all maximal subgroups of G containing H is the preimage
of the Frattini subgroup of G/HC. 0
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LEMMA 3.7. Let G be a group .Then the following hold:
(i) if all subgroups of G are mazimal-sensitive, then G is a T-group;
(i) if all infinite subgroups of G are mazimal-sensitive, then G is an
IT-group

PROOF. Let H 4 HS aG and H # HS. Furthermore let H < H; <
H, < HC®, where H, is maximal in H,. Then there is a maximal subgroup
M of G such that H; = M N H,. From the previous lemma it follows
H,; < HS < M and so H; = H,, a contradiction.

The second part of the statement has the same proof, where H is
chosen infinite. 1]

We can now pass to the characterization of the groups under consid-
eration.

THEOREM 3.8. Let G be a soluble infinite group. Then the following
are equivalent:
(a) every infinite subgroup of G is mazrimal-sensitive;
(b) every infinite subgroup of G is intersection of mazimal subgroups;
(c) G is either an IM-group or an extension of a Prifer group by a finite
IM-group.

PROOF. We have already quoted that (b) and (c) are equivalent. Let
R be the finite residual of G from now on.

(@) = (b) If G is Priifer-by-finite we have that G/R is an IM-
group by the characterization of Emaldi-Venzke. So assume G be not
Priifer-by-finite.

Let first G be a T-group. We show that G is periodic. On one hand,
if there is an element of infinite order z in C = Cg(G’) = FitG then
G/{z*) is an IM-group with an element of order 4, a contradiction. On
the other hand, if C is periodic then the set P of all elements of finite
order is a subgroup of G. Thus every subgroup of the torsion-free group
G/P is maximal-sensitive and so G = P is periodic. If by contradiction
G has the minimal condition on (sub)normal abelian subgroups, then it
is a Chernikov group (see {17]). In this case, if R has rank greater than
1 it has an infinite proper subgroup R;. Thus G/R, is an IM-group with
a Sylow subgroup of unbounded exponent, a contradiction. Therefore
G has a normal abelian subgroup 4 = ‘125 A;, where each A; has prime
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order. Then for any primary cyclic subgroup H of G there is a proper
subgroup B of A with finite index (in A) such that HN B = 1. Since
G/B is an IM-group, H ~ HB/B has prime order. Hence G itself ig an
IM-group.

Assume finally G is not a T-group. Then by results in [9] it is non-
periodic and G’ is a Priifer group. This yields the contradiction that G
is periodic, since G/G’ is an IM-group.

(c) = (a) If G is an IM-group there is nothing to prove. Let then
G/R be a finite IM-group . Clearly any subgroup of G is infinite if and
only if it contains R. Moreover if M is an maximal subgroup of an infinite
subgroup of G then R < M, as maximal subgroups of Chernikov groups
have finite index. Since every subgroup of G/R is maximal-sensitive, the
proof is complete. 0O

Note that there exist infinite soluble non-T' groups whose infinite
subgroups are intersection of maximal subgroups. An example is the
group G = (a) o< (A x B), where A is a Priifer p-group, B = (b) has
order p and o is the automorphism of A x B which fixes A pointwise and
maps b to a;b, where a; is an element of A with order p. Observe that
the quotient G/A has exponent p.

We finally exhibit a metabelian group G, whose infinite normal sub-
group are maximal-sensitive, which is not an I'T-group. Let A and B be
Priifer 2-groups with the following standard presentations:

A= (a,|n€ Ny, ag=1, a2, =a,)

B =(b,|n € No, bp=1, b2, =by).

Let o be the automorphism of A x B defined by a7 = b, and 2 =
a;1b;! and let G = (o) < (A x B). Then it can be verified that the only
proper infinite normal subgroup of G is A x B, which has no maximal

subgroup.
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