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Another characterization of the semi-classical

orthogonal polynomials

S. BELMEHDI

RIASSUNTO: Si stabilisce una nuova caratterizzazione dei polinomi ortogonali semi-
classici, generalizzando un risultato di Mc Charty, si esprimono cioé le derivate dei
prodotti dei due polinomi consecutivi Py e Pny1 tn termini di P2, PyPns1 € P2,
Con la nuova caratterizzazione si ottengono informazioni sugli zeri dei polinomi. Per i
polinomi classici, in particolare, si riesce a dimostrare, indipendentemente dalla forma
del funzionale lineare che definisce l'ortogonalitd, che gli zeri sono tutti semplici.

ABSTRACT: In this paper we give a new characterization of semi-classical orthog-
onal polynomials, which generalizes Mc Carthy’s result, i.e. we ezpress the derwatwe
of the product of two consecutive polynomials, say Pny1 an P,, in terms of Pz,
Pnt1P,. and P2, This characterization enables us to give information about the zeros
of semi—classical orthogonal polynomials. Thus, for classical orthogonal polynomials we
can assert - without any reference to the representation of the linear functional with
respect to which they are orthogonal - that their zeros are simple.

KEY WORDS: Orthogonal polynomials ~ Semi-classical polynomials - Characteri-
zations.
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1 ~ Preliminaries
Let £ be a regular linear functional in P’ (the topological dual of the
vector space of all complex polynomials one variable).

By “regular” we mean that the principal minor of the Hankel matrix
is non singular i.e. det(Liys)f o # 0, n > 0, where £, = (£,z*) and
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(L, P) denotes the value of the linear functional £ applied to P.

It is well known result [5, p.11] that the regularity condition is equiv-
alent to the existence of { P, }n>0 a sequence of monic orthogonal polyno-
mials with respect to £, i.e.

- degreeof P, =n,n 20
- (L,P,P,)=K,b,, K, € C',n,m>0.

As well, an orthogonal sequence with respect to a regular linear func-

tional satisfies a three-term recurrence relation, specifically

Poia(z) = (T = Brny1) Posr(T) — i1 Pa(z), n >0
(1) Pl(.’L‘) =T — ﬁo, Po(l‘) =1
(Brs ) € Cx C.

Let U be an element of P’, let {B,},50 be a sequence of monic
polynomials. {B,},>o is said to be quasi-orthogonal of orders s with
respect to U [11] [12] [17] if and only if

U,z™Br(z)) =0 0<m<n—(s+1),n>s+1,
3r > s suchthat (U,z"*B.(z)) #0.

If ,2"~°B,(z)) # 0 for any r > s, {Br}nso is said to be strictly
quasi-orthogonal of order s with respect to .

REMARK: A strictly quasi-orthogonal sequence of order zero is or-
thogonal.

2 — Semi-classical orthogonal polynomials

Generatively speaking, the seminal concept of the semi-classical or-
thogonal polynomials can be dated back to an ingenious yet little quoted
paper of JACQUES SHOHAT [18]. He started with an orthogonal sequence
{Pn}n>0 with respect to a weight function w which satisfies an homoge-
nous first order linear differential equation with polynomial coefficients;
he proved that {P}, },.>o is quasi-orthogonal of a certain order, and each
F, satisfies a second order differential equation of Laguerre-Perron type.

DEFINITION.  Let {P,}n30 be a sequence of monic orthogonal poly-
nomials with respect to L. {Pp}n>o is said to be semi-classical of class s
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(s for Shohat), if and only if the derivative sequence {P,;}n>0 s quasi-
orthogonal of order s, with respect to a linear functional £ [8] [11] [15].

The semi-classical sequences can be characterized as follows:

C;. There exists two polynomials ¥ of degree p > 1 and ¢ of degree
t > 0 such that

(2) UL+ D[gL] =0

II (Ircl + l(wcﬁ)ol) >0

c€Z,
s=max{p—1,t -2}
where
(¥L,P): =(L,VP)
(D[L],P): =—(L,P'), PeP
Z4 the set of zeros of ¢, 7. and V. are defined in the following way

¢(z) = (z - c)¢e(z)
¥(z) + ¢.(z) = (. — ) Te(z) + 7

and
(¥ L)y = (¥.L,1).

One can prove that £ = ¢L. 3] [4].

Ca. {Pa}axo satisfies the following structure relation

n+t

(3) ¢(2)Pryy () E On i Pi(z), n2s,
k=n-s

3r>s suchthat 6,,#0 0<t<s+2

and s is the smallest integer for which (3) holds. [3] [11].
Relation (3) can be written in the following compact form [2] (6] (7]
[10]

Cr11(2) ~ Colz)

CROLMOBECS

Pos1(2) — Dpa(z)Pa(z), n20
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where
(5) Crnss(2) = =Cala) + 2220 a ), n20
(6) Dria(a) = ~9(2) + 2T Dos(2)
+ 2;—@2(:1: = Bn)? = Crlz)(z~B,), n=0

(7 Co(z) = —-¥(z) - ¢'(z)
(8) Dy(z) = —(L.60%)(z) ~ (£L.600) ()

D._l(x) =0

. U(z) — ¥(u)
(Eoo‘p)(l') . = <£u, ——m—-> .

¢(z) and ¥(z) are the same as in C,. 3, and =, are the coefficients
of the tree-term recurrence relation (1) satisfied by {P,}.»0. Degree of
Cn(z) < s +1 and degree of D,(z) < s.

Cs. {Pn}nxo satisfies a linear second order differential equation of
Laguerre-Perron type [2] [9] [16]

8(2)Du()P;(2) + { Co(@) Da(x) — W($(z), Da()) } PL )+
H{w (22 b @) - 0, T 2B p gy <
k=0 Tk

2
where W(f,9) = fg’ — f'9, ¢,Cn, and D,, are the parameters introduced
in the previous characterization.

C4. The formal Stieltjes function of L, namely

Sz)=- L

k>0 o+
satisfies a linear first order differential equation (9] [13]
(10) ¢(z)S'(z) = Co(2)S(z) — Do(z) =0,

where ¢, Co and D, are the same polynomials as in C,. a
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Notice that, if we set s =0, C,, C,, C; and C, are satisfied by the
four classical sequences (HERMITE, LAGUERRE, BESSEL, JACOBI) [1].
Therefore the semi-classical theory is a natural extension of the classical
one.

In order to complete the analogy we are going to give another char-
acterization of semi-classical polynomials which generalizes the one given
by P.J. Mc CARTHY [14] in the classical case.

Cs.  {Pu}nxo is semi-classical of class s, if and only if {Pa}nso
satisfies the following quadratic differential relation

@) [Pune)Pu@)] = 222 p2, -

—Co(2)Pas1(2) Pa(z) ~ Dasa (z)Pa(z), n20

where ¢, Cy, D,, and v, are the same parameters as above.

(12)

PROOF. Suppose that {P,}n>o is a semi-classical sequence, thus
{P.}n0 satisfies eq.(4). Let us write (4) for the rank (n — 1), we have

13  s@PE =229 p 0y pepaE, 21
We substitute for P,_;(z) from (1) into (13), we get
" s(=)Px) = b @)+
14 n
+ G200 Pl ) pe).

Using eq. (5), (14) becomes
z) + Co(z)

Di(z) C(
o Pn+l(x) - 9

Taking in account (5) for n = 0, (15) is still valid for n = 0, thus the
range of validity of (15) is n > 0. If we multiply (4) and (15) by Pa(z)
and P,,,(z) respectively and we add the resulting equations, we get

8@ [Pen@Pula)] = 22 (0

— Co()Pn1(2)Pa(2) = Duna(z)PR(z), 020

(18)  ¢(z)Py(z) = P,(z), n2>1.
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which is exactly (12).

Conversely, suppose that {P,}.>o is a sequence of monic orthogo-
nal polynomials satisfying (12), where {D,}n»0 is 2 given sequence of
bounded degree polynomials and satisfying

Dry2(Brs1) = =0(Bnsr) + 7;+1Dn(ﬂn+l)

n

Let us make n— n + 1 in (12), we have

8@ [Prrs@)Puns@)] = 228 p2, 0
— Go(e)Para(a)Prss(#) ~ Dria(e)Ps(e), 20,

By using the three-term recurrence relation, we express P,1o(z) in terms
of P,;1(z) and P,(z), after differentiating the new expression, we have

O(@) P2, 1(2) + 2(T — Brs1)(2) Pats(z) Pryy ()
“tossd(@)[Purs@P@)] = 0~ o 22 P2, 0
—~2(Z = Br41)Das1(2) Poy1(z) Pa(z) — (2 — ﬂ:+1)00($)P:+1($)
~Dp42(2) P2, 1 (2) +Yn41 D1 () P2(2) +Yn41Co(2) Pryr () Pa(z), . > 0.

We substitute for ¢(z){Pnt1(z)Py,(z))’ from (12) into the previous iden-
tity, then we cancel the term P,,,(z) and we re-arrange the terms, we
get

2(z - Pr+1)$(z) Py 14 (2)

={ — Dipya(z) - ¢(z) + Jots Dy (z)

Tn
(16) 1
+f"+ (@ Buss)* = (2= Bur1)Col@) } Pars(@
n+1

—2(-’»" - .3n+1)Dn+1(!E)Pu(-’E) , n=>0.

If we set
(&= Br11)Cn41(2) = =Daia(e) ~ (z) + 22 Du(2)

M)(x_ﬂ"+l)2, nZO_
Tn+1

+
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we get a new sequence {C,}n>o and the previous identity is exactly (6).
If the degree of D,(z) is at most s, the degree of Cn(z) does not exceed
s+ 1.

Hence (16) becomes

$)Psle) = ==X ) - D a(@Pe), n20,

which is exactly (4); we already see that identity (6) is satisfied, to com-
plete the proof we have to show that identity (5) is also satisfied.
Let us expand the left member of (12), we have

45(1:) +1($) ( )+¢( ) n+1P'( )
_Do@)pt (2) — Co(a)Pass (@) Pala) - Dann(@P2(@), n20.

n

We substitute for ¢(z)P,,,(z) from (17) into the previous relation, we
get

Da(@) p (py _ Cor(e) +Cole)

(18) @Pie) =2 -

P,(z), n=>0,

n (18) we change n into n + 1, we obtain

B(@) Py (2) = 2 ;“‘””) Prsa(a)

n+l1

ﬂ+2(z)2+ Co(Z) n+l(z) n>-1,

Using the three-term recurrence relation, which gives P,2(z) in terms of
P,;1(z) and P,(z), we have

$@) P = |22 g, ) - G G p o)
— Dpyi(z)P(z), n2-~-1.

By comparison with (17), we get

Chi2(z) = —Coui(z) +2———— ;+1($) (= Pn41), n20

n+1
D, (93 )

Ci(z) = —=Co(z) +2——(z - Bo) .
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Which is exactly (5). 0

3 - Applications

1. From characterization Cg, we can extract informations about
the zeros of P,(z). Suppose that (.o is a zero of P,(z) with
multiplicity m > 2, it is straightforward that (o is a zero of
D, (z) with multiplicity m — 1. Since the degree of D,(z) is
bounded by s, m is less than or equal to s + 1: furthermore,
when n is large and s small almost all the zeros of P,(z) are
simple.

2. 'We can specialize the result of Cg to various classical polynomi-
als. The values of the ingredients involved in (12) are summarized

in the following table:

Hermite Laguerre
A, 0 n+1+a
e 5g (n+Dn+1+0)
¢ L -
‘I’ 2z z—a—1
Co g T+
Cn | ;_Co 0 n+ 1
Da 2 -1
Tn
Bessel Jacobi
ﬁ l—-a pZ_az
n (n—1+a)(n+a) (2ntath)(Znt2tath)
(n+1)(n—1-+2a) 4. (ntl(n+itatf)(ntlia)(nt1+5)
T4 T (@2n—1%+2a)(n+ae)Z(2n+1+2a) @ntita+B)2n+2+a+h)’(2nt3+ath)
¢ 2:2 22 -1
¥ —2(az +1) ~(a+f+2z—atp
Co 2(a— )z +2 (a+Br+a—p
Cni1~C vy
+1-Co (n+ 1)( - ;}ﬁ) (n+ 1)(z T 2n+2+‘;+ﬁ)
%: 2n_1+2a 2'n+1+0!+ﬂ
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3. Let H,, be the linear functional with respect to which the general-
ized Hermite polynomials are orthogonal (5. p.157), H, satisfies

(22 — 24 — 1)H, + Dlz’H,] =0

Let us note H,(z; 1) the monic generalized Hermite polynomials,
the three-term recurrence coefficients read as:

1
Bn=0, Yop1= §{n+1+u[1+(—1)"]}, n>0.

Thus M, is regular if and only if p # -n — 1, n >0,

One can easily give all the elements quoted in Cy, C,, ... , Cg, namely
o(z) =z, U(z) =222 -2 —1
Co(z) = —2(z® — ), Dy(z) = -2z
Cn+1($) - CO(-'E) - —ﬂ[l + (_1)'1]’ D_"'ﬂ = _2;5, n> 0.
2 Tn+1

Hence (12) can be written as

2| Hoss(wit) Halai )] = =22H (a3 1)
+2(z* — p) Hoya (23 ) Ha(zs 1)
+{n +1+pl+ (—1)"]}:cH,":(:r; p), n=>0.

When 4 tends to zero, Hy(x; 1) are reduced to the monic Hermite poly-
nomials, the previous identity is reduced to the one which is satisfied by
the monic Hermite polynomials.
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