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Exponential sums connected with Mébius function

C. CALDERON - M.J. DE VELASCO®

RIASSUNTO: In questo lavoro si ottengono alcune formule di maggiorazione per
le somme esponenziali della funzione aritmetica u;(n), che generalizza la funzione di
Mébius, e della funzione he(n) =Y, din (@)

ABSTRACT: We obtain upper bounds of an exponential sum of the arithmeti-
cal function u;(n) which generclizes the Mébius function and the functions h.(n) =
Ed|n uz(d).
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1 - Introduction

H. DAVENPORT [2] obtained the following estimate: “If ¥ is a positive
number, and «a is real, then

(1.1) Y u(n)e(na) < zlog ™"z

uniformly in & as £ — o0o”. Assuming that there are no Siegel zeros ((3]
p.88-96), D. HAJELA and B. SMITH (4] obtained

(1.2) 3" u(n)e(na) < ge—cVios=

n<z

(*}Work supported by the University of the Basque Country.
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H. WALUM (8] studying the formulae for periodic functions obtained

(1.3) > An)e(na) « = log™* z
n<z

where A(n) = 3,2, #(v). The purpose of this paper is to obtain similar
estimates for the functions of type Mébius u2(n) and h.(n). In the case of
Mobius function, this problem is concerned to estimate exponential sum
over prime numbers on minor arcs. The function 4 (n) is a generalization
of the Mébius function, that is, if r =1 uj(n) = u(n) and for each 7 > 1

is pe(1) = 1, p2(n) = 0if p+n and pp(n) = (-1)%™ if n = []p{,

0 < a; <7 ,9n) =3 a;. Moreover p;(n) coincides with the function

tir41(n) defined by SASTRY [6]. The function k,(n) is for each odd integer

r>1, h(1)=1and whenn>1,n=p"...pg*

ho(n) 1, if a;<ro=0(mod?2),i=1,...8
r\) = 0, otherwise.

And for each even integer r > 0, h(1) = 1 and when n > 1, n =
it ...p
1, if ;2ror(ai<ro;=0(mod2)i=1,...s

o1 4,22

0, otherwise

(14) F(s)= : ”if,") - c_(lsj il ";f,") - %((2;";—)7,+1(s) Res > 1

with
¢((r +1)s)
(1.5) Yes1 (8) - <(2(7‘ + 1)3) r even
1
(e+ng oM
and

d?mr+l=n

Z u(m), if r odd.

aﬂm"+1=n

(16)  h(n)=) )=

din

{ Z lu(m)], if r even
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Thus we prove the following theorems.

THEOREM 1. Let us suppose (a,q) =1, and |a—¢| < &. Then,

(.7 "zsz,u:(n) e(na) € In’z {q% +zigd +:z:§} )

THEOREM 2. If there are no Siegel zeros there is a positive constant
¢y such that ’

(1.8) IS pa(n) e(na)lle < z e™7VE2,

n<z

THEOREM 3. i) Let r > 0 and a real, then

(1.9) > h(n)e(na) €

n<z

min{z, || a 7'}, =0
e(a), if r=1.

ii) For allr > 1 and a real [a — §[ < gS/A+1/3(r+1)

(1.10) 3" he(n)e(na) < g2V 4 AT,

n<z

For r > 1 odd and a = 0 from Theorem 14-2 [5] we deduce

3 he(n) = eaa(1)3¥2 + O™+ exp{~C(log z)"*(log log =) ™/*})

n<x

being C a positive constant.
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2 — Previous Lemmas

We will need the following auxiliary lemmas. To obtain estimates
of the sum on the minor arcs, we begin using a property of yx(n) which
is given in Lemma 1 and it has been obtained using the VAUGHAN's
technique [7], p-27 .This is, beginning with a functional identity between
the summatory function of certain Dirichlet series and using the unicity

theorem of Dirichlet series, we can deduce other identity on the series

coefficients. Then if M(s) = 3,y ¥& () and F(s) is given by (1.4) we

can write the following identity

@) R0 =200 - L+ (1- 1) rs) - o,

For o > 1 these functions can be expanded as Dirichlet series and such

expansions are unique , thus we may compare coefficients . Hence the

following lemma holds

LEMMA 1.  The function p:(n) is pi(n) = ag(n) — a;(n) — az(n)

where
_f2umm) n<U
ao(n) = { 0 n>U
ai(n) = Y ur7l(e) pi(m) pi(k)
(2.2) jorrs
k<U
alm) = ¥ wim) T ur@ (%)
mk=n d/k
e asy

LEMMA 2. [4] Let x a character (mod )q. If there are no Siegel

zeros:
i) there are constants ¢ > 0,c, > 0 such that

(2.3) D own)x(n) €z e7VBF, g < eoVinz

n<z
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il) if (£,q) = 1 there is constant ¢’ such that ,

(2.4) Z #(m) Lz e-CI lnz q S ec’ 1nz‘

m<z
m={ ( modq)

LEMMA 3. In the premises of Lemma 2 there are constants ¢;,c;
such that

(2.5) S uin)x(n) < z e VR for g < eV

n<z

ProOF. We note that

26) (@ =3 i) = Th(@ w3

a
nm1 T dfn

then we have

I pmx(m) = T hdx(@ S me) =3+ ) =5+5%

n<z d<z 6<% d<Y Y<d<=z

In S, using the bound trivial for the inner sum and the propertie (see
T-1 [1})

(2'7) Z E"_’flﬁ)_ = C(2)7r+1(1) — Tr+1 (1/2)33—1/2 + 0($_r/(r+1))

n<z

we obtain S, < zi. In S), we take Y = z} and applying Lemma 2-i) we
obtain the bound (2.5). Thus the Lemma is proved. a

LEMMA 4. Letq <6 and la—2| < ;5. Thereare constants A > 0,

B > 0 such that
(2.8) | Z pr(n) e(an)| € (6+ 5 ):L‘C_Am for ¢< eBVinz

n<z
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PROOF. We denote by S(a) the sum in (2.8). Let a = 2+zand M,
the sum:

Mo= S uim) e =T eZ) X uim)

msn i<q m<n

m=¢(mod q)

then by partial summation |S(e)| = [M, e(zz) + ¥ c.1 M, e(nz)(1 —
e(z))|. Hence

IS(@)| < (sl| + 1) max|Ma| < (6 + 5)mex max| 37 pi(m)]

m<n

m=¢(mod q)
i) If (¢,q) =1 and

S um) = ﬁ TXO 3 pimixm)

m<z m<z
m=¢(mod g)

by Lemma 3, there are positive constants ¢; and ¢4 such that

(2.9) | Z ur(m)| € z e~V for g < esaVinz

m<z
m=¢(mod q)

i) If (¢,9) > 1 we write

$@= X wm=3h6) 3 wd=3 + 3 =5+5

m<zx 6<z d<¥ <Y Y<éb<&=z
m=e(mod (6.9)/¢ =
9) d=¢'s(mod ¢*)

being ¢’ = ¢/D and & =¢/D , D = (6,q)/¢ 68 = 1(mod ¢’). We take
Y = z4 then by Lemma 2-i)

S < Z hr(6)§e_°' /lnf’ for dsecl /in ¥
5<y
(4,9)/t
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Moreover the function "—'6@ is non negative and ¢’ < Vit s <

Y, that is ¢ < e%V™z Then by (2.7) we deduce §; « ze"“V>¥ =
ze~sVinz
Also, from the bound trivial and (2.7) we obtain S; « YT =zi.

Hence if there are no Siegel zeros then there are positive constants cs and
¢ so that

(2.10) 5*(0) < ze~V™2 for ¢ < eViE,
Thus from (2.9) and (2.10) the lemma is deduced. 0

3 — Proof of theorems
PROOF OF THEOREM 1. Using (2.1) we can write S(a) as S =
So — S) — S, where each S; is
(3.1) Si= Z ai(n) e(na) ,i=0,1,2
n<z
By (3.1) , (2.2) we trivially have |So| « U . To estimate S; , by (3.1),
(2.2) we have

= 3 () wilm) k) emita) =

mkt<z

m<U

k<U

=3 Suiteltna) | Yo D w(m) pr(k)
n<U? t<E m<U kU

mk=n

Hence we have

n<y?

3 d(n)|S;]

n<U?

Z ™ e(tna)l =

t<&

being the inner sum for r odd

=Y pur7i(t) e(tna) = Z je(h) Z e(nhm™a)
=4 hSE L me()TH
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Since o = 2 + ;‘-: |6] < 1 we can write the sum S, in the form S§; =

Slq/ﬂ + 5 q/n -
To estimate these sums we observe that if g /n then by the bound

trivial we deduce
|S;| < £ . Hence

d d
(3.3) S <z Y dn) o ;49 In?(U?).
9 n<U? n q
a/n

If gln and a = & + z with |z < '1 then by the Van der Corput Lemma.

S< Y Iu(h)lmm{ (Z)™ ,uzinhr#r} +o)

h<&

Thus

5 < Y dn) ¥ ln(h)lmm{ ( ”jl)' ,(|z|nh)-#r}+
n<U? h<Z
qin

(3.4)
d(n
JED> —(n‘)

n<y?
qin

When U = z# and using the estimates on Syg4,, Siq/m together, we get
for S and r odd

lnz
(3.5) S < zq .

The same bound is obtained if r even . Now we estimate Sa,Vr2>1, by
(2.3)

Se= > wmm) Y prde( )e(mka)

mk<z d/k
m>Uk>U d<u

=y Zu,(d)n,‘l( D1 3 up(m) e(mka)
k>U ad</f1 U<m<
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By decomposing the range of summation on k as follows
(3.6) A={2U[j=0,...i; 2U? <z <2"'U%}

we write S = Y 4 S(Y) where:

1k
S = ¥ | T um@uTG)| X #im) emka)
Y<k<2y \ d/k U<m<E
d<v

By Holder’s inequality :
ISP« T @R T | Y ulmemka)® <

Y <kL2Y Y<k<2¥ U<m<§
<« Y &k Y Y min{t|(m-8al”} <
Y <ks2Y U<m<§ UtLE

T
<<:Bln4:c(:—;-+Y+—};+Q)

Thus the sum S, is

(3.7) S, < (Inz)® (qm + /%M + W)

Replacing (3.1) , (3.5) and (3.7) on S and taking U = z*/% we obtain

Z pe(n) e(na) K In*z {-q% +aigh 4+ xﬁ} .

n<x

and Theorem is proved. d

- _ vinz o5
PROOF OF THEOREM 2. Let Q = z e~#V1"* and § = e®V1%, with
cs < cg. If § < g < Q we can apply Theorem 1 and we have

|5 pr(n) e(no)] < = .

n<z

If ¢ < 6 we apply Lemma 4 to get

I Z pi(n) e(ra)| €z g—c1ovinz

n<z
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for some constant c;. |

PROOF OF THEOREM 3. If r =0 or r = 1 the formula (1.9) is
trivial. Let 7 > 1 be an odd integer, by (1.6) we can write

(39) S=)_ hr(n)e(na)= > ur(d)e(dba) = > pm)e(d®m™+'a)

n<z dé<z d2mrtiLsz

and for r > 2 even integer we have

(3.10) S=>"he(n)e(na) = > u(m)e(d®m™ )

n<z d?mr+iga

The sum on the right-hand may be regarded as a sum over the lattice
points satisfying H > 1,K > 1, H?K™! < z. This region may be
broken into three parts by a point (H, K) on H2K™*! = z in the standard
way of the elementary theories of the divisor problem. One obtains

S=5 Y pmled@ma)+ Y pm) > edmt'a)-

d<H mr+1<(z/d2) m<K d2g(z/mr+1)
(3.11) =Y u(m)e(d®m™'a) = S, + S5 — S
d<H
m<K

Analogously if r > 2 even integer.The terms in these sums are one in
absolute value, so S; may be estimated by their number of terms and
Ss « HK. Also §; « 27T H"T > 1. We take H = V4, K =
z!/2+1). To evaluate S, we suppose in the first place a = a/q , (a,q) = 1.
Hence

s < V2 (mr+1 )1/2 /2 Z (m+1, )1/2 /2
2 73 <
1/2 k mE ql/2 i mar PEVERY:

(m,q)=q

We have deduced (1.10) . If a = ¢ + § with |§] < z~3/4+1/20+1), then

Y. ed@m™a)| <

ds(z/mr+1)l/2
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< > e(dzm’“g) + Y e(d“m"“g) (e(d*m™18) — 1)

d<(z/mr+1)1/2 d<(z/mr+1)1/2

a

—1qr2 a o8
=ISN+ISC+A - SO
|S(§ +8) - S(g)| & m'“|ﬁ|(z/m’+1)3/2

Thus, we have S, « z'/2q~1/2*e 4 g1/4+1/2r+1) gnd (1.10) is deduced.
The theorem is proved. 0
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