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New linear relationships of hypergeometric-type
functions with applications to orthogonal polynomial

J.S. DEHESA - R.J. YANEZ - A. ZARZO - J.A. AGUILAR

RIASSUNTO: Vengono ricavate due relazioni ricorrenti contenenti anche le derivate
y-(;k+l)(2). ¥ (2) e y‘(,’_‘;'il)(z) oppure yf,k_"il) (z) di una funzione y,(z) di tipo ipergeomet-
rico. Le funzioniy = y.(z) sono soluzioni della equazione differenziale o(z)y" +7(2)y'+
Ay =0, dove a(z) e 7(z) sono polinomi di grado rispettivamente non superiore a 2 ¢ a
Iel=—vr'— su(v—-1)o". Sono di questo tipo le funzioni di Gauss ¢ di Kummer,
t polinomi ortogonali classici e molte altre funzioni della matematica e della fisica. In
particolare queste due relazioni sono applicate a polinomi di tipo ipergeometrico, che
Sformano un’ampia classe di funzioni y,(z), dove n & un numero intero positivo. Infine
vengono date le corrispondenti relazioni per i polinomi ortogonali classici, che danno
nuove caratterizzazioni per i polinomi di Jacobi, Laguerre, Hermite e Bessel.

ABSTRACT: Here, two general differential-difference relations among the {unc—
tions yt+1) (2), y& (z) and y,(,'f:;l) (z) or yf,kfll) (2) are found. The symbol v (2)
denotes the kth-derivative of the function of hypergeometric type y, (,z). The functions
Y = y. (2) are solutions of the differential equation o (2)y" + 7(2)y" + Ay = 0, where
o (z) and T (z) are polynomials of degrees not higher than 2 and I, respectively, and
A= —vr'—Lv (v — 1) o”. Instances of these functions are the Gauss and Kummer func-
tions, the ciassical orthogonal polynomials and many other functions of mathematxgs
and physics. Then, these two relations are applied to the polynomials of hypergeometric
type, which form a broad class of functions yn (z), where n is a positive integgr numbfzr.
Finally, the corresponding relationships for the classical orthogonal polynomials, wl.nch
supply new characterizations for the Jacobi, Laguerre, Hermite and Bessel polynomials,
are given.
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1 - Introduction

The Gauss or hypergeometric equation, the Kummer or confluent hy-
pergeometric equation, the Hermite equation and the second order linear,
homogeneous differential equation with constant coefficients are instances
of the so-called equation of hypergeometric type, which has the form

(1) o(2)y"+7(2)y' +ly=0
where o (z) and 7 (z) are polynomials of degrees not higher than 2 and

1, respectively, and X is a constant.
In this paper we will deal with the solutions of Eq. (1) of the form [1]

A= G [2(9)0(s)
(2) yv( ) p(Z) c (s_z)u+1 ds

where v is a root of the equation

3) )\+V'r'+%u(u—-1)cr”=0

C, is a normalization constant, p (z) is a solution of the equation
(4) (op) =Tp

and C is a contour whose endpoints s, and s, satisfy the condition

el OTI0] IS

v+2
(S - z) 8 =8

(5)

Particular instances of these functions abound in all fields of math-
ematics and physics [1,2] such as, for example, the Gauss, Kummer and
Hermite functions, all the classical orthogonal polynomials and many
other functions encountered in different fields of mathematics and physics.

Recently, a systematic study of the structural and spectral properties
of the functions y*) (z) has been initiated from the differential equation
(1) which they verify. In the first two papers [3,4] we have calculated the
fundamental recurrence relations (i.e. the three-term recurrence relation
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and the so-called ladder or structure relations) for them and their deriva-
tives of any order. These relations considerably extend the corresponding
characterizations for the classical orthogonal polynomials, nicely reviewed
by W.A. AL-SALAM [5] in 1990.

Here we find two new characterizations for the functions of hyperge-
ometric type and for their derivatives of any order by means of two novel
differential-difference relations which involve the functions y*+% (z),
y® (2) and g5 (2) or y*4Y (2), being k > 0. Remark that for k = 0 one
has a relationship among y,,( )s ¥u (2) and y,, (2) or y,_, (z). All these
relationships are derived in Section II. Then, in Section III, we show how
these relationships get reduced for polynomials of hypergeometric type
and the specific relationships for all classical orthogonal polynomials are
tabulated.

2 — Main results

Here we will present and prove two differential-difference relations

which involve the functions y+ (2), ¥ (z) and gD (2) or Y4V (2).

The coefficients of both relations are given in terms of the polynomials
o (z) and 7 (2) of the differential equation (1). They are as follows:

First relation.- It is fulfilled that
(6) Ak (2) ¥ (2) + Az v (2) + Ask Yo (2) =0
where the coefficients A, i = 1,2,3, are given by

A () = 3 [ (2) " — 200" (2)]

= [T’ "z + 210" (0) — 7, (0) 0”]

(7)
Agk = _Tu‘ryik—l
c, ,
ASk = -C_'y:Tyi_l

Second relation.- It is fulfilled that

(8) Zlk (Z) y("+l) ( ) + Z?k y(k) (2) +ZSA y(k+l) 0
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where the coefficients Ay, ¢ = 1,2, 3, are given by

Ay (2)=Tv1 (2)
= [1)_1z2+ 71 (0)]

9 Aun= (k -7,

v { " 2 O)+2T _ [o' (O)T _ ‘-0',(0) Ty—1 (0)]}

In writing both relationships, we have used the notation
T, =T+ po’

It is interesting to point out that the only coefficients of the two
relations (6) and (8) which depend on k are those which multiply y{* (z).
Let us consider two particular cases:

A .- In case that k =0, one has

(10) Ao (2) ¥, (2) + Ao 9 (2) + Ao Y yy (2) =0
with
A (2) = A (2) ) Aso = A
(12) .,
Azo = —Tu‘rg_;l
and
(13) A1 (2) v, (2) + An o (2) + A0 ¥,_; (2) =0
with
Z1o (2) = zu: (2) ’ Az = A
(14) —
Ago = —VT,’,_l

B.- if 6 = 0, Eqgs. (7) get reduced as

C,
Cu+ 1

A;k (z) = —¢g' (0) , Agk = —T', Aak =
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and Egs. (9) simplify similarly as

Zlk = [T'z + Ty;l (0)]
Ay = (k —-v)7

Auy = = 0 07 = s 0) ' (0)]

PROOF. We will prove only the first relation given by Eqs. (6)-(7)
because the second one can be obtained similarly. Following a procedure

analogous to that developed in Refs. 1, 3 and 4, we begin with the
summation

yv+ 1

(15) S = Au (2)y** (2) + An (24P (2) + As (570 (2)

where y (2) denotes the kth-derivative of y, (z), and A (z) (: = 1,2
and 3) are arbitrary functions of z. By means of the integral representa-
tion of y® (z) found by NIKIFOROV and UVAROV [1] one can easily find

the following expressions for the functions involved in the above written
summation:

(k+1) v
Ck) s
an 89 ) = 555 o om g
(18) yl(/’f:il) (z) — C:(ll-‘:l-l) o¥tt (s) 14 (S) ds

o+ (z)p(2) Jo (s —z)" !

where the normalization constant C* is given by [1,4]

CH = ( l/)c(k n_g, H( V+;_lo,//)

=0
Now, we replace the expressions (16)-(18) in Eq. (15). We obtain
that

__ 1 a* (s)p(s)
(19) S = oktl (z)p(z) c (s _ z)u—k+1

P(s)ds
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with
P(s) = Aw (2) C**V (8 — 2) + Anc (z) C®)a (z) +
(20)
+ Ak (2) C55V0 ()
Let us choose the coefficients A, (i = 1,2,3) so that
0” (s)p(s) _d [a"*1(s)p(s)
(21) G_—Z).,mp(s) = [—'—(s —F Q (3)]

where Q (s) is a polynomial. Then, Egs. (19) and (20) show that S =0
provides that the contour C is such that

82
=0 for each m=0,1,2,3, ...
31

a"*1(s)p(3) m
(22) (S _ z)u—k $

which is a condition similar to (5).

Making the derivation contained in Eq. (21) and taking into account
that [0**!(s) p(s)] = 7, (s)a” (s) p(s), which is a consequence of Eq.
(4), one obtains

(23) P(s)=[n(s)(s—2)-(v=K)o(s)]Q(s) + o (s) (s — 2) Q' (s)

From the identity of Eqs. (20) and (23) one notices that @ (s) must be
a constant, which we choose equal to unity without any loose of generality.
Then, by taking into account the Taylor's development of 7, (s) and o ()
around the position s = z and by equating the coefficients of the corre-
sponding powers of (s — z) in both sides of the identity one finally obtain
a system of three equations with the three unknowns A;x (i = 1,2, 3). The
solution of this system of equations produces easily the wanted values (7)
for the coefficients A;.

3 — Application to polynomials of hypergeometric type

The polynomials of hypergeometric type y, (z) are [1] particular in-
stances of the functions of hypergeometric type given by Eq. (2), where
v = n (positive integer), C, = Bnn!/(27i) and the contour C is closed.
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B,, is a normalization factor which, for monic polynomials (i.e. when the
leading coefficient is unity) §, (2), has the value

B, = {"ff[1J+2(n+k—1)a"]}-1

k=0

Keeping all this in mind and since the conditions (5) and (22) are
automatically satisfied for any closed contour, the two main differential-
difference relationships (6)-(7) and (8)-(9) take on the following simpler
forms for the polynomials of hypergeometric type y, (z), respectively:

First
(24) (anz + Br) yn (k1) (2) + ok y(k) (z) +6n yr(x’f:il) (2)=0
where the constants a, 8, v and § are given by

a, = —%'r’ o, Bn= %1’,, (0)o" — 120’ (0)
(25) B T,
Tnk = —TpTpik-1, On= B:‘:%
Second
(26)  (Gnz+B,) v (2) + Fuk P (2) +Ba 901 (2) =0
with

TI

Qn =Ty
Bn=Ta-1(0)
(27) ¥, = (k- 'n) To_q
o= B tgir2 (o) 42, [0 (0) T, — 0 (0) Tnur (O]}
2T§ 1 Bn-1

It is important to point out how these two relationships get simplified
in some particular cases

(i) In case that o” = 0, one has that

B (k+1) (Z) =

(28) o' (0) g+ (2) + 7'y (2) - (—:'1)—37“%“
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and

[7'z + Ty (0)] y&+ (2) + (k — n) 'y (z) +
(29) nB,

+ e O = (0 O] (2) = 0

Notice that the coefficients of the relation (28) have no dependence
on k. N

(ii) For monic polynomials §, (z) one has that [1,4]

- '
B, Tay™
Y - 1
Bnti T...!_“"l

so that the two main relationships become
(30)  (Guz+Bn) 5D (2) + Tk 8 (2) + 80 5550 (2) = 0
with the coefficients given by

. A ) .1
(31) Gn=0n, Pn= Brns Ank = Tnk, 0p = n__ﬁ’r,,;._i'r,’.

and
(32)  (Gnz+FBn) 8 (2) + a9 (2) + 0 gm0 (2) = 0

with the coefficients given by

O0p =0n, ﬁn=—ﬁn’ Ink = Vnk and

33) - n

63 g P (o2, (O) 4 27y [ (O Ths = o' (O) Tas O)])

2T’I‘_ ng—l

For the sake of illustration we will calculate explicitly the coefficients

of these two relationships for the so-called classical orthogonal polyno-
mials {1,2): Jacobi polynomials P{*? (z), Laguerre polynomials L{ (z),
Hermite polynomials H, (z) and Bessel polynomials B{*) (z). In Table 1
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we collect the basic data of these polynomials:the domain of orthogonal-
ity T, the weight function p(z) and the coefficients o (z), 7 (z) and A, of
the differential equation of hypergeometric type (1) which they satisfy.
Then in Table 2 the a—, f—, y— and §— coefficients of the differential-
difference relations (30) and (32) for all monic classical orthogonal poly-
nomials g, (z) are shown. Indeed, Table 2 contains (a) the coefficients
{a,,,ﬂ,,,'y,,,,,6 } which are given by Eqs. (31) and (b) the coefficients

{Gns Bas Sk 8 } which are given by Eqs. (33).
Finally, let us consider the case k = 0 for the classical orthogonal
polynomials of the monic nature. Table 2 gives that:

e Monic Jacobi Polynomials §, (z) = P{*#) (z)

ﬂ_a ~l -
[z+m] @) +(n+ta+B+1)ja(z)+

2 a+08+1,
L"'__i_l n@=

n+1
a—pf o R
[ m]%() njn (z) +
4n(n +a)(n+B) (@)=

+(1—a—-ﬂ—2n)(2n+a+ﬂ)

e Monic Laguerre Polynomials §, (z) = L{* (z)

1 _
% (2) — 0 (@) + 50 (2) =0

(34)
[z ~ (n + Q)] §, (z) = nn (2) =1 (n+ ) Jo_y (2) =0

e Monic Hermite Polynomials §i, (z) = Hn ()

(n' + 1) gn (.’E) - g:;.u (:‘B) =0

(35) zil, (z) — nja () — gﬁ:‘-l (z)=
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¢ Monic Bessel Polynomials §, (z) = B{*) (2)

2n+a+1,

i (2+(n+atD)ga () - T2 2y ()= 0

2
[Z " 2nta + 2]
4n
@en+a-1)2n+a)

2 7., ) )
[+ 5] 90 2) — i (2) + 2051 (2) = 0

Some of these expressions for classical orthogonal polynomials were
previously found by means of a completely different technique [2].

Table 1
n(x) P'(“’-ﬁ)(z); a>-1,8>-~-1 LS“’)(:); a> -1 Hn(z) B,(‘a)(z)

r (-1,1) (0, 0) (—00, 00) unit disk
p(z) (1-2)>(1+=2)? zoe~= e==" zoe~3
o(z) 1— 22 z 1 22
1'(2) ﬂ-a_(a+ﬂ+2)= l+a-=z —2x (Q+2)z+2

An nn+a+8+1) n 2n —n(n+a+1)

function p (z) and the coefficients o (z), 7 (z) and A, of the second order differential equa-~
tion of the Jacobi polynomials P,(,"' )(:), the Laguerre polynomials LS"’) (x), the Hermite
polynomials Hy, (z) and the Bessel polynomials B(®) (z) are shown.

Basic data of the classical orthogonal ;olynomials. The domain of orthogonalitg I, the weight

Table 2
bn(2) ) L (z) |Ha(e) B ()
Gn —(n+a+f+2) 0 0 —2n+a+2)
Bn a-8 1 0 2
Yk [-(n+k+a+B+)2n+a+f+2) -1 ~1 |[~-(n+k+a+1)(2n+ a+2)
i @n+a+f+1)2n+a+8+2) 1 1 @Crn+a+1)2n+a+2)
I n+1 n+l |n+41 n+1
Gn n+a+p 1 1 n+4+a
ﬁn a“ﬁ —(n+a) 0 2
Fnk (k-n)2n+a+f) k-n lk-n (k—=n)2n+a)
- dn(n + a)(n + B) . _n 4in
én (l-a-8-2n)2n+a+p) nin+a) 2 (2n +a~1)(2n +a)

The coefficients {c‘z..,ﬁ,.,’y,,k,é,.} and {&n,ﬁn,’ynk,gn} of the differential-difference rela-

tions expressed by Eqs. (30) and (32), respectively. The coefficients are given by Eqs. (31)
and (33), also respectively.
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