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A new solution of the biconfluent Heun equation

H. EXTON

RIASSUNTO: Si determina una soluzione esplicita della equazione biconfluente di
Heun (BHE) con il metodo della trasformata di Laplace. La soluzione trovata non é
menzionata nella letteratura precedente ed é presentata nella forma di una serie con-
vergente tripla di tipo ipergeometrico.

ABSTRACT: The Laplace transform and inverse are applied to a soluble system of
differential equations to deduce an explicit solution of the biconfluent Heun equation
wich has not previously been mentioned in the literature. This is presented in the form
of a triple convergent series of hypergeometric type. The computer algebra package
MAPLE V is used deal with an ancillary system of non-linear algebraic equation.

1 — Introduction

The purpose of this study is to deduce a new explicit representation
of a solution of the biconfluent Heun equation (BHE) in the form of a
convergent triple series of hypergeometric type. The BHE is a linear
ordinary differential equation of the second order with two singularities,
one regular at the origin and the other irregular of the fourth type at
infinity. The canonical form of the BHE used here is

(1.1) XY"+(14a—BX-2X*)Y' +[(v—a—2)X —{0+(1+a)B}/2]Y =0

with the exponents zero and —a.
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For a general overview of Heun’s equation and its confluent forms,
the reader is referred to Ronveaux [3], in particular Part D. This paper is
motivated, in part, by the fact that the BHE is associated with a number
of quantum interactions, see Ronveaux [3], 199.

(1.2) If  U=XY"2exp(—pX/2 - X?/2)Y(X),
the normal form of (1.1) is seen to be
(1.3)  U'+[1-a*)X?/4-06X/2+v—3°/4—BX — X?|U =0,

wich will be used below.

The method of tackling (1.3) and, in turn, (1.1) used here consists
of applying the Laplace transform and its inverse to a soluble system of
differential equations.

A subsidiary system of non-linear algebraic equations is shown to be
consistent in a manner readily capable of numerical implementation by
means of the computer algebra package MAPLE V. Compare Exton [2]
where this method has been used to obtain solutions of Heun’s equation.

The Pochlammer symbol (a,n) = I'(a + n)/T'(a) is used during the
course of the working out and it is taken that all indices of summation run
over all of the non-negative integers. Any values of parameters leading
to results which do not make sense are tacitly excluded and any constant
multipliers which have no essential bearing on the nature of the main
result are also left out. Term-by-term integration is justified in each case
on account of the uniform convergence of the series concerned. If

(1.4) Y(a,B,7,0; X)
is a solution of (1.1), then so also is
(15) Xﬁay(_aaﬂafﬁé;X)

See Ronveaux [3], 195.
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2 — A soluble differential system

Consider the differential equations

(2.1) Ktv" + av” +bv' 4+ cv =0
and
(2.2) tu"/k + fu' + gu=w,

which are equivalent to the equation of the fifth order

t2u’ + (fk + 3+ a/k)tu' + [(gk + b/k)t + af + 2a/k]u” +

(2.3) + [ct/k +ag+bf +b/kJu" + (bg + cf)u' + cgu = 0.

The inverse Laplace transform is written as

(2.4) u(t) = /exp(—:vt)y(x)dw,
where we have put
(2.5) r=1/X =

where the contour of integration consist of a simple path closed on the
Riemann surface of the integrand such that this integrand remains un-
changed after the completion of one circuit.

Is is found that the function y(x) is a solution of the differential
equation

2°y" +[(5 = fk— a/k)x* + (gk + b/k)z® — ca® /K]y’ +
(2.6) +[(af +8 = 4fk — 2a/k)2® + (3gk + 2b/k — ag — bf)z —* +
+ —(bg +cf —2¢/k)x — cgly = 0.

(2.7) U" +1U =0



618 H. EXTON [4]
and

(2.8) U = exp[—(gk — b/k)/(2z) + ¢/ (4dkx?)|x>/ 2 Tk/2=a/2R)y,

then,

I = (17k* — a® + 2K*af — f2k* — 8K3f)/(4k*2?)+

2.9
(2.9) + (2k*bg — 4ck — g*k* — b* — 2ac + 2k*cf)/(4k*x*)+
+ (bc — cgk®)/ (2K*2°) — 2 /(4k*x°).
If we put

(17K — a® + 2>~ k* — 8k f) /(4k*) = A,
(2ab + 6k3g + 2fk*g — 2k*bf + 2bk — 2k*ag)/(4k*) = B,
(2.10) (2k%bg — 4ck — g°k* — b® — 2ac + 2k*cf)/(4k*) = C,
(be — cgk®)/(2k*) = D
and c*/(4k*) = E,

where A, B,C, D and F are to be determined, then the system (2.10) can
be shown to be consistent and manipulated numerically as required by
means of the computer algebra package MAPLE V. The explicit algebraic
results are too lengthy to be recorded here and this would be unnecessary
in any case in view of the convenience of numerical manipulation when
required. One of the quantities a, b, ¢, f,g and k remains arbitrary and

this fact will be employed in Section 4 of this paper.

+ (2ab + 6k%g + 2fk*g — 2K*bf + 20k — 2k*ag)/(4k>2®)+

From (2.5), we recall that x = 1/X, and with this new variable, (2.7)

becomes

(2.11) U"-2U'/X+(AX?+BX '4+C+ DX +EX*)U =0.

Let
(2.12) V =XU,
when we have

(2.12) V'"+(EX*+DX +C+BX '+ AX %)V =0.
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On putting £ = (1 —a?)/4, D = —6/2, C =~ — %/4, B= —j and
A = —1, (2.12) is seen to be identified with (1.3), the normal form of the
BHE, a solution to the canonical form of wich (1.1) can be obtained by
means the inverse of (2.4) from the solution of (2.1) and (2.2).

3 — The solution of the equations (2.1) and (2.2)

Since (2.1) is a Laplace linear equation, a solution can be written as

(3.1) v = /_:): exp(st)n(s)ds,

in which

(32) /1 = [(afk — 3)s* = bk + c/k]s~
when

v—/0+exp st —b/ks™' — ¢/(2ks?)]s¥*3ds
3.3
(33) —tQ“/’“Z —bt/k)™(—ct?/(2k))"]/[(3 — a/k, m + 2n)m!n!]

By the theory of the solution of inhomogeneous linear differential
equations, the equation (2.2), which is written as
tu" + kfu' + kgu =
(34) = a/kz —bt/k)™(—ct?/(2k))"]/[(3 = a/k, m + 2n)m!n!],

has the solution

= [(b/(2k*)™(—c/29°k*)"] /(2 — a/k, m + 2n)m!n!] x

(3.5)
X of1, 3—a/k+m+2n[—a kf; —krgt],

when the inhomogeneous hypergeometric function ofi,3—a/ktm+2n[—kf;
—kgt] is given by

(—kgt)?~e/Ftmt2n /(3 — a/k +m + 2n)(2 — a/k + kf +m + 2n)]x

3.6
(3.6) x 1F5[1;4 —a/k+m+2n,3 —a/k + kf + m+ 2n; —kgt].
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See Babister [1], 277. Hence, u is proportional to

a7 3798 N7 (2 = afk 4+ kf,m o+ 20) (<t /k)™ (—ct?/(2K))" (—kgt)?] /

/[(4—=a/k,m+2n+p)(3—a/k+kf,m+ 2n+ p)m!nl].

4 — A solution of the BHE

From (2.4) by inversion,

(4.1) y(x) = / exp(at)u(t)dt,

so that, if the contour of integration is taken to be a simple loop beginning
and ending at oo if Re(z) < 0 at —oo if Re(x) > 0 and encircling the
origin, then

y(x) = x2/k4 Z [(2—a/k+EKkf,m+2n)(=b/(kx))™x

(+2) o (cof(2ha?)) (—kg/a))/
/13— a/k+kf,m+2n+ p)m!nl].

From (1.2), (1.3), (2.7), (2.8), (2.9), (2.10), (2.11) and (2.12),

Y(X) =
= X2/ BRHIR2=e/2 oxp (B — gk — b/k) X /2 + (/4 + 1) X?/2]
A3) % ST (2= a/k + kf,m +20)(=bX k)™ (—cX?/(2k))" (kg X )?]/

17 7/[(3—a/k:+k:f,m+2n+p)m!n!].
Put
(4.4) 2 —a/(2k) + fk/2 — /2 =0

and (4.4) is found by MAPLE V to be consistent with the equations of
the system (2.10). The expansion (4.3) is then a convergent triple series
representation of the solution with zero exponent of the BHE relative to
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the regular singularity at the origin. Bearing in mind (1.4) and (1.5), a
second independent solution relative to the same singular point can be
deduced.

Triple hypergeometric series of this type have already been encoun-
tered in the literature and have been studied by Srivastava [5]. If the
parameters are not too large, the series solution (4.3) can be implemented
numerically for |z| <= 50.

5 — A representation of a solution relative to the irregular sin-
gularity at infinity

Bearing in mind from (4.4) that the exponent of (4.3) has been put
equal to zero, write this expression in the form

(5.1) Y(X) =exp|(B— gk —b/k)X/2 + (c/4+1)X?/2]S

where the series S can be expressed as a double series of confluent hyper-
geometric functions, namely

S = Z[(Q —a/f +kf,m+2n)(—bX/k)™(—cX?/(2k))"]/

/I3 —a/k+bf, m+ 2n)m!n!]x
X 1Fi[1;3 —a/k+ kf +m+2n;—kgX].

(5.2)

If

kgX — —oco,  1Fi[1;3 —a/k+kf+m+2n; —kgX]
(5.3)  ~T@B—a/k+kf+m+2n)exp(—kgX) X/ H=2mm=2n,F
/[L,a/k —1—kf —m—2n;—;1/(kgX)].

(Slater, [4], 60).

The required formal solution relative to the irregular singularity of
the BHE at infinity can be deduced if (5.2) and (5.3) are inserted into
(5.1).
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