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Laurent type expansions of 4-closed (0, n— 1)-forms in C"

TELEMACHOS HATZIAFRATIS

ABSTRACT: We characterize the multiple sequences @k, ...k, of complex numbers
for which there exist O-closed (0,n — 1)-forms 0(C), defined for ¢ € C" — {|¢| < R},

so that cl=p ki gkn(O) AdGA . ANdCn = iy, ok, (p > R). We also derive

Laurent type expansions of such 0-closed (0,n — 1)-forms in terms of the derivatives of
the Bochner-Martinelli kernel and we discuss Mittag-Leffler type constructions in this
setting.

n

1 — Introduction

Let us recall that given a sequence wyg, kK = 0,1,2, ..., of complex numbers,
there exists a holomorphic function g(¢) defined for ¢ € C — {|({| < R} (where
R > 0) so that

/ Fg(O)d¢ =wp, k=0,1,2,... (p > R),

I¢l=p
if and only if
limsup {/|wi| < R,
k— o0
and that, moreover, such a function is of the form
© =13 L+ a holomorphic function in C
g 9 2 wg G a holomorphic function in C.

KEY WORDS AND PHRASES: Laurent type expansions — O-closed (0,n — 1)-forms —
Fourier-Laplace transform — Derivatives of the Bochner-Martinelli kernel — Mittag-
Leffler type constructions.
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In C™, we may consider systems (g1, ... ,g,) of C°° functions, which satisfy the

differential equation
n

109,
§ —1)12 —
=1 ¢

j=1

(equivalently: the (0,n — 1)-form
0="> gjdli A...(j)... Nd(,
j=1

is O-closed), and pose an analogous question as follows: For which multiple
sequences @y, .., of complex numbers, do there exist 0-closed (0,n — 1)-forms
0(¢), defined for ¢ € C™ — {|¢] < R}, so that

/ ¢k k() NdG A N dG, = Why,.. k(P> R)?
I<l=p

It turns out that we can characterize such sequences (see Theorem 2) and fur-
thermore we can give an analogous expansion for these d-closed (0,n — 1)-forms
0, in terms of appropriate derivatives of the Bochner-Martinelli kernel (see The-
orem 3). For background material, we refer to [2], [3], [4], and [7].

NoTATION. If D is an open subset of C*, we will denote by Z éo’"_l)(D) the
set of O-closed (0,n — 1)-forms with C™ coefficients in D and Hg)’nfl)(D) will
denote the set of the corresponding d-cohomology classes in D:

HP" (D) = (1) 6 € 2§ V(D).

where [0] = {0 + 0 — exact (0,n — 1) — forms in D}.
Also O(D) will denote the set of holomorphic functions in D.

2 — Fourier-Laplace transforms of J-closed (0,n — 1)-forms

Let E be a compact convex set in C™ and let £ € Zg)’n_l)((C" — E). The
Fourier-Laplace transform of £ is the entire holomorphic function F¢ defined by
the integral

Fe(w) = / CWEC) Aw(C), we T,
Ceou

where (¢,w) = > (w;, w({) = d¢ A ... ANd(, and U is an open and bounded
convex set with smooth boundary which contains E. Since the differential form
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elCmE(C) A w(C) is d—closed, it follows from Stokes’ theorem that the above
integral is independent of the choice of U. Indeed, if V is a sufficiently large ball,
then

| cmgane) - [ emigrnr = [ e nwo)=o.

¢eav ¢eou CevV-U

Notice also that this integral depends only on the cohomology class [¢] €
Hg)’nfl)((C” — E). For, if ¢ — 0 = Ju (where 0 € Zg)’nfl)((C" —E)and uis a
(0,n — 2)—form in C™ — E), then

[ e na)~ [ emn0nu@ = [ deue auo) =0
ceouU ¢ceau ¢eou

Now it is easy to see that the function F¢ is an entire function of exponential
type. In fact,

|Fe(w)] < / e Ce(C) Aw(C)] < APl for w e TP,
CeaU

where A and R are positive constants.

Conversely, using the derivatives of the Bochner-Martinelli kernel, we will
show that every entire function of exponential type is the Fourier-Laplace trans-
form of a 0-closed (0,n — 1)-form.

THE DERIVATIVES OF THE BOCHNER-MARTINELLI KERNEL. For { # z, set

_ B ¥ R N , =
M, z) = [C—pn Z(—l) (G —2Z)dC A (F) - A dn,

j=1

where £, = (—=1)*(»=D/2(n — 1)1/(27i)", and for each k = (ki,... ,k,), where
k; are non-negative integers, let us define the (0,n — 1)-forms

(G, 2)

k T :
0zt -+ 0zn 20

k()

A simple computation shows that

FRLLL L PR

|C[2(n Rt thn)

X (=17 GdG A (G) - A G,
j=1

Since 9:[M (¢, 2)] = 0, it follows that dnx = 0. Thus 7 € Z{%O’nfl)((cn —{0}).
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Now recall the Bochner-Martinelli formula: For f € O(C™),

(1) ﬂ@=&/fKMﬂQdAMO,anM<p,

Ces,

where S, ={( € C": |(|=p}and p>0.
Applying to both sides of (1) the differentiation

Gtk

k-
k Ky,
0z -+ 0z

)

z=0

we obtain the formula
krttka

2 ok f= "
@) f oA P

- u/" FOm(Q) Aw(Q).

z=0
CeSy

CONSTRUCTION OF 9-CLOSED (0,7 — 1)-FORMS WITH PRESCRIBED FoOU-
RIER-LAPLACE TRANSFORM. Let F' be an entire holomorphic function of the
following exponential type:

(Sr) |F(w)| < Aef! | for every w e C",

where A and R are positive constants.
Now we will estimate the derivatives of I’ at zero, using Cauchy’s formula
in the polydisk:

3) oFf =

(Qm')n {ClJrl . TI§TL+1
CeT,

where T, is the torus of multi-radius r = (71, ...,7y):
T,={CeC": |G| =71, |C] =Tn}

Since for ¢ € T,, |F(¢)| < Ae™V7i+ 7% (3 implies that the coefficient oy, in
the expansion F'(w) = Y, opw”, satisfies the inequality

. ) RN
" F < A

T ke

lok| = for every ry, ..., > 0.

Applying this inequality with

ri=Vkilki 4+ +kn)/R, o rn = V(b1 + -+ kn) /R,
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we obtain

(eR)F++hn

klfl/Q . k’q}i"/Q(kl 4ot k_n)(k1+“'+kn)/2

(4) fox| <A for every ki, ... ky.

(Convention: k'jkj/Z =1, when k; =0.)

Next let us recall that if F(w) is to be the Fourier-Laplace transform of an
analytic functional 7, then the action of 7 on a function f € O(C™) will be
given by the formula:

T(f) = > xS,
k

Now we take an arbitrary f € O(C™) and substitute the values of its deriva-
tives D f in the sum ), 0,DF f, using formula (2). Interchanging the order of
summation and integration, we obtain — at least formally — that

(5) > o0 f = / f(<)<2mk(c>>w(c>-
k k

¢es,

We will show that the series >, oxni(¢) converges for ( € C" — Br (where
Br = {|¢| < R}), and defines a O-closed (0,n — 1)-form whose Fourier-Laplace
transform is the given function F'. In fact we will see that the convergence is
uniform and absolute on compact subsets of C" — By, and therefore (5) holds
when p > R. In proving this, (4) will play the important role in conjunction
with the following lemma.

LEMMA 1. Ifty, ...ty >0 and t3 4 - +t2 <1 then

ekt thn (b 4o ) T
Z ki/2 kn/2 (k1+.‘.+kn)/2t1 tn < 0.
kv KTk (R )

PROOF. First let us keep in mind that the validity of the assertion is not
affected if the general term of the sum is multiplied (or divided) by a quantity
of the form kj*...k3 (for some nonnegative constants si, ..., S,).

Now to prove the lemma, it suffices to show that the sum of the terms,
whose indices ki, ..., k,, are all even, is finite, i.e.,

...tik" < 00

Z e2k1t+2kn (le + .4 an)' t2k1
6) w20 ()" 2y - 2T

for t7 + -+ +12 < 1.
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To justify this reduction we split the sum according to the parity of the kq, ..., k.
More precisely, if we call C(kq, ..., k,,) the general term of the sum in the state-
ment of the lemma then on the one hand it is clear that

Z Clhy, k)= > > C(2ky + un, ..., 2k, + ),

K,k (Uryertin)€{0,1}7 K1y

and on the other hand it is easy to see (using the remark at the beginning of
this proof) that (6) implies that each of the 2" sums

Z C(2ky + uy, ..., 2ky, +uy) is finite

(i.e., when uy, ..., u, € {0,1}), and the reduction of the proof of the lemma to (6),
follows.
Using the notation |k| = k; 4+ - -+ + ky,, we have

P
(2k0) (k)" (21 4 4 2k )BT

_ ﬁ efik;l | ek (20K k]!
a kj k| 4k 271 T
o kY |k|IEL 4k (1|12 kel Ky
But from Stirling’s formula, for min{s; : 1 < j <n} large enough,
et k! ell||! 2[k))! 1
kf’ ~ \/27k;, W ~ \/2m|k| and EHEDE ~5 —7T|k\

Therefore, using also the expansion

k k !
Z thﬂ t?zkn — 5 3 valid for t%+ : +ti < 1;
L k! 1= (] +--- +12)

we conclude that there is a positive integer N so that

ekt t2kn (2hy 4 ... 4 2k,)!
5 (2k1 4+ k)+...+k 2k < oo,
(2k1)F L (2k) " 2Ky + -+ + 2k) n

min{ki,....kn }>N

Now (6) can be proved by induction on n.

SOME COMPUTATIONS. For each ¢ = (11, ...,1,) € C" — {0}, we define the
region

Gwz{ eC"—{0}: %<% forjzl,...,n}.
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We will show that for |¢)| > R, the series ), |04C;(¢)| converges uniformly in
¢ € Gy, where € (() is the main coefficient of 75(¢), i.e., the quantity

cRkL C_kn

First notice that Gy C {¢ € C™ : (| > |#|}, because

IG1_ 1l S IGE S 1l 11
CEWE T XL T RESWE

=1

Also utp € Gy, for every u > 1 (as it is easy to check) and for a fixed p > R,

(7) C"-B, = J Gy.
»ES,

Indeed, if ( € C™ — B, then it is easy to see that { € Gy, where ¥ = p(/|(|, and
of course p(/|¢| € S,.

To prove the uniform convergence of the series ), |04C,(¢)| for ¢ € Gy
(with |¢| > R), it suffices to notice that, since,

n—1 k k
B e R ) P 1<_|<1) 1 (_Kn') ’
o) mopnepr R ) )

inequality (4) implies that the series >, sup{|0x€x(¢)| : ¢ € Gy} is dominated
by the convergent series

3 P (k4 R £ 1) el* (|k))! (R|w1|)’“ (Rwu)’“"
(n = Dlp[>r R L N L AN (I

ki, kn

The convergence of the above series follows from Lemma 1, since

S (W) - () =

Jj=1

Now we can prove the following theorem which is a Paley-Wiener type the-
orem. As it is well-known such theorems deal with the question of representing
entire functions of exponential type as Fourier-Laplace transforms of measures
and the related literature is quite extensive. This particular theorem expresses
such measures in terms of the Bochner-Martinelli kernel.
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THEOREM 1. If F(w) = >, opw" is an entire function, which satisfies
(8r) for some R > 0, then the series ), opni(C) defines a 0-closed (0,n — 1)-
form n(C), with C* coefficients in ( € C™ — Bgr, and

F(w) = / €<C’“’>77(C) Aw(C), for we C"” and p > R.

¢es,

Thus an analytic functional T, which is carried by the ball Br, is represented by
the measure

dA(C) =D on(¢) Aw(O)] g, »
k

supported by the sphere S, (p > R), where o, = T (") /kL.

In particular, any measure du (in C™ and with compact support) is analyt-
ically equivalent to d\ (given by the above formula), where oy = [ 2*du(z)/k!
and p > sup{|z| : z € supp(p)}

PrROOF. Notice that

M(Q) = 3“1 GERCG A v ()ers A o

j=1

But if P is any derivative (of any order), with respect to (1, ..., Cn, Cis oy G, then

(8) > sup {|owPIGE(Q]] : ¢ € Gy} < o0,
k

provided that || > R. This follows from Lemma 1, which implies that

B[]
> RSk e ([kl) thr otk <00 (b, ety >0, 2412 <1),
L2 e 2 k12
kiyeoikn 1 n

for every nonnegative constants si, ..., s,. (At this point we use the fact that,
since the function F' satisfies the condition (Fg), the coefficients oy, satisfy (4),
and, therefore, we can carry out computations, similar to the ones that follow
the proof of Lemma 1, which lead to (8).)

But (8) implies that n = ", opm has C* coefficients C"* — Br and that

((_?7] = Zakénk =0.
k
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Furthermore, for f € O(C"),

/f(C)n(C)Aw(C)Z / f(C)(Z%Uk(C))AW(C):
k

ces, CES,

=Y o / FOMC) Aw(Q) = oud*f,
g k

¢€s,

where we also used (2). Applying the above formula with f(¢) = e{&®) (for fixed
w), we obtain

/ erin¢) Aw(Q) =Y orwt = F(w).
k

CeS,

This completes the proof.

3 — Laurent type expansions of 0-closed (0,n — 1)-forms
The computations of the previous section lead also to the following theorem.

THEOREM 2. Let R > 0. Suppose that for each k = (ki, ..., ky), where k;
are nonnegative integers, we are given a complex number wy, = Wk, k,. LThen

a necessary and sufficient condition that there exist 6 € Zg)’n_l)((C” —Bg) so
that

(B) / k0O Aw(C) = @y, for every k (where p > R),

ces,
is that the sequence wy, = wy, ..k, Ssatisfy the condition

(BRr) For every € > 0 there is a positive constant A(e) so that

[e(R+ )] Tongy k!

for every kq, ..., ky,.
A2k 2 (e k)RR /2

k| < Ale)
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PROOF. Set
Chky,ooikn =

To prove the one direction, let us assume that 6 € Z (0:n=1) (C™—Bpg) and satisfies

(B). Then

Since

. kn k
Z C C wl :e<<7w>,

it follows that the series F(w) = >, cw” converges, it defines an entire holo-
morphic function F'(w), and that this function is given by the integral:

F(w) = / eSO(C) Aw(C)  for p> R.
CeSy
Applying this with p = R + € (where € > 0), we see that
|F(w)] < A(e)et ],

where
R GO GI]

CI=Rete

Now we can prove (in the same way we proved that (Fg) implies (4)) that

[6(R—|—€)]kl+m+k"
k’fl/Q e kfl"/2(k1 4oy kn)(k1+~~+kn)/2’

lek] < Ale)

and this proves (&g).

To prove the other direction, let us assume that the sequence wy satisfies
(BR). Then, it follows from the proof of Theorem 1, that the series 0(¢) =
> x crni(€) defines a O-closed (0,n — 1)-form with C* coefficients in ( € C" —

BRrye, and this is true for every € > 0. Thus 0 € Zg)’n_l)((C” — Br). Moreover

[ s A - Yo [ 0m©) nw© = Y ants,
k

CES, C€Ss,
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for f € O(C") and p > R. Applying this formula with f(¢) = ¢!*--- ¢l (with
nonnegative integers ly, ..., [,,), we see that, indeed, 6 satisfies the required period
condition (3). This completes the proof of the theorem. 0

The following theorem is a variation of Theorem 2. It gives Laurent type
expansions for d-closed (0,7 — 1)-forms in C” — Bgr. (The case R = 0 of it, is
in [2].)

THEOREM 3. Fuvery 0 € Zéo’"_l)((C” — Bg) has an expansion of the form

v —
6=> —rm+ov.
k

where the numbers wy, are given by (P) and v is a (0,n — 2)-form with C>°
coefficients in C* — Bg.

PROOF. Given 0 € Zgj’nfl)((C" — Bgr), we define wy, by () and we set
@,
n= % an.

It follows from the proof of Theorem 2 that n € Zg)’"_l)((C” —Bpg) and that, for
p> R,

/QF“@W@AMOzwmwM

¢es,

Therefore
/ Chr k00 = (O] Aw(C) =0,  for every ky, ..., kn.
(€S,

Now [1, Lemma 5] (see also Lemma 2, below) implies that there exists a (0,n—2)-
form v, with C°° coefficients in C" — Bg, so that 8 — n = Qv. This gives the
required expansion and completes the proof of the theorem. 0

REMARKS. 1. Writing the quantity
et thnp 1 k!
kfl/2 . k"’i"/2(k.1 4+ kn>(k1+"'+kn)/2

in the form
ﬁ ekik;! e WS
K9 ) by 4ot ey 2

j=1 "3
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and using Stirling’s formula

k.
e ka!

k;
kj

~ \/27mk;,

it is easy to see that a sequence wy, satisfies the condition (&) if and only if for
every € > 0 there is a positive constant A(e) so that

(R + E)k1+-~+knk]1€1/2 L k77€ln/2

e T W G LT

for every ki, ..., ky,.

2. Let 0 € Zg)’nfl)(U — B(a, R)), where U is an open neighborhood of
the closed ball B(a,R) = {¢ € C" : | —a| < R}. Taking a p > R so that
B(a, p) C U, we define the coefficients ¢; by the formula:

kl'lkn' / (Cl - al)kl .. (C’ﬂ — an)kne(C) A W(C)

CEs,

C =

Let us also consider the differential forms 7 (-, a) defined by the formula

gt M, 2)
77k(§7 Cl) = 9 1 T -
Zl e azn r—a
(61 _ dl)kl e (gn - an)kn
=Bun(n+1)--(n+ki+-+ky,—1) |<—a|2(”+k1+“-+kn) X
X (17N = a)dG A () - AdG.
j=1
Then n;(+,a) € Zg)’"_l) (C™—{a}) and they have properties analogous to those of

N, We notice that although the differential form 6 is defined only in U —B(a, R),

the series
Z CrMk (Ca CL)
k
converges for ( € C" — B(a, R) and defines there a d-closed (0,1 — 1)-form.
EXPANSIONS IN MORE GENERAL DOMAINS. Suppose that D is a pseudo-

convex domain in C", a',....,a”" € D and Ry, ..., Ry > 0 so that

B(a’,R;)C D (j=1,..N) and B(a’,R;)NB(a™,Rn) =0 (j #m).
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Let 0 € 20"V (D — [B(a', Ri) U---UB(a", Ry)]). Taking p; > R; so that

the balls B(a?, p;) are pairwise disjoint, we define

A=y [ G (6= )00 nw(o)

¢es,,

Then, in view of the previous remark, >, cink ¢, a%) € Zg)’n_l) (C"—B(d’, Rj)),
and therefore

N
£ def g Z Z c,ink((:, a’) € Zg)’nfl) (D — B(a',R)U---U B(CLN,RN)]) )
=1 k

Moreover

/ (G —ad)F e (G — ad ) E(C) Aw(C) =0 for all k and j.
CGSPJ-

It follows from Lemma 2 below that ¢ is d-exact in D — [B(a, Ry) U --- U
B(a”, Ry)]. The conclusion is that # has the following expansion

N
0="> > dn(¢ a’)+dv,
j=1 k

for some (0, n—2)-form v with C> coefficients in D—[B(a!, Ry)U- - -UB(a®, Ry)].

LEMMA 2. Let us consider an open set @ C C™ of the form Q@ =D — (G U
... UGN) where D is a pseudoconvez set and G1,... ,GN are compact convex
sets in C" so that G; C D and Gj NGy, = 0 for j # m. Let us also consider
simple closed surfaces S;, each one around the set G; and close to it.

Then a differential form x € Zg)’n_l)(fl) is O-ezact (in Q) if and only if

(9) / ey Aw(C) =0, forevery j=1,...,N and we C"

CES;
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Notice that (9) is equivalent to

/ FOXQ) Aw(Q) =0, for f €O(C) and j=1,...N,

CES;

because the set of the functions (<), w € C", is dense in the space of entire
functions (with the topology of uniform convergence on compact sets. Also this
is equivalent to

/ (¢ — a{)kl v (Cn = )X (O) Aw(C) =0 for all k and j,

CES;

where a; are any preassigned points.

ProOOF OF LEMMA 2. The one direction follows from Stokes’s formula. The
other direction is a generalization of [1, Lemma 5] and its proof is similar in this
case too, so we will outline it.

First we exhaust the set ) with a sequence of compact sets of the form

K={\A<0}-({p1 <0}U...U{pny <0}),

so that the set {\ < 0} is a bounded strictly pseudoconvex set with smooth
boundary and the sets {p1 < 0},...,{pny < 0} are strictly convex neighborhoods
of the convex sets G1,...,Gy. In other words, the sets {\ < 0} should exhaust
the pseudoconvex set D, while the set {p; < 0} should shrink down to the set
Gj, forj=1,...,N.

Fixing such a set K, we consider the map ~ : (0K) xint(K) — C™ as follows:
For (¢,z) € (OK) xint(K), {7(¢,z)}}, is defined to be a Henkin-Ramirez map
of the strictly pseudoconvex set {\ < 0}, if ¢ € {\ =0}, and

(¢, 2) = Z—Z@ if ¢ p; =0},

(For exhaustions of pseudoconvex sets by strictly pseudoconvex domains and
constructions of Henkin-Ramirez maps, see [5] and [6]).
Then

Z Cl - Zl m Cv )# Oa fO’/’ (C’Z) € (aK) X 1Dt(K)7
=1

and therefore we may write down the Cauchy-Leray formula:

(10) u = 0, (Ty—1u) +T,(du) + L] (u), for (0,q)-forms u in a neighborhood of K

(notation is as in [1, p. 912]).
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Now if y € Z(O" 1)(Q) satisfies (9), it follows, as in the proof of [,
Lemma 5], that L 1( ) = 0, and therefore (10) gives
X = 0.(T,,_2X), in int(K).

Now the conclusion that x is d-exact in €, follows from [1, Lemma 4], and this
completes the proof of the lemma.

4 — Mittag-Leffler type constructions of d-closed (0,n — 1)-forms

In Theorem 2, we saw when and how we can construct a 0-closed (0,n —
1)-form, in the complement of a closed ball, with prescribed certain weighted
periods. The following theorem deals with the analogous question, when the
closed ball is replaced by the union of an infinite sequence of pair-wise disjoint
closed balls. Given the previous constructions, its proof is similar to the proof
of [3,Theorem 2].

THEOREM 4. Let D be an open subset of C" and B(a?, R;), j = 1,2,3, ...,

a sequence of pair-wise disjoint closed balls, contained in D, with R; > 0. Let us
2 3

also assume that the set {a',a?,a3,...} of the centers of these balls is discrete in
D .and se?f M = U;; B(a’, R;j). Suppose that for each j we are given a sequence
@}, = Wi, ..k, Of complez numbers which satisfies the condition (8g;). Then

there exists 0 € Z (0.n=1) (C" — M) so that

(o) / (G — ¥ (Go— al)*0(C) Aw(C) = @h, o, for all k and j,
¢Es,,

where p; > R, with the balls B(a?, p;) being pair-wise disjoint.
If we assume, in addition, that the open set D and the balls B(a’, R;) satisfy
the condition

(*) D can be exshausted by a sequence of pseudoconvez sets G, (v =1,2,3,...)
so that (0G,)NM =10 (Vv),

then the differential form 6, which satisfies (IM), is unique up to a O-evact (0,1 —
1)-form in C™ — M.

COROLLARY.  With the notation and under the assumptions of the above
theorem (including condition (x)), we have an isomorphism:

H(On 1) HO

where B; = {¢ € C™: |(| < 1/R;}.
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PROOF. To define this isomorphism, let us associate, to each cohomology
class [/l € H g)’"_l) (C"—M), a sequence of holomorphic functions (h;)32; defined
by the power series:

h;(1) = chjk7 for T € By,

k

where

Cli - ﬁ / (G1— a{)kl (G — aﬂ)k’”ﬂ(o Aw(C),

¢€S,,

with the p; > R; chosen so that the balls B(a?, p;) are pairwise disjoint.
Then it is easy to check (in view of the previous computations) that h; €
O(Bj) and that the map

[6] = (Pj)5%1,

gives the required isomorphism.
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