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Representation formulas and Fatou-Kato

theorems for heat operators on stratified groups

ANDREA BONFIGLIOLI - FRANCESCO UGUZZONI

ABSTRACT: In this note, we provide a characterization of non-negative L-caloric
functions on strips, where L is a sub-Laplacian on a stratified group. We prove represen-
tation results, Fatou-type and uniqueness theorems analogous to the classical Poisson-
Stieltjes formula and to Kato’s theorem concerning with positive solutions to the heat
equation.

1 — Introduction and main results

A stratified group is a connected and simply connected Lie group G whose
Lie algebra g admits a stratification, i.e., a vector space direct sum decomposi-
tion g = 61 & ... & 6, with [&1,8;] = 6,11, [&1,8,.] = {0}. Stratified groups
(also known as Carnot groups) have been introduced by FOLLAND [7] and after-
wards deeply studied by various authors, see e.g., ROTHSCHILD and STEIN [15],
FOLLAND and STEIN [8], VAROPOULOS, SALOFF-COSTE and COULHON [18]. In
particular, Rothschild and Stein pointed out that any Hormander operator, sum
of squares of vector fields, can be locally approximated by a sub-Laplacian on
a stratified group. Recently, analysis on such groups has received new and sig-
nificant impulses in many directions. Indeed, Carnot groups appear as tangent
groups of subriemannian manifolds (see e.g., [12]) and they find many applica-
tions in mechanics and in control theory. We also refer to the rich bibliography
in the recent monographs [1], [9].
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In this paper, we give a contribution in the study of heat operators H =
L — 0y, where L is a sub-Laplacian on G. The study of parabolic-type operators
on G has experienced an increasing interest, also in relation to some problems
from image processing (see e.g., [5], [6], [13]) and from the geometric theory of
several complex variables. In particular, the operator H (on a Carnot group G)
intervenes in the study of the linearizations of fully non-linear equations such as
the Levi curvature equation [4], [11].

In this note, which is a natural sequel of a study started in [2] (and related
to the above mentioned linearizations), we deal with a question left unanswered
in [2], giving a characterization of non-negative L-caloric functions and proving
some representation formulas. We also prove some results analogous to the clas-
sical Fatou-type and uniqueness theorems of KATO [10] concerning with positive
solutions to the heat equation. We point out that similar topics have been stud-
ied in [3], [14]: in [3], Fatou theory is generalized to the non-negative solutions of
some sub-elliptic equations on non-tangentially accessible domain; in [14], Fatou-
Kato results are obtained for a class of ultraparabolic Hormander operators on
different homogeneous Lie groups, making use of some Gaussian estimates of
the fundamental solution analogous to the ones used here. Our main results are
contained in Theorems 1.1, 1.3 and 1.4 below.

We point out that many results presented in this paper are valid in more
general contexts. Indeed, the needed tools are mainly a local parabolic Harnack
inequality and techniques related to Gaussian bounds (we refer to [18] for such
results and related topics on general groups). However, our aim is only to answer
to some questions arisen in the study of the above mentioned linearizations rather
than to establish an axiomatic theory on the subject. Hence, we shall restrict to
the setting of Carnot groups.

THEOREM 1.1.  Let u be a real valued function defined on a strip. The
following statements are equivalent:

(i) u is a non-negative L-caloric function in some strip RY x (0,81).
(ii) For some Radon measure o on RY | u has the representation

1) uat) = [ Tla.t:6,0)do(o)

for every (x,t) in some strip RV x (0, 63).
Moreover, if (i)-(ii) hold, then

(2)  u(,t)— o, as t— 0T, in the weak sense of measures,
3)  ul(z,t) — o(z), as t— 0, for almost every x € RY,
where p € L (RYN) is the density of the absolutely continuous part of o w.r.t. the

Lebesgue measure.
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Throughout the paper, we call L-caloric any solution u of the equation
Hu = 0, where H is the heat operator defined in (7) below. Moreover, a Radon
measure is understood to be a positive (regular) Borel measure on RY, finite
on compact sets. Finally, by (2) we mean [ (x)u(z,t)dz — [(x)do(z),
as t — 0T, for every continuous function ¥ with compact support. The other
notations are explained below. The following remark shows how the strips in (i)
and (ii) of the above theorem are related.

REMARK 1.2. If (i) holds then we have the representation (1) in the whole
strip RY x (0,d;) for a Radon measure o on RY satisfying the growth condition

(W |, explv ) ante) < .

where v = ¢/d7; vice-versa, if (ii) holds, then the measure o satisfies (4) with
v = c¢/dy and (i) follows with §; = d2/c?. Here ¢ > 0 is a structural constant
only depending on L.

The following result is a step in the proof of Theorem 1.1, beside being of
its own interest.

THEOREM 1.3. Let u be a non-negative L-caloric function in RN x (0,T).
Then, for every e > 0, we have the following Poisson-Stieltjes type representation
formula

(5) wu(z,t+e)= /]RN D(z,6;¢,0)u(g,e)dE, (z,t) e RN x (0,T —¢).

From Theorem 1.1 and using as a main step Lemma 2.7 in the next section,
we can also derive the following Kato-type uniqueness result.

THEOREM 1.4. Let u be a non-negative L-caloric function in RN x (0,T).

If

lim u(z,t) =0 for almost every x € RN,
t—0+t

limsupu(z,t) < oo for every z € RN,
t—0+

then u vanishes identically.

We explicitly remark that the lim sup-condition in Theorem 1.4 cannot be
weakened, as one can easily realize taking u =T.
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We now explain all the notation. First of all, we give an operative definition
of Carnot group. Our definition is equivalent to the one of Folland, up to iso-
morphism. Let o be an assigned Lie group law on RY. Suppose R” is endowed
with a homogeneous structure by a given family of Lie group automorphisms
{dx}r>0 (called dilations) of the form

Ox(z) = oa(zW, ... 2y = AW Amz(™),

Here z(V € RMi for i = 1,...,7 and N} +... + N, = N. We denote by g
the Lie algebra of (R™,0). For i = 1,..., Ny, let X; be the vector field in g
that agrees at the origin with 9/ 3935»”. We make the following assumption: the
Lie algebra generated by Xi,..., Xn, is the whole g. With the above hypothe-
ses, we call G = (R™,0,8,) a Carnot group. If Yi,...,Yy, is any basis for
span{ Xy, ..., Xn, }, the second order differential operator

N1
L=V
i=1

is called a sub-Laplacian on G. Since X1,..., Xy, generate the whole g, which
has rank N at every point, any sub-Laplacian £ satisfies Hérmander’s hypoel-
lipticity condition. We denote by @ = z;:l jN; the homogeneous dimension of
G. Then |65(E)| = A9 |E| for any measurable set E. Here and in the sequel, we
denote by | - | the Lebesgue measure on RY. This measure is invariant w.r.t. the
left and right translations on G.

The simplest example of Carnot group is the additive Euclidean group
(RP,+); in this case, the sub-Laplacians are exactly the constant coefficient
elliptic operators. The most significant (and simple) non-abelian example of
Carnot group is the Heisenberg group; in this case, a remarkable sub-Laplacian
is the real part of the Kohn-Spencer Laplacian.

Throughout the paper, d will denote a fixed homogeneous norm on G. For
instance, we choose d = /(2=Q) where v denotes the fundamental solution
of the sub-Laplacian 25\21 X2. We recall that a homogeneous norm on G is a
continuous function d : RY — [0, 00), smooth away from the origin, such that
d(6x(x)) = Nd(x), d(z~t) = d(x), and d(z) = 0 iff z = 0. Hereafter, we also
denote d(y~!ox) by d(x,y) and use the notation By(z,r) for the d-ball of center
z and radius r. The following quasi-triangle inequality holds

(6) d(z,y) < B(d(z,2) +d(z,9), =,y 2€G,

for a suitable constant 5. Throughout the sequel, £ will always denote a fixed
sub-Laplacian on G and

(7) H=1"L—0,
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the related heat operator on G x R = RN+, Here z = (x,t) is the point of RN *+!
(z € G, t € R). The operator H is hypoelliptic by Hérmander theorem.

It is known that H possesses a fundamental solution with the properties
recalled below (see [8], [18]; see also [2]). There exists a smooth function I' on
RN+1\ {0} such that the fundamental solution for H is given by

D(z,t;6,7) =T (¢ ox,t — 7).
We have I'(z,¢) > 0 and T'(z,t) = 0 iff ¢ < 0; moreover
(8) D(z,t) =T(z7"1),  T(6a(x), \*t) = AT (x,1).

For every ¢ € RN+ D(-;() is locally integrable and HI'(-,{) = —d¢ (the Dirac
measure supported at {¢}). For every x € RN ¢ 7 > 0, we have

O [ Tende=1 T@ein= [ TEonnrEnd,

RN RN
The main tool we shall employ in the proofs of our results is the following Gaus-
sian estimate of I': there exists a positive constant cg such that

2 2
1,/ _Cd (@) _ Y _&*(2)
(10) c, t exp ( ; ) <T(x,t) <cpt exp ( ool ),

for every z € RN, ¢t > 0. We finally recall the following result, related to the
Cauchy problem for H (for the proof we refer to the results in [18] and to the
classical method of Aronson; see also [2]).

THEOREM 1.5. (i) Let f be a continuous function on RN satisfying the
growth condition |f(x)| < ¢ exp(v d?(x)), for some constants ¢, v > 0. Then the
function

u(x,t) = /RNF(;v,t;f,O) f (&) de, zeRY, te(0,(cv)™)
s well posed and is a classical solution to the Cauchy problem
Hu =0 in RY x (0, (cv)™ 1), u(-,0) = f.
Here c is a positive constant only depending on L and the structure of G.
(i1) Let u be a classical solution to the Cauchy problem
Hu =0 in RN x (0,7), u(-,0)=0.

Suppose that one of the following conditions holds: either u is non-negative or
there exists v > 0 such that

/T/ exp (—vd*(z)) |u(z,t)|dz dt < co.
o JRN

Then u vanishes identically.
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2 — Fatou-Kato theorems

For the reader convenience, we first recall the following weak maximum
principle on strips, whose proof is standard and will be omitted.

PROPOSITION 2.1. Letu € C*(RN x (0,7)). If Hu > 0, limsupu < 0 both
in RN x {0} and at infinity, then u < 0 in the whole strip.

In the sequel, we shall need the following Harnack theorem for H, whose
proof easily follows from the Harnack inequality in [18].

THEOREM 2.2. Let us fir T > 0 and set St = RY x (0,T).

(i) For every zg = (xo,to) € St and for every compact set K C Sy, there exists
a positive constant ¢ such that

supu < cu(zp),
K
for every non-negative function u, L-caloric in St.
(i1) Let u, < upi1 be a monotone sequence of L-caloric functions in St. If there
exists zo = (xo,to) € St such that u,(z0) is bounded, then u, converges
uniformly on the compact subsets of S, to a function w, L-caloric in S, .

We are now able to prove the Poisson-Stieltjes type representation formula.

Proor oF THEOREM 1.3. For every n € N, we set

d
ot = [ P t:6.0) (48 uie. o) ae,
RN n
where 1 € C*°(R) is a fixed non-increasing cut-off function such that ¢ (r) = 1
if r <1, ¢(r) =0if r > 2. By Theorem 1.5, we know that v,, is a solution to

the Cauchy problem
Hv, =0 inRY x (0,00),
d(-)
n 'aO = (_) y .
0.0 = (DY
Moreover, for every t € (0,T"), we have (by the estimates in (10))

exp ( - M) ?ﬂ(@) u(§,e)dé <

0 < v,(z,t) < t—Q/Q/
< wp(x,t) < c oot

RN
d2
ScO/ eXp<—ﬁ)U(ﬂco5¢gn,6)dn§
d(z0d ;) <2n Co

<cp max u(-,¢)

/ exp(—d(n)*/co)dn — 0, as d(x) — oo.
Ba(0,2n) d(n)>(B="d(z)—2n)/VT
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We now apply the weak maximum principle for H to the L-caloric function
wy(z,t) = u(z,t + &) — v,(x,t) in the strip RY x (0,7 —¢). Since ¥ < 1, we
have w,(-,0) > 0. Moreover, we have proved that v,, vanishes at infinity in the
strip. Hence, recalling that u is non-negative, we get liminfw, > 0 at infinity
in the strip. The maximum principle of Proposition 2.1 then yields w, > 0 in
RY x (0,7 —¢). Recalling the definition of w,, and letting n go to infinity, from
the above inequality, we finally obtain

wet+9)2 [ M@ G0 UG A = vl t), (mt) €BY x (0.7 ),
RN

since v, " Vs by monotone convergence. This proves in particular that v is

finite in RY x (0,7 — ¢). Now, from the Harnack Theorem 2.2-(ii), it follows

that v is L-caloric in RY x (0, T — €). Moreover, from the inequalities

Un(2,t) < voo(a,t) Sulz,t+¢), (2,t) € RN x (0,T —¢),

and recalling that v, (z,0) = u(x,¢) if d(x) < n, it follows that vy is continuous
in RY x [0,T — ¢) and vao(+,0) = u(-,€). As a consequence, setting we, (z,t) =
w(x,t+€) — Voo (T, 1), Weo is a classical solution to Hwe = 0 in RY x (0,7 — ¢),
Woo(+,0) = 0. Since moreover wy, is non-negative, it must vanish identically, by
the uniqueness result in Theorem 1.5. This proves (5). 0

We now turn to the proof of Theorem 1.1 which is split in various steps,

starting with Lemma 2.3 below.

LEMMA 2.3. Let u be a non-negative L-caloric function in the strip RN x
(0,T). Then, there exists a Radon measure o on RY such that

1) et = [ TEsE0doo), (@) eRY < 0.1),
(12) e (= FL0) dote) < .

where ¢o > 0 is the constant in (10).

PROOF. Let us fix tp € (0,7) and choose jo € N such that to < T — 1/7p.
From Theorem 1.3, it follows that

1

u(m,t—i—%) - /RN F(g;,t;g,o)u(g, jl) dé, (1) e RV x (o,:r—]0

)7 J > jO'
Since u(0, to + %) — u(0,t9) as j — oo, the sequence of Radon measures on RY

d:uj(g) :F(O,to,f,O)u(f, %) dEa ] >j07
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is bounded and hence weakly converges (up to a subsequence) to a certain Radon
measure g (with u(RY) < 00) in the sense that

(13) F(€) dpis (6) — / F(6) dul€), for every f € Co)(RY)

(we have denoted by C(g)(RY) the space of continuous functions in RY, vanishing
at infinity). We now set M = 2 3% cZ, where 3 is defined by (6) and cy is the
constant in (10). For every (z,t) € RY x (0,to/M), we have

. [ T@HE0) [ T@tE0)
wtet)= i (et 5) = B [ i ©= [ e ) WO

by (13), observing that I'(z,t;-,0)/T'(0,0;-,0) € Cp (RY), since the estimates
in (10) give, for d(§) > 48d(x),

I'(z,t;¢,0)
I'(0,t0;€,0)

< C(t,to) exp (CO sz(f) _ dQ((:‘:’tg)) <
C d2(§) 1 d2(§) , 2d(z) d(c)
2 (G P - TEEE)

< c(z,t,tp) exp ( — d%g)(% — ?—3)) — 0,

0<

IN

< c(t, tp) exp (

as d(§) — oo, if t < to/M. Choosing
d
(14) 40(6) = ol

we get (11) in the strip RY x (0,t9/M). In order to extend the representation
formula to the whole strip R x (0,7, we shall exploit (9). For fixed T >t >
to/M > e > 0, by Theorem 1.3 we have

u(z,t) :/RN [(z,t —e;&0)u(€ e)dE =
:/RN (/]RN F(ﬂc,t—E;faO)F(ﬁ,&;y,O)df)da(y):/ T(z,t;y,0) do(y).

RN

We explicitly remark that o is finite on the compact sets by the estimates in (10)
and recalling that u(RY) < oo. Moreover, again using (10) and from (11), it
follows that

which gives (12). 0
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THEOREM 2.4.  Let u be a non-negative L-caloric function in the strip
RN x (0,T). Then, there exists a non-negative function ¢ € L (RN) such that

loc

u(x,t) — o(z), ast— 0T, for almost every x € RY.

PROOF. Let o be the Radon measure found in Lemma 2.3. By the Lebesgue
decomposition theorem, there exists a non-negative function ¢ € LL _(RY) and
a singular Radon measure s on RY such that

(15) do(€) = ¢(§) A + ds(E).
Moreover, for a.e. x € RY (w.r.t. the Lebesgue measure), we have

1 s(Ba(z, p))

—_— w(&)—p(x)|dé — 0, —0,as p—0t.
Balw )] Jigay £ 72 [Ba(z )

(16)

The proof of (16) will be omitted. It follows e.g. adapting the arguments in [16,
Chapter 8], replacing the Euclidean metric by the quasi-distance d. The doubling
property of the d-balls ensures, for instance, a suitable d-version of the Vitali
covering lemma (see e.g. [17]).

Let us now fix an € RY where (16) holds and set, for brevity, da(£) =
lo(€) — p(z)|dé + ds(€). Also fix € > 0. Then there exists po € (0,+/T) such
that

1

(17) BT
|Bd(x’ p)‘ Ba(z,p)

da(é) <e, for every p € (0,2 po].

Let now ¢ € (0,p2) and let N(¢) € N be such that 2N®~1 < p /\/t < 2N®),
From Lemma 2.3, (9) and (15), we obtain

uet) ~ (@) < [ T(@t:€,0)da() <

RN

N(t)

: (/;d(xv\/z) ’ Z

j=1

/ +[ )@ tg0dalg -
20 1V1<d(x,€) <2Vt Jd(z,£)>po

— 1 + 1y 4 1.
Using (17) and the estimates in (10), we get

¢ —M) da(€) < ce,

L <——r exp(
|Bd(mv \/7_5)‘ Ba(w,V/t) Cot
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recalling that v/# < po. In the same way, we can prove the estimate

N(t)

_pi1e—1)9i @
L<c) exp(—47 ) / da(€) <
j=1 |Bd(xa2j\/g)| Bd(a;,Qj\/Z)

oo
< csZexp(—4j_1cal) 21Q = c'¢,
j=1

recalling that 27v/t < 2pg for every j < N(t). Finally, using again (10) and
recalling the definition (14) of o, we have

I < / P(z,#:€,0)do () + o(x) / P(e,1:€,0) dé <
d(z,&)>po d

(z,6)>po
_Q d?(x, co d2

<o) [ % e (- EEL L 0D gy
d(2,€)>po <o 0

+ cp(z) / exp (—cy ' d*(n)) dn,
d(n)> 2%

and then it is easy to see that I3 vanishes as ¢t — 07. This concludes the proof. [

In order to complete the proof of Theorem 1.1, we are only left to prove
Lemma 2.5 and Lemma 2.6 below.

LEMMA 2.5. Let o be a Radon measure on RN satisfying the growth
condition

(18) / s do (&) < oo,
RN
for some constant v > 0. Then the function
(19) (o, 1) = / Dz, £:€,0) do ()
RN

is L-caloric in the strip RN x (0, (c*v)~1), where c* is a positive constant only
depending on L and the structure of G.
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PROOF. From the estimate (10) and recalling that o is finite on compact
sets, it follows

[ rtet60d0@) < [ e (- CED)as(e) <

RN Co
d*(¢)
< c(w,t) + c'(t)/ exp ( - ) do (&) < oo,
d(€)>4pd(x) deo B2t
if 0 <t < (4¢coB%v)~! =: (c*v)~!. Moreover, by dominated convergence, it is

easy to see that u is continuous on the strip RV x (0, (c*v/)~!). In order to prove
that u is L-caloric, one can differentiate under the integral sign, making use of
the estimates of the derivatives of " along the vector fields X7, ..., Xy, (see e.g.,
[18]; see also [2]). Alternatively, one can use the Harnack Theorem 2.2, following
the lines of the proof of Theorem 1.3: the function

ooty = [ Tt -z600(") ue.2) e

is a solution to Hv, . = 0 in RY x (g,00), vy (7, €) = ¢(d(z)/n) u(x,e); more-
over, recalling that 0 < <1, (9) and the definition (19) of u, we have

tnelet) < [ [ Tt 5€0)T(E 20,0)dedo(y) -
RN JRN
= / I'(z,t;y,0)do(y) = u(x,t) < oo, if t <1/(c*v);
RN
hence, by Theorem 2.2, vy . = lim,, oo vns is L- caloric in RY x (g,1/(c*v));

finally, using again (9), we see that veo o(x,t) = [pn D(z,t —&;€,0) u(é,e) d€ =
u(z,t) in RN x (g,1/(c*v)); since ¢ is arbltrary, this ends the proof. 0

LEMMA 2.6. Under the hypotheses of Lemma 2.5 above, we have
u(-,t) — 0, ast— 07, in the weak sense of measures.
PROOF. Let f € Co(RY). We have to prove that
f(@)u(z, t)de — f(z)do(x), ast — 0%,

RN RN

For small ¢ > 0, we have (see (8))

[ f@unde= [ [ Tae0) f@) drdote) -
:/RN /RN T(&,:2,0) () dz do (€).
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Moreover, [ox I(&,t;2,0) f(z)dz — f(£), as t — 07, by Theorem 1.5. Hence
it is sufficient to prove that

(20) (/RN T(¢, t2,0) f(z)dz| < c(f)e 4 ®©

holds for every ¢ € RY and for every small ¢+ > 0, and then to use the domi-
nated convergence (we recall that (18) holds). Let us set kg = 48 maxXeypp(s) d-
Since (9) holds, the integral in the left-hand side of (20) is clearly uniformly
bounded for d(§) < kg. On the other hand, if d(&) > ko, the estimate (10) gives

| /RNF(f’ﬁ%O)f(x) da| <

d*(&) | kod() —qQ/ d*(x)
< elf) exp ( e * 2C0B2t> /suPP(f) e exp ( - ) dr=

(- £19) [ i —ciron (- £5)

which finally yields (20) for sufficiently small ¢. 0

ProOF OoF THEOREM 1.1. It directly follows collecting Lemma 2.3, Theo-
rem 2.4, Lemma 2.5 and Lemma 2.6. 0

Finally, we have to prove Theorem 1.4; our main tool will be Lemma 2.7
below. First, we fix a notation. Given a Radon measure o on R", we define the
upper d-symmetric derivative of o at x € RN,

- . o(Ba(z,p))
21 d-Dgymo(x) = limsup ————=.
( ) v ( ) p—0t |Bd(xa p)|

The following result generalizes [10, Lemma 1].

LEMMA 2.7. Let o be a Radon measure on RY such that d-Dsymo(z) < 00
for every x € RN. Then o is absolutely continuous w.r.t. the Lebesque measure.

PROOF. We assume by contradiction that there exists a Borel set £ C
RY such that |E| = 0 and o(E) > 0. From the hypotheses, we infer that
E = UpenEn, where E, = {z € E|d-Dsymo(z) < n}. Hence there exists
ng € N such that o(E,, ) > 0. Moreover, by the definition of d—bsym, we have

E,, = UjenA;, where we have set

Aj={x € En,| sup o(Ba(z,p))/|B(z,p)| <no}
0<p<1/j



[13] Representation formulas and Fatou-Kato theorems ... 65

Thus, there exists jo € N such that o(A4;,) > 0. From the regularity of o, it
follows that there exists a compact set K such that K C A, (C E,, C E),
o(K) > 0. Clearly we have

(22)  o(Bulz.p)) < no|Bulz.p)l,  for every w € K, 0< p < 1/jo.

We now fix ¢ > 0. Since |E| = 0 gives |K| = 0, there exists an open set V
such that K C V, |V| < e. We claim that there exists a disjoint family of d-
balls {By(z;,8)}!_, with the following properties: z; € K, 0 < § < (48%jo) !,
K C !, Bi(w;,4B%8) C V. As a consequence, by (22), we obtain

p
0<o(K) <Y o(Ba(x:,46%0)) <no »_ |Ba(xi, 48%5) =
=1 =1
P

=ng (46%)° Z | Ba(i,0)| =

P
= 0 (48| | Ba(a:, )| < no (48°)2 [V] < o (45%) .

i=1

Since € > 0 is arbitrary, this gives a contradiction. Thus, in order to complete
the proof, we only have to prove the claim. Let {{,}, be a countable dense
subset of K and let us choose a positive § not exceeding (43%jo) !, such that
4825 < min{d(z,y)| v € K, y € RY \ V' } so that By(z,43%5) C V for every = €
K. We set z1 = &;. If {fn}n C Bd(fEl,Qﬂ(S), then K = {fn}n - Bd(l‘l,Qﬂ(S) C
Bg(x1,4826). Otherwise, let ny € N be such that &;,...,&,,_1 € Bg(x1,236),
ény & Ba(x1,2p80). Setting zo = &,,, we clearly have Bg(z1,0) N Bg(xz2,d) =
() (we recall that 3 is defined by (6)). Iterating this procedure, we obtain a
(possibly finite) subsequence {z; = &g, }; of {,}, and a sequence of disjoint
d-balls {Bg(x;,6)}; such that {&,}, C U;Ba(x;,265). This gives

K = {&u}n €| J Balw:,286) € | Ba(wi, 48°9)

(the radius of Bg(z;,260) has been chosen not depending on , in order to allow
this last inclusion). The claim is proved by taking a finite sub-covering. 0

With Lemma 2.7 at hands, we are able to prove our uniqueness result.

Proor oF THEOREM 1.4. By Theorem 1.5, it is sufficient to prove that
u = 0in RY x (0, d) for some small § > 0. Let o be the Radon measure introduced
in Lemma 2.3. Let us prove that d—ﬁsymo(m) < oo for every x € RV, Assuming
by contradiction that for some z € RY one has d-ﬁsyma(x) = 00, there exists a
sequence of radii p; — 0T such that o(Bg(z, p;))/|Ba(z, pj)| — o0, as j — oc.
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From the representation formula (11) and the estimates of T' in (10), it follows
that

] o€
e )= [ T ie 0@z e [ on(—ampY) >

> ¢ 0(Ba(w, p;))/| Ba(w, ps)| — 00, s j = oc.

This contradicts the hypothesis limsup, o+ u(z,t) < oco. Hence we can apply
Lemma 2.7 and obtain that o is absolutely continuous w.r.t. the Lebesgue mea-
sure. From the Lebesgue decomposition (15) do(€) = p(€) d€ +ds(€), it immedi-
ately follows that s = 0. Moreover, Theorem 2.4 gives ¢(x) = lim;_,g+ u(z,t) =0
for almost every € RY, by hypothesis. Therefore, we obtain ¢ = 0. In or-
der to complete the proof, it is now sufficient to recall the representation for-
mula (11). 0

Acknowledgement

The authors would like to thank Prof. E. Lanconelli for suggesting the study
of these topics.

REFERENCES

[1] G. K. ALEXOPOULOS: Sub-Laplacians with drift on Lie groups of polynomial vol-
ume growth, Mem. Amer. Math. Soc., 155 no. 739 (2002).

[2] A. BONFIGLIOLI — E. LANCONELLI — F. UcuzzoNI: Uniform Gaussian estimates
of the fundamental solutions for heat operators on Carnot groups, Adv. Differen-
tial Equations, 7 (2002), 1153-1192.

[3] L. CAPOGNA — N. GAROFALO: Boundary behavior of nonnegative solutions of
subelliptic equations in NTA domains for Carnot-Carathéodory metrics, J. Fourier
Anal. Appl., 4 (1998), 403-432.

[4] G. CrTTI: C* regularity of solutions of a quasilinear equation related to the Levi
operator, Ann. Scuola Norm. Sup. Pisa Cl. Sci., 23 (4) (1996), 483-529.

[5] G. CrTTI — M. MANFREDINI — A. SARTL: From neural oscillations to variational
problems in the visual cortezx, Journal of Physiology, 97 (2003), 87-385.

[6] G. CiTTI — A. SARTL: A cortical based model of perceptual completion in the
Roto-Translation space, preprint.

[7] G. B. FOLLAND: Subelliptic estimates and function spaces on nilpotent Lie groups,
Ark. Mat., 13 (1975), 161-207.

[8] G. B. FoLLAND — E. M. STEIN: Hardy spaces on homogeneous groups, Mathe-
matical Notes, 28, Princeton University Press, Princeton, 1982.

[9] P. Hajtasz — P. KOSKELA: Sobolev met Poincaré, Mem. Amer. Math. Soc.,
145 no. 688, 2000.



[15] Representation formulas and Fatou-Kato theorems ... 67

[10] M. KATO: On positive solutions of the heat equation, Nagoya Math. J., 30 (1967),
203-207.

[11] A. MONTANARI: Real hypersurfaces evolving by Levi curvature: smooth regularity
of solutions to the parabolic Levi equation, Comm. Partial Differential Equations,
26 (2001), 1633-1664.

[12] R. MONTGOMERY: A tour of subriemannian geometries, their geodesics and ap-
plications, Mathematical Surveys and Monographs, 91, American Mathematical
Society, Providence, 2002.

[13] J. PETITOT — Y. TONDUT: Vers une neurogéométrie. Fibrations corticales, struc-
tures de contact et contours subjectifs modauzr, Math. Inform. Sci. Humaines, 145
(1999), 5-101.

[14] S. POLIDORO: Uniqueness and representation theorems of Kolmogorov-Fokker-
Planck equations, Rendiconti di Matematica, Serie VII, 15 (1995), 535-560.

[15] L. P. RoTHSCHILD — E. M. STEIN: Hypoelliptic differential operators and nilpotent
groups, Acta Math., 137 (1976), 247-320.

[16] W. RUDIN: Real and Complex Analysis, McGraw-Hill Book Co., New York-
Toronto-London, 1966.

[17] E. M. STEIN: Harmonic analysis: real-variable methods, orthogonality, and oscil-
latory integrals, Princeton Mathematical Series, 43, Princeton University Press,
Princeton, 1993.

[18] N. T. VAROPOULOS — L. SALOFF-COSTE — T. COULHON: Analysis and geometry
on groups, Cambridge Tracts in Mathematics, 100, Cambridge University Press,
Cambridge, 1992.

Lavoro pervenuto alla redazione il 23 febbraio 2004
ed accettato per la pubblicazione il 7 luglio 2004.
Bozze licenziate il 14 febbraio 2005

INDIRIZZO DEGLI AUTORI:

Andrea Bonfiglioli, Francesco Uguzzoni — Dipartimento di Matematica — Universita degli Studi
di Bologna — Piazza di Porta S. Donato 5 — 40126 Bologna, Italy
E-mail: bonfigli@dm.unibo.it uguzzoni@dm.unibo.it

Investigation supported by University of Bologna. Funds for selected research topics.



