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On the surface tension for non local energy functionals

CRISTIANA BISCEGLIA - EMANUELE ROSATELLI

ABSTRACT: We consider the free energy functional F-(m), € > 0 a scaling parame-
ter, m € L*(T;[—1,1]), T the unit torus, which has been derived in a continuum limit
from Ising spin systems with Kac interactions, see [8]. In [1] it is proved that F.(m)
I'—converges to a perimeter functional P. We study here the free energy functional
with an additional term describing the interaction with an external magnetic field h.
We suppose that h takes only the two values +s, s > 0. Calling E the region of the
torus where the external field is negative and F. s(m; E) the new functional, we then
define Ge s(F) = inf,, F- s(m; E). We prove that Ge s(-) I'—converges to a perimeter
functional which as a function of s converges pointwise as s — 0 to P.

1 — Introduction

In this paper we consider the non local, excess, free energy functional defined
for all m on L>(IR%;[—1,1]), with values in [0, +00], +00 included, by

(11) f57h(m):/

R

) dr fa,n(m(r)) + i/}Rd dr /le dr' J(r, ") [m(r) — m(r"))?

where h € L*(IR%; R),

(1.2) fen(m) = ¢gn(m) — \7%211 ¢p,n(m)
(1.3) bp.n(m) = —% — hm— %m) m e [~1,1]

KEY WORDS AND PHRASES: Coexistence of Phases — Surface Tension —I'- convergence.
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(1.4) I(m) = —

The interaction J(r,7’) is a translational invariant (i.e. J(r,r") = J(0,r" — 1)),
smooth, symmetric, probability kernel supported by |r—r'| < 1. As Fgj, depends
symmetrically on J(r, ') there is no loss of generality in assuming

J(r,7")y = J(r',r), and, equivalently, J(0,r)= J(0,—7).

The expression (1.1) arises in the study of Gibbs measures in Ising spin systems
with Kac interactions, see [4] and in their time evolution with Glauber dynamics
, where it is derived in a continuum limit, [6]; m is then interpreted as a magneti-
zation density and 3! = kT, T the absolute temperature and « the Boltzmann
constant, h is an external magnetic field.

Due to the positivity of .J, the second term is minimized by any constant
function, while the first one is minimal when the constant is set equal to a
minimizer, call it mg, of far(s), s € [-1,1].

Thus Fp n(m*) = 0 when m*(r) = mg,, for all r € R m*(r) is therefore
called an equilibrium phase and Fp j,(m) measures the increase of free energy in
magnetization profiles m which deviate from equilibrium.

Phase transitions are related to the lack of uniqueness of the minimizers
of the free energy functional, which, for F3, occurs at h = 0 and § > 1. In
such cases in fact the equilibrium magnetization mg o can take two values, +mg,
solutions of the mean field equation

(1.5) mg = tanh {Bmg}.

We now turn to the main object of this paper, surface tension and more generally,
coexistence of phases. Roughly speaking, the surface tension is the excess free
energy per unit area needed to create a state with two coexisting phases. The
area in the definition refers to the interface which separates the two phases
and the surface tension may depend on its orientation when the interaction is
anisotropic. Thus, in a macroscopic description, characterized by the assumption
of local thermodynamic equilibrium, at all points the magnetization is either
equal to mg or to —mg. Let us restrict, for simplicity, to a unit torus 7 of
IR (in macroscopic units). Then a macroscopic state is a magnetization profile
u(r) € {£mg} for any r € 7. Call E the region in 7 where u = mg and E°
its complement, where uw = —mg, then, if the boundary OF of E is regular, the
macroscopic free energy of u is

(L6) Pu) = /6 A ()0 (0(0)

where dH9~1(r) is the Hausdorff area measure and 5(n) = f5(—n) is the surface
tension of a planar surface with normal n, v(r) the unit normal to OF at r.
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Regularity of E is not really necessary and in fact the above expression keeps its
validity for all w in BV (T,{£mgs}]), as it will be discussed later on.

To relate the macroscopic theory to the functional (1.1) we interpret the
latter as the result of a more accurate, microscopic, description of the system,
where distances are magnified revealing deviations from the local equilibrium
condition |u(r)| = mg. Thus, calling e~! the magnifying factor of the blow up,
a microscopic state is an element m € L>(e~'T,[—1,1]) and its microscopic
free energy is F_°7-(m), where the latter is the functional (1.1) restricted to
m € L>(e71T);[—1,1]) with J replaced by its periodization on e =17

To compare with (1.6) we first need to have objects on a same space. Let
Ve L°°(T;[-1,1]) = L=(e~1T;[—1,1]) be defined by

(1.7) Vom(r) = m(er) = m© (r), ree T,

Then F_”7-o V. becomes a functional on L> (77 [~1, 1]) which associates to any
given m € L°(T;[—1,1]) a microscopic free energy, indexed by . Since we are
interested in states with interface, their free energy must scale as an area, namely
proportionally to e =9+, We then define

(1.8) . =" FPU o VL

®, is the “normalized, microscopic free energy functional” which we want to
compare with the macroscopic functional P of (1.6).

®,. and P are defined on different functional spaces, and to establish a
relation between them we follow De Giorgi and his definition of I convergence.
We start by arguing that a microscopic profile which describes the macroscopic
state w € BV(T,{xmg}) should look more and more like u as ¢ — 0. To
make it quantitative, we use the L*(7) norm, which weights both the volume
of the region where two profiles differ and the amount of their discrepancy: this
is therefore a natural candidate to quantify distances. In this language, the
physical apparatus used to prepare a macroscopic state u is then schematized as
a constraint which imposes the microscopic states m to be in a L' (7)-ball of .
Thus a state u which looks sharp at the macroscopic level, becomes fuzzy after
the microscopic blow up and it is better represented by a set of states, a ball in
L' with center u, rather than by a single profile. The radius of the ball is related
to the accuracy of the physical apparatus used in the preparation of the state
and we imagine that it can be taken arbitrarily small, as ¢ — 0.

To conclude, we only need to determine the free energy to associate to the
L' ball which represents a macroscopic interface u € BV(T,{£mg}) at the
microscopic level. By invoking thermodynamic principles, the equilibrium free
energy under a given constraint is the minimal free energy of the states satisfying
the constraint, hence calling 6 > 0 the accuracy parameter identified to the radius
of the L'-ball, we set

(1.9) D50 (u) = D (m)

m
Hm_"HLI(T) <6
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and call

(1.10) O (u) = lim liminf @5 . (u), ®((u) = lim limsup ®; . (u).

6—0 &—0 0—0 0

The equality P(u) = ®y(u) = ®j(u) is the De Giorgi definition that ®. I'-
converges to P, in such a case we will write ®. L'y p. Alberti and Bellettini, [1],
have proved for a class of functionals which includes ®. that

THEOREM. For any u in BV (T,{xmg}) . L P and, if u is reqular (i.e.
its discontinuity set OF is a regular surface), then P(u) is given by the expression
(1.6) with 05(v) a continuous function on the unit ball of R®. The general theory
of BV functions, see [1] defines for any w € BV (T,{£mg}) a set 0*E C OF, a
measure dyy on O*E and a unit vector function v(r) on O*E. In terms of these
quantities,

(1.11) P = [ du(r)osv0).

There are also results about the value of the surface tension 63(v), expressed
in terms of the one dimensional {ree energy of standing fronts, see [2], see also [5]
for a related model, a uniqueness theorem for such one dimensional fronts, [7],
and a proof of strict convexity and regularity of the surface tension as a function
of the direction v, [9].

The motivation of this paper is about the actual implementation of the
previous definition of surface tension in a physical experiment. For that we
would need a physical apparatus which forces the minus phase in the set F¥ and
the plus one in E¢. The natural way is to use an external magnetic field and, with
a great deal of idealization, we will suppose to be able to set the magnetic field
equal to —s in a region B and equal to +s in the complement, with the additional
assumption that E and B are close in the symmetric difference distance, namely
that |B A E| < 4 (the same accuracy parameter as before). Under such a space
dependent magnetic field

(1.12) hp(r) := slpe(r) — slp(r)

equilibrium will be reached by minimizing over all m the functional F ,(m; B),
defined in (2.2) below.

For any Borel subset B of the torus, we call G¢ (B) the infimum of F; ;(m; B)
over all m € L*°(e71T;[-1,1)).

Our main result in this paper is a proof that Ge s(-) '—converges to a
perimeter functional P; and P; — P as s — 0, thus justifying from an operational
point of view, the original definition of surface tension via I'—convergence.
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The paper is organized as follows: in the next section we give precise def-
initions and in Theorem 2.2.1 we state the main results. We divide the proof
of Theorem 2.2.1 in two sections, the lower and the upper bound. To prove the
lower bound we need some results about “contours”,the argument is treated in
Section 5. Finally, in the last section, we will prove the convergence to P of the
surface free energy functional Ps(E), see (2.4).

2 — Definitions and results

Let 7 be the unit torus in IR%, s > 0 and & > 0. Furthermore let B be
the set of all Borel measurable subsets of the torus equipped with L' —distance,
which is the same as the volume of the symmetric difference:

2.1) 14 & B| = vol (A\B) U (B\A)) — / 14 — 1p|dr.
For all m € L*>®(¢71T;[-1;1]) and B € B we define

Fs(m(r);B) : = / fa.hy (m(r))dr+
(2.2) e T

+ %/slT/slTJ(n Y(m(r) —m(r")) drdr’

where, by an abuse of notation, J is the periodization on e =17 of the probability
kernel in (1.1), hp(r) as in (1.12), fa.h,, ¢8,ny and I(m) as in (1.2)-(1.4).
We next define, for any B € B,

2.3 G.(B) =¢?! inf F. (m;B).
(2:3) «(B)=e¢ meLw(elgT;[—1,1}) (m; B)

Our main result is

THEOREM 2.2.1.  For any s small enough, G s i)PS on BV (T), where
Py is a perimeter functional in BV (T). Namely for any E € BV(T), for any
m € L>®(e1T;[~1,1]), and for any 6 > 0 there exists s* > 0 and a continuous
function 03 s(v) on the unit ball of RY | such that for any s < s*

2.4 lim inf lim inf inf G..(B) = 05s(v)du = Py(F).
(24) T iaflimint 0 piesea G (BY = [ Op.s(v)dp = Po(E)
Moreover

(2.5) lim 65 () = 0(v)

and lin%)Ps(E) = P(xE), with P as in (1.11) and xg = mgly — mglge.
S5—r
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In the next two sections we prove (2.4), while (2.5) will be proved in the
last section.

3 — Lower bound

In this section we will prove that
3.1 lim lim inf inf G.s(B) > du(r)s.s(v).
3.1 50 =0 BeBV(T):|BAE|<se—d es(B) 2 P E #(r)0s.s ()
First of all, we need some basic notions and results for the theory of BV sets,
which we state in the next subsection, for more details see, for example, [1].
3.1 - Geometric measure theory

We say that a function f on 7 has bounded variation, f € BV(T), if its
gradient D f (in the sense of distributions) is a vector real valued Radon measure
whose total variation measure has finite mass ||u/|:

/Tdrfdivqb‘.

We say that E is a general BV set if 15 € BV(T). If E is a C! set, the total
variation du of D1g is the usual Hausdorff measure dH?~1(r) on OF and for
any ¢ € C(T,R)

(3:2) lpll = 1(T) = sup
GECH (TR ||| <1

= — T v = — =L\ (y(r
(3.3) /T<D1E,¢>>— /leEd 6 /aEdH () (r), 6)

where v(r) is the outward unit normal to JE at 7.
If E is a general BV set, then there are a set 0*E C OF, called the reduced
boundary of E, and a unit vector valued function v(r) on 0*FE so that for any

¢ € C(T,RY)

(3.4) [0 = [ dmmwe.o.

The following theorem states that BV sets can be regarded, measure theoreti-
cally, as C" sets:

THEOREM 3.3.1. Let E € BV(T) and D1g(r) = —duv(r).Then for any
e > 0 there are C' hyper-surfaces Si, ..., Sy whose closures are disjoint from
each other, and compact sets K1, ... ,K,, with K; C S; NO*E, so that

3.5 d = dH%! /d—m/d<.
(3.5) 1 e, |k, | du ;K pu<e
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Moreover the normal to S; arr € K;, is the same as the unit vector v(r) in (3.3)
and

/
. Il 1Y — <e.
(3 6) i:l?.%in r,r’%}éi |V(T) V(T )| =

The next Theorem states that a BV set E is with good approximation made
of essentially flat parts plus a small remainder. We set

THEOREM 3.3.2.  For any € > 0 there are n > 1 disjoint measurable sets

>, each one contained in some K;s), n cubes R;, all of side h, and n unit vectors

v;, v; orthogonal to a face of R;, with the following proprieties so that
Rt —/ du‘ <ehdt npdTt —/ d,u‘ <e.
= T

Moreover calling x(r) := C(1p+ — 1,-), with R the upper and lower halves of

(3.8) sup |v(r) — v <e,
rex;

R; with to the direction v;,
(3.9) / drlxr, —u| <eh®, i=1,..,n.
R;

3.2 - Proof of (3.1)

Let R, (L; C) be the cylinder in IR? whose axis is directed along n and whose
cross section is LC, C' an unit cube of IR¥™! and L > 0 a scaling parameter.
We keep n and B fixed and to simplify notation we drop them, thus writing
R(L) and R(L, k). We introduce coordinate axes with the origin the center of
R(L,k), 24 axis along n and the the others parallel to the side of C, so that C
is a coordinate cube. Then

R(L,k) = {(xl,..,acd) e R : |zg| < k|wg| < Lyi=1,... ,d—l}

and denote with R%’ . the upper and lower halves of R(L, k) with respect to the
direction n. Calling

(3.10) x(r) = mg’slzdzo +my Lz,<0
we denote by xa, A C IR, the restriction of y to A and we define
(3.11)
1 .
0p,s(L, k) == —— inf Fy (mp(pp)XRr(Lk)e; B) -

Lot mEL (R(Lk)i[=1;1))
B:|R} ,N(R] ,AB®)|<8, |Rp (R}, AB)I<S
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We remember that the functional F; s(-, B) is defined by making the interaction
J periodic over each coordinate z;, ¢ < d, with period L, thus considering LB
as a torus. We thus set

(3.12) Og,s == hm infliminft 03 (L, k).

L—oo k—oo

In some cases, when the context is not clear, we indicate with 03, , the surface
tension defined in the rectangle R, (L, k) directed along v.

We consider the small parameter o and the cubes R; as in Theorem 3.3.2
below, i =1,... ,n , all of side k so that if we call x; = s(1__,z+ —1__1p-), We
have

/ drlhp — Xi S/ drlhp — hg| +/ dr|hg — Xil
e 1R, e 1R, e~ 1R,

< e S+ ak?) < 2akde

Hence |(B A e 'R) Ne ' R;| < 2ake4
We next write

A= LJ 5711{i~
=1
Then
P}@(THLB):: Fée mAae; +’§£:1£ s 713JHQACLB)
(3.14) e?=1E. ,(m; B) ZZ (me—1g,|mac; BN R;)
where
P;£(7nAlﬂlAc;13)::: F}§(7nA;l3)+
(3.15)

1 ) L /
- 2 /sflA /sflAc J(r, 7)) (ma(r) — mae(r')) drdr

F. o(mp; B) := J.hp (ma(r))dr+
e~ 1A

1 , . /
1 /s,lA /E,IA J(r, ") (ma(r) —ma(r')) drdr’.

At the end of section we are going to prove that

(3.16) inf F.s(m;B) = inf F. s (m;B)
meL>™(R%;[—1;1]) meL>™(R%;[—1;1)):F. s (m;B)<de ¢
BEBV(T):|BAE|<5e™¢ BEBV(T):|BAE|<§e~ ¢
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therefore, using (3.14) and (3.16), we obtain that
Lhs. of (3.1) >
lignjgfz ligélf gd-1 inf I (ms—lRi Me—1Re; B)

F. o(m;B)<2akde
BeBV(T):[(BAe 'R;)Ne 1 R;|<2akde™?

Now we state two results that we will prove later. The first one gives us a
constraint on the function m, the second one gives us a lower bound on each
rectangle C'(L) = R(L, L/2), where

R(L,L/2) = {o e R s o] < Li = 1.1, Jeal < 1/2}.

Notational remark: when we consider function on L™ (T;[—1,1]) we write
Fy(m; B) instead of F. ; (m;B), B € BV(T).

PROPOSITION 3.3.3.  Let C(L) be the cylinders of the form R(L;L/2).
Then for any m € L>(C(L);[-1;1]) such that Fy (mc(r); B) < 6L~ we have

(3.17) /C(L) |m(r) — x(r)|dr < §'L?

x(r) = mg,slxdzo +my Ly,<0, 7 € C(L).

THEOREM 3.3.4.  There is a ¢ > 0 and a continuous function 0z s(v) on
the unit ball, so that for any e > 0 there is L. > 0 and for any L > L.
(3.18) F (mC(L)|mC(L)c; B) > Ld_l(eg’s(l/) —€— C\/g)

for any & >0 ,for any m s.t. |m — x||11(c(ry) < 8L and for any B € BV (T)
such that

(BSaC—(L)NC~(L)| <6L  |(BaCH(L)NnCH(L)| <L
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Then, using (3.18)

.hes. 1) > lim limi d=1 i) — .
Lh.s. of (3.1) > il_r)r%)hin_}gfz:k (0p,5(v;) — env/a)

v (3.8) we have nk?~! < u(T) + a and for a suitable constant ¢,
(3.19) 10,0 (1) — /E dus.s(v)| < ko
so, in conclusion 3 ¢’ > 0 such that

(3.20) Lh.s. of (3.1) > lim hmlan/ dpbs s(v) — 'V

and, see the end of this section,

lim /d;w,sl/ —>/ du(r)fs, s(v
b 3 [ ) [ du)0.0)

thus we obtain (3.1).

PROOF OF (3.16). It suffices to show that Vd > 0 and for any B € BV (T)
there exists m € L>(e~'T;[—1,1]) and ¢’ > 0 such that

F.,(m;B) <d'e
It is enough to choose m = my 1p, er?g' s1Be where B, are the polyedrical sets

which approximate B € BV(T) in variation, namely 15 converges in variation
to 1p. Indeed, computing the functional F; ;(mn; B)

1
F. s(m; B) :/ I8.np (M)dr + —/ / J(r, r’)(mgs - mES)erdr'g
e~ 1T 2 e~ 1B, Je~1B¢ ’ ’

§2h/ dr|lp, —1BH—/ / J(r,r")drdr’ <
e~ T e~ 1B, Je 1Bg

< 2504 + ¢t = 5l

with ¢/ = 250 + cpe.



[11] On the surface tension for non local energy functionals 95

4 — Upper Bound

In this section we will prove that

(4.1) lim lim sup inf
60 -0 BEBV(T):|BAE|<ée—1

Gen (B)< [ dutr)ts. (u0)

Given E € BV(T) we can approximate in the sense of variations the function
hg by functions hg, equal to +s outside and inside polyhedral sets Ej with
boundary 9E}),. For each k we will construct functions m(&* %% so that

(4.2) limsuplimsuplimsupsd_lFE’s(m(E’k’L’t);Ek)S/a dpy(r)0s,s(v(r))
* B

L—oo t—o0 e—0

where dpy, = dpl|g, as in Theorem 3.3.1. Then by letting k — oo,

lim sup lim sup lim sup lim sup 6d71F573(m(5’k’L’t); Ep) <

k—oo L—oo t—o0 e—0
(4.3)
< limsup/ A (r)0s,5(v)
k—o0 O0*E),
and
(4.4) i [ a0 = [ du(5. 0.
— 00 8*Ek o*E

Then, by (4.2) and (4.3) there are L(e), t(¢), and k(e) so that the family
m &k, L)) satisfies (4.1). Thus the proof of (4.1) follows from the exis-
tence of a family m(®%5b) satisfying (4.2), which is proved in the rest of the
subsection.

We fix k and we will drop it from the notation in the sequel. Thus we denote
with E a polyhedral set and with hg = s(1g. — 1g). The faces of E are called
0i, 1 = 1,..,n, and their normal v;, directed toward the plus magnetization.
On each hyperplane which contains ¢~'%;, we introduce a partition into d — 1
dimensional cubes of side L, the orientation of the cubes of the partition being
the same for all e. We first define m(=%* around e '¥;: on each rectangle
R,,(L,t) of height 2¢ and mid cross section a cube entirely contained in e 1%,
we choose m(=%t) so that

(4.5)

Lt
Ld—1 Fy (mgyl (I?,t) |XR51 (Lt) Ey) < 08,5, (L,t) +e.

When the mid cross section of R, (L,t) is not entirely contained in e 1%, we set
m(e) = mgs in the part of R, (L,t) which is above and below e '3 MR, (L, t).

we follow the same rule in the other faces, except for the points where m(®) has
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already been defined. On the remaining of the space we set m(%) equal to mgﬁs
outside and inside F respectively. If we fix ¢, if L is large enough, any rectangle
R,.(L,t) at distance > L from the boundary of e7!¥; has no intersection with
any other rectangles, then, for a suitable constant c,

(4.6) e E ((m <Y (08,004 (Lo t) +€][5] + cLte).
=1

Then (4.2) follows, and the proof of the upper bound is completed.

5 — Contours and dynamics

In this section we give a generalized definition of contours and we study
some proprieties of the evolution. For this purpose we define three basic objects.
The first one is the family of partitions of R?

{Dt, t=2" neZ}

D’ is a decreasing sequence of partitions into cubes C* of side . Cﬁz) denotes the
cube of D! which contains 7. Another basic object is the coarse-grained image
of m € L™(IR%; [~1,1]) with grain ¢, Av) (m;r)

1

0
(5.1) Av(myr) = o

/(Z)dr'm(r/) . |C®) =0t m e L®(RY; [-1;1)).

The last basic object is the ”block spin” function

+1 if [Av®D) (msr) — m§,3| <,
0 otherwise.

65:2) < (i) = {

where ¢ > 0 and £ < 1. Using these quantities we define:

e Quter and inner boundaries.
The D’ —outer boundary of a D’ —measurable region A, denoted by 6°,,[A],
is the union of all the cubes C of D¢ not in A which are connected to A.
The D’—inner boundary 6°,,[A] is the D’—outer boundary of A°.

e Phase Indicator.
Denoted by ©(C¢—t+:5) (m,B;r), {— < 1, £y > 10, ¢ > 0, it is defined
as OGE—t4:5) (m Byr) = +1 if &) (m;r') = £1 for all v/ € ct ) u
8, [CX ] and |Cf) n (X a BYB))| < ¢.

Elsewhere @g,e,,m) ((m,h);7r) =0
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e Correct points.
The + correct points of m for a set B are the points r where, respectively
{@(c,z,,u,s) (m,B;r) = £1}.
The set {©(-+4+5) (m, B;r) = 0}, is instead the union of the spatial sup-
port of all the contours of m.

e Approximate, local equilibrium phase spaces.
These are the spaces with elements m for which all points of A are & correct.
Such spaces are denoted by M ¢, + o and we drop A when A = R

5.1 - Invariance under evolution

In this subsection we will prove that the local equilibrium ensembles
M¢ o0, + A are invariant under the partial dynamics and that the minimizers
of free energy in M¢ ¢ ¢, + A is pointwise close to mgs [or to mj ], the closeness
being exponentially with the distance from the boundaries. By simmetry, it is
sufficient to prove the statement for the + ensemble, to which in the sequel we
restrict.

We consider the Cauchy problem obtained, after a suitable scaling limit, by
the Glauber dynamics, applied to Ising systems with Kac potentials,

dm(r,t) . |
(5.3) — = —m(nt) +tanh {f[Jxm(r,¢) + hpl}, rER" >0
m(r,0) = m(r e me

We also consider dynamics where, outside region A, the function is frozen and
it acts as a boundary condition for the evolution inside A. Namely, we define a
partial dynamics in A by setting

(5.4) ) )0 +tanh (B 5 m ) thsly, (€A X (£ 0)
mM (r,t) = m(r), (r,t) € (A° x {t > 0}) U (R% x {t = 0}).

Definition 5.5.1. Let T2 be the semigroup on L>°(R%, [~1,1]) defined by
setting

(5.5) T (m) = solution of (5.4).

With similar arguments as in [5] it is possible to prove that the orbits T/* (m)
converge by subsequences as t — oo and that the limits points satisfy the mean
field equation

(5.6) m™ (r) = tanh {B[J*m(A) + hB]} reA.
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LEMMA 5.5.2.  There are (), ko and s* positive, so that if ( < ¢ and
0 < Lo(C) = koG, then, for any m € M¢ g ¢, 1A, with s < s* andr € A

(5.7) |J *m(r)— mgs\ <2¢

(5-8) | tanh{B[J x m(r) + hp]} —m5 | < C—eo(C),  e0(C) = kol

ProOF. Calling
J(é)(r, r') = A’U(Z)(J(T, ;')

the average of J(r,) over its second variable, for ¢ small enough
(5.9) |J(r, ") — JO ()| < cll),_ <o, c:=d||VJ]s < 0.

Then
|Jxm — JO xm| < 2%l

and since
JO swm = JO s, u(r) = Av® (m;r)

| wm — JO wu] <24t

On other hand, by assumption, |u(r) — mg’s| < ¢ for all r at distance < 2 from
A, hence
|J© su(r) — m}',s| <(¢ reA

thus concluding
(5.10) |Jxm(r) — m;;s| < ¢+ 24

By choosing kg so small that ko2%c < 1 we derive (5.7) from (5.8). Since
d tanh{Bm}| <a<l1
o, tenh{fm}|, . <a

[tanh{lm(r) + ]} — m3,| < al xmir) — i, + (g — 5)
< a|¢ + 2%l + (hp — s)).
Choosing s* = 297 ekg( for any s < s* and ko < (1 — a)/(1 + 2%¢)

| tanh{S[m(r) + hp]} — ng’s| <¢(1—[(1—a) —2%ro]) < ¢ — KoC.

The lemma is proved. O
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The next Lemma proves the invariance of M¢ ¢, + A under the partial dy-
namics 7/*. We omit the proof.

LEMMA 5.5.3. If(, £, s* and A are as in Lemma 5.5.2, T*, t > 0, maps
Me oo, +.A into itself.

We call
(5.11) XA,m = {u € M<7g75+7+,/\ D UAe = mAc}
1A standing for the restriction of a function ¢ to a set A.

THEOREM 5.5.4.  There are (o < ¢} (¢}, ¢o(C) and s* as in Lemma 5.5.2),
w and ¢, all positive, such that for any B € BV(T), m € M¢ g4, +.A, and for
any s < s*, the following holds:

(512) inf FS (uA\mAc;B) :FS(¢|mAc)

u€EMc 00y 4 .A
where Y(r) is the unique solution of the mean field:

(5.13) P(r) = tanh{B[J x (r) + s]}
and

Wy €C(A, [mf = ¢mi 4+ ()

5.14 ' C
( ) |7/1A(7‘) — m;’s| < Cw67“ dist(r,A%)

where AG = {r € A® dist(r, A) < 1; mac(r) # m;;s}.

In (5.12) F,(-) means that the magnetic field is constantly equals to s on
the whole space. Moreover when s = 0, we simply write F'(-).

Proor. By Lemma 5.5.3 TtA leaves X, invariant and since Xy ,, is closed
under uniform convergence on the compacts, for any u € Xa ,, T u converges
by subsequences to an element 1) of Xlo\ﬂn:

Xg,m = {1 € Xp m : ¢ solves (5.6) }

and Fs(up|mac; B) > Fs(a]|tac; B), the inequality being strict unless u €
XR)m. Therefore

Fy(ualmae; B) > inf  Fy(Yalmac; B),  for any u € Xpm\X3 -
peX ’

A,m
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By (5.8), any ¢ € X}, satisfies the first condition in (5.14). We show that if ¢
is small enough then Xx,m consists of only one element, 1), which is therefore the
strict minimizer of F(ua|mac; B). Suppose ¢ and ¢ are both in X} ,,, then by
(5.7), Jxp(r) and Jx¢(r), r € A, are in [mgs —2¢, mg)s + 2(] so that, recalling
that s < s*

| tanh{BJ * ¥(r) + Bhp(r)} — tanh{BJ x ¢(r) + Bhp(r)} <

< T nf; a7 (a6 = o))

since ﬁcosth{ﬁ(ng’s)} < 1 we have for r € A and a suitable constant ¢ < 1,
[tanh{ 3+ (r) + Shi(r)} — tanh {8 * 6(r) + Bhp(r)}] < ¢ sup () = o(r)]

which implies that ¢ =1 in A, hence everywhere. By (5.8) applied to 15
Fy(almpe; B) > Fs(a|mae).

Now we can repeat the same arguments and with hp = s every where and we
obtain

(5.15) Fy(almae) > Fo(pa|mae)

where 1 satisfies (5.13). To prove the last inequality in (5.14), let ¢ € X&m and
u)S XRW then, for r € A

(5.16) |p(r) —(r)|< e ( Jart 3Nt =01+ a6 r/>|m<r'>n<r'>>

where we have chosen (y so small that

e = p

B coshQ{ﬂ(mES —2¢)} <k

Calling no the smallest integer larger or equal to dist(r, A% ), by iterating (5.16)

we get
[6(r) = v < D7 eBm2 < (23 e
n>ng n>0
which yields (5.14) with ¢, :=2/(1 —e™%) and n(r) = m;g’s, 0
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5.2 — Free energy of Contours
We call the triple (¢,/_,¢1) good if the following holds:

e The pair (¢, ¢_) is good if ¢ < (p/2 and £_ < £*(C), £*({) = Ko¢ with ¢y and
Ko as in Theorem 5.5.4.
e The triple (¢,¢_, () is good if he pair (¢,£_) is good, £+ > 100 and

Ced_CQ > 2d+3€_d‘r [Cwefl+w/6}2
with ¢ a suitable positive constant and w and ¢, as in Theorem 5.5.4.

The contours of a profile m relative to the parameters (¢,¢_, ¢, ), are the pairs
I' = (sp(I'),nr), where sp(I"), the spatial support of I', is a maximal connected
component of {r € R : ©4£+:5) (m, B;.) = 0} and np is the restriction
of n¢9 (m;7r) to sp(I'). T is a bounded contour if sp(T') is bounded. If T is
bounded we set

(5.17) K=aspM)],  A=duilsp(D)]

K is the “safety zone” of T'.

Ay is the maximal connected component of A contained in the unbounded
component of sp(I')¢. K" the maximal connected component of K which is
connected to Ag; nr = 1 or np = —1 on Ky; in the former case I' is a + contour,
in the latter a — contour. The othe maximal connected components of K, if
they exist, are denoted by KijE 1 =1,..,n4, labelled so that npr =1 on K:' and
nr = —1 on K . The maximal connected component of A connected to KijE is
called Aii. The maximal connected component of sp(I') which contains AF is

called int(T) and we write

n4
int™(T) = | int (),
1=1

(5.18) int(l') = int* (L) Uint~(I),

C(T) =int(T") U sp((T)
in the sequel we will choose ¢_ ”very small” and ¢, very large, so that a correct
point 7 is always inside a ”large” region, where 7(¢:¢-) (m; ) is constantly equal
to 1 or —1. At the same time, the region of correct points and the red zone

where the deviations from equilibrium are localized, are separated by the safety
zone, where 1(¢9) (m;r) has a constant non zero value.

THEOREM 5.5.5.  Let ((,0_,0.) be good, m € L=(IR?,[~1,1]), s* as in
Lemma 5.5.2, B € BV(T) and T a (¢,¢_,01), + bounded contour for m, then
for any s < s* there is ¥ € L®(IR%,[~1,1] equal to m on C(I)¢, to m,};s on
C(D)\Ko and with ¢ with values in [m;S —(+e, m;’s + ¢ —¢] on Ky such that

(5.19) F, (memy|memye; B) = Fs (Yom o))
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PROOF. We need to prove that

(5.20) Fy(m; B) = Fs (¥).

Let Xy be a DY) measurable circuit contained in Ky whose complement is
made of two unconnected components at mutual distance > 1, calling ext(Xg)
the one which contains Ay. We also suppose that ¥y has distance < ¢//3 from
So = 6}, [Ko]. By Theorem 5.5.4 applied to Ko\Sy with boundary conditions
the restriction of m to Sy there is ¢ equal to m outside K(\Sy, which, on Ky\Sy
has values in [mES —C+e, mg’s + (¢ —¢], e =ep(¢’) and such that

Fo(pro\solms,) < Fs(mgg\s,Imsy; B)

(5.21) |p(r) — mgs\ < cpe @ on %
setting A = Yo U ext(X)), we have

Fy(¢) = Fs(pac|pa) + Fs(da) > Fs(da).

Set 1) = ¢ on A and equal to mg’s on A€ we are going to prove that

(5.22) Fy(paclpa) > Fs(Paclia).

Indeed, since Fs(¢ac) = 0, we have

Fbaclba) =5 [ dr [ art o) = m3,)? <
(5.23) Zo A(;
< Foa)+ 5 [dr [ 3o - o).

The last inequality follows from the fact that the interaction between ¥ and
Yae is very small, i.e.

[ [ artataoe) - m 2 < Blje.etrp
o AC ’ 2

Then, since Fs(¢a) = Fs(1pa) and from (5.23)

Fs(¢) = Fs(¢A) + Fs(¢A”|¢A) > Fs(wA) + Fs(¢A”|'¢A) = FS(¢)

and then the theorem is proved. 0
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In the proof of Theorem 3.3.4 we use the following Corollary, whose for
brevity we omit the proof.

COROLLARY 5.5.6. Let (¢, 0_,04) be good, s* as in Lemma 5.5.2, A
and A C A two bounded, DU+)-measurable regions; m € L>®°(IR%, [—1,1]) with
0S4 (myr) =1, r € 655, [AJUSLH[A], B € BV(T) with |C ) n(C) & B)| <

out

ot redtt [A] U(Sf; [A]. Then there is a ¢ € L°(IR%, [~1,1]) so that ¢ =m on

out

A€, ¢ = mg,s on A, (S (1) =1 on A and for any s < s* , calling

0A = {re A:dist(r,A°) <1}, AL ={re A m(r) # mgs, dist(r, A) < 1}

(5.24) Fy (ma|mae; B) > Fy (¢alpac) — (2cwexp® [0A]) exp @ dist(A,A%)

6 — The surface tension

In this section we prove (2.5), Proposition 3.3.3 and Theorem 3.3.4.
Now we prove that

(6.1) ggl(l) 03,5 = liminf lim liminf 05 (L, k) = 03(v)

k—oo0 s—=0 L—oo

which clearly implies (2.5). We observe that (6.1) shows also that it is possible
to obtain the same value by taking limits in the reverse order. To simplify the
notation we omit the dependence on 3 writing 6 instead of g ;. First of all we
want to prove that

(62)  lim6,(L,K) = 0(L, K) = F (mp(L k)| XR(LK):) -

mELW(R%ILl,fK);[—l;l])
Let m and B be so that

LY7Y0,(L, k) = Fs (mrnp IXR(LE): B) -
Then for s small enough there exists

Fy (mpnm|Xr(L K B) = F (mR(L,k)|X(I){(L,k)C) —e>L"9(L,K)—¢

where x°(r) = mgly,>0 —mgly,<o.
On the other hand let m such that

LY9(L, k) =F (ﬁ%R(L,k)\XOR(L,k)c) .
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By straigthforward computation it is possible to show that

(6.3) F (mR(L7k)|X9{(M)C) _F, (mR(L7k)|X‘,§(L7,€)C; B) | < KL
and

(6.4) F (mR(L,k)|X(})%(L,k)C§ B) > Fy (MR XRzk) B) + s°L.
Then, using (6.3) and (6.4)

.
6(L, K) > lim 6,(L, K).

Hence (6.2) is proved.
The next step is

(6.5) hm 0s < liminf lim liminf 04(L, k) < liminfliminf 0(L, k).

k—oo s—0 L—oo k—oo L—oo

Tt is easy to check that 04(L, k) is a non increasing function of K, i.e.

liminf 04(L, k) = 12f 0s(L, k) :=05(L).

k—oc0

This implies that

0s(L) < 05(L, k) liminf 0,(L) < liminf 6,(L, k).
L—o0 L—oo

By letting first s — 0 and then k& — oo we obtain the first inequality in (6.5).
The last inequality follows from (6.2) and by letting the limits in the following
order: first L — oo, s — 0 and then k — oo. Using again (6.2) we can obtain

(6.6) lim inf lim inf (L, k) < lim 6,

k—oo L—oo s—0

that together with (6.5) completes the proof of (2.5).

6.1 — Proof of Proposition 3.3.3
By definition of ¥,

/ |m(r)—x(r)\dr=/ |m(r)—mgys|dr+/ jm(r) — m3 |dr.
C(L) C—(L) CH(L)

We define
A = {r €0~ (L) st |m(r) —mj,| < g}
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and A, the analogous on CT(L). Then

/ |m<r>—x>|drs<<+n>Ld+/ |mfmgs|dr+/ jm —m3 |dr.
c(L) Ag ’ A ’

In Az we have that

_ c _ c J
/Ag =l S /Ag Tt = t@ngy

With same arguments in A} we obtain

d ¢ d c d _ si7d
[ ) =3 < ()2 s et < o

6.2 — Proof of the Theorem 3.3.4
We define the i-th layer, i € Z,

(6.7) S;={x € C(L): (xqg—Lyi) € [0y /2,0, /2)}.
Let
(6.8) N =min{n € N : 2nf, > V5L}.

Supposing /8 small enough, we define, for any 1 < n < N
¥y = S2p—1 U S2, U S 1128 U Sapyon
and in the same way X _,,, observing that |X,, UX_,| = 8|Sy]|.
We will use the estimates of Section 5 in the boxes delimited by X,, and ¥ _,,

respectively, to conclude that in the center layer of the boxes we can replace m
by mgs and mg o s and h by +s. Let

1
(6.9) Qp = ——— / dr\mfx|+/ drlhg —X| ¢ -
815 /s, us_, 2,08,

Where ¥ is defined as (3.13) with CF(L) instead of R, Then

(6.10) a = min a, < CV3.
n<N
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In fact, by assumption
3604 > / dr\m—x|+/ drlhg — x| >
c(L) (L)

N
> " 8|Slan > 8|SolaN = 8L Ntta > 4V5 L%

i=1

which proves (6.10).

Call n the integer where the minimum in (6.10) is achieved. Now we are
going to use the analysis of Section 5. We shorthand n(-;-) for n(¢-¢~)(-;.) and
we define:

e C°(L) is the union of all cubes C' € DU+) such that both C' and 6ﬁzt [Clare
in C(L).

e M,, is the union of all cubes C' € D~) contained in ¥,, where n(m;-) < 1
and C'N B # 0, of those in ¥_,, where n(m;-) > —1 and C'N B¢ # 0 and of
the set

Fote[CO(L)] M {Uj<anS; -

We want to estimate the free energy cost changing m and hp into new functions
¢ and hp set respectively equal to y and y on M, and unchanged everywhere
else. We need an estimate on the volume |[M,|. It’s easy to prove that for a
suitable constant ¢ the following estimate holds:

(6.11) M| < eVorit.

Then there is a constant ¢y > 0 so that

(6.12) Fo(meyme(nye: B) > Fs(oc(nyldc(nye: B) — co| M.

Indeed the first term in the functional does not increase when replacing m by ¢

and the other changes are proportional to the volume where have been made.
Recalling the definition of C°(L) and since

Fs(¢c(ny|oc(ny: B) > Fs(dpcornylécorye; B).
We have
(6.13) Fy(meymenyes B) > Fs(doo(ry|dco(rye; B) — CocV/oL L
Let then A be the box in C°(L) union of all $;MC%(L) with 2n < j < 2n+2N—1

and let A_ be its reflection around x4 = 0. We are going to apply the Corollary
5.5.6 with A = A, and A = Sy, yx M C%(L) and then with their images under
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reflecion around x4 = 0. By symmetry we only consider the former and drop the
sub fix +. The hypotheses of Corollary are here met because:

(6.14) n(g;r) =1, r¢c 55&[1\] % C{San-1U Sapian}
thus
(6.15) dist(A, AS) > £, N/2,

There is 1 equal to ¢ outside A+ and equal to x on Sz, y[1C°(L) and S_o,,_ N
C°(L) such that

(6.16) Fs(¢cor)|dcorye; B) > Fs(toory[eo(rye; B) — (2c,€”|Sp|)e N2,

Setting
(6.17) vi=|J {s;nci)
lil<2n+N
We get
(6.18) Fs(Yeonyloo(rye; B) = Fs(Yulvue; B) = Fs(Yulxue; B)

U is a rectangle whose basis is a cube of side b, L > b > L — 2/ ; denoting by k
the height of U we then have, recalling (3.12),

(6.19) Fs(vu|xue; B) > b 105 4(b, k).
Given ¢ > 0, we may choose L. > 0 so large that 65 +(b, k) > 05 s(k) — /2, and

by letting & — oo and using (6.13) we obtain (3.18).
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