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Transformation groups and submanifold

geometry

GUDLAUGUR THORBERGSSON

ABSTRACT: In the talk I give a survey on polar actions and generalizations of
isoparametric hypersurfaces in space forms to more general ambient spaces.

1 — Introduction

In this talk we will give a brief survey on generalizations of isoparamet-
ric hypersurfaces to submanifolds with higher codimension in various types of
ambient spaces. We will also discuss the question when such submanifolds are
homogeneous and introduce the isometric actions which have them as orbits.

A hypersurface M" of a Riemannian manifold V™! is called isoparametric
if M™ is locally a regular level set of a function f with the property that both
| gradf ||?> and Af are constant on the level sets of f. One can show that M"
is an isoparametric hypersurface of V"*! if and only if M"™ and its parallel
hypersurfaces have constant mean curvature.

The term ‘isoparametric hypersurface’ is due to LEVI-CiviTA ([37]) and
refers to the fact that || gradf||> and Af were at the time called the first and
the second differential parameter of f respectively.

If the ambient space V" *! is a real space form, then M™ can be shown to be
an isoparametric hypersurface if and only if it has constant principal curvatures;
see [9]. This characterization does not hold in more general ambient spaces;
see [60] where counterexamples are given in complex projective spaces.

KEY WORDS AND PHRASES: Polar actions — Isoparametric submanifolds — Equifocal
submanifolds.
A .M.S. CLASSIFICATION: 53C30, 53C35, 53C40
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Beniamino Segre proved the following theorem in [48]: let M™ be an isopara-
metric hypersurface in R**t!. Then M™ is a piece of a plane, of a sphere, or
of a round cylinder. In particular it follows that M™ is homogeneous if it is
complete. Conversely, it is clear that homogeneous hypersurfaces of R"*! are
isoparametric.

The case n=2 of the theorem of Segre was first proved by SOMIGLIANA ([49])
and later reproved in [47] and [37].

Cartan classified isoparametric hypersurfaces in hyperbolic spaces in [9]
which also turn out to be homogeneous. He then turned to isoparametric hy-
persurfaces in spheres, see [10], [11], and [12], and noticed that the problem is
much more difficult there than in the other real space forms. In [11] he asked
three basic questions on isoparametric hypersurfaces in spheres. One of this
questions was whether isoparametric hypersurfaces in spheres are homogeneous.
A negative answer to Cartan’s question was only given much later by OZEKI
and TAKEUCHI in [42] who found inhomogeneous isoparametric hypersurfaces
in spheres. These examples were later generalized by FERUS, KARCHER and
MUNZNER in [24].

I will not try to go further into the rich and beautiful theory of isoparametric
hypersurfaces in spheres and refer to [58] for further information. Still T would
like to mention the two highlights of the theory after the work of Cartan. The
first are the papers [39] and [40] of Miinzner where it is shown that the number
g of principal curvatures of such a hypersurface can only be 1, 2, 3, 4 or 6. All
of these numbers are known to occur. The second is the paper [50] of Stolz in
which the possible multiplicities of the principal curvatures are determined. The
contributions of Miinzner and Stolz are important steps on the way to a full
classification of isoparametric hypersurfaces in spheres, which is still an open
problem.

2 — Polar actions

In this section we will discuss polar actions. The geometry of their princi-
pal orbits will serve us as a motivation in the generalizations of isoparametric
hypersurfaces that we will present in the later sections.

Let V be a complete Riemannian manifold and let G be a Lie group acting
on V by isometries. One says that the action is polar if there is a complete
immersed submanifold ¥ in V' which meets all orbits of G in such a way that
all intersections between Y and orbits are perpendicular. The submanifold ¥ is
called a section of the action. It is rather easy to see that a section is totally
geodesic; see [44] and [45], p. 95. The action is called hyperpolar if the section is
flat.

One should think of a section as a set of canonical forms for the polar action
as will be clear in the examples.
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(i)

(iii)

(iv)

EXAMPLE 2.1.

Any isometric action with a hypersurface as an orbit is polar since a geodesic
which meets one orbit orthogonally meets all orbits orthogonally.

Let V be the linear space So(n) consisting of real symmetric n x n-matrices
with zero trace endowed with the scalar product

(X,Y) = trace(XY).

Let G be the group SO(n) acting on V' by conjugation. We let ¥ denote the
diagonal matrices in V. Then we know from linear algebra that every matrix
X in V can be conjugated into ¥ by an element of G. It is now an easy
calculation to show that the intersections of conjugacy classes of matrices
in V with ¥ are all perpendicular. The action is therefore hyperpolar.

Let V' be a compact connected Lie group G with a bi-invariant Riemannian
metric acting on itself by conjugation. Let X be a maximal torus in G. The
theorem on maximal tori says that all conjugacy classes in G meet ¥. An
easy calculation shows that the intersections between conjugacy classes in G
and X are all perpendicular. It follows that the action is hyperpolar since X
is flat.

We now show how the examples (ii) and (iii) fit into the theory of symmetric
spaces.

A symmetric space is a Riemannian manifold V' such that for every point p
in V there is an isometry o, of V fixing p and reversing the directions of the
geodesics through p. We refer to the book [33] for what we will need from
the theory of symmetric spaces. It is easy to show that symmetric spaces are
homogeneous with respect to the isometry group. We can therefore write
V = G/K where G is the identity component of the isometry group of V
and K is its isotropy group at some fixed point py in V. Such a pair of
groups (G, K) is called a symmetric pair.

Let ¥ be a maximal flat and totally geodesic submanifold passing through
po in the symmetric space V. Then the action of K on V is hyperpolar
with ¥ as a section; see [32]. This example generalizes the one in (ii) since
a compact connected Lie group K with a bi-invariant Riemannian metric
is a symmetric space with a maximal torus as a maximal flat and totally
geodesic submanifold. We can identify K with K x K/A(K) where A(K) is
the diagonal in K x K and it turns out that conjugation in K corresponds
to the action of A(K) on K x K/A(K).

One can generalize the action of K on the symmetric space V = G/K
as follows. Assume that (G, K;) and (G, K3) are symmetric pairs. Then
one can show that the action of K; on V. = G/Kj5 is hyperpolar. This
example was introduced by HERMANN in [34] and we will refer to it as a
Hermann action™). One gets concrete examples of this kind by considering

WHermann proved in [34] that his examples are variationally complete and not that
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Grassmann manifolds G, (C™) = SU(n + 1)/ K}, where K}, is the stabilizer
of C¥ in C™. Then the actions of the groups Ki, ..., K, 1 on G(C") are
all hyperpolar.

Now the action of K on V induces an action of K on the tangent space 1,V
which is called the isotropy representation of the symmetric space V. This
isotropy representation is hyperpolar with 7}, ¥ as a section. The example
in (ii) is a special case and corresponds to the symmetric space V = G/K,
where G = SL(n,R) and K = SO(n). One clearly has the following direct
sum decomposition

sl(n,R) = s0(n) @ Sp(n)

into skew and symmetric matrices, and this decomposition is invariant under
Adg(K). Hence one can identify T,V with Sp(n) and the scalar product
on Sp(n) in (ii) extends to G-invariant Riemannian metric on V. The action
in (ii) now corresponds to the isotropy representation of SL(n, R)/SO(n).

(v) We finally give an example of a polar action which is not hyperpolar. We let
V be the complex projective space P"(C) endowed with the Fubini-Study
metric which is invariant under the action of SU(n + 1). Now let 7" be the
maximal torus in SU(n + 1) consisting of diagonal matrices. Then it is not
difficult to see that the action of 7™ on P"(C) is polar with P"(R) as a
section. This action is of course not hyperpolar since any two sections of a
polar actions are isometric and there can therefore not be a flat section.
The complex projective space P™(C) with the Fubini-Study metric is an
example of a rank one symmetric space. Polar actions on compact rank one
symmetric spaces were classified in [46]. It turns out that the sections are
always real projective spaces if their dimension is at least two.

The following two theorems show that some of the examples above describe in
fact the most general situation. We will need the concept of orbit equivalent
actions in the statement of the theorems. Let K act isometrically on V; and let
K> act isometrically on V5. Then the actions of K7 and K5 are said to be orbit
equivalent if there is an isometry f : V3 — V5 such that f(Kip) = Ky f(p) for all
pin Vi, i.e., the orbits of K7 and K5 correspond under f.

THEOREM 2.2 (Dadok [17]). Let K be a compact group acting in a polar
fashion on a Euclidean space V. Then the action of K is orbit equivalent to the
1sotropy representation of some symmetric space.

they are hyperpolar. The relationship between the two concepts will be explained at
the end of this section.
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The cohomogeneity of an action is the minimal codimension of its orbits.
Eschenburg and Heintze gave in [21] a proof of Dadok’s theorem under the as-
sumption that the cohomogeneity is at least three. Their proof does not use the
classification of compact Lie groups. Lists of polar representations that are not
isotropy representations of symmetric spaces can be found in [4], [20], and [25].

THEOREM 2.3 (Kollross [36]). Let V = G/K be a compact irreducible
symmetric space and let H be a subgroup of G which acts in a hyperpolar fashion
on V with cohomogeneity at least two. Then the action of H on V is orbit
equivalent to a Hermann action.

Kollross also classifies in [36] all cohomogeneity one actions on compact
irreducible symmetric spaces V. The classification of such actions on spheres
was already carried out in [35].

We now discuss the principal orbits of polar and hyperpolar actions from
the point of view of submanifold geometry. This will serve as a motivation for
the generalizations of isoparametric hypersurfaces in the later sections.

Let G be a Lie group acting by isometries on a Riemannian manifold V.
A principal orbit of the action of G on a manifold V' is by definition an orbit
Gp with the property that there is a neighborhood U of p such that there is a
G-equivariant map from Gp to Gq for all ¢ in U. If Gp is principal, then p is
said to be regular. The set of regular points is open and dense in V. Now let &
be an element of v,(Gp) where v(Gp) denotes the normal bundle of Gp. Then
&(gp) = dgp(&o) is a well defined normal vector field if Gp is principal. We call
such a normal vector field equivariant.

For a proof of the following proposition, see [45], p. 95-96, or [5], p. 44.

PROPOSITION 2.4.  Assume that the action of G on V is polar. Then
the equivariant normal vector fields along a principal orbit Gp are parallel. In
particular, the normal bundle is flat and has trivial normal holonomy.

The next property of the principal orbits of polar actions that we would like
to present has to do with focal points. Let M be a submanifold of the Riemannian
manifold V' and assume that 7 is a geodesic that starts in M, i.e. v(0) lies in
M, and that +/(0) is perpendicular to M. Suppose v,(t) is a smooth variation
of v = 79 such that v5(0) € M and 7%(0) is perpendicular to M for all s. Now
let J be the variational vector field

of ;. We call such a variational vector field an M -Jacobi field along v. One
can show that the M-Jacobi fields along ~ form a vector space. A point (o)
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is called a focal point of M along =y if there is a nonvanishing M-Jacobi field J
with J(t9) = 0. The dimension of the space of M-Jacobi fields vanishing in ¢y is
called the multiplicity of the focal point (o).

PROPOSITION 2.5. Assume that the action of G on V is polar and let M
be a principal orbit of G. Let & be a parallel normal field along M. Then the
distances to the focal points and their multiplicities along the geodesic starting
in direction £(p) does not depend on p.

If V is a Euclidean space then the focal points of M are determined by
the principal curvatures. Let £ be a normal vector field along M and X a
tangent vector of M at p. We let Dx¢ denote the directional derivative of £ in
direction X and denote the tangent component of —Dx ¢ by A¢(X). It turns out
that the map A¢ : T,M — T, M that sends X to A¢(X) is a selfadjoint linear
endomorphism that depends only on the value of £ at p. One calls A¢ the shape
(or Weingarten) operator of M in direction &,. The eigenvalues of A¢ are called
the principal curvatures of M in direction &,.

Now if £, is a normal vector of M at p and X is a nonvanishing principal
curvature in direction §,, then p + (1/A)€, is a focal point of M along the line
~(t) = p+t&,. Conversely if p+(1/X)&, is a focal point of M along y(t) = p+1t&,,
then A is a principal curvature in direction ¢,.

We can therefore reformulate Proposition 2.5 as follows if the ambient space
is Euclidean. Notice that a polar action on a Euclidean space is hyperpolar since
the sections are affine subspaces.

PROPOSITION 2.6. Let V' be a Fuclidean space on which a Lie group acts
in a polar fashion. Let M be a principal orbit of G and let & be a parallel normal
field along M. Then the principal curvatures in direction &, do not depend on p.

Before we end this section we would like to mention two classes of actions
that are closely related to hyperpolar actions.

Variationally complete actions were introduced by BOTT in [6]; see also [7].
By definition an isometric action of a Lie group G on a Riemannian manifold V'
is called variationally complete if the following holds for all orbits M of G: let J
be an M-Jacobi field along ~(¢) which vanishes at some point ty. Then J is
the variational vector field of a variation of the type ¢4((t)) where ¢, is a one-
parameter subgroup of G. In other words, J is the restriction of a Killing field
induced by the action of G to 7.

Conlon proved in [16] that a hyperpolar action on a complete Riemannian
manifold is variationally complete. A partial converse was proved in [27]: a vari-
ationally complete action on a compact symmetric space is hyperpolar. It was
previously proved by DI ScarLA and OLMOS in [18], see also [25], that varia-
tionally complete representations are polar. Lytchak has conjectured that vari-
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ationally complete actions on compact Riemannian manifolds with nonnegative
sectional curvature are hyperpolar.

Variationally complete actions were introduced in [6] and [7] to study the
Morse theory of geodesics on complete Riemannian manifolds and in particular
on compact symmetric spaces. We next briefly review one of the main results of
these papers.

Let M be a properly embedded submanifold of a Riemannian manifold V'
and p some point in V. We let P = P(V,p x M) denote the space of absolutely
continuous paths 7 : [0,1] — V that start in p and end in M and for which the
so-called energy

E(y) = / 1/ |2 dt

is finite. Then P is in a natural way a Hilbert manifold and E is a smooth
functional on P, see [43], whose critical points are the geodesics starting in p
and meeting M perpendicularly. If p is not a focal point of M, then the energy
functional E is a Morse function in the sense that it has only nondegenerate
critical points. We say that the submanifold M is taut if the energy functional is
perfect, meaning that the number of critical points of index k of E in P is equal
to the k-th Betti number of P with respect to Zs-coefficients, or equivalently,
that the Zo-Morse inequalities of E on P are equalities; see [56]. An isometric
action is called taut if all of its orbits are taut.

One of the main theorems of BOTT and SAMELSON in [7] can now be phrased
in our terminology by saying that variationally complete actions are taut.

A taut action does not have to be variationally complete. It is proved in [25],
[26], and [28] that there are precisely three irreducible taut representations of
compact groups which are not variationally complete. These three representa-
tions happen to be precisely the cohomogeneity three representations which are
not variationally complete.

3 — Isoparametric submanifolds of Euclidean spaces

Isoparametric submanifolds in Euclidean spaces with higher codimension
were first introduced by HARLE in [29]. Carter and West independently intro-
duced and studied such submanifolds with codimension three in [13] and [14].
Terng then dealt with the case of general codimension in [52].

According to [52] a complete and connected submanifold M™ in R"** is
called isoparametric if its normal bundle is flat and if the principal curvatures
in the direction of any (locally defined) parallel normal vector field are con-
stant. It is proved in [52] that the normal holonomy of M™ is trivial. A locally
defined parallel normal curvature vector can therefore be extended to a globally
defined one.
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It is proved in [52] that a noncompact isoparametric submanifold is the
product embedding of a compact isoparametric one with a Euclidean space. We
will therefore always assume compactness in the following. A compact isopara-
metric submanifold is contained in a round hypersphere; see [52]. We can always
assume that M" is not contained in any proper affine subspace. Such submani-
folds are called full. An isoparametric submanifold is said to be irreducible if it
cannot be nontrivially written as the product embedding of two isoparametric
submanifolds.

Propositions 2.4 and 2.6 imply that principal orbits of polar representations
are isoparametric. Conversely, Palais and Terng proved in [44] that a homo-
geneous isoparametric submanifold is such an orbit. One can show that an
isoparametric hypersurface M™ in S™*! is isoparametric in R"*2. The inhomo-
geneous examples of FERUS, KARCHER and MUNZNER in [24] that we already
mentioned in the introduction therefore give us a further class of examples. All
known examples of irreducible isoparametric submanifolds in Euclidean spaces
belong to one of these two classes of examples.

Terng developed a beautiful structure theory of isoparametric hypersurfaces
n [52]. We would like to mention some of these results since they have been a
paradigm in the generalizations.

Let M™ be an isoparametric submanifold in R"** and let ¢ be a parallel
normal field along M™. The end-point map in direction § is the map ne : M"™ —
R"* one gets by setting n¢(p) = p + &,. It turns out that the image of M"
under 7¢ that we denote by M¢ is either a submanifold of dimension n or one of
a lower dimension. We call M¢ the parallel submanifold of M™ in direction §. If
the dimension of M is equal to that of M™, then M¢ is also isoparametric and
¢ is a diffeomorphism between M™ and M¢. If the dimension of M is smaller
than that of M™, then M, consists of focal points of M" and 7 is a fibration
from M"™ onto M. In this case we will call M¢ a focal submanifold. One can
show that the set F' of focal points of M™ is precisely the union over the focal
submanifolds of M™.

It is easy to see with help of Proposition 2.4 that if M™ is homogeneous and
hence a principal orbit of a polar representation, then the parallel submanifolds
are nothing but the other orbits of the representation.

If M™ is isoparametric, then F = {M | parallel along M"} is a family
of disjoint submanifolds that covers the whole ambient space R"*!. It is not
difficult to show that the isoparametric submanifolds in F foliate R"*1\ F, the
complement of the focal set F' of M™. One can in fact show much more than
this: F is a singular Riemannian foliation in the sense of Molino. This is a
consequence of a much more general result of TOBEN in [59] that we will explain
in the last section; see also [45], Corollary 8.5.6.

Terng associated in [52] a Coxeter group to an isoparametric submanifold
M as follows. Let v,M be the normal space of M at p considered as an affine
subspace of R"** and consider the set F,, = F N1, M of focal points contained
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in v, M. Then F), is a finite union over hyperplanes in v, M and the reflections
in this hyperplanes generate a finite Coxeter group W that leaves the set F,
invariant. It then follows that the orbit of p under W is the intersection M Ny, M.
The Coxeter group is implicit in Cartan’s work for the codimension two case
Mn™ c §™*1 c R™! since he proved that the focal points on the normal great
circles to M™ in S"*1! are equidistant. In the codimension three case the Coxeter
group was already found by CARTER and WEST in [13].

The following theorem proved in [57] shows that isoparametric submanifolds
come close to characterize principal orbits of polar representations.

THEOREM 3.1. Let M™ be an irreducible, full and compact isoparametric
submanifold in M"™* with k > 3. Then M™ is a principal orbit of a polar
representation.

Theorem 3.1 combined with Dadok’s Theorem 2.2 gives a classification of
irreducible isoparametric submanifolds with codimension at least three. The
examples of Ferus, Karcher and Miinzner are inhomogeneous with codimension
k = 2. If the codimension is k = 1, then the round spheres are the only examples.

A new proof of Theorem 3.1 was given by OLMOS in [41] using his theory of
the normal holonomy of submanifolds; see also [5], Section 7.3. A further proof
was given by HEINTZE and L1U in [30] as a byproduct of a proof of an analogous
theorem in Hilbert spaces that will play a role in the next section. Eschenburg
gave a proof of the theorem in [19] that uses Lie triple products.

4 — Equifocal submanifolds

In the paper [55], equifocal submanifolds of compact symmetric spaces were
introduced and their basic theory developed as a generalization of isoparametric
hypersurfaces in spheres and an analogue of the isoparametric submanifolds in
Euclidean spaces. For symmetric spaces see reference [33] and the remarks in
Example 2.1 (iv) above.

The definition of an equifocal submanifold is based on the properties of
principal orbits of polar actions in Propositions 2.4 and 2.5.

Let M™ be a compact submanifold of a compact symmetric space V"t*,
We say that M™ is equifocal if the following three conditions are satisfied:

(i) The normal bundle of M™ is flat and has trivial holonomy.

(ii) If ¢ is a parallel normal vector field and 7¢(po) = exp(£§(po)) is a multiplicity
k focal point of M™ for some py in M™, then ne(p) = exp({(p)) is a multi-
plicity k focal point of M™ for all p in M™. (In other words, the focal data
of M™ are invariant under normal parallel translation.)

(ii) The image exp(v,(M™)) of the normal space v,(M"™) of M™ at p is contained
in some flat of V*** for all p in M™.
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Principal orbits of polar actions satisfy conditions (i) and (ii) in the defini-
tion above, and all three conditions are satisfied for principal orbits of hyperpolar
actions.

The third condition is of course always satisfies if M™ is a hypersurface. It
follows from [31] that a hypersurface M™ in a compact symmetric space V"1
is equifocal if and only if it is isoparametric in the sense of the definition given
at the beginning of this paper. One can of course define equifocal hypersurfaces
in more general ambient spaces than symmetric spaces; see the next section.
If the ambient space has nonpositive sectional curvature one should take into
account that there might be focal points ‘beyond infinity’; see [22]. It is not
to be expected that such generalizations are equivalent to the concept of an
isoparametric hypersurface if the ambient space is not symmetric.

In [55] we show that if the compact symmetric space V" *! is irreducible,
then an equifocal hypersurface M™ in V™! has the property that any geodesic
meeting M™ is closed. If V™ *! is simply connected, then one can show that the
number of focal points on such a normal closed geodesic is an even number that
we will denote by 2¢g. If V"*! is a sphere, then ¢ is the number of principal
curvatures of M"™ which can only be one of the numbers 1, 2, 3, 4, and 6 as was
proved by Miinzner; see the introduction. One can now ask which values g can
assume in general irreducible symmetric spaces, and what the possible values of
the multiplicities of the focal points are; see [51] and [23] where this question is
studied for rank one and two symmetric spaces.

One can prove more generally that the image of a normal space v, (M) of an
equifocal submanifold M™ in an irreducible compact symmetric space V"** is a
torus T%; see [55]. One can associate to M™ an affine Coxeter group as follows.
Let F denote the set of focal points of M™ in T% and let F be the preimage of
F in the universal cover R* of T*. Then F is a union of hyperplanes which are
precisely the mirrors of an affine Coxeter group W acting on R* and leaving F
invariant.

The next theorem which is analogous to Theorem 3.1 gives a characterization
of the principal orbits of hyperpolar actions as equifocal submanifolds.

THEOREM 4.1 (Christ [15]).  Let M™ be an equifocal submanifold in an
irreducible compact symmetric space V'"tF. Then M™ is the principal orbit of a
hyperpolar action if k > 2.

The theorem does not hold for £ = 1 since the inhomogeneous isoparametric
hypersurfaces in spheres are equifocal.

Theorem 4.1 and the results from [55] that we have been explaining are
proved with the help of a generalization due to Terng of the theory of isopara-
metric submanifolds in Euclidean spaces to Hilbert spaces; see [53]. We end this
section with a short explanation of this method.
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Let V"% be a compact symmetric space that we write as a coset space
Vrtk = G/K where (G, K) is a symmetric pair. Let g denote the Lie algebra
of G and set H = L*([0,1],g), the Hilbert space of L?-paths in g. Then there
is a Riemannian submersion ¢ : H — V"% such that a submanifold M™ is
equifocal in V"** if and only if the preimage M = ¢~ '(M™) is isoparametric
in H. The main point is that it is easier to work in H than in V"*! since H is
linear, although infinite dimensional.

To define the Riemannian submersion ¢, we need to introduce certain path
spaces in G. Let B be a subset of G x G and let P(G, B) denote the space
of absolutely continuous paths 7 : [0,1] — G such that (y(0),v(1)) € B and
such that the integral ||+'| 2 is finite. Here we assume G to be endowed with
a bi-invariant Riemannian metric such that the projection 7 : G — V"*F is a
Riemannian submersion. Then P, = P(G,e x G) is the space of paths in G
starting at the identity e without a restriction on the end point.

Now it turns out that the map that sends a path « in P, to v~ 14/ in H is
a diffeomorphism. Let F : H — P, denote the inverse of this diffeomorphism.
Now we can define a map ¢ : H — G by setting ¢(u) equal to the endpoint of
the curve E(u), i.e. ¥(u) = E(u)(1). It is proved in [55] that ¢ is a Riemannian
submersion. Now we define ¢ : H — V"* as ¢ = 1o 1.

If H is a subgroup of G then P(G, H x K) is an infinite dimensional Hilbert
Lie group which acts on H by setting

yru=quyt =y

for v in P(G, H x K) and w in H; see [54] where it is proved that the action of H
on V"™** is hyperpolar if and only if the action of P(G, H x K) is polar on H. It
is also proved in [54] that the principal orbits of P(G, H x K) are isoparametric
if its action on H is polar.

A very important result of HEINTZE and L1U in [30] is that an irreducible
isoparametric submanifold in an infinite dimensional Hilbert space is the princi-
pal orbit of a polar action if its codimension is at least two. This result of Heintze
and Liu is one of the main steps in the proof of Theorem 4.1. The method of
proof also works in finite dimensions if the codimension is at least three and can
be used to prove Theorem 3.1.

One can also use the Hilbert space H to prove that an action on a compact
symmetric space is hyperpolar if it is variationally complete; see [27] and Sec-
tion 2. One shows that the action of a subgroup H of G is variationally complete
(resp. hyperpolar) on V"% if and only if the action of P(G, H x K) on H is
variationally complete (resp. hyperpolar). One has now reduced the problem to
an affine action on the linear space H and can argue in a similar way as as in [18].
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5 — Submanifolds in Riemannian manifolds

In this last section we would like to mention some recent generalizations to
Riemannian manifolds.

The orbits of a connected Lie group acting by isometries on a Riemannian
manifold give an example of a singular Riemannian foliation in the sense of
Molino; see [38], p. 189. By definition, a partition F of a Riemannian manifold
V into connected immersed submanifolds, called leaves, is said to be a singular
Riemannian foliation if the following two conditions are satisfied:

(i) The tangent space T,,M for every M in F and every p in M is generated by
{X,| X € Ex} where Z# denotes the module of smooth vector fields on V/
that are tangent to the submanifolds in F.

(ii) A geodesic that meets one leaf M in F perpendicularly, meets the leaves
perpendicularly for all parameter values.

The leaves in F of maximal dimension are called regular and those of lower
dimension singular.

If only the first condition is satisfied then one calls F a singular foliation.
A singular foliation is a foliation in the usual sense if the leaves are all regular.
The second condition means that the leaves are equidistant.

If F consists of the orbits of an action, then condition (ii) is satisfied since
the vector fields it induces are contained in Zx and condition (ii) is satisfied if
the action is isometric.

Alexandrino studies singular Riemannian foliations that admit a section
in [2], where a section is defined as for polar actions. Previously such folia-
tions were studied by BOUALEM in [8]. Let F be such a singular foliation in a
Riemannian manifold V', let L be a singular leaf in F, and let T be a tubular
neighborhood of L that is a union over leaves in F. It is then proved in [2] that
the foliation consisting of the intersections of the leaves of such a foliation F
with the connected component of exp(v,(L)) N T containing p is diffeomorphic
to an isoparametric foliation in an open neighborhood of 0 in R* where k is
the codimension of L in V. This generalizes the slice theorems for polar actions
and isoparametric submanifolds; see [45]. A further result of [2] is that the reg-
ular leaves of singular Riemannian foliations with a section have parallel focal
structure, see also [59] for a different proof. Submanifolds with parallel focal
structure were studied by EWERT in [22]. They generalize equifocal submani-
folds in a similar way as polar actions generalize hyperpolar actions, see [59] for
a precise definition. Tében gives in [59] a necessary and sufficient condition for
a submanifold with parallel focal structure and finite normal holonomy to give
rise to a singular Riemannian foliation with the leaves being parallel submani-
folds. In [59] an action on the sections of a singular Riemannian foliations by a
group called transversal holonomy group is introduced. This action generalizes
the Weyl group action of polar actions.
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In [1] Alexandrino studies transnormal maps. These are by definition maps
from a Riemannian manifold into a Euclidean space with the property that its
restrictions to sufficiently small neighborhoods of regular level sets are Rieman-
nian submersions such that the normal spaces of the fibers form an integrable
distribution on the neighborhood. The main result of [2] is that the level sets of
an analytic transnormal map on a real analytic Riemannian manifold give rise
to a singular Riemannian foliation with sections.

Further results along these lines can be found in [3].
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Laurent type expansions of 4-closed (0, n— 1)-forms in C"

TELEMACHOS HATZIAFRATIS

ABSTRACT: We characterize the multiple sequences wy, ...k, of complex numbers
for which there exist O-closed (0,n — 1)-forms 6(C), defined for ¢ € C* — {|{| < R},
so that cl=p O NG A o NdCn = @y k, (p > R). We also derive
Laurent type expansions of such 0-closed (0,mn — 1)-forms in terms of the derivatives of
the Bochner-Martinelli kernel and we discuss Mittag-Leffler type constructions in this
setting.

1 — Introduction

Let us recall that given a sequence wy, k = 0,1, 2, ..., of complex numbers,
there exists a holomorphic function g(¢) defined for ( € C — {|¢| < R} (where
R > 0) so that

/ ¢Fg(Q)d¢ =@y, k=0,1,2,.. (p>R),

[¢l=p
if and only if
limsup v/|@x| < R,
k—o0

and that, moreover, such a function is of the form
© =53 @il 4 a holomorphic function in C
= — @ —— + a holomorphic function in C.

g ami e TR P

KeEy WORDS AND PHRASES: Laurent type expansions — O-closed (0,n — 1)-forms —
Fourier-Laplace transform — Derivatives of the Bochner-Martinelli kernel — Mittag-
Leffler type constructions.
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In C™, we may consider systems (g1, ... ,gn) of C* functions, which satisfy the
differential equation

n a 89
(1) F =0
; G

(equivalently: the (0,n — 1)-form
H:Zgjdfl/\...(j).../\dfn
j=1

is O-closed), and pose an analogous question as follows: For which multiple
sequences wg, ., of complex numbers, do there exist d-closed (0,7 — 1)-forms
0(¢), defined for ¢ € C" — {|(| < R}, so that

ke ckng(O) AdC A . NG = gy k. (p> R)?
[¢l=p

It turns out that we can characterize such sequences (see Theorem 2) and fur-
thermore we can give an analogous expansion for these d-closed (0,7 — 1)-forms
0, in terms of appropriate derivatives of the Bochner-Martinelli kernel (see The-
orem 3). For background material, we refer to [2], [3], [4], and [7].

NOTATION. If D is an open subset of C", we will denote by Zg)’nfl) (D) the
set of 0-closed (0,n — 1)-forms with C°° coefficients in D and Hg)’nfl)(D) will
denote the set of the corresponding d-cohomology classes in D:

" (D) ={16): 6 € 25"V (D)),

where [0] = {0 + 0 — exact (0,n — 1) — forms in D}.
Also O(D) will denote the set of holomorphic functions in D.

2 — Fourier-Laplace transforms of d-closed (0,7 — 1)-forms

Let E be a compact convex set in C"™ and let £ € Z(%O’"fl)((C" — E). The

Fourier-Laplace transform of £ is the entire holomorphic function F¢ defined by
the integral
Fe(w) = / el Aw((), weCn,
ceau

where ((,w) = > (wj, w({) = d¢ A ... ANd(, and U is an open and bounded
convex set with smooth boundary which contains E. Since the differential form
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el E(¢) A w(C) is d—closed, it follows from Stokes’ theorem that the above
integral is independent of the choice of U. Indeed, if V is a sufficiently large ball,
then

/ el E(¢) Aw(C) - / elCE(Q) Aw(¢) = / de'*E(C) Aw(Q)) = 0.

¢eav ¢ceau CeV-U

Notice also that this integral depends only on the cohomology class [¢] €
Hg]’nfl)((C” — E). For, if ¢ —0 = Ou (where 0 € Zg)’"fl)((C" —E)and uis a
(0,n — 2)—form in C" — E), then

[ e nae~ [ o0 nu@ = [ e ru) =0
ceau ceau ¢edu

Now it is easy to see that the function F¢ is an entire function of exponential
type. In fact,

Fetw) < [ Mg nw(O] < 48 for we T,

¢eou

where A and R are positive constants.

Conversely, using the derivatives of the Bochner-Martinelli kernel, we will
show that every entire function of exponential type is the Fourier-Laplace trans-
form of a d-closed (0,n — 1)-form.

THE DERIVATIVES OF THE BOCHNER-MARTINELLI KERNEL. For { # z, set

M(C,2) = ﬁ S 1G = )G A () A,
j=1

where 3, = (—=1)"»=D/2(np, — 1)!/(2mi)", and for each k = (ki,...,k,), where
k; are non-negative integers, let us define the (0,n — 1)-forms

bt 2)
aZ]fl s 32,’?" 2=0

ni(C)

A simple computation shows that

chl Chn

1 n

nk(C)Zﬁnn(n+1)"'(n+k1+---+kn—1)m

X (—1)j71€jd§1 /\(])/\d&n

1

J

n

Since 9¢[M (¢, z)] = 0, it follows that dny, = 0. Thus 7, € Z(%O’nfl)((C" —{0}).
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Now recall the Bochner-Martinelli formula: For f € O(C™),

(1) f(z) = / FOMC,2) Awl(Q), when |2| < p,

CESp

where S, ={( € C": |(|=p}andp>0.
Applying to both sides of (1) the differentiation

Ghatthn

L —
0zy' -+ 0z

)

z=0

we obtain the formula
-tk

2 O f=
2) f Ozt 9zkn

- / FOmQ) Aw(C).

z=0
CeS,

CONSTRUCTION OF J-CLOSED (0,n — 1)-FORMS WITH PRESCRIBED FOU-
RIER-LAPLACE TRANSFORM. Let F' be an entire holomorphic function of the
following exponential type:

(Zr) |F(w)| < Aefl¥l for every w € C™,

where A and R are positive constants.
Now we will estimate the derivatives of F' at zero, using Cauchy’s formula
in the polydisk:

3) okf =

k’llkn' / f(Cl77C") dCl/\,../\dQu

Griy J R

where T, is the torus of multi-radius r = (rq, ..., 7y,):
T, ={CeC": |G| =71,y |Cu| = rn}

Since for ¢ € T,, |F(¢)] < AeRV™iT+73% (3) implies that the coefficient oy, in
the expansion F(w) = Y, opw”, satisfies the inequality

RV 2o
D F| < 4
: r

kll n Ifl"'TfL"

lok| = for every ry,...,r, > 0.

Applying this inequality with

ry = \/k‘l(kl ++I€n)/R,,’I‘n = \/k‘n(kjl —l——l—]{in)/R,
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we obtain

kot
(4) okl < Akk1/2 (cR) for every ki, ..., k.
w2

K (ke et Ry (TR

(Convention: k;*/? =1, when k; = 0.)

Next let us recall that if F/(w) is to be the Fourier-Laplace transform of an
analytic functional 7, then the action of 7 on a function f € O(C™) will be
given by the formula:

T(f) = ng@kf,
%

Now we take an arbitrary f € O(C™) and substitute the values of its deriva-
tives D f in the sum ), 0,DF f, using formula (2). Interchanging the order of
summation and integration, we obtain — at least formally — that

(5) > oD f = / f(C)(ZUkﬂk(O> A w(C).
k k

CES,

We will show that the series ), oxni(¢) converges for ( € C* — Br (where
Br = {|¢| < R}), and defines a 0-closed (0,n — 1)-form whose Fourier-Laplace
transform is the given function F. In fact we will see that the convergence is
uniform and absolute on compact subsets of C" — Bg, and therefore (5) holds
when p > R. In proving this, (4) will play the important role in conjunction
with the following lemma.

LEMMA 1. Ifty,..,ty, >0 and t3 4 - +t2 <1 then

Z ekt otk (k14 -+ kp)! tllcl e < o
.ty .
Ky skin k]fl/Q kB (g 4 Ky )R R)/2

PROOF. First let us keep in mind that the validity of the assertion is not
affected if the general term of the sum is multiplied (or divided) by a quantity
of the form kj'...k5» (for some nonnegative constants sy, ..., sy,).

Now to prove the lemma, it suffices to show that the sum of the terms,
whose indices k1, ..., k, are all even, is finite, i.e.,

5 et 2hn (9hy .. 4 2k,)!
6) o, 2E)P (k) (2 4 2Ry

n

2k1 42k,
T < o0

for t7 +--- + 12 < 1.
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To justify this reduction we split the sum according to the parity of the k1, ..., k.
More precisely, if we call C(ky, ..., ky,) the general term of the sum in the state-
ment of the lemma then on the one hand it is clear that

S Clhrokn) = Y > C@k1+ua, ., 2kn + un),

ki,..oskn (ug,eeyun )€{0,1}™ K1,k

and on the other hand it is easy to see (using the remark at the beginning of
this proof) that (6) implies that each of the 2™ sums

Z C(2ky 4+ uy, ..., 2ky +uy) s finite
Evyoikin

(i.e., when uq, ..., u, € {0,1}), and the reduction of the proof of the lemma to (6),
follows.
Using the notation |k| = k1 + - - - + ky,, we have

62/€1+“‘+2km (2]{1 4.+ 2kn)' _
(2k1) "2k )™ (2 + - 4 2k, )T

n

B Hekjkj! elFlkL 2k K|
- k;cj K |IEL 4lRI(|E[D2 Kyl k!

j=1

But from Stirling’s formula, for min{s; : 1 < j <n} large enough,

eFik;! el®l|k|! (2|K|)! 1
~ N\ 2mk;, ——— &~/ 27|k d R~ .
g VTR T VR and e 5

Therefore, using also the expansion

(kv + -+ k) on, ok 1 . , ,
2 : T = lid fort?+---+t2 < 1,
e kil k! ! " 1— (2 +-+t2) valid forty+---+1;,
1y-oslin

we conclude that there is a positive integer N so that

Z 2kt 2hn (9 4 4 2k, 2k

...tfk" < oo.
(le)kl...(2k/’n)k”(2k1 4ot an)lir-..Jrkn 1 v

min{ki,....kn} >N

Now (6) can be proved by induction on n.

SOME COMPUTATIONS. For each ¢ = (11, ...,1,) € C" — {0}, we define the

region
(Gup:{CE(C"—{O}: % < % forjzl,...m}.
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We will show that for [¢)| > R, the series ), |04C(()| converges uniformly in
¢ € Gy, where €(() is the main coefficient of 1, ({), i.e., the quantity

;R - Chn

First notice that G, C {¢ € C™ : [¢] > [¢]}, because

[ [ 11
[T Z Zw 7P SRR

Also wip € Gy for every u > 1 (as it is easy to check) and for a fixed p > R,

(7) C"-B,= |J Gy.

YES,

Indeed, if ( € C* — B, then it is easy to see that ( € Gy, where ¢ = p(/|¢|, and
of course p(/|C] € S,.
To prove the uniform convergence of the series ), [0x€x(C)| for ¢ € Gy,
(with [¢p] > R), it suffices to notice that, since,
(5
BN

n—1 k
T (I R o ) G\
Cr(Q)| = ==L kp4 -+ k) [ DA
o) CES N i

inequality (4) implies that the series ), sup{|ox€x({)|: ¢ € Gy} is dominated
by the convergent series

5 P (kA R 1) el* (|K))! (Rwu)’“ (an|)k"
(n— D)l o2 ke w2 \ el SR )|

k1,..eskn

The convergence of the above series follows from Lemma 1, since

() - (5) <

Now we can prove the following theorem which is a Paley-Wiener type the-
orem. As it is well-known such theorems deal with the question of representing
entire functions of exponential type as Fourier-Laplace transforms of measures
and the related literature is quite extensive. This particular theorem expresses
such measures in terms of the Bochner-Martinelli kernel.
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THEOREM 1. If F(w) = Y, opw” is an entire function, which satisfies
(8r) for some R > 0, then the series Y, oxni(C) defines a 0-closed (0,n — 1)-
form n(¢), with C* coefficients in ¢ € C™ —Bg, and

F(w) = / eSn(C) Aw(C), for we C™and p > R.
ces,

Thus an analytic functional T, which is carried by the ball By, is represented by
the measure
AQ) = owmk(Q) /\W(C)‘Cegp,
k

supported by the sphere S, (p > R), where o, = T (2*)/k!.

In particular, any measure dy (in C™ and with compact support) is analyt-
ically equivalent to d\ (given by the above formula), where o, = [ zFdu(z)/k!
and p > sup{|z| : z € supp(p)}

PRrROOF. Notice that

Z j 1Cj€k C)d&/\(])/\dén

Jj=1

But if P is any derivative (of any order), with respect to (i, ..., (n, C1, .., Cn, then
(8) Zsup {loxPI(;€e(Q)]] 1 ¢ € Gy} < o0,

&
provided that || > R. This follows from Lemma 1, which implies that

s1 1.8 elk‘(|k|)! k1 4k 2 2
> ktky e kk”/2|k|\’€\/2t1 atfr <00 (ty, ety >0, B2 <),
ek

for every nonnegative constants si,...,$,. (At this point we use the fact that,
since the function F satisfies the condition (Fr), the coefficients o, satisty (4),
and, therefore, we can carry out computations, similar to the ones that follow
the proof of Lemma 1, which lead to (8).)

But (8) implies that n = )", opm has C* coefficients C" — Bg and that

= ngéﬁk =0.
k
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Furthermore, for f € O(C™),

/ FOME) Aw(Q) = / f<<>(§jamk<<>>w<o=
k

CeS, CES,

:ZGk / f(C)Wk(C)/\w(C):ZUk@kf’
§ k

CESp

where we also used (2). Applying the above formula with f(¢) = e{&*) (for fixed
w), we obtain

[ €m0 nwte) = 3 ot = Fw).
k

ces,

This completes the proof.

3 — Laurent type expansions of 0-closed (0,n — 1)-forms
The computations of the previous section lead also to the following theorem.

THEOREM 2. Let R > 0. Suppose that for each k = (ki1, ..., k), where k;
are nonnegative integers, we are given a complex number wy = wy, ... k,. LThen

a necessary and sufficient condition that there exist 6 € Zg)’"_l)((C” —Bgr) so
that

(B) / fl Cﬁ"@(() ANw(C) = @k, k,, for every k (where p > R),

CESy
is that the sequence wy, = wy, ..k, satisfy the condition

(BRr) For every € > 0 there is a positive constant A(e) so that

[e(R+ )" TFn gy k!

for every kq, ..., ky.
52 (g 4 ) (iR

@] < Afe)
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PROOF. Set
wk17-~~7kn

Ckiyoky = .
Dot kl'kn'

To prove the one direction, let us assume that 6 Zg)’n_l) (C™—Bpr) and satisfies
(). Then

k
oyt ke = [ A )

¢es,

Since

kn k
P

ki,....k

it follows that the series F(w) = >, cjw” converges, it defines an entire holo-
morphic function F(w), and that this function is given by the integral:

Fw) = [ <900 nu(Q) forp> R
¢és,
Applying this with p = R + € (where € > 0), we see that
|F(w)] < A(e)eFHoll,

where
R A UGI !

CI=Ree

Now we can prove (in the same way we proved that (Fr) implies (4)) that

[e(R+ o))+t
kflﬂ/2 . kﬁ"/Q(kl I kn)(k1+---+kn)/2’

lek] < Ae)

and this proves ().

To prove the other direction, let us assume that the sequence wy, satisfies
(BR). Then, it follows from the proof of Theorem 1, that the series 6(¢) =
>k ek (C) defines a d-closed (0,n — 1)-form with C* coefficients in ¢ € C" —

Brye, and this is true for every e > 0. Thus 0 € Zéo’"_l)((C” — Bgr). Moreover

[ - Yo [ 1em© nw© = Y ans,
k

CES, CES,
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for f € O(C™) and p > R. Applying this formula with f(¢) = il -l (with
nonnegative integers l1, ..., [,,), we see that, indeed, 0 satisfies the required period
condition (3). This completes the proof of the theorem. 0

The following theorem is a variation of Theorem 2. It gives Laurent type
expansions for d-closed (0,n — 1)-forms in C* — Bg. (The case R = 0 of it, is
in [2].)

THEOREM 3. FEuvery 6 € Zéo’nfl)((cn — Bg) has an expansion of the form

w —
6=~ +ov.
k

where the numbers @y are given by (V) and v is a (0,n — 2)-form with C'*
coefficients in C" — Bg.

PRrOOF. Given 6 € Z9" Y (Cn — Br), we define wy by () and we set
d
Wk
n= Z an'
k

It follows from the proof of Theorem 2 that n € Z éo’"fl)((C" —Bg) and that, for
p> R,

/&~mwow@=wlm .....

CES,

Therefore
[t 0O QI Aw(6) =0, for every b,k
¢és,

Now [1, Lemma 5] (see also Lemma 2, below) implies that there exists a (0,n—2)-
form v, with C* coefficients in C" — Bg, so that § — n = dv. This gives the
required expansion and completes the proof of the theorem. O

REMARKS. 1. Writing the quantity

ekt thng | k!

KR2 L ey e ) )2

in the form
n

1 eki k! Ry

=1 kfj (ky + -+ kn)(k1+~--+kn)/2’
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and using Stirling’s formula

kil
e"ik;!

k;
kj

~ 27T'k‘j7

it is easy to see that a sequence wy, satisfies the condition (&g) if and only if for
every € > 0 there is a positive constant A(e) so that

(R + e)k1+~--+knk/1€1/2 L kin/Z

|Wk‘ < A(E) (k’l bt kn)(kl-‘rm-‘rkn)/Q

for every kq, ..., ky.

2. Let 0 € Zg)’nfl)(U — B(a, R)), where U is an open neighborhood of
the closed ball B(a,R) = {¢ € C" : |¢ —a] < R}. Taking a p > R so that
B(a, p) C U, we define the coefficients ¢ by the formula:

k1!..1.k:n! / (C1 = an)™ - (Gn = an)™0(C) A w(C).

CESy

Cp =

Let us also consider the differential forms (-, a) defined by the formula

ak1+“~+an(C7 2)
Me(C;a) = Dk 9k

zZ=a

(51 - al)k1 e (@L - an)k" x

n

X (=17 = @)dG A () AdG.

j=1

Then (-, a) € Zg)’n_l) (C"—{a}) and they have properties analogous to those of
Nk We notice that although the differential form 6 is defined only in U —B(a, R),

the series
Z CrMk (<> CL)
k

converges for ( € C" — B(a, R) and defines there a d-closed (0,n — 1)-form.

EXPANSIONS IN MORE GENERAL DOMAINS. Suppose that D is a pseudo-
convex domain in C"*, a!,...,a" € D and Ry, ..., Ry > 0 so that

B(a’,R;)C D (j=1,..N) and B(a’,R;)NB(a™ R,) =0 (j #m).
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Let § € 2"V (D — [B(a!,Ry)U---UB(a", Ry)]). Taking p; > R; so that
the balls B(a’, p;) are pairwise disjoint, we define

i / (G —a])™ - (Gu = af) " 0(¢) Aw(Q).

CESy;

Then, in view of the previous remark, >, c,ink ¢, a%) € Z(%O’nfl)((C" —B(a, R;)),
and therefore

N
def H—Zchnk ¢, a) e Z(On R (D— [B(al,Rl)U--~UB(aN,RN)]).
k

Jj=1

Moreover

/ (€L —a)M (G —ad) e Aw(¢C) =0 for all k and j.

¢es,,

It follows from Lemma 2 below that ¢ is O-exact in D — [B(a',R;) U --- U
B(a”, Ry)]. The conclusion is that @ has the following expansion

N
0=>>"> cim(¢.a?)+ v,
k

j=1
for some (0, n—2)-form v with C*° coefficients in D—[B(a®', R1)U- - -UB(a, Ry)].

LEMMA 2. Let us consider an open set Q@ C C™ of the form Q =D — (G1 U
..UGy) where D is a pseudoconvez set and Gy,...,Gxn are compact convex
sets in C" so that G; C D and G; N G,, = 0 for j # m. Let us also consider
simple closed surfaces S;, each one around the set G; and close to it.

Then a differential form x € Z(0 " 1)( Q) is D-exact (in Q) if and only if

9) / N Aw() =0, forevery j=1,...,N and we C".
CES;
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Notice that (9) is equivalent to

/ FOXO) Aw(C) =0, for feOC") andj=1,..,N,

CES;

because the set of the functions e{®:¢) w € C”, is dense in the space of entire
functions (with the topology of uniform convergence on compact sets. Also this
is equivalent to

/ (¢ — a‘{)k1 (G — a{l)knx({) Aw()=0 forall k and j,

ces;
where a; are any preassigned points.

PROOF OF LEMMA 2. The one direction follows from Stokes’s formula. The
other direction is a generalization of [1, Lemma 5] and its proof is similar in this
case too, so we will outline it.

First we exhaust the set Q2 with a sequence of compact sets of the form

K={N<0}-({p <0}U...U{pny <0}),

so that the set {\ < 0} is a bounded strictly pseudoconvex set with smooth
boundary and the sets {p; < 0},...,{pny < 0} are strictly convex neighborhoods
of the convex sets G, ... ,Gy. In other words, the sets {\ < 0} should exhaust
the pseudoconvex set D, while the set {p; < 0} should shrink down to the set
Gj, for j=1,...,N.

Fixing such a set K, we consider the map 7 : (OK) xint(K) — C™ as follows:
For (¢,z) € (OK) x int(K), {v(¢, 2)}]-; is defined to be a Henkin-Ramirez map
of the strictly pseudoconvex set {\ < 0}, if ¢ € {\ =0}, and

a .
(¢, 2) = a%@ if ¢€{p; =0}

(For exhaustions of pseudoconvex sets by strictly pseudoconvex domains and
constructions of Henkin-Ramirez maps, see [5] and [6]).
Then

Z Cl —Z ’Yl Cv ) 7& 07 fOT (C,Z) € (aK) X lHt(K),
=1

and therefore we may write down the Cauchy-Leray formula:

(10) u = 0, (Ty—1u) + T, (du) + L7 (u), for (0,q)-forms u in a neighborhood of K

(notation is as in [1, p. 912]).
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Now if x € Zéo’"_l)(Q) satisfies (9), it follows, as in the proof of [1,
Lemma 5], that L) _;(x) = 0, and therefore (10) gives
X = 0:(Tn-2x), in int(K).

Now the conclusion that y is 0-exact in €2, follows from [1, Lemma 4], and this
completes the proof of the lemma.

4 — Mittag-Leffler type constructions of d-closed (0,n — 1)-forms

In Theorem 2, we saw when and how we can construct a O-closed (0,n —
1)-form, in the complement of a closed ball, with prescribed certain weighted
periods. The following theorem deals with the analogous question, when the
closed ball is replaced by the union of an infinite sequence of pair-wise disjoint
closed balls. Given the previous constructions, its proof is similar to the proof
of [3,Theorem 2].

THEOREM 4. Let D be an open subset of C* and B(a’, R;), j = 1,2,3,.
a sequence of pair-wise disjoint closed balls, contained in D, wzth R > 0, Let us
also assume that the set {a',a? a3,...} of the centers of these balls 2'5 discrete in
D ‘and se_t M = U;il B(a’, Rj). Suppose that for each j we are given a sequence
wy, = wfﬂ ko of complex numbers which satisfies the condition (&g,;). Then
there exists 6 € Zg)‘nfl)((C” — M) so that

(9m) / (G —a)™ (G — a0 Aw(Q) =), . forallk and j,
CESy;

where p; > R, with the balls B(a?, p;) being pair-wise disjoint.
If we assume, in addition, that the open set D and the balls B(a?, R;) satisfy
the condition

(*) D can be exshausted by a sequence of pseudoconvex sets G, (v =1,2,3,...)
so that (0G,) "M =0 (Vv),

then the differential form 0, which satisfies (IN), is unique up to a d-exact (0,n—
1)-form in C™ — M.

COROLLARY.  With the notation and under the assumptions of the above
theorem (including condition (x)), we have an isomorphism:

H(On 1) HO

where B; = {( € C": [(| < 1/R;}.
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PRrROOF. To define this isomorphism, let us associate, to each cohomology
class [0] € H g)’7171)(((3’L—I\/JI)7 a sequence of holomorphic functions (h;)$2, defined
by the power series:

hi(r) = ZC};T’C, for T € By,

k

where 1
A= | @ (G- a6 nwlo)
CESy;

with the p; > R; chosen so that the balls B(a’, p;) are pairwise disjoint.
Then it is easy to check (in view of the previous computations) that h; €
O(B;) and that the map
[6] = (hy)32

j=1

gives the required isomorphism.
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Matrix-free numerical torus bifurcation

of periodic orbits

EUGENE ALLGOWER — ULF GARBOTZ — KURT GEORG'

ABSTRACT: We consider systems
¢ =flp,A)

where f : R® xR — R™. Such systems often arise from space discretizations of parabolic
PDFEs. We are interested in branches (with respect to \) of periodic solutions of such
systems.

In the present paper we describe a numerical continuation method for tracing such
branches. Our methods are matriz-free, i.e., Jacobians are only implemented as ac-
tions, this enables us to allow for large n. Of particular interest is the detection and
precise numerical approximation of bifurcation points along such branches: especially
period-doubling and torus bifurcation points. This will also be done in a matriz-free
context combining Arnoldi iterations (to obtain coarse information) with the calcula-
tion of suitable test functions (for precise approzimations). We illustrate the method
with the one- and two-dimensional Brusselator.

1 — Introduction

Recently, Georg [5] discussed a general setting for performing numerical
continuation in a matrix-free setting. Transpose-free iterative linear solvers (see,
e.g., [15]) can be effectively incorporated into such large-scale problems. A fre-
quent application of numerical continuation concerns the detection of singular-
ities and bifurcation points on a solution branch. By means of suitable test

KEY WORDS AND PHRASES: Matriz-free continuation — Numerical bifurcation — Torus
bifurcation.
A.M.S. CLASSIFICATION: 65P30 — 37TM20 — 37G15
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functions various bifurcation points can also be detected and approximated in a
matrix free setting.

In this paper we describe how to numerically trace periodic orbits in a
matrix-free way. We also present a test function for detecting and approximating
torus bifurcations in a matrix-free setting. Numerical results for torus bifucation
arising in the Brusselator equations in one and two dimensions are given.

The results reproduce the branches computed in [12], [13], where the
Newton-Picard Gauss Seidel method was used. The test functions derived here
to characterize bifurcations were used to obtain highly accurate approximations
of the bifurcation points.

In order to describe the numerical tracing for the problems considered here,
we review several of the ideas in [5].

2 — The Problem Setting

We consider systems

(1) ¢ =flp,N)

where f: R" x R — R™. Such systems often arise from space discretizations of
parabolic PDEs. We are interested in branches (with respect to ) of periodic
solutions of such systems.

We denote a solution of (1) which has initial value u for t = 0 with p(u, t, \).
We have that ¢t — @(u,t, \) is periodic with period T iff

(2) (u, T, ) —u=0.

However, even fixing A, all points u of the same periodic orbit would satisfy
this equation, hence we need an additional phase condition, say

(3) h(u,T,\) =0

to single out, at least locally, one point per orbit (see, e.g., [16]). In our numerical
example we used the Poincaré phase condition

(4) (u— )" f(,A) = 0

where 4 is some current point close to some orbit for given A. This point will,
of course, need to be adapted regularly. Let us remark that the Poincaré phase
condition has proven to be an effective choice, see [12], [13].

Let us form the equation

(5) H(u,T,\) = V(Z{Z’ﬁ)s “} = 0.
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For almost all choices of A there is a neighbourhood of the orbit such that 0 is a
regular value of H, if @ is in that neigbourhood.

Hence, the periodic orbits of (1) can be traced by using numerical con-
tinuation methods (arising from varying ) on equation (5). In particular, a
matrix-free approach is very suitable if we are interested in allowing large di-
mensions n, since an action of the (full) Jacobian H' can be readily obtained,
as we will see in Section 8. On the other hand, an explicit evaluation of the full
Jacobian for large n is prohibitively expensive (see, e.g., [12], [13]). Hence, in
this case direct linear solving methods are generally out of the question.

A numerical continuation method traces the solution branches of H~1(0).
The method is called matriz-free if the Jacobian of H is not calculated explicitly,
but only its action on a vector is given via some efficient process. In connection
with modern (transpose-free) iterative linear solvers, see, e.g., [15], this is often
a suitable approach for large systems, in particular for those investigated here.

Our main interest will center on the precise numerical detection of bifurca-
tion points along solution branches of H~1(0). These special points on a solution
branch are characterized by an additional equation

T(u, T,\) =0

where 7 : R” X R x R — R can be viewed as a so-called test function. Note that
also the detection and approximation of bifurcation points is carried out here in
a matrix-free context.

Let us briefly describe the different bifurcation scenarios we are interested
in for the periodic solutions of the dynamical system (1). Here is a list, see also
[16]:

1. We briefly mention the case of a simple bifurcation point. This case, how-
ever, is documented rather well in the literature.

2. A singularity which displays a characteristic feature of periodic solutions
is a period-doubling bifurcation. It turns out that the approach is rather
similar to the simple bifurcation.

3. The most intriguing bifurcation is a torus bifurcation, which is a bit similar
to Hopf bifurcation (and is sometimes also called a Hopf bifurcation of limit
cycles). This will be our main topic.

3 — Numerical Continuation

We consider the numerical tracing of a solution branch
s — (u(s), T(s), A(s))

of Equation (5). For simplicity, we view s as an arc-length parameter. Numeri-
cally, we actually perform pseudo-arclength steps, see, e.g., [1], [8].
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A numerical continuation (predictor-corrector) method repeats two steps:

1. A predictor step generates an approximate point further along the solution
curve, typically by linear extrapolation.

2. A corrector step finds a point approximately on the solution curve and close
to the predicted point, typically by Newton-like steps.

The following algorithm sketches a possible implementation of this idea. For
a more compact notation, we use z := (u, T, \) € R"*2 7 := (@,T,\) € R"2,

— Algorithm 6 (Matrix-Free Predictor-Corrector)

1. Initialization
choose x such that H(z) ~ 0
choose approximate tangent S such that H'(z)S = 0, ||S|| =1
choose step size h > 0
choose small reduction factor 1 >>n >0
2. repeat
(a) Predictor
Z—x+hS
(b) Corrector
find Az such that

|57 752 o] <o 1787

via a transpose-free iterative linear solver, see, e.g., [15]
T— T+ Az

(c) determine new h
S (& —x)/[|z -

T—

REMARK 7. The corrector step approximately solves

s =0

ST(x— %

for x using an inexact Newton step. In our numerical examples, we use several
such Newton steps in fact while reducing 7.
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4 — Calculating Special Points

When tracing a solution branch
s (u(s),T(s),A(s)) =: 2(s)

of (5), one is often interested in special points on this branch. They can be of
various types. Our cases of interest are covered by requiring that a certain test
function 7 : R"*2 — R changes sign. Hence we seek a point 2* € R"*2 such that

(8) {H(x*>] =0.

The following Lemma is easy to see:

LEMMA 9. Let x* = x(s*) be a regular zero point of H, i.e., the Jacobian
H'(z*) has mazimal rank. Then the following statements are equivalent:

1. 7(x(s)) has a simple zero at s = s*.
2. x* is a regular zero point of (8).

Once an approximation of z* is found, we could, of course, use an inexact
Newton’s method directly on (8) to obtain a better approximation, i.e., without
continuing to follow a path. Note, however, that this places a calculation of 7
into the innermost loop of the method, i.e., while evaluating the functions in (8).

In the context of bifurcation analysis an evaluation of 7 may be rather costly,
e.g., in the case of torus bifurcation, see Theorem 13 below. Therefore, in our
path following context, we use a somewhat different approach, which places an
evaluation of 7 into the outermost loop: During the numerical continuation, we
monitor the sign of 7. Assume that a situation 7(x_)7(x4) < 0 is encountered
for two subsequent points x_, ;. on the solution curve. Then we introduce the
approximate tangent

Si=(vy —a_)/||lzy — 2|
and the linear approximations
p(s) =x_ +s5 =~ x(s)

Now let ¢(s) be the solution of

[ST(?EQ;@J -0

Hence, ¢(s) can be viewed as the corrector-point to the predictor point p(s).
Clearly, ¢(s) can be approximated via an iterative nonlinear solver using a
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matrix-free double loop, the outer loop consisting of a Newton iteration, and
the inner loop being a transpose-free iterative linear solver. We now find a zero
of the function s +— 7(g(s)) via a secant-like method (e.g., Brent’s Method,
see [2]).

The resulting method for calculating z* is implemented as a matrix-free
triple loop, the outer loop being the secant-like method. Note, however, that
the iterative methods representing the two inner loops can be started with in-
creasingly improved values. Alternatively, a modification of this approach can
be implemented into the numerical continuation method as a steplength strat-
egy, see [1, Section 8.1] for details. This modification permits a matrix-free
implementation consisting of a double loop.

We will apply these ideas to test functions 7 that signal certain types of
bifurcation points.

5 — Simple Bifurcation Points

Bordered matrices are an important tool for a numerical unfolding of sin-
gularities. For example, this is one of the principal themes of the book [6]. A
consequence of [6, Proposition 3.2.1] is Keller’s Lemma, see [8]:

Let A € R™ ™ have rank n — k, and let B,C € R®**. Then

Ei

is nonsingular if and only if

(A B] and [CAT}

have full rank. Since the set of invertible matrices is open in the space of square
matrices, the choice of matrices B,C such that the above matrices have full
rank is usually easy to fulfill. However, for numerical purposes, one needs to
take issues of condition into account, see Remark 20.

The following is a well-known fact, see, e.g., [5], [6]. A simple bifurcation
point z* = x(s*) is characterized by the fact that the determinant

oo [ H19)

*

changes sign at s = s*. Here S has to be some approximate tangent, i.e.,
S =~ i(s*). However, this is not a numerically suitable choice of a test function.
A better choice is to consider the following bordered system:

@] L] res
-
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If a,b € R"*? are chosen such that

HH%;(TS*))] a} and {H/%ETS*))}

have full rank, then the matrix of the bordered system is non-singular for s ~ s*
where * = z(s*) is a simple bifurcation point. It is easy to see (e.g., via Cramer’s
Rule) that 7 is a test-function for the simple bifurcation point z*, i.e., 7 has a
simple zero at s = s*.

Hence, in principle, we could use the method described in Section 4 to detect
and approximate simple bifurcation points. However, the approximation cannot
be executed very accurately since the Jacobian

)

becomes singular at s = s*, and hence the numerical tracing of x(s) becomes
*

unstable for s ~ s*. It is, however, possible to obtain a matrix-free stable
method, see [5].

6 — Period-Doubling Bifurcation

If w is a T-periodic orbit of (1), ie., H(u,T,\) = 0, then 01¢(u,T,\)
is called the monodromy matrix. A simple period-doubling bifurcation point
x* = (u*,T*,\*) is characterized in the following way, see, e.g., [16]: For an
algebraically simple real eigenvalue v(s) of s — 91p(u(s),T(s), A(s)) there holds

v(s*) = —1 and v/(s*) # 0. Note that this implies that the determinant of
one(u(s), T(s),A(s)) + 1

changes sign at s = s*.
In analogy to Section 5 we obtain the following numerical test function for
detecting such a point while numerically following the curve s — xz(s).

THEOREM 10. Let 2* = x(s*) be a simple period-doubling bifurcation point
as defined above. Suppose b,c € R™ are chosen such that the bordered matrix in
the following system is invertible

" up(u(s). T(3). M) + 1 g] [féi] _ m .

Then the system is non-singular for s = s*, and 7(s) has a simple zero at s = s*.
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Contrary to a simple bifurcation point, however, a simple period-doubling
bifurcation point is not a singular point on the curve H~!(0), and hence the
method described in Section 4 applies. The only additional complexity of the
problem comes from the calculation of 7 which requires one matrix-free loop.

7 — Torus bifurcation

of H1(0), and define the monodromy matrix A(s) := d1p(u(s), T(s),A(s)). A
simple torus bifurcation point

(u*, T, A7) = (u(s™), T(s"), A(s))

is characterized in the following way, see, e.g., [6], [10], [16]: Let v(s) + iw(s) be
an algebraically simple complex eigenvalue of A(s) for s ~ s*. Hence

A(s)(vi(s) + iv2(s)) = (v(s) +iw(s))(v1(s) + iva(s))

for linearly independent vy (s),v2(s) € R™. Let the two eigenvalues furthermore
cross the unit circle in the sense that

e(s) = v(s)* +w(s)? -1

has a simple zero at s = s* with w(s*) # 0. It follows that

(A—v)vy = —wug ,

(A—v)vg =woy .
Hence, if we consider the real vector space

E(s) = spanq{wvy(s),v2(s) },
then the kernel of
(A(s) —v(s) D2 +w(s)? T= A(s)? — 2v(s)A(s) + T+e(s) T

is E(s). Also note that the two-dimensional space F(s) is invariant under A(s),
and that A(s) is bijective on F(s) for s &~ s* since its two eigenvalues are close
to the unit circle.

The following theorem describes a test function for a simple torus bifur-
cation point which we have implemented numerically. The introduction of the
system (14) below was motivated by similar systems for Hopf bifurcation, such
as [3], [17].
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For the proof of the theorem we introduce the following notation:

DEFINITION 12. For f,g: R¥t — R*2 we define f(z) = g(2) if there is an
e > 0 such that || f(2)|| > €||g(z)|| for sufficiently small ||z|].

THEOREM 13. Let (u(s*),T(s*),\(s*)) be a simple torus bifurcation point
as described above. Assume that ¢,d € R™ are chosen so that

A(s*)? —2u(s")A(s*) + T

T and

dT

A(s*) — (v(s*) Liw(s™)) I
dT

have full rank. Note that this implies that there exists a unique e(s) € E(s) with

cTe(s) = 1, dTe(s) = 0 for s ~ s*. Furthermore assume that a,b € R" are
)

chosen so that
[A(s*)?2—2v(s*)A(s*)+1 a b] and [A(s*)? —2v(s*)A(s*)+1 a A(s*)e(s*)]

have full rank. Then the bordered matriz in the linear system

A(s)? =2uA(s)+ 1 a b [€&(ws) 0
(14) cr 0 0| [a(p,s)| =11
d” 0 0] | Bly,s) 0

is non-singular for s ~ s* and p ~ v(s*). Hence

§(py s)

a(p, s)

B, s)

18 well-defined. Furthermore, the following holds:

§(w(s7),s7) e(s™)
a(v(s*),s*) | = 0
Bv(s*),s*) 0
2. 018(v(s*),s*) # 0, hence by the implicit function theorem the equation
s)

B(u, s) = 0 defines a parametrization pu(s) for s &= s* such that B(u(s),s) =0
and pu(s*) = v(s*).

3. 7(s) := a(u(s), s) has a simple zero at s = s* and can hence be used as a
test function for torus bifurcation.
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PRrROOF. The non-singularity of the linear system is an immediate conse-
quence of the assumptions on a,b, ¢,d and that the complex eigenvalue v(s*) +
iw(s*) is simple.

1. The first claim follows from the uniqueness of the solution and the definition
of e(s).
2. Differentiating the linear system with respect to p gives

2A(s) 0 0] [€us)] [AG)2—2A(s) + T a b] [9ik(ns)
0 0 0f |a(ps) |+ e 0 0] |dalys)|=
0 00 5(/1'78) dr 00 815(;“’75)
0
=10
0

Now we use Cramer’s Rule to obtain that

A(s*)? —20(sM)A(s*) + 1T a 2A(s*)E(v(s*),s*)

det cr 0 0
dr 0 0
9 * ’ *) 0
18(v(s"),s7) A(s*)? —20(s")A(s*)+ 1 a b ’
det cr 0 0
dT 0 0

because of the assumptions on a,b,c,d and since A(s*)E(v(s*),s*) =
A(s*)e(s*) # 0.
3. First we show that

Oa(v(s*),s*) Ora(v(s*),s*)

(15) W 0 B(s%), 57 BuBr(s™), 5%

£0.

For this purpose we write

A%(s) = 2uA(s) + T=(A(s) — (u—iv/T— 1) 1) (A(s) — (u+iv/T— ) )
—: A () —: Ay, )

We will also make use of three lemmas which we list after this proof. Ac-
cording to [3, Proposition 1.1] we have to show two things to obtain (15):



[11] Matrix-free numerical torus bifurcation of periodic orbits 43

(a) A1(p,s)v > v and Az(u, s)v > v uniformly in (p, s) = (v(s*), s*)
for v'd = 0. This is a fairly standard consequence of the fact that
p(s*) +iw(s*) is a simple eigenvalue of A(s*) and of the assumptions
on d, see Lemma 19 for more details.

(16) Cu1(A2(s) — 20A() + 1) > [s] + i — v(s")]

Here 01(B) > 02(B) > ...0,(B) > 0 denote the singular values of a
matrix B € R"*". To prove (16), we first use Lemma 17 to obtain

on(A(s) = (p+ i1 = p2) 1) = (p—v(s)) +i(V/1—p? —w(s)) .

We want to use Lemma 18 with

e (S)ms)]

and calculate the Jacobian:

We obtain
det &' (v(s%),s%) = w(s*) M (—=w'(sM)w(s*) — V(s )v(s*)) #0 .

Here we used the fact that v2(s) +w?(s) — 1 has a simple zero at s = s*
and thus the derivative 2v(s*)v/(s*) 4+ 2w(s*)w’(s*) # 0. Hence, by
using Lemma 18, we can continue our above estimate to conclude

on(Az(p, 8)) = on(Al(s) = (n+iv1—p?) T) = |s| + |p —v(s)] -

Combining this with the fact that

Gt (A1, ) = ou1(A(s) = (u— iv/T— 22) T) = 1

for [s, p] = [0, v(s*)], we now obtain from 0,1 (A1 A2) >0,—1(A1) 0, (A2)
the nondegeneracy condition (16).

We have established (15) and use this in the following way. Let us
define a(s) := a(u(s),s). We know that &(s*) = 0 and have to show
that &'(s*) # 0. We have

a'(s%) = O1a(v(s™), %) i/ (s*) + Oaa(v(s*),s™) .
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From (3(u(s),s) = 0 we obtain
0=018(v(s"),s*) u/'(s*) + 8(v(s"), s*) .

Note that 016(v(s*),s*) # 0 was already established. Eliminating
1/ (s*) in the last two equations leads to

825(1/(3*)’ 8*)

&(s") = Bpa(v(s"), 8") = ralw(s"), s") gt s

which is different from zero because of (15). 0

The previous proof used the following lemmas:

LEMMA 17. Let s € R — B(s) € R"*™ and s € R — p(s) € C be smooth
and such that p(s) is an eigenvalue of B(s) and p(s*) is an algebraically simple

eigenvalue of B(s*). Then o, (B(s) — p(s) I) = |p(s*) — p(s)].

A proof can be obtained by following arguments in [3, p. 533].
The next lemma is well-known:

LEMMA 18. Ifk:R? — R? is smooth, k(yo) = 0, and k' (yo) non-singular,
then k(y) = y — yo.

The following lemma seems to be fairly standard, see, e.g., the techniques
used in [6].

LEMMA 19. Let B : R¥ — R™*™ be continuous and such that B(0) has 0
as an algebraically simple eigenvalue. Let d € R™ be such that

B(0)
dT
has full rank. Then

B(AN)v = v forveR™ withv Ld

uniformly for A =~ 0.
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REMARK 20. Note that the theorem gives a local result. We therefore
propose to use it in conjunction with an Arnoldi iteration: While following a
branch of periodic solutions, we occasionally apply an Arnoldi-type iteration (we
used ARPACK [11]) to obtain snapshots of the dominant eigenvalues (Floquet
multipliers) of the monodromy matrix dy¢(u,T,A). The snapshot will show
when a pair of conjugate complex eigenvalues passes through the unit circle.
We then use the above test-function as described in Section 4 to approximate
the torus bifurcation point more accurately. Note that the Arnoldi-like method
not only gives us guesses for p via the real part of the approximate eigenvalue,
but also choices for a and b via the real and imaginary part of the approximate
eigenvector. This proved to be an effective and efficient strategy.

8 — Implementing the action of H'(u, T, \)

As has been seen in the preceding sections, in order to perform the predictor-
corrector steps of numerical continuation and the evaluation of the test func-
tions for bifurcations, it is necessary to implement the action of the Jacobian

81@ -1 8290 83g0 .
/ —
H' (u, T,\) = Db Db Osh (u, T, \) efficiently, see also [4], [12], [13].

1. The action v — O1¢(u, T, \)v is obtained in the following way: Defining
z(t) :== Orp(u, t, \)v

and differentiating the equations

(21) Oap(u, t,A) = f(p(u,t, ), A),  @(u,0,A) = u

with respect to u leads to the following description: We solve

(22) 2=01f(o(u,t,\),N) z, =z(0)=wo

and obtain
ore(u, Ty N)v = 2(T).

2. The vector ds3¢p(u, T, \) is obtained in the following way: Defining
£(t) = dsp(u, t, \)

and differentiating the equations (21) with respect to A leads to the following
description:
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We solve

(23) €= 01 f(p(u,t,0), \) €+ Daf(p(u, t,A), ), €(0) =0

and obtain
3. The vector

(24) 8290(% T, )‘) = f(%o(uﬂ T, )‘)7 )‘)

is immediately obtained from (21)

The action of the other derivatives contained in H'(u, T, \) are even more obvi-
ous.

9 — The numerical calculation of ¢ and its derivatives

The previously indicated implementations all rely on an approximation of
the orbit
t— o(u,t,\).

Our present aim is only to demonstrate the usefulness and applicability of
the matriz-free approach. We need to approximate the orbit on a grid ¢y =
0,t1,...,tm-1,tm = T. For simplicity and convenience, we use an equidistant
grid t; = ih in our numerical example, and note that for greater efficiency an
adaptive grid must be taken into consideration.

Since we are mainly interested in cases where ¢ = f(p, \) is obtained from
parabolic PDEs via space discretizations, we concentrate on the case where ¢ =
flp, A) is stiff, hence we have to consider the use of an implicit solver for the
time steps. The main point here is that we need to solve a nonlinear system for
each time step.

For simplicity, in our numerical example we consider the implicit midpoint
rule, i.e., we approximate @(u,t;, A) & @; via

Pi — Pi-1 Yi + Pi-1
- = T )\,
Pt e (B

We solve this for ¢; using an inexact Newton’s method, see, e.g., [9], where
the linear equations (per Newton step) are solved with an iterative linear solver
(see, e.g., [15]). For a preconditioner we use an (occasionally updated) sparse
(possibly incomplete) LU factorization of the approximate Jacobian

I—hoy f (v, \) where v = @; .
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A few preconditioners are stored along an orbit, and are used again for small
variations in v and A.

The linear differential equation (22) is solved by the same implicit midpoint
rule. This leads to the linear systems

(A ) ) i 2252 )

which we have to solve for z;1,. Typically we would replace the unknown
o(u, 7““;“ , A) with 7%“;%.

The linear differential equation (23) is also solved by the implicit midpoint
rule:

h i i h i i
(1-5007 (o (1 =50 ) = (1500 (4w “5550) ) ot

+ han (90 (U, tlﬂ;_tlv)‘) 7>‘>

It is convenient to use the same iterative linear solver for all three cases,
with the same preconditioner. We finally note that similar remarks would hold
if we replaced the implicit midpoint rule with a higher order implicit solver for
(21)-(23).

10 — Numerical Example

The Brusselator in one space dimension (z-variable) is modelled by the
equations

0X Dx 0*’X

E:L—;(W“FXQY—(B-FUX—FA,
(25) 2

oY Dy 0°Y 9

R R

with Dirichlet boundary conditions

(26)

see, e.g., [7]. As in [12], we use the characteristic length L as the bifurcation
parameter while the other parameters are fixed at A = 2, B = 5.45, Dx = 0.008
and Dy = 0.004.
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It is known, see [12], that the first bifurcation from the trivial solution
X = A, Y = B/A is a Hopf bifurcation at L ~ 0.513 and the bifurcating branch
of periodic orbits has two torus bifurcation points between 1.7 and 1.9.

Using a numerical continuation method as described in Section 3, we recon-
firmed the bifurcation diagram published in [12].

As an example, we used our torus test function described in Theorem 13
together with the approach described in Section 4 to calculate the two torus
bifurcation points more accurately. For this purpose, we chose m = 100 time
steps to discretize the periodic orbit as described in Section 8. In the space co-
ordinate z we used a central difference discretization with n (equidistant) interior
points.

We note that this example is simple in that the solutions are known to be
smooth. In fact, for more precise approximations, it would be adequate to use
higher order discretizations in space and time. Also, in general, our approach
should be modified to allow for adaptive meshes, in particular with respect to
time.

However, here we just want to make the point that our matrix-free numerical
approach is capable of handling large structures involving a variety of singulari-
ties. More complex approaches involving adaptive meshes and/or higher orders
are currently under investigation.

For the first torus bifurcation we obtained

n | L

50 1.778310
100 1.783406
200 1.784757

For the second torus bifurcation we obtained

n | L

50 1.864434
100 1.872761
200 1.874973

This data supports the claim that the approximation is quadratic in the
space discretization (neglecting the time discretization which was held fixed).
Now we consider the Brusselator in two space dimensions (z and y-coordinates)

0X Dy (X  PX\ .,
OX _Dx (00X O XN | X2y _(Br1)X 44
ot L2(8x2+8y2> (B+1X+4,

Y Dy (821/ %Y

=2 (== +-2 ) - X?Y + BX
ot L? 3x2+3y2) +
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on the unit square [0,1] x [0,1] with the Dirichlet boundary conditions corre-
sponding to (26) on all boundaries.

Fixing the same parameter values as above, the first branch of periodic
orbits bifurcates from the trivial solution at L ~ 0.72.

This branch has been computed in [14] for similar parameter values. As
in [14], we continued that branch and detected a torus bifurcation point at
L =~ 148, see Figure 1 and Figure 2. We again used our torus test function
described in Theorem 13 together with the approach described in Section 9 to
precisely calculate this torus bifurcation point.

3.34 k

3.32

3.3

3.28

3.26

torus bifurcation

3.24 1 1 1 1 1 1 1 1 1 1
1.36 1.38 1.4 142 144 146 148 15 152 154

lambda

Fig. 1: The numerical continuation for a 20 X 20 space discretization.

For this purpose, we again chose m = 100 time steps to discretize the
periodic orbit as described in Section 8. In the space co-ordinates z,y we used
a central difference discretization with n x n (equidistant) interior points.

Note that the resulting computations are already relatively large for direct
methods (i.e., generating the monodromy matrix). With our matrix-free ap-
proach, however, we were able to perform the required calculations for n = 40
on a 600MHz laptop.

The numerical continuation method and the evaluation of the test function
have as the main computational expense the time integrations described in Sec-
tion 9. The stiff solver used there makes use of an iterative linear solver which
needs to be preconditioned. We chose some time points on the orbit to generate a
sparse LU-factorization of the linear problem, and we used this LU-factorization
as a preconditioner for neighboring times, and also for similar parameter val-
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0.5 . . . — .

03 | o | ]
02
01}

-0.1 F
0.2 ; ]
0.3 + © / .

-0.5 L L 1 1 1 L
0.4 0.5 0.6 0.7 0.8 0.9 1 1.1

0.25 . — . :
0.2} ;
0.15 | 1
0.1} 1
0.05 |
ot o ]
-0.05 |
01} / ;

015 | ]

-0.2 - 7 4

-0.25 1 1 a 1 1 1
0.92 0.94 0.96 0.98 1 1.02 1.04

Fig. 2: The trajectories of the 10 eigenvalues with largest magnitude on the A-interval
[1.47639,1.48032] for a 40 x 40 space discretization.

ues during the continuation procedure. For finer space discretizations we would
propose to use only incomplete LU-factorizations.
For the torus bifurcation we obtained

grid ‘ L
10 x 10 | 1.47224
20 x 20 1.47756
40 x 40 | 1.47930
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This data again supports the claim that the approximation is quadratic

in the space discretization (neglecting the time discretization which was held
fixed). Additional efficiencies could be effected by incorporating higher order
spatial discretizations and variable time steps.
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Representation formulas and Fatou-Kato

theorems for heat operators on stratified groups

ANDREA BONFIGLIOLI - FRANCESCO UGUZZONI

ABSTRACT: In this note, we provide a characterization of non-negative L-caloric
functions on strips, where L is a sub-Laplacian on a stratified group. We prove represen-
tation results, Fatou-type and uniqueness theorems analogous to the classical Poisson-
Stieltjes formula and to Kato’s theorem concerning with positive solutions to the heat
equation.

1 — Introduction and main results

A stratified group is a connected and simply connected Lie group G whose
Lie algebra g admits a stratification, i.e., a vector space direct sum decomposi-
tion g = &1 @ ... ® &, with [61,8;] = 8,11, [&1,8,] = {0}. Stratified groups
(also known as Carnot groups) have been introduced by FOLLAND [7] and after-
wards deeply studied by various authors, see e.g., ROTHSCHILD and STEIN [15],
FOLLAND and STEIN [8], VAROPOULOS, SALOFF-COSTE and COULHON [18]. In
particular, Rothschild and Stein pointed out that any Hérmander operator, sum
of squares of vector fields, can be locally approximated by a sub-Laplacian on
a stratified group. Recently, analysis on such groups has received new and sig-
nificant impulses in many directions. Indeed, Carnot groups appear as tangent
groups of subriemannian manifolds (see e.g., [12]) and they find many applica-
tions in mechanics and in control theory. We also refer to the rich bibliography
in the recent monographs [1], [9].

KEY WORDS AND PHRASES: Carnot groups — Non-negative caloric functions — Fatou
and Kato theorems — Uniqueness theorems.
A.M.S. CLASSIFICATION: 31B25 — 35C15 — 35H20 — 43A80
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In this paper, we give a contribution in the study of heat operators H =
L — 0¢, where L is a sub-Laplacian on G. The study of parabolic-type operators
on G has experienced an increasing interest, also in relation to some problems
from image processing (see e.g., [5], [6], [13]) and from the geometric theory of
several complex variables. In particular, the operator H (on a Carnot group G)
intervenes in the study of the linearizations of fully non-linear equations such as
the Levi curvature equation [4], [11].

In this note, which is a natural sequel of a study started in [2] (and related
to the above mentioned linearizations), we deal with a question left unanswered
in [2], giving a characterization of non-negative L-caloric functions and proving
some representation formulas. We also prove some results analogous to the clas-
sical Fatou-type and uniqueness theorems of KATO [10] concerning with positive
solutions to the heat equation. We point out that similar topics have been stud-
ied in [3], [14]: in [3], Fatou theory is generalized to the non-negative solutions of
some sub-elliptic equations on non-tangentially accessible domain; in [14], Fatou-
Kato results are obtained for a class of ultraparabolic Hormander operators on
different homogeneous Lie groups, making use of some Gaussian estimates of
the fundamental solution analogous to the ones used here. Our main results are
contained in Theorems 1.1, 1.3 and 1.4 below.

We point out that many results presented in this paper are valid in more
general contexts. Indeed, the needed tools are mainly a local parabolic Harnack
inequality and techniques related to Gaussian bounds (we refer to [18] for such
results and related topics on general groups). However, our aim is only to answer
to some questions arisen in the study of the above mentioned linearizations rather
than to establish an axiomatic theory on the subject. Hence, we shall restrict to
the setting of Carnot groups.

THEOREM 1.1.  Let u be a real valued function defined on a strip. The
following statements are equivalent:
(i) u is a non-negative L-caloric function in some strip RN x (0,61).
(ii) For some Radon measure o on R, u has the representation

) uat) = [ Tet60)do(o)

for every (x,t) in some strip RN x (0, 62).
Moreover, if (1)-(ii) hold, then

(2)  u(yt) — o, as t— 0", in the weak sense of measures,

(3)  u(z,t) — p(v), as t— 0T, for almost every x € RY,

where p € L _(RYN) is the density of the absolutely continuous part of o w.r.t. the

Lebesgue measure.
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Throughout the paper, we call L-caloric any solution u of the equation
Hu = 0, where H is the heat operator defined in (7) below. Moreover, a Radon
measure is understood to be a positive (regular) Borel measure on RY | finite
on compact sets. Finally, by (2) we mean [4(z)u(z,t)de — [o(z)do(z),
as t — 0T, for every continuous function ¢ with compact support. The other
notations are explained below. The following remark shows how the strips in (i)
and (ii) of the above theorem are related.

REMARK 1.2. If (i) holds then we have the representation (1) in the whole
strip RV x (0, 1) for a Radon measure o on RY satisfying the growth condition

(W |, explr ) do(e) < .

where v = ¢/01; vice-versa, if (ii) holds, then the measure o satisfies (4) with
v = ¢/dy and (i) follows with §; = dy/c?. Here ¢ > 0 is a structural constant
only depending on L.

The following result is a step in the proof of Theorem 1.1, beside being of
its own interest.

THEOREM 1.3. Let u be a non-negative L-caloric function in RN x (0,T).
Then, for every e > 0, we have the following Poisson-Stieltjes type representation
formula

(5) wu(z,t+e)= /RN [(x,t;:£,0)u(, e) dE, (z,t) €e RN x (0,T —¢).

From Theorem 1.1 and using as a main step Lemma 2.7 in the next section,
we can also derive the following Kato-type uniqueness result.

THEOREM 1.4. Let u be a non-negative L-caloric function in RN x (0,T).

If

lim+ u(z,t) =0 for almost every x € RY,
t—0

limsupu(z,t) < oo for every x € RN,
t—0t

then u vanishes identically.

We explicitly remark that the lim sup-condition in Theorem 1.4 cannot be
weakened, as one can easily realize taking u =T
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We now explain all the notation. First of all, we give an operative definition
of Carnot group. Our definition is equivalent to the one of Folland, up to iso-
morphism. Let o be an assigned Lie group law on RY. Suppose RY is endowed
with a homogeneous structure by a given family of Lie group automorphisms
{0x}a>0 (called dilations) of the form

Ox(z) = ox(zW, ... 2™y = AW, Az,

Here () € RN for i = 1,...,r and Ny +... 4+ N, = N. We denote by g
the Lie algebra of (RV,0). For i = 1,..., Ny, let X; be the vector field in g
that agrees at the origin with 8/8331(-1). We make the following assumption: the
Lie algebra generated by Xi,..., Xy, is the whole g. With the above hypothe-
ses, we call G = (RV,0,6,) a Carnot group. If Y3,...,Yn, is any basis for
span{Xi,..., Xn, }, the second order differential operator

Ny
L=y}
i=1

is called a sub-Laplacian on G. Since Xi,... , Xy, generate the whole g, which
has rank N at every point, any sub-Laplacian £ satisfies Hormander’s hypoel-
lipticity condition. We denote by Q = Z;=1 jIN; the homogeneous dimension of
G. Then [05(E)| = A9 |E| for any measurable set E. Here and in the sequel, we
denote by | - | the Lebesgue measure on RY. This measure is invariant w.r.t. the
left and right translations on G.

The simplest example of Carnot group is the additive Euclidean group
(RP,+); in this case, the sub-Laplacians are exactly the constant coefficient
elliptic operators. The most significant (and simple) non-abelian example of
Carnot group is the Heisenberg group; in this case, a remarkable sub-Laplacian
is the real part of the Kohn-Spencer Laplacian.

Throughout the paper, d will denote a fixed homogeneous norm on G. For
instance, we choose d = !/(2=Q) where ~ denotes the fundamental solution
of the sub-Laplacian Ef\gl X?2. We recall that a homogeneous norm on G is a
continuous function d : RY — [0, 00), smooth away from the origin, such that
d(6x(x)) = Nd(z), d(z™') = d(x), and d(x) = 0 iff z = 0. Hereafter, we also
denote d(y~!ox) by d(z,y) and use the notation By(x,r) for the d-ball of center
x and radius r. The following quasi-triangle inequality holds

(6) d(z,y) < pd(z,2) +d(z,y), =y 2€G

for a suitable constant 3. Throughout the sequel, £ will always denote a fixed
sub-Laplacian on G and

(7) H="L—0,
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the related heat operator on G x R = RV*1, Here z = (z,) is the point of RV+1
(z € G, t € R). The operator H is hypoelliptic by Hérmander theorem.

It is known that H possesses a fundamental solution with the properties
recalled below (see [8], [18]; see also [2]). There exists a smooth function I" on
RN*1\ {0} such that the fundamental solution for H is given by

D(z,t€,m) =T(¢ 0wt — 7).
We have T'(z,t) > 0 and I'(x,t) = 0 iff ¢ < 0; moreover
(8) [(z,t) = F(Iilat)a L(0x(z), )‘zt) = AiQF(zvt)'

For every ¢ € RVT! T'(;¢) is locally integrable and HI'(-,{) = —d, (the Dirac
measure supported at {¢}). For every x € RN, t, 7 > 0, we have

O [ rend-1  Tersn= [ T onnrE

RN RN
The main tool we shall employ in the proofs of our results is the following Gaus-
sian estimate of I': there exists a positive constant ¢y such that

2 2
—1,-Q/2 _ co d”(z) < < -Q/2 _ d*(x)
(10) co t exp ( ; ) <T(x,t) <cpt exp( o >7

for every € RY, t > 0. We finally recall the following result, related to the
Cauchy problem for H (for the proof we refer to the results in [18] and to the
classical method of Aronson; see also [2]).

THEOREM 1.5. (i) Let f be a continuous function on RN satisfying the
growth condition |f(x)| < ¢ exp(vd?(x)), for some constants ¢, v > 0. Then the
function

u(x,t) = /RNF(x,t;f,O) f¢)de, zeRY, te(0,(cv)™)
1s well posed and is a classical solution to the Cauchy problem
Hu =0 in RY x (0, (cv)™}), u(-,0) = f.
Here c is a posilive constant only depending on L and the structure of G.
(ii) Let u be a classical solution to the Cauchy problem
Hu =0 in RN x (0,7), wu(-,0)=0.

Suppose that one of the following conditions holds: either u is non-negative or
there exists v > 0 such that

/0’” /RN exp (—vd*(z)) |u(z,t)|dz dt < cc.

Then u vanishes identically.
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2 — Fatou-Kato theorems

For the reader convenience, we first recall the following weak maximum
principle on strips, whose proof is standard and will be omitted.

PROPOSITION 2.1. Letu € C*(RN x (0,T)). If Hu > 0, limsupu < 0 both
in RN x {0} and at infinity, then u < 0 in the whole strip.

In the sequel, we shall need the following Harnack theorem for H, whose
proof easily follows from the Harnack inequality in [18].

THEOREM 2.2. Let us fir T > 0 and set Sy = RN x (0,7T).

(i) For every zo = (xo,to) € St and for every compact set K C Sy, there exists
a positive constant ¢ such that

supu < cu(zp),
K
for every non-negative function w, L-caloric in St.
(ii) Letu, < unt1 be a monotone sequence of L-caloric functions in St. If there
exists zo = (xo,tg) € St such that u,(zo) is bounded, then wu, converges
uniformly on the compact subsets of Sy, to a function u, L-caloric in Sy, .

We are now able to prove the Poisson-Stieltjes type representation formula.

ProOF OoF THEOREM 1.3. For every n € N, we set

d(§
we )= [ Tt 00 (M) uie. e,
RN n
where 1 € C*°(R) is a fixed non-increasing cut-off function such that ¢(r) =1
if r <1, ¢(r) =0if r > 2. By Theorem 1.5, we know that v,, is a solution to

the Cauchy problem

Hv, =0 inRY x (0,00),
va(-,0) :w(@) ul-,e).
) n )
Moreover, for every t € (0,T), we have (by the estimates in (10))

0 <wv,(z,t) <cq t_Q/Q/ exp ( — M) z/;(d(g)) u(§,e)dé <
RN

cot n
d2
ScO/ eXp(fﬂ) u(z o4, 4m,e)dn <
d(zod ;m)<2n Co

<cg max u(-,

5)/ exp(—d(n)?/co)dn — 0, as d(x) — oo.
Ba(0,2n) d(n)>(B~1d(z)—2n) /T
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We now apply the weak maximum principle for H to the L-caloric function
wy(z,t) = u(z,t + &) — v,(x,t) in the strip RY x (0,7 —¢). Since ¢ < 1, we
have wy(+,0) > 0. Moreover, we have proved that v,, vanishes at infinity in the
strip. Hence, recalling that u is non-negative, we get liminf w, > 0 at infinity
in the strip. The maximum principle of Proposition 2.1 then yields w, > 0 in
RY x (0,7 — ¢). Recalling the definition of w,, and letting n go to infinity, from
the above inequality, we finally obtain

wet+9) 2 [ T@HE0 U6 A = vl ) (1) € RY x (0.7 ),
RN

since v, /" Vs by monotone convergence. This proves in particular that v, is

finite in R x (0,7 — €). Now, from the Harnack Theorem 2.2-(ii), it follows

that v. is L-caloric in RN x (0,7 — ¢). Moreover, from the inequalities

Un(xﬂt) < Uoo(x7t) < u(x,t+€), (I,t) € RN X (OvT - 5)7

and recalling that v, (x,0) = u(x, ) if d(z) < n, it follows that v, is continuous
in RY x [0, — ¢) and v (-, 0) = u(-,€). As a consequence, setting we (z,t) =
w(w,t 4+ &) — Voo (1, 1), Weo is a classical solution to Hws, = 0 in RY x (0,7 —¢),
Woo(+,0) = 0. Since moreover wy, is non-negative, it must vanish identically, by
the uniqueness result in Theorem 1.5. This proves (5). 0

We now turn to the proof of Theorem 1.1 which is split in various steps,

starting with Lemma 2.3 below.

LEMMA 2.3. Let u be a non-negative L-caloric function in the strip RY x
(0,T). Then, there exists a Radon measure ¢ on RY such that

(11) u(z,t) = /RN [(x,t;€,0)do(€), (z,t) € RN x (0,7),
(12) [ e (= FL©) ante) < .

where co > 0 is the constant in (10).

PROOF. Let us fix ty € (0,7") and choose jo € N such that to < T — 1/jo.
From Theorem 1.3, it follows that

1 1 1

ufat+3) = / Pt 0 u(6,-)ds, (@) eRYx(0.T-—), j>jo.
J RN J Jo

Since u(0,to + %) — u(0,t9) as j — oo, the sequence of Radon measures on RY

(€)= TO g0 u(6. 2 6 7> o,
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is bounded and hence weakly converges (up to a subsequence) to a certain Radon
measure 1 (with u(RY) < oo) in the sense that

13) [ 10O — [ HOaue). for every f € Coy(®Y)

(we have denoted by Cg (R™) the space of continuous functions in R, vanishing
at infinity). We now set M = 2 3% c3, where (3 is defined by (6) and cq is the
constant in (10). For every (z,t) € RY x (0,tq/M), we have

o N[ T@E0) [ T(5,4£0)
o= i (et 5) = im [ 10, 0:€,0) #7©) = [ T ) WO

by (13), observing that I'(z,;-,0)/T(0,t0;-,0) € C(o)(RY), since the estimates
in (10) give, for d(§) > 43 d(x),

0< m < c(t, to) exp (CO ‘ZZ(Q - d2g§’t£)) <
< ¢(t, to) exp (%Z(O - %(% +d?(z) — M)) <
< clatyt) exp (= PO (507~ 1) — O
as d(€) — oo, if t < to/M. Choosing
(14) 0(6) = ol .

we get (11) in the strip RV x (0,%9/M). In order to extend the representation
formula to the whole strip R x (0,7), we shall exploit (9). For fixed T > t >
to/M > e > 0, by Theorem 1.3 we have

u(z,t) :/]RN T(x,t —e;&0)u(é, e)dé =
:/RN </]RN F(a?,t—€;€7O)F(f,€;y,0)dﬁ)do(y):/ﬂw I(z,ty,0)do(y).

We explicitly remark that o is finite on the compact sets by the estimates in (10)
and recalling that u(R™) < oco. Moreover, again using (10) and from (11), it

follows that
(02) 2 (5 [ (- 28,

which gives (12). 0
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THEOREM 2.4.  Let u be a non-negative L-caloric function in the strip
RN x (0,T). Then, there exists a non-negative function ¢ € L (RN) such that

u(z,t) — (), ast— 0T, for almost every x € RY.

PrROOF. Let o be the Radon measure found in Lemma 2.3. By the Lebesgue
decomposition theorem, there exists a non-negative function ¢ € Li (R"Y) and
a singular Radon measure s on RY such that

(15) do(§) = ¢(§) A€ + ds(§).
Moreover, for a.e. # € RY (w.r.t. the Lebesgue measure), we have

1 0(6) - p(@)| de — 0, SBa@0)

— —0,as p— 0",
|Ba(, p)| JB,(2.p) | Ba(z, p)|

(16)

The proof of (16) will be omitted. It follows e.g. adapting the arguments in [16,
Chapter 8], replacing the Euclidean metric by the quasi-distance d. The doubling
property of the d-balls ensures, for instance, a suitable d-version of the Vitali
covering lemma (see e.g. [17]).

Let us now fix an € RY where (16) holds and set, for brevity, da(£) =
lo(€) — @(x)| d€ + ds(€). Also fix e > 0. Then there exists pg € (0,v/T) such
that

1

(17) B
|Bd(m7 p)| Bg(xz,p)

da(§) <e, for every p € (0,2 po].

Let now ¢ € (0,p2) and let N(t) € N be such that 2V®O~1 < p, /1/t < 2N®),
From Lemma 2.3, (9) and (15), we obtain

) = pla)| < [ Tlot:6,0)da(e) <

N(t)

([ +%] +[ )retg0dalo -
Ba(z,V1) ITIViE<d(2,£)<2VE Jd(z,6)>po

7j=1

=L +L+1s
Using (17) and the estimates in (10), we get

C d2(x7 5)

e
‘Bd(xa\/—” Ba(z,Vt cot

) da(§) < ce,
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recalling that /% < po. In the same way, we can prove the estimate

N(t) i—l¢ jQ
P P 0 )? / da(¢) <
: |Bd 2]\f)| Ba(2,29 V%)

Jj=1

<csZexp —4371eg ) 299 = (e,
Jj=1

recalling that 27v/t < 2pg for every j < N(t). Finally, using again (10) and
recalling the definition (14) of o, we have

Igs/' mmuamddo+wu)/ D(a,t:€,0)de <
d(z,£)>po

d(aj’£)>l)0
c(to) / -
d(z,8)>po

+co(x) / exp ( — cal dQ(n)) dn,
d(n)>~£2

Q
2

P@.8) | cod(©)

Co t to

exp (- ) du()+

and then it is easy to see that I3 vanishes as t — 07. This concludes the proof. 0

In order to complete the proof of Theorem 1.1, we are only left to prove
Lemma 2.5 and Lemma 2.6 below.

LEMMA 2.5. Let o be a Radon measure on RN satisfying the growth
condition

(18) / eV a©) do(§) < oo,
RN
for some constant v > 0. Then the function
(19) u(et) = [ T t€,0)do(0
RN

is L-caloric in the strip RN x (0, (c*v)~1), where c* is a positive constant only
depending on L and the structure of G.
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PrOOF. From the estimate (10) and recalling that o is finite on compact
sets, it follows

2
[ rasg0ane) < cor @ [ e (- DY ar(e) <
RN RN cot
d*(¢)
gcx,t—i—c’t/ exp | — do(§) < o,
(@) + et d(€)>48d() ( 40052?5) ©
if 0 <t < (4coB%v)~! =: (c*v)~!. Moreover, by dominated convergence, it is

easy to see that u is continuous on the strip RY x (0, (c*~)~!). In order to prove
that u is L-caloric, one can differentiate under the integral sign, making use of
the estimates of the derivatives of " along the vector fields X1, ... , Xy, (see e.g.,
[18]; see also [2]). Alternatively, one can use the Harnack Theorem 2.2, following
the lines of the proof of Theorem 1.3: the function

d(§)

tnelet) = [ Dot -s60v(02 ) ute.epde,

is a solution to Hou, . = 0 in RY x (g,00), v,(x,e) = ¥ (d(z)/n) u(z,£); more-
over, recalling that 0 < ¢ <1, (9) and the definition (19) of u, we have

vt < [ [ Tt e g0 (€ p.0) dcdoty) -
= / I'(z,t;y,0)do(y) = u(z,t) < oo, ift <1/(c*v);
RN

hence, by Theorem 2.2, v o = lim, o0 vy ¢ is L-caloric in RY x (g,1/(c*v));
finally, using again (9), we see that veo o(z,t) = [on (2, t —&;€,0) u(€,e) dé =
u(z,t) in RN x (g,1/(c*v)); since ¢ is arbitrary, this ends the proof. 0

LEMMA 2.6. Under the hypotheses of Lemma 2.5 above, we have

u(-,t) — o, ast— 07, in the weak sense of measures.

PROOF. Let f € Co(RY). We have to prove that

(x) u(z,t)de — f(z)do(x), ast — 0%,
RN RN

For small ¢ > 0, we have (see (8))

f@)u(x, t)de = /RN /]RN

- / / T(¢,t:2,0) f(x) dz do(€).
BN JR

N

RN
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Moreover, fRN L& t;2,0) f(x)de — f(£), as t — 0T, by Theorem 1.5. Hence
it is sufficient to prove that

(20) ‘/RN L€, t2,0) f(z)dz| < c(f) e ©©

holds for every & € RN and for every small ¢t > 0, and then to use the domi-
nated convergence (we recall that (18) holds). Let us set ko = 43 maxgupp(f) d.
Since (9) holds, the integral in the left-hand side of (20) is clearly uniformly
bounded for d(&) < k. On the other hand, if d(§) > ko, the estimate (10) gives

’/RNF(f,t;z,()) f(x) dx’ <

d*(€) | kod(€) —q/ d*(x)
< c(f)exp ( T ot + QCOﬂQt) /Supp(f)t 2 exp ( — c—ot) dx <

d2 2 d2
<elf) e (- 2CO(§2)??) /RN e /e dy = ¢/(f)exp ( - 2co(§2)t)’

which finally yields (20) for sufficiently small ¢. 0

PrOOF OF THEOREM 1.1. It directly follows collecting Lemma 2.3, Theo-
rem 2.4, Lemma 2.5 and Lemma 2.6. 0

Finally, we have to prove Theorem 1.4; our main tool will be Lemma 2.7
below. First, we fix a notation. Given a Radon measure ¢ on R, we define the
upper d-symmetric derivative of o at x € RY,

o . o(Ba(z,p))
21 d-Dgymo(x) = limsup ——————=.
( ) v ( ) p—0t |Bd($,p)|

The following result generalizes [10, Lemma 1].

LEMMA 2.7. Let o be a Radon measure on RN such that d-Dgymo(z) < 00
for every x € RN. Then o is absolutely continuous w.r.t. the Lebesque measure.

Proor. We assume by contradiction that there exists a Borel set £ C
RN such that |E| = 0 and o(E) > 0. From the hypotheses, we infer that
E = UpenEn, where E, = {2 € E| d-Dgymo(z) < n}. Hence there exists
no € N such that o(E,,) > 0. Moreover, by the definition of d—ﬁsym, we have

o

E,, = UjenA;j, where we have set

Aj={z € En,| sup o(Ba(z,p))/|B(z,p)| <no}.
0<p<1/j
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Thus, there exists jo € N such that o(A4;) > 0. From the regularity of o, it
follows that there exists a compact set K such that K C A, (C E,, C E),
o(K) > 0. Clearly we have

(22) o(Ba(z, p)) < ng |Ba(z, p)|, for every z € K, 0 < p < 1/jo.

We now fix ¢ > 0. Since |E| = 0 gives |K| = 0, there exists an open set V
such that K C V, |V| < e. We claim that there exists a disjoint family of d-
balls {By(x;,8)}!_, with the following properties: z; € K, 0 < § < (463%jo)7 1,
K C !, Bi(x;,45%5) C V. As a consequence, by (22), we obtain

p
0<o(K) <Y o(Ba(w:,46%5)) <ng »_ |Ba(w:,46%5)| =
=1 =1

=no (46°)9 ) |Ba(wi,0)| =

i=1

= ng (48%)%

p
U Ba(ai.6)| < no (4572 V] < mo (48%) .
i=1

Since € > 0 is arbitrary, this gives a contradiction. Thus, in order to complete
the proof, we only have to prove the claim. Let {£,},, be a countable dense
subset of K and let us choose a positive § not exceeding (4/3%jy) "1, such that
4326 < min{d(z,y)| z € K, y € RN\ V } so that By(z,43%6) C V for every = €
K. We set oy = &. If {&,}n C Ba(x1,209), then K = {{,}n € Ba(x1,2060) C

Bg(z1,45%6). Otherwise, let no € N be such that &;,...,&,,_1 € Ba(z1,230),
&ny & Ba(x1,2039). Setting zo = &,,, we clearly have By(x1,d) N By(z2,0) =
() (we recall that 3 is defined by (6)). Iterating this procedure, we obtain a
(possibly finite) subsequence {z; = &,,}:i of {§,}n and a sequence of disjoint
d-balls {Bg(x;,0)}; such that {&,}, C U;Ba(x;,265). This gives

K = {&}n € |JBa(:,285) C | Balw:,45%5)

(the radius of By(x;,260) has been chosen not depending on 4, in order to allow
this last inclusion). The claim is proved by taking a finite sub-covering. O

With Lemma 2.7 at hands, we are able to prove our uniqueness result.

PrROOF OF THEOREM 1.4. By Theorem 1.5, it is sufficient to prove that
u=0in RY x (0, §) for some small § > 0. Let o be the Radon measure introduced
in Lemma 2.3. Let us prove that d—bsyma(ac) < oo for every x € RV, Assuming
by contradiction that for some z € RY one has d-Dgymo(z) = 00, there exists a
sequence of radii p; — 07 such that o(By(z, p;))/|Ba(z, p;)| — o0, as j — oo.
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From the representation formula (11) and the estimates of I' in (10), it follows
that

ww )= [ T se0do© 2 [ on(-a™gY ) >

Ba(x,pj) Pj
> c' o(Ba(x, p;))/|Ba(z, pj)] — oo, asj — oo,

This contradicts the hypothesis lim sup,_, o+ u(z,t) < co. Hence we can apply
Lemma 2.7 and obtain that ¢ is absolutely continuous w.r.t. the Lebesgue mea-
sure. From the Lebesgue decomposition (15) do(§) = ¢(&) dé+ds(€), it immedi-
ately follows that s = 0. Moreover, Theorem 2.4 gives ¢(z) = lim; o+ u(z,t) =0
for almost every x € RY, by hypothesis. Therefore, we obtain ¢ = 0. In or-
der to complete the proof, it is now sufficient to recall the representation for-
mula (11). 0
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An algorithm for estimating the optimal

regularization parameter by the L-curve

G. RODRIGUEZ - D. THEIS

ABSTRACT: In this paper we introduce a new algorithm to estimate the optimal
reqularization parameter in truncated singular value decomposition (TSVD) regulariza-
tion methods for the numerical solution of severely ill-posed linear systems. The algo-
rithm couples a geometrical approach to identify the corner of the L-curve associated
to the problem with some heuristic rules. Numerical results are reported to highlight
the performance of the algorithm with respect to other methods for the selection of the
regularization parameter.

1 — Introduction

A linear system of equations
Ax=Db
is considered severely ill-conditioned when the condition number
R(4) = 1A A7,
in a given matrix norm, is of the same order of magnitude, or larger, than the

reciprocal of the relative precision on the entries of the matrix A and of the right
hand side vector b.

KEY WORDS AND PHRASES: ill-conditioned linear systems — Regularization — Truncated
singular value decomposition (TSVD) — L-curve.
A.M.S. CLASSIFICATION: 65F05 — 65F20 — 65F22
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In this situation, no general purpose method is able to produce acceptable
results, since ill-conditioning causes a huge amplification of errors in the solution
of the linear system. Often, the only possibility for partially recovering the
solution is the exploitation of a priori informations. Regularization methods
consist of techniques that take advantage of informations on the regularity of the
solution. Usually, these informations are formally expressed as the request for
the solution x to belong to the kernel of a certain linear regularization operator
H (in most cases, the discrete approximation of a differential operator). This
approach is particularly effective when the solution of the linear system may be
thought of as the sampling of a function which exhibits some degree of regularity.
An example of great applicative interest is given by the linear systems arising in
the discretization of first kind Fredholm integral equations with discrete data

/k(ui,v) fw)ydv=g(u;), i=1,...,m.
Q

Each regularization method depends on at least one parameter, whose tun-
ing is crucial for the quality of the numerical solution, since it balances the
request of approximately satisfying the linear system with the regularity con-
straint.

The three most widely used regularization techniques are the Truncated
(Generalized) Singular Value Decomposition (TSVD/TGSVD) [8], Tikhonov reg-
ularization [20], [21], [6] and regularizing iterative methods [4], [7]. A complete
survey of the various regularization strategies and the available methods for the
estimation of the optimal regularization parameter can be found in [12].

In this paper we will concentrate on the first mentioned regularization
method, and on a particular strategy for choosing its parameter, the L-curve
method. In Section 2 the TSVD and TGSVD are recalled, while in Section 3
the L-curve method is described. In Section 4 we introduce a new algorithm for
the localization of the corner of the L-curve, which has already been applied, in
a preliminary version, in some previous researches [2], [19]. Finally, in Section 5
the performance of the new algorithm is assessed on a set of test linear systems,
and in Section 6 plans for future work are discussed.

2 — The truncated (G)SVD

Let us consider, as a model problem, the overdetermined linear system
(2.1) Ax=Db

where A € IR"™*", m > n, is a full-rank matrix.
The singular value decomposition (SVD) of A [1], [5] is given by

)y

(2.2) UTAV = {0

] , X =diag(o1,... ,0n),
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where 01 > -+ > 0, > 0 are the singular values and the orthogonal matrices
U=[uy,...,uy] and V =[vy,...,v,]

contain the left and right singular vectors, respectively. Then, the least squares
solution of (2.1) can be expressed in the form

(2.3) X = Z u; v;.
i—1 1

Severe ill-conditioning can be restated by saying that A is numerically rank-
deficient, i.e. there exists an integer k£ < n such that, for a given tolerance e,

Okt1y--- ,0n < E.
This integer is, in fact, the numerical e-rank of A, usually defined as

rank.(A) := min rank(A + E).
[Ell2<e

When a singular value o; is approximately zero, the corresponding singular vector
v; belongs to the numerical kernel of A and we expect its coefficient in (2.3) to
be negligible. If the system (2.1) is compatible this is certainly true, but the
presence of noise on b may cause a huge growth in the norm of the solution x.

To obtain a better estimate of the least squares solution the truncated SVD
(TSVD) solution is often used. It is given by

ko T
I'b
(2.4) X = Z ull v,

i=1

and it coincides with the minimum 2-norm solution to the least squares problem
(2.5) min || Axx — bl|o,

where Ay, is the best rank k approximation to A in the 2-norm, obtainable by
substituting o; =0, j =k +1,... ,n,in (2.2).

It is then crucial to correctly tune the value of the regularization parameter
k in order to avoid the numerical explosion of the norm of the solution while
preserving, at the same time, all of its significant components.

When there is the a priori information that the solution (approximately)
belongs to the kernel of a certain regularization matrix H, that is the num-
ber ||Hx||2 is small, it is more effective to compute the solution of (2.5) which
minimizes the semi-norm || Hx||2, instead than the norm ||x||2.
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The solution to this non-standard regularization problem can be obtained
by the transformation y = Hx, but while the case of H square nonsingular can
be easily managed, if the regularization matrix is a non square p X n matrix
(p < m) with rank p, the computation is a bit more cumbersome. A method
for taking this problem to standard form has been described in [9] and starts by
expressing the least-squares solution in the form

(2.6) x = Hly + o,

where xg is in the null space of H and the matrix HL is the A-weighted pseudo
inverse of H, defined in the following.

Let the generalized singular value decomposition (GSVD) of the matrix pair
(A, H) [1], [5] be the factorization

Dy O
UTAZ =10 I,
0 0

VIHZ =Dy 0]
with
Dy = diag(dy, ... ,d,), 0<dy <---<d,<1,
Dy = diag(hi,... ,hp), 1>hy>--->h, >0,

and d? + h? = 1,4 = 1,...,p. The matrices U and V are orthogonal, Z =
[Z1,...,2y] is nonsingular and the ratios v; = d;/h;, i = 1,... ,p, are called the
generalized singular values of (A, H). Then, we define

—1
H), ::Z[Déf }VT

and it is immediate to observe that it is a right inverse of H.
By substituting y = Hx, with x given by (2.6), we come to the following
standard form regularization problem: find the minimum norm solution to

min ||Ayy — b||2,

where Ay, is the best rank k approximation to A = AHL and b =b — Axg. The
solution to this problem, known as the truncated GSVD (TGSVD) solution, is
given by

P u’b -
(2.7) Xe= Y it > (ufb)z;.

i=p—k+1 i=p+1
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Again, to get a meaningful solution it is essential to correctly estimate the value
of the regularization parameter k.

Several criteria are available for this task, some requiring the knowledge of
the standard deviation of the noise affecting the data and some not requiring it.
We will discuss the L-curve method in the next section, here we briefly recall
some of the other most widely used techniques.

The Generalized Cross Validation (GCV) [3], [22] is a statistical method
which estimates the optimal value of the regularization parameter, under the
assumption that the data vector b is affected by normally distributed noise, by
minimizing the functional

LI AW
[% trace(I — A(k:))]2

(2.8) V(k) =

The influence matrix A(k) is defined by the identity
Axk = A(k)b

The GCV has some computationally relevant properties and, moreover, is a
predictive mean-square error criteria [22], in the sense that it estimates the min-
imizer of the residual function

T() = Al — )|

If the standard deviation o of the noise on the data is known, the following
unbiased estimate [15] for the function T'(k) is also available

T(k) = (I —A(k))b|]* - gtrace(l — A(k))? + 0—2 trace A% (k).

=
m m
Mallows’ criterion chooses the value of k which minimizes 7'(k). Another tech-
nique which makes use of the value of ¢ is Morozov discrepancy principle [17],
which takes as optimal the value of k that satisfies the equation

1
—I(I — A(k))b||* = o>

e (F)b[" =0

However, numerical experiments reported in the literature (see e.g. [3], [18])

showed that these two procedures do not give better results than GCV, even
when ¢ is exactly known.
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3 — The L-curve method
The L-curve method [10], [14] consists of the analysis of the piecewise linear
curve whose break-points are

(zi,9i) = (logyg [|Ax; — bll2,logyq [|Hxil2), i=1,...,p

(p is the row dimension of the regularization matrix H).

This curve, in most cases, exhibits a typical “L” shape, and the optimal value
of the regularization parameter k is considered to be the one corresponding to
the corner of the “L” (see Figure 1).

SHAW/sin2pi, n=20, 0=10"8 TSVD, H=l

200r T T T T
19 minimum
6 regularization
10" | 1
18
4
10| 1
“x
x
L 17
corner
10°F q18 |
maximum
regularization
ol [1015 9 8 7 654 3
10 k
= | — — — N
10 10 10 10 10
IIAxk bII2

Fig. 1: An L-curve.

This choice is justified by the fact that while the regularized solution x; of
(2.1) coincides with the least-squares solution x when k& = p, the ill-conditioning
of A causes a strong growth in the weighted semi-norm || Hxy || when k exceeds a
certain threshold (which is, in fact, the numerical e-rank of A for a well-chosen ¢).
The corner of the L-curve marks this transition, since it represents a compromise
between the minimization of the norm of the residual and the semi-norm of the
solution. This is particular evident in Figure 1: the horizontal branch of the
“L” is dominated by the regularization error, while the vertical branch shows
the sharp increase in the semi-norm caused by propagation errors.

We spend some words to explain the symbols used in this and in the following
figures. The heading of the graph displays informations on the test problem and
on the method used for its solution. In this case we created a test linear system
with the SHAW matrix, taken from [11], and with sample solution sin2pi, given
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by x; = sin %, it =1,...,n (other test matrices and solutions will be introduced
in Section 5). The dimension of the system is n and the data vector b is affected
by white noise with variance no2. This system, as H = I, has been solved by
TSVD. Each point on the graph stands for the particular regularized solution
X} whose index labels the point.

A numerical algorithm for the detection of the corner of the L-curve has
been introduced in [14]. When the regularization method depends on a continu-
ous parameter A\, like in Tikhonov regularization, then the L-curve is a smooth
function, possibly twice differentiable, and this method selects the value which
maximizes the curvature x(A) of the L-curve. If, on the contrary, the regu-
larization parameter is discrete, like in T(G)SVD or in iterative regularization
methods, the algorithm selects the parameter closest to the point of maximum
curvature of a cubic spline curve with knots resulting from a local smoothing of
the L-curve points.

This method has some drawbacks, especially when applied to a discrete

L-curve.

MOLER/lin, n=20, =0 TGSVD, H=D, MOLER/lin, n=20, 5=0 TGSVD, H=D,
18
10*
10° 10126
s -
=10° =
I I
10
" J 111027
10 .
| 5+17 %3 3
1012 1011 1012.27 10 12.26 10 12.25 10 12.24 10 12.23 10 12.22
lIAx, bll, l1Ax, bll,

Fig. 2: A cluster of points.

In fact, in T(G)SVD regularization methods the points of the L-curve tend
to cluster in a neighborhood of the corner. In this situation, errors due to
floating point computations may produce false corners and loss of convexity, as
illustrated in Figure 2 which shows an experimental L-curve together with a
close-up of a neighborhood of its corner. The effect is that the spline which fits
the L-curve often presents unexpected oscillations near the corner, which lead
to an inaccurate estimate. This is particularly dangerous when the algorithm
returns an over-estimation of the optimal value of k, which often causes a large
increase in the norm of the computed solution.

Moreover, in many practical situations, some of which are depicted in Figure
3, the L-curve totally looses its “L” shape, making it difficult to choose a good
value of the parameter without resorting to some heuristic rule.



76 G. RODRIGUEZ - D. THEIS 8]
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Fig. 3: Some bad L-curves.

We remark, anyway, that these L-curves are still rather informative about
the problems we are trying to solve, and their interpretation will allow us, in the
next section, to implement an effective strategy which exploits the informations
they contain.

The two upper graphs in Figure 3, for example, exhibit a huge increase in
the semi-norm of the solution and small changes in the residuals, mostly due
to floating-point arithmetics. This situation is typical of linear systems whose
solution exactly belongs to the kernel of the regularization matrix H and for
which just a few generalized singular values are sufficient to compute a good
approximation of the solution. In real applications, to get good results we are
interested in using a regularization matrix H whose kernel contains the biggest
possible component of the solution x, so it is important that the parameter
estimation routine could treat effectively this situation.

The lower left graph in Figure 3, instead, displays a monotonically decreas-
ing residual associated to a negligible growth in the semi-norm, typical of a
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well-conditioned (of mildly ill-conditioned) linear system, for which it is possible
to use all the singular values in the computation of the solution. The last graph
shows both the effects in the same test problem. Obviously, one would not apply
regularization to a well conditioned matrix, but since in some applications the
matrix A is severely ill-conditioned only for a certain range of dimensions, or in
correspondence of particular values of some constants, it would be desirable if
the regularization method would automatically detect a well-conditioned matrix,
tuning correspondingly the regularization parameter.

4 — The corner algorithm

The algorithm we propose couples a simple geometrical approach to locate
the corner of a discrete L-curve, preceded by a suitable numerical pre-processing
of cluster of points, to some empirical rules aimed to recognize two classes of
L-curves “without a unique corner” for which it is possible to predict a good
value of the regularization parameter. These rules have been devised through
analyzing, and interpreting, a large number of experimental L-curves.

The algorithm takes in input the residuals and the semi-norms associated
to each regularized solution, namely

(4.1) Ib— Axi|l, Hxll, i=1,....p,

and can be decomposed into three phases.

1. Initially, we try to understand if the solution is approximately in the kernel
of the regularization operator H. It is important to check this condition
first, because if affirmative the L-curve would not be “L” shaped, and the
search for a corner would be useless (see upper graphs in Figure 3). The task
is performed through detecting extremely small semi-norms, with a test of
the type

min || Hx;||
max || Hx;||

The subroutine applies this test in conjunction with

||

[l |

<T2

whenever the 2-norms of the regularized solutions are made available.

The tolerances 71 and 75 are two of the four constants the algorithm depends
on. They have been fixed to 10~'2 and 10~* respectively, working in double
precision, and the results do not seem much sensitive on changes in these
parameters.
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If the detection of small semi-norms is successful, the algorithm stops return-
ing the index of the smaller one as an estimate of the optimal regularization
parameter.

2. If the previous test is not verified, we compute the points of the L-curve

P; = (logyg ||b — Axi[[, logyq [|Hx:l]), i=1,...,p,

and the vectors
Vi:Pi+l_Pi7 izl,...,p—l.

To eliminate clusters (Figure 2) we delete all the “short” vectors, i.e. those
verifying the condition
[vill <3,

leaving ¢ acceptable vectors (¢ < p). The constant 73, which we fix at || P, —
Py||/(2p), is rather important. Taking smaller values can give very good
results, but may also lead to dangerous over-estimates. We are currently
analyzing the possibility of choosing the value of 73 adaptively.

After normalizing the ¢ remaining vectors (we are only interested in their
orientation) the situation is similar to the one depicted in Figure 4.

\vpl

Vi1

Vi V2

Fig. 4: L-curve and wedge products.

If we travel along the L-curve visiting the vectors v; in ascending order, the
corner is characterized by an angle a ~ — 7 between v, and vy, 1. Then, the
search for the corner can be carried out by finding the minimum z-coordinate
of the wedge products between two succeeding vectors (See Figure 4)

w; = (Vi Avig1)z = [vill - |Vig1]] - sine, i=1,...,q.
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The following elementary property of wedge products
(Vi Avig1). =det ([vi Vis1])

allows to compute the numbers w; easily and with a small computational
effort.

3. The minimum of the wedge products is accepted as a corner only if it verifies
the condition
(4.2) iir{lin i <7y, (ma=-0.5).
The value of 74, like the first two constants of the algorithm, does not seem
to be very critical for the performance of the method.
If condition (4.2) is not verified, the L-curve is considered to be without a
corner and we check for the presence of a well conditioned (or mildly ill-
conditioned) matrix by detecting a small change in the extremal semi-norms

|logyg [ Hxp[| —logy [[Hx1 || | < 10.

In this case we return k£ = p as the optimal parameter.

The failure of the last test is an error condition, which we still keep in
the subroutine with the hope to trap unforeseen situations, i.e. L-curves not
belonging to the three classes we have considered, and to further improve the
algorithm.

The outline of the algorithm is reported in Figure 5. A Matlab [16] function is
available upon request (send an email to rodriguez@unica.it).

We end up with a computational remark. It is known that the residuals and the
semi-norms (4.1) can be expressed in terms of the singular system of the matrix
A. In fact, from (2.4) and (2.7) it follows

: ulb 2 P ulb 2
bl =30 (M) and = Y (MR)

=1 t=p—it1 N
It is also possible, taking into account that
b — Axj, = A(x — xi) = A(x, — Xx),

to obtain a similar formula for the residuals. Anyway, even if this formula is
computationally less expensive, we noticed that the residuals computed in this
way are sometimes too well computed and give worse results, for what concerns
the estimation of the regularization parameter, with respect to the residuals
computed by implementing their definition. We feel that the reason for this is
that the residuals should be affected by propagation errors in the same amount
as the solution is, since we want to extract from them informations about the
quality of results.
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L. input I\b—AXiII, IHxill, [Pill, ¢ =1, .p

2.7 =10"12, =101
f zmlanHXlH d || Z||
3. if —————— < 77 an mln T
nax_ [ZE Sl ||x4] 2

1. k—arg min || Hx;||
i=1,...,p

4. else
1. fori=1,...,p
1. P, = (logyg ||b — Ax;||, log,q [|Hx]])
_ 7||Pp2‘ppl”, Ti=—05
3.q=0
4. fori=1,...,p
1. v= Pi+1 — Pz
2.0f [v]| > 73
l.g=q+1
v
[Iv]]
5. fori=1,...,q—1
1. w; = det ([Vz VH—J)
6. IfZHllll'l w; < Ty
1. k =arg min wj
i=1,...,q

2. vy =

7. else
L if [logyg [[Hxp[| — logy [[Hxa| | < 10
1.k=p
2. else
1. error ‘corner not found’
5. output k

Fig. 5: The corner algorithm.

5 — Numerical experimentation

To investigate the performance of our algorithm we applied it to the esti-
matation of the optimal regularization parameter in a set of test problem, which
we solved by TSVD or TGSVD when H = I or H # I, respectively.

We considered eleven square test matrices, taken from the package Reg-
ularization Tools [11], [13] (HEAT(1), SHAW, SPIKES, BAART, ILAPLACE) and
from Matlab [16] (HILBERT, PASCAL, LOTKIN, MOLER, PROLATE, RANDOM). For
n = 20, most of these matrices are severely ill-conditioned (in the sense that their
condition number exceeds the reciprocal of the machine epsilon €y ~ 2.2-10716),
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two of them are mildly ill-conditioned (MOLER and PROLATE) and one (the RAN-
DOM matrix) is well conditioned. For n = 80 they are all severely ill-conditioned,
except the RANDOM matrix.

For each test matrix, we constructed different linear systems by computing
the right hand side b corresponding to the sample solutions listed in Table 1
(the rtools solution, which is the sample solution adopted in [11], is used only
with the matrices coming from the Regularization Tools).

Table 1. Sample solutions of linear systems.

rtools defined as in [11]
ones x; =1
lin €Tr; = L
n
n|\?2 ,[n]?
d =(-15]) /]3]
qua x i 5 / 5
o . 2m(i—1)
sin2pi x; = sin
n
o . om(i—1)
sinpi r; = sin
n
o i . m(i—1)
lin+sinpi r; = — 4+ sin
n

The linear systems so obtained were solved both in the presence and in the
absence of noise on the data. In practice, the data vector b was substituted by
the vector b, with components

b;=b;+o0¢;, i=1...,n,

with €; normally distributed with mean value 0 and variance 1. We considered
o=0,10"%10"%

By this procedure we generated 213 test problems, which we solved for
n = 20 and n = 80 either by TSVD (H = I) and by TGSVD for each of
the regularization matrices H = D1, Do, D3, being D;. the Toeplitz matrix of
dimension (n — k) x n whose first row is the discrete approximation of the k-th
derivative.

For each test problem, the optimal regularization parameter was compared
with the estimates furnished by our algorithm (labelled as corner in Tables 2 and
3), by the routine I_curve from [13], which is an implementation of the mazimum
curvature algorithm described in [14], and by the routine GCV, coming from the
same package, which returns the minimizer of the functional (2.8).
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Table 2. Numerical tests, n = 20.

H corner l_curve GCV
I 102(8/2) 38(76/37) 94(42/35)
Dy 89(21/4) 64(46/31) 76(74/54)
Dy 92(30/20) 50(50/39) 39(136/114)
Ds 101(44/35) 41(58,/40) 28(119,/100)

Table 2 lists the results obtained for n = 20 by applying the three mentioned
methods with each of the four adopted regularization matrices. The first number
in every entry of the table equals the number of tests in which the optimal
parameter is exactly identified (the “full successes”), while the two numbers in
parentheses indicate in how many tests an incorrect estimate of the regularization
parameter produces an error in the solution which exceeds the optimal one by a
factor 102 and 10%, respectively (the “failures”). We remark that the algorithms
should be considered successful at least when the error on the computed solution
is smaller than 102 times the optimal error. Table 3 shows the same results for
n = 80.

Table 3. Numerical tests, n = 80.

H corner l_curve GCV

I 90(39/33) 50(66/40) 72(62/51)
Dy 71(27/24) 30(75/65) 56(84/39)
Dy 73(25/17) 20(125/98) 56(74/62)
Ds 84(34/17) 13(128/111) 44(108/77)

The numerical results show that the estimates furnished by our algorithm
are significantly more trustworthy than the ones produced by the two other
algorithms considered. Moreover, the number of the cases of total failure is
rather small. We feel that the reason for this is also that our algorithm tends to
under-estimate, rather than over-estimate, the optimal regularization parameter.
These results confirm, in particular, the great efficacy of the L-curve as a tool
for the analysis and the numerical resolution of ill-conditioned linear systems.

6 — Future work

In this section we expose the lines of research which we consider important
in order to further improve the performance of our algorithm and to extend its
range of applicability.
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First of all, we are developing an adaptive procedure to choose the values of
the constants on which the algorithm depends, in particular the one (73) whose
value seems to be the most sensible for the performance of the method.

We also plan to carry on a wider numerical experimentation, with the hope
to identify some particular test problems leading to L-curves which our method
actually does not recognize, i.e. cases which fall into the final error condition of
the algorithm.

Finally we wish to extend the method in order to apply it to iterative reg-
ularization methods and to Tikhonov regularization. The difficulty, in the first
case, is that the discrete regularization parameter, namely the iteration index,
does not have an upper bound, unlike in SVD methods, and we think that a
part of the algorithm should be repeated at each iteration to be able to track
the overcoming of the corner of the L-curve.

In the second case, where the parameter is a positive real number, we plan
to start with a coarse discretization of the L-curve and to add adaptively more
points in a neighborhood of the corner until its position is identified up to a
prescribed accuracy.
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On the surface tension for non local energy functionals

CRISTIANA BISCEGLIA —- EMANUELE ROSATELLI

ABSTRACT: We consider the free energy functional F-(m), € > 0 a scaling parame-
ter, m € L*™(T;[—1,1]), 7 the unit torus, which has been derived in a continuum limit
from Ising spin systems with Kac interactions, see [8]. In [1] it is proved that F-(m)
I'—converges to a perimeter functional P. We study here the free energy functional
with an additional term describing the interaction with an external magnetic field h.
We suppose that h takes only the two values £s, s > 0. Calling E the region of the
torus where the external field is negative and F- s(m; E) the new functional, we then
define Ge s(F) = infy, F: s(m; E). We prove that G. s(-) I'—converges to a perimeter
functional which as a function of s converges pointwise as s — 0 to P.

1 — Introduction

In this paper we consider the non local, excess, free energy functional defined
for all m on L>(IR%; [—1,1]), with values in [0, +00], +00 included, by

(1.1)  Fgn(m) :/ dr fan(m /}Rd dr/]Rd dr' J(r, ") [m(r) — m(r')]?

where h € L*(IR%; R),

(1.2) fa.n(m) = égn(m) — \m|1£1 bp,n(m)
m2 m
(13) ¢57h(m) = 77 — hm — %, m e [*1, 1]

KEY WORDS AND PHRASES: Coexistence of Phases — Surface Tension — I'- convergence.
A.M.S. CLASSIFICATION: 47H — 82C
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l—m1 1—-m 1—|—m1 1+m
o) — 0 .
S 2 %

(1.4) I(m)=—

The interaction J(r,r') is a translational invariant (i.e. J(r,r’) = J(0,r" —r)),
smooth, symmetric, probability kernel supported by [r—r'| < 1. As g, depends
symmetrically on J(r,r’) there is no loss of generality in assuming

J(r,r"y=J(r',r), and, equivalently, J(0,r)= J(0,—r).

The expression (1.1) arises in the study of Gibbs measures in Ising spin systems
with Kac interactions, see [4] and in their time evolution with Glauber dynamics
, where it is derived in a continuum limit, [6]; m is then interpreted as a magneti-
zation density and 37! = kT, T the absolute temperature and » the Boltzmann
constant, h is an external magnetic field.

Due to the positivity of J, the second term is minimized by any constant
function, while the first one is minimal when the constant is set equal to a
minimizer, call it mg, of fa(s), s € [-1,1].

Thus Fa(m*) = 0 when m*(r) = mg,, for all » € R% m*(r) is therefore
called an equilibrium phase and Fg j,(m) measures the increase of free energy in
magnetization profiles m which deviate from equilibrium.

Phase transitions are related to the lack of uniqueness of the minimizers
of the free energy functional, which, for F3, occurs at h = 0 and 8 > 1. In
such cases in fact the equilibrium magnetization mg ¢ can take two values, £mg,
solutions of the mean field equation

(1.5) mg = tanh {Bmgs}.

We now turn to the main object of this paper, surface tension and more generally,
coexistence of phases. Roughly speaking, the surface tension is the excess free
energy per unit area needed to create a state with two coexisting phases. The
area in the definition refers to the interface which separates the two phases
and the surface tension may depend on its orientation when the interaction is
anisotropic. Thus, in a macroscopic description, characterized by the assumption
of local thermodynamic equilibrium, at all points the magnetization is either
equal to mg or to —mg. Let us restrict, for simplicity, to a unit torus 7 of
R? (in macroscopic units). Then a macroscopic state is a magnetization profile
u(r) € {£mg} for any r € 7. Call E the region in 7 where u = mg and E°
its complement, where u = —mg, then, if the boundary OF of E is regular, the
macroscopic free energy of u is

(16) P(u) = /8 AH 0)(0(r)

where dH9~1(r) is the Hausdorff area measure and 63(n) = 03(—n) is the surface
tension of a planar surface with normal n, v(r) the unit normal to OF at r.
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Regularity of F is not really necessary and in fact the above expression keeps its
validity for all w in BV (T, {xmg}]), as it will be discussed later on.

To relate the macroscopic theory to the functional (1.1) we interpret the
latter as the result of a more accurate, microscopic, description of the system,
where distances are magnified revealing deviations from the local equilibrium
condition |u(r)| = mg. Thus, calling ! the magnifying factor of the blow up,
a microscopic state is an element m € L*(e~'7,[-1,1]) and its microscopic
free energy is F_27(m), where the latter is the functional (1.1) restricted to
m € L>®(e71T);[—1,1]) with J replaced by its periodization on ¢~ 17.

To compare with (1.6) we first need to have objects on a same space. Let
V. L*(T;[—1,1]) — L*>=(e'T;[-1,1]) be defined by

(1.7) Vem(r) = m(er) = m(® (1), rece T,

Then F "7 o V. becomes a functional on L°°(7;[—1, 1]) which associates to any
given m € L>(7;[—1,1]) a microscopic free energy, indexed by . Since we are
interested in states with interface, their free energy must scale as an area, namely
proportionally to e =41, We then define

(1.8) d, = FPT o VL

®. is the “normalized, microscopic free energy functional” which we want to
compare with the macroscopic functional P of (1.6).

®. and P are defined on different functional spaces, and to establish a
relation between them we follow De Giorgi and his definition of I" convergence.
We start by arguing that a microscopic profile which describes the macroscopic
state u € BV(T,{£mg}) should look more and more like v as ¢ — 0. To
make it quantitative, we use the L'(7) norm, which weights both the volume
of the region where two profiles differ and the amount of their discrepancy: this
is therefore a natural candidate to quantify distances. In this language, the
physical apparatus used to prepare a macroscopic state u is then schematized as
a constraint which imposes the microscopic states m to be in a L*(7)-ball of w.
Thus a state u which looks sharp at the macroscopic level, becomes fuzzy after
the microscopic blow up and it is better represented by a set of states, a ball in
L' with center u, rather than by a single profile. The radius of the ball is related
to the accuracy of the physical apparatus used in the preparation of the state
and we imagine that it can be taken arbitrarily small, as ¢ — 0.

To conclude, we only need to determine the free energy to associate to the
L' ball which represents a macroscopic interface u € BV (T,{+mgz}) at the
microscopic level. By invoking thermodynamic principles, the equilibrium free
energy under a given constraint is the minimal free energy of the states satisfying
the constraint, hence calling 6 > 0 the accuracy parameter identified to the radius
of the L'-ball, we set
(1.9) D5 (u) = inf D (m)

Hm—UHL1(7—)§5
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and call

(1.10) D (u) = ;irr(l) lim i(I)lf D5 (u), Dy (u) = %ir% lim sup @5 (u).

— e— — £—0
The equality P(u) = ®((u) = ®((u) is the De Giorgi definition that &, I'-
converges to P, in such a case we will write ®, L, P. Alberti and Bellettini, [1]
have proved for a class of functionals which includes ®. that

)

THEOREM. For any u in BV(T,{£mg}) ®. L. P and, ifu is regular (i.e.
its discontinuity set OF is a regqular surface), then P(u) is given by the expression
(1.6) with 05(v) a continuous function on the unit ball of R, The general theory
of BV functions, see [1] defines for any uw € BV (T,{xtmg}) a set 0*E C OF, a
measure dyy on O*E and a unit vector function v(r) on 0*E. In terms of these
quantities,

(1.11) Py = [ du(r)os(vio)).

There are also results about the value of the surface tension 65(r), expressed
in terms of the one dimensional free energy of standing fronts, see [2], see also [5]
for a related model, a uniqueness theorem for such one dimensional fronts, [7],
and a proof of strict convexity and regularity of the surface tension as a function
of the direction v, [9].

The motivation of this paper is about the actual implementation of the
previous definition of surface tension in a physical experiment. For that we
would need a physical apparatus which forces the minus phase in the set E and
the plus one in E¢. The natural way is to use an external magnetic field and, with
a great deal of idealization, we will suppose to be able to set the magnetic field
equal to —s in a region B and equal to +s in the complement, with the additional
assumption that £ and B are close in the symmetric difference distance, namely
that |B A E| < ¢ (the same accuracy parameter as before). Under such a space
dependent magnetic field

(1.12) hp(r) := slge(r) — s1p(r)

equilibrium will be reached by minimizing over all m the functional F; ;(m;B),
defined in (2.2) below.

For any Borel subset B of the torus, we call G. s(B) the infimum of F ;(m; B)
over all m € L>®(¢717;[-1,1]).

Our main result in this paper is a proof that Ges(-) I'—converges to a
perimeter functional Py and P; — P as s — 0, thus justifying from an operational
point of view, the original definition of surface tension via I'—convergence.
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The paper is organized as follows: in the next section we give precise def-
initions and in Theorem 2.2.1 we state the main results. We divide the proof
of Theorem 2.2.1 in two sections, the lower and the upper bound. To prove the
lower bound we need some results about “contours”,the argument is treated in
Section 5. Finally, in the last section, we will prove the convergence to P of the
surface free energy functional Ps(E), see (2.4).

2 — Definitions and results

Let 7 be the unit torus in IR?, s > 0 and £ > 0. Furthermore let B be
the set of all Borel measurable subsets of the torus equipped with L'—distance,
which is the same as the volume of the symmetric difference:

(2.1) |A A B| :=wvol (A\B) U (B\4)) = / |14 — 1p|dr.
For all m € L>®(e717;[-1;1]) and B € B we define

F.s(m(r);B): = / fa.n, (m(r))dr+

e~ 1T

(2.2) 1
+ —/ / J(r, 7Y (m(r) — m(r"))?drdr’

4 e 1T Je— 1T
where, by an abuse of notation, .J is the periodization on e ~'7 of the probability
kernel in (1.1), hp(r) as in (1.12), fgny, ¢8.np and I(m) as in (1.2)-(1.4).
We next define, for any B € B,

2.3 G.s(B) =¢?1 inf F. ,(m;B).
(23) «(B)=¢ mELOC(EIEllT;[fl,l]) o(m; B)

Our main result is

THEOREM 2.2.1. For any s small enough, G s N BV(T), where
Py is a perimeter functional in BV (T). Namely for any E € BV(T), for any
m € L®(e~1T;[-1,1]), and for any § > 0 there exists s* > 0 and a continuous
function 03 s(v) on the unit ball of RY | such that for any s < s*

2.4) liminf liminf inf G. s(B) = 05 s(V)du := Py(FE).
(2.4) 1?351 1151351 BeBV(T):1|nBAE|§65—d s(B) /8]3 g (V)i (E)
Moreover

(2.5) lim 05, () = 0(v)

and lin%)Ps(E) = P(xg), with P as in (1.11) and xg = mgly — mglge.
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In the next two sections we prove (2.4), while (2.5) will be proved in the
last section.

3 — Lower bound

In this section we will prove that

im lim inf

(31) 1 inf
6—0 -0 BeBV(T):|BAE|<5e—4

Ges(B)> [ duts(0).

First of all, we need some basic notions and results for the theory of BV sets,
which we state in the next subsection, for more details see, for example, [1].

3.1— Geometric measure theory

We say that a function f on 7 has bounded variation, f € BV(7), if its
gradient D f (in the sense of distributions) is a vector real valued Radon measure
whose total variation measure has finite mass ||u||:

/Tdrfdivgb‘.

We say that F is a general BV set if 1z € BV(7T). If E is a C! set, the total
variation du of D1g is the usual Hausdorff measure dH?~!(r) on OF and for
any ¢ € C(7,RR%)

(3.2) lll = u(T) = sup
$ECH (T RY), 610 <1

=— rlpdiveg = — =L w(r
(3.3) /T<D1E7¢>— /led o= [ a0

where v(r) is the outward unit normal to OF at r.

If F is a general BV set, then there are a set 0*FE C OF, called the reduced
boundary of E, and a unit vector valued function v(r) on 0*F so that for any
¢ € C(T,IRY)

(3.4 [ 1.0 == [ a6, 0.

The following theorem states that BV sets can be regarded, measure theoreti-
cally, as O sets:

THEOREM 3.3.1. Let E € BV(T) and D1g(r) = —duv(r).Then for any
e > 0 there are C' hyper-surfaces Sy, ..., Sy, whose closures are disjoint from
each other, and compact sets K1,... ,K,, with K; C S; N0*E, so that

v dp — / dp <e.
Ki /T ; K;

(3.5) |, =dH*!
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Moreover the normal to S; arr € K;, is the same as the unit vector v(r) in (3.3)
and

3.6 —v(r')| <e.
(3.6) Jmax  max |v(r) —v(r)] < e

The next Theorem states that a BV set E is with good approximation made
of essentially flat parts plus a small remainder. We set

THEOREM 3.3.2.  For any € > 0 there are n > 1 disjoint measurable sets

>, each one contained in some KJ(-E), n cubes R;, all of side h, and n unit vectors

v;, v; orthogonal to a face of R;, with the following proprieties so that
Rt —/ du‘ <eh?l,  |np?t —/ du‘ <e.
b T

Moreover calling x(r) := C(1z+ — 15-), with Rzi the upper and lower halves of

(3.8) sup |v(r) — v <e,
red;

R; with to the direction v;,
(3.9) / drixm, —u| < b, i=1,..n.
R;

3.2 - Proof of (3.1)

Let R, (L; C) be the cylinder in IR whose axis is directed along 7 and whose
cross section is LC, C' an unit cube of IR*™! and L > 0 a scaling parameter.
We keep n and B fixed and to simplify notation we drop them, thus writing
R(L) and R(L,k). We introduce coordinate axes with the origin the center of
R(L,k), x4 axis along n and the the others parallel to the side of C, so that C
is a coordinate cube. Then

R(Lak) = {(Ila"v'rd) ERd : |x(i| Ska |x2| Svazlv 7d71}

and denote with Ri . the upper and lower halves of R(L, k) with respect to the
direction n. Calling

(3.10) x(r) =mj 1z,>0 + mg le,<o

we denote by xa, A C IR?, the restriction of y to A and we define
(3.11)

05s(L, k) = — inf Fs (mpr.0)IXR(I,k); B) -
ps(Lok) = 735 e (macwpXne e B)
Bi|R} ,N(R} AB%)|<6, |Rp ,N(Ry ,AB)|<S
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We remember that the functional Fy 4(-, B) is defined by making the interaction
J periodic over each coordinate z;, i < d, with period L, thus considering LB
as a torus. We thus set

(3.12) 0p,s := liLm inf liminf 03 s (L, k).
—o0  k—oo

In some cases, when the context is not clear, we indicate with 63, the surface
tension defined in the rectangle R, (L, k) directed along v.

We consider the small parameter « and the cubes R; as in Theorem 3.3.2
below, i =1,... ,n , all of side k so that if we call x; = s(1__1z+ — 1. 1p-), We
have

[ drha-xl< [ arihe—hel+ [ drlng -
8_1Ri 6_1R1' 6_1Ri

< E_d(é + akd) < 20k,

Hence |(B A e 'R;) Ne 'Ry < 2akde1.
We next write

=1
Then
n
Fa,s(m; B) = Fs,s(mAC; B) + Z Fe s (mf-:*lR,; ‘mAC§ B)
i=1
(3.14) e1E (m;B) > Z F.o(me-1g,|mac; BN R)
i=1
where
F. s(mp|mpe; B) == F. s(ma; B)+

(3.15)

- % /6*1A ‘/EilAC J(T” r/)(mA(T) — MAc (T/)>2d7’d’r'/

F. s(ma; B) = fa.hs (ma(r))dr+
e 1A

1 . . /
"1 /A /A J(r, 1) (ma(r) = ma(r')) *drdr”.

At the end of section we are going to prove that

(3.16) inf F.s(m;B) = inf F. s (m;B)
meL>(R%;[—1;1]) meL>™(R%;[—1;1)):F. s (m;B)<de ¢
BeBV(T):|BAE|<8e¢ BeBV(T):|BAE|<5e¢
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therefore, using (3.14) and (3.16), we obtain that

Lhs. of (3.1) >

hm_}nf E hm mfs inf F. s (mg—lRi Me-1Re; B)
« P Fe o(m;B)<2ak%e¢
BEBV(T):[(BAe ' R)Ne ' R;|<2ak?e ™4

Now we state two results that we will prove later. The first one gives us a
constraint on the function m, the second one gives us a lower bound on each

rectangle C'(L) = R(L, L/2), where
R(L,L/2) = {x eR?: |ay]| < Lyi = 1..d-1, zg| < L/z} .

Notational remark: when we consider function on L*°(7;[—1,1]) we write
Fs(m; B) instead of F; ; (m; B), B € BV(T).

PROPOSITION 3.3.3.  Let C(L) be the cylinders of the form R(L;L/2).
Then for any m € L*°(C(L);[-1;1]) such that Fy (mC(L); B) < 8L~ we have

(3.17) /C(L) |m(r) — x(r)|dr < &§'L¢

x(r) = mg)slxdzo +mg lo,<0, T € C(L).

THEOREM 3.3.4.  There is a ¢ > 0 and a continuous function 65 s(v) on
the unit ball, so that for any € > 0 there is L. > 0 and for any L > L,
(318) F (mC(L)\mC(L)c; B) > Ldil(eg,s(l/) — & — C\/S)

for any § >0 ,for any m s.t. ||m — x|l (c(r)) < 0'LY and for any B € BV(T)
such that

(B A C™(L))NC~(L)| <6L*  |(BaCT(L)NCHL)| <L
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[10]

Then, using (3.18)

.h.s. .1) > lim lim i d-1 i) — .
Lh.s of(31)_§%hgggf2k (0p.4(vi) — env/a)

By (3.8) we have nk%~! < u(T) 4+ « and for a suitable constant ¢,

(3.19) k4105 o(14) —/ dubs s (v)| < ko

i

so, in conclusion 3 ¢” > 0 such that

s—0 a—0

(3.20) Lh.s. of (3.1) > lim limian/ dpbs.s(v) — d'Va
i U
and, see the end of this section,

i3 / o) — [ du(r)6s,(v)

a—0 9*E

thus we obtain (3.1).

PROOF OF (3.16). It suffices to show that V§ > 0 and for any B € BV (T)

there exists m € L (717 ;[—1,1]) and ¢’ > 0 such that

F.s(m;B) < 5,

It is enough to choose m = mﬂ 1p, +mﬁ 1pe where B,, are the polyedrical sets
which approximate B € BV(’T) in variation, namely 1p, converges in variation

to 1. Indeed, computing the functional Fg’s(m B)

1
F. .(m; B) :/ fa,hy (M)dr + —/ / J(r, r')(mg —my V2 drdr' <
' e 1T , 2 e~ 'B, Je~1B¢ * *

< Qh/ dr|lp, —1g] —|—/ / J(r,r")drdr’ <
e~ 1T e~ 'B, Je~1Bg

<250+ cpe it = 5

with 6 = 250 + c,e.
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4 — Upper Bound

In this section we will prove that

4.1 lim 1i inf B) < 0 .
W P o py o Banicses Goo BV = [, B 0slv)

Given E € BV(T) we can approximate in the sense of variations the function
hg by functions hg, equal to £s outside and inside polyhedral sets Ej with
boundary dE}),. For each k we will construct functions m (%t so that

(4.2) limsup limsup limsup e~ F,  (m&* 10, By) S/@E dug(r)0s,(v(r))
*Ey

L—oo t—o0 e—0

where duy = dp|g, as in Theorem 3.3.1. Then by letting & — oo,

lim sup lim sup lim sup lim sup 5d_1FE,S(m(E’k’L’t); Ep) <

k—o0 L—oco t—oo e—0
(4.3)
< limsup/ dug(r)0s,5(v)
k—oo o0* E},
and
(4.4) Jim dpr(r)0s,s(v(r)) =/ du(r)0s,s(v(r)).
o 0* By o0*FE

Then, by (4.2) and (4.3) there are L(¢), t(¢), and k(e) so that the family
m/(&k(E).L(E):HE) gatisfies (4.1). Thus the proof of (4.1) follows from the exis-
tence of a family m(®#%b) satisfying (4.2), which is proved in the rest of the
subsection.

We fix k and we will drop it from the notation in the sequel. Thus we denote
with F a polyhedral set and with hg = s(1gc — 1g). The faces of E are called
oi, © = 1,..,n, and their normal v;, directed toward the plus magnetization.
On each hyperplane which contains e'Y;, we introduce a partition into d — 1
dimensional cubes of side L, the orientation of the cubes of the partition being
the same for all e. We first define m(&L") around e~ '¥;: on each rectangle
R,,(L,t) of height 2¢ and mid cross section a cube entirely contained in e=13;,
we choose m(=Lt) so that

1 (e.L,t)

(4-5) FFS(mRul (L,t)|XR§1(L,t)§ Ek) < GB,S,W (L7 t) te

When the mid cross section of R,, (L,t) is not entirely contained in e 713, we set
m(®) =mj _in the part of R,, (L,t) which is above and below ' ¥ M R,,, (L, 1).
we follow the same rule in the other faces, except for the points where m(®) has
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already been defined. On the remaining of the space we set m() equal to m§ s

outside and inside F respectively. If we fix ¢, if L is large enough, any rectangle
R,.(L,t) at distance > L from the boundary of e713; has no intersection with
any other rectangles, then, for a suitable constant c,

(4.6) e FL (mE) <Y ([0,0, (L t) + €] |Si| + cLte).

i=1

Then (4.2) follows, and the proof of the upper bound is completed.

5 — Contours and dynamics

In this section we give a generalized definition of contours and we study
some proprieties of the evolution. For this purpose we define three basic objects.
The first one is the family of partitions of IR?

{D', t=2", nez}

D’ is a decreasing sequence of partitions into cubes C* of side /. Cﬁe) denotes the
cube of D! which contains . Another basic object is the coarse-grained image
of m € L>°(R%[~1,1]) with grain £, Av(®) (m;r)

1 oo
(5.1)  Av®O(m;r) = o /C([)dr’m(r’) ;e = ¢t m e L®(RY [-1;1)).

The last basic object is the ”block spin” function

+1 if [AvD) (msr) — m§s| <,
0 otherwise.

(5:2) < (i) = {

where ¢ > 0 and ¢ < 1. Using these quantities we define:

o Quter and inner boundaries.
The D’—outer boundary of a Df—measurable region A, denoted by %, [A],
is the union of all the cubes C' of D¢ not in A which are connected to A.

The D’ —inner boundary 6% ,[A] is the D’ —outer boundary of A°.

out
e Phase Indicator.
Denoted by ©C4=49) (m, Byr), £_ < 1, £, > 10, ¢ > 0, it is defined
as OGE—44:9) (m Byr) = £1 if (&) (myr') = £1 for all 7/ € iy
3L [CF ) and |CF ) n () a BIB)) < ¢

Elsewhere @%’L’h) ((m,h);r) =0
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o Correct points.
The + correct points of m for a set B are the points » where, respectively
{@(C’L’Lr’s) (m, B;r) = £1}.
The set {O=44:9) (m, B;r) = 0}, is instead the union of the spatial sup-
port of all the contours of m.

e Approximate, local equilibrium phase spaces.
These are the spaces with elements m for which all points of A are + correct.
Such spaces are denoted by M¢ ¢, + o and we drop A when A = IR?.

5.1 — Invariance under evolution

In this subsection we will prove that the local equilibrium ensembles
Mc¢ 0, 4+ A are invariant under the partial dynamics and that the minimizers
of free energy in M¢ 40, + A is pointwise close to m;’s [or to m ], the closeness
being exponentially with the distance from the boundaries. By simmetry, it is
sufficient to prove the statement for the + ensemble, to which in the sequel we
restrict.

We consider the Cauchy problem obtained, after a suitable scaling limit, by

the Glauber dynamics, applied to Ising systems with Kac potentials,

(5.3) dm;:’ ‘) = —m(r,t) + tanh {B[J x m(r,t) + hpl}, reR? t>0;
m(r,0) = m(r) re R

We also consider dynamics where, outside region A, the function is frozen and
it acts as a boundary condition for the evolution inside A. Namely, we define a
partial dynamics in A by setting

(5.4) W:—mm)(r, t)+tanh {B[J *m™ +hpl}, (rt)eA x {t >0}
m®™ (r,t) = m(r), (r,t) € (A€ x {t > 0}) U (R x {t = 0}).

Definition 5.5.1. Let T* be the semigroup on L>(IR? [—1,1]) defined by
setting

(5.5) T (m) = solution of (5.4).

With similar arguments as in [5] it is possible to prove that the orbits T/ (m)
converge by subsequences as t — oo and that the limits points satisfy the mean
field equation

(5.6) m™ (1) = tanh {6[J*m(A) + hB]} r e A.
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LEMMA 5.5.2.  There are (), ko and s* positive, so that if ¢ < ¢} and
0 < lo(C) = Ko(, then, for any m € Mg, 4 n, with s < s* andr € A

(5.7) |[Jxm(r) — mg)s| <2¢

(5.8) | tanh{B[J x m(r) + hp]} —mj | < ¢ —eo(C), €0(¢) = koC.

Proor. Calling
JO (r,r') = A’U(Z)(J(T, ;")

the average of J(r,) over its second variable, for £ small enough
(5.9 )= TOw) < el pjcar ei= d|V] < co.

Then
|Jxm — JO xm| < 2%l

and since
JO sem = JO s, u(r) = Av' (m;r)

|Jxm — JO xul < 2%t

On other hand, by assumption, |u(r) — m;5| < ¢ for all r at distance < 2 from
A, hence
|JO s u(r) — mgﬁs| <¢ reA

thus concluding
(5.10) |J *m(r) — ng,s| < ¢+ 24

By choosing kg so small that x¢2% < 1 we derive (5.7) from (5.8). Since

d
o tanh{Bm}| <a<l1

—mT
m=mg .

| tanh{B[m(r) + hp]} — m§78| <alJ*m(r) — mg,s + (hp — 9)|
< al¢ 4 2% + (hp — s)|.
Choosing s* = 297 ekg( for any s < s* and ko < (1 — a)/(1 + 24¢)

| tanh{B[m(r) + hp|} — mg’s\ <¢(1-[1-a) - 2d0/£0]) < ¢ — kol

The lemma is proved. O
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The next Lemma proves the invariance of M¢ ¢ ¢, 4 o under the partial dy-
namics 7/*. We omit the proof.

LEMMA 5.5.3. If(, £, s* and A are as in Lemma 5.5.2, T/, t > 0, maps
Me oo, +.A into itself.

We call
(5.11) Xam = {u € M¢go, A ¢ Upe = mAc}
1a standing for the restriction of a function v to a set A.

THEOREM 5.5.4.  There are (o < ¢ (¢}, €o(C) and s* as in Lemma 5.5.2),
w and ¢, all positive, such that for any B € BV(T), m € M¢ 4, + A, and for
any s < s*, the following holds:

(5.12) inf Fy (up|mae; B) = Fs(y|mae)

’UIGM()[,(JW_*_,A
where Y(r) is the unique solution of the mean field:

(5.13) (r) = tanh{B[J *x ¢(r) + s]}
and

Ya €CF(A, [mf, — ¢ myj , +])

5.14 . c
( ) —wdist(r,A%)

|wA(T) - mg’s‘ S Cp€
where AG = {r € A° dist(r, A) < 1; mpe(r) # méﬁs}.

In (5.12) Fy(-) means that the magnetic field is constantly equals to s on
the whole space. Moreover when s = 0, we simply write F(-).

Proor. By Lemma 5.5.3 TtA leaves X, invariant and since X} ,, is closed
under uniform convergence on the compacts, for any u € X ,,, T u converges
by subsequences to an element ¢ of X3

XR = {1 € Xam ¢ ¥ solves (5.6) }

and Fs(up|mac; B) > Fs(1a|thac; B), the inequality being strict unless u €
X3 ,n- Therefore

Fy(ualmac; B) > inf  Fy(almae; B),  for any u € Xnm\XR -
. :

Am
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By (5.8), any ¢ € X?\,m satisfies the first condition in (5.14). We show that if ¢
is small enough then X&m consists of only one element, 1, which is therefore the
strict minimizer of Fs(ua|maec; B). Suppose ¢ and ¢ are both in X} ,,, then by
(5.7), Jx(r) and Jxp(r), r € A, are in [mgs - 2C,m;’s + 2(] so that, recalling
that s < s*

|tanh{BJ * (r) + Bhp(r)} — tanh{BJ x ¢(r) + Bhp(r)} <

e 1 L LR

since ﬁcoshﬂ{ﬁ(mg’s)} < 1 we have for r € A and a suitable constant ¢ < 1,
| tanh{B3.J x ¢ (r) + Bhp(r)} — tanh{B.J x ¢(r) + Bhp(r)}| < ¢ sup (') = ¢(r)]

which implies that ¢ = in A, hence everywhere. By (5.8) applied to s
Fs(’(/}A‘mAC; B) > Fs(wA|mA°>-

Now we can repeat the same arguments and with hp = s every where and we
obtain

(5.15) Fy(almac) > Fo(a|mae)

where 1 satisfies (5.13). To prove the last inequality in (5.14), let ¢ € Xg,m and
XS XRW then, for r € A

(5.16) |6(r)—p(r)|< e~ ( Jart 3Nt o)+ far' o r')|m<r’>—n<r’>|)

where we have chosen (3 so small that

e = p < 1.

cosh? {5(7”;,3 —2¢)}

Calling ng the smallest integer larger or equal to dist(r, A%), by iterating (5.16)

we get
|Q§(T‘) _ 1/}(7,)| < Z 672wn2 < (2 Z efwn)efwno

n>ngo n>0

which yields (5.14) with ¢, :=2/(1 — e~ %) and n(r) = m;g,s. O
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5.2 — Free energy of Contours
We call the triple (¢, ¢_,¢4) good if the following holds:

e The pair (¢,¢_) is good if ¢ < (o/2 and £ < £*({), £*(¢) = ko¢ with {y and
ko as in Theorem 5.5.4.
e The triple (¢,¢_,¢y) is good if he pair (¢,¢_) is good, ¢4 > 100 and

et > 2‘”361 [Cw€7£+w/6]2
with ¢ a suitable positive constant and w and ¢, as in Theorem 5.5.4.

The contours of a profile m relative to the parameters ((,¢_, ¢, ), are the pairs
I' = (sp(I'), nr), where sp(I"), the spatial support of I', is a maximal connected
component of {r € R? . OG- tess) (m, B;-) = 0} and nr is the restriction
of n¢9 (m;r) to sp(I'). T is a bounded contour if sp(T") is bounded. If T is
bounded we set

(5.17) K =67[spD)],  A=dui[sp(I)]

K is the “safety zone” of T'.

Ap is the maximal connected component of A contained in the unbounded
component of sp(I')¢. K the maximal connected component of K which is
connected to Ag; np = 1 or nr = —1 on Kp; in the former case I" is a + contour,
in the latter a — contour. The othe maximal connected components of K, if
they exist, are denoted by Kii i =1,..,n4, labelled so that npr =1 on Kj and
nr = —1 on K; . The maximal connected component of A connected to K is
called AF. The maximal connected component of sp(I') which contains AF is
called inti(T') and we write

n4
int*(T') = | int(I),
1=1

(5.18) int(I') = int™ (I') Uint~ (I),

C(T) =int(I") U sp(T")
in the sequel we will choose /_ "very small” and ¢, very large, so that a correct
point 7 is always inside a ”large” region, where 7(¢¢-) (m;-) is constantly equal
to 1 or —1. At the same time, the region of correct points and the red zone

where the deviations from equilibrium are localized, are separated by the safety
zone, where 1<) (m;r) has a constant non zero value.

THEOREM 5.5.5.  Let (C,{_,Ly) be good, m € L®(R%, [~1,1]), s* as in
Lemma 5.5.2, B € BV(T) and T a (¢,4—,41), + bounded contour for m, then
for any s < s* there is ¢ € L®°(IR%,[~1,1] equal to m on C(T)¢, to mg’s on
C(M\Ky and with ¢ with values in [mg’s —(+e, mg’s +( —¢] on Ky such that

(5.19) Fy (mery|memye; B) = Fs (Yom [Yer):)
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PRrOOF. We need to prove that
(5.20) Fy(m; B) 2 Fs (¥).

Let > be a DY) measurable circuit contained in Koy whose complement is
made of two unconnected components at mutual distance > 1, calling ext(3)
the one which contains Ay. We also suppose that ¥y has distance < ¢'/3 from
Sop = 6}, [Ko]. By Theorem 5.5.4 applied to K\Sy with boundary conditions
the restriction of m to Sy there is ¢ equal to m outside K\ Sy, which, on K\ Sy
has values in [mZ{S —C+e, ng_’s + (¢ —¢], e = ¢9(¢’) and such that

FS(¢K0\SU|mSO) < FS(mKo\SO |mso; B)

(5.21) [p(r) — m;’8| <coe @3 on %,
setting A = Xg U ext(Xy), we have
Fi(¢) = Fs(dac|pa) + Fs(¢a) = Fs(da).

Set 1 = ¢ on A and equal to m;s on A€ we are going to prove that

(5.22) Fy(¢aclon) > Fo(¥aclta).
Indeed, since Fs(¢ac) = 0, we have

1

Faclva) =5 [ ar [ arayon) —ms )2 <

(5.23) )
< R+ [dr [ araeaem - o).

The last inequality follows from the fact that the interaction between A and
e is very small, i.e.

X0 [cwe—éﬂr/B]Q.

/ dr [ dr'J(r,r")(p(r) — mlgfs)2 <
Yo AC ’
Then, since Fs(¢pa) = Fs(1)a) and from (5.23)

Fy(¢) = Fs(¢a) + Fs(dac|oa) = Fs(¥a) + Fs(Yacla) = Fs(¥)

and then the theorem is proved. O
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In the proof of Theorem 3.3.4 we use the following Corollary, whose for
brevity we omit the proof.

COROLLARY 5.5.6. Let (¢,0—,¢4) be good, s* as in Lemma 5.5.2, A
and A C A two bounded, DU+)-measurable regions; m € L= (IR%, [~1,1]) with

0 (myr) =1, r € 655, [AJUSLT [A], B € BV(T) with |C" ) n(C{~) A BY)| <

out

o, redsts [A] Uéf; [A]. Then there is a ¢ € L=(IR?,[~1,1]) so that ¢ =m on

out

A, ¢ =mj  on A, Nl (¢51r) =1 on A and for any s < s* , calling

0A = {re A dist(r,A%) <1}, AL ={re A% m(r) # m'ﬂ’:s, dist(r, A) < 1}

(524)  Fy(malmac; B) > Fi (¢aloac) — (2cw exp® [A[) exp ™ BH(AA%)

6 — The surface tension

In this section we prove (2.5), Proposition 3.3.3 and Theorem 3.3.4.
Now we prove that

(6.1) lli% 03,5 = liminf lim lim i01<1)f 0s,s(L, k) =03(v)

k—oo s—0 L—

which clearly implies (2.5). We observe that (6.1) shows also that it is possible
to obtain the same value by taking limits in the reverse order. To simplify the
notation we omit the dependence on 3 writing 0, instead of 03 ;. First of all we
want to prove that

6.2) lim 0.(L, K) = 0(L, K) := inf P ).
(62)  lm6(LK)=6(LK):= _  if o F (meewXee:)

Let m and B be so that
L¥9,(L, k) = Fy (mp(r )| XR(L1e; B) -
Then for s small enough there exists ¢

Fy (mpwm|Xr(Lk)e; B) > F (mR(L,k)|X%{(L7k)c) —e> LK) ¢

where x°(r) = mple,>0 —Mple,<o-
On the other hand let m such that

L*79(L,k)=F (ﬁLR(L,k)\XOR(L,k)E) .
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By straigthforward computation it is possible to show that

(6.3) |F (mR(L,k)IX%(L,k)C) — F (mR(L,k)|X(1)z(L,k)c;B) | < sKL*!
and

(6.4) F (mR(L,k)\X%(L,k)c;B) > Fy (MrLrXrwre: B) + 57 L%
Then, using (6.3) and (6.4)

6(L, K) > lim 0, (L, K).

Hence (6.2) is proved.
The next step is

(6.5) lim 65 < liminf lim liminf (L, k) < liminf liminf (L, k).

5s—0 k—oo s—0 L—oo k—oo L—oo
It is easy to check that 65(L, k) is a non increasing function of K, i.e.

likm infO,(L, k) = irll(f 0s(L, k) :=05(L).

This implies that

0,(L) < 0,(L.k)  liminf0,(L) < liminf 0,(L, k).

L—oo

By letting first s — 0 and then k¥ — oo we obtain the first inequality in (6.5).
The last inequality follows from (6.2) and by letting the limits in the following
order: first L — oo, s — 0 and then k — oco. Using again (6.2) we can obtain

(6.6) likm infliminf O(L, k) < liH(l) 05

—oo  L—oo

that together with (6.5) completes the proof of (2.5).

6.1 — Proof of Proposition 3.3.3
By definition of x,

/ [m(r) — x(r)|dr = / Im(r) —mg |dr +/ |m(r) — ng,s|dr.
c(L) c—(L) cT(L)

We define
Ar = {7” € C (L) s.t. |m(r) — m[;,s‘ < C}
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and A, the analogous on C*(L). Then

[ mie) = ldr < @+ Lt [ = et [
C(L) Ac ’ Ac ’

< n

In AZ we have that

c

_ ¢ _ d
/Ag =l S @y /AZ fulm) = gy o

With same arguments in A7 we obtain

d ¢ d c d I7d
L ) = X S € St et <

6.2 — Proof of the Theorem 3.3.4

We define the i-th layer, i € Z,

Let
(6.8) N =min{n € IN: 2nf, > V5L}.

Supposing V¢ small enough, we define, for any 1 <n < N
¥ = S2p-1 U S2, U S 1128 U Sanpon
and in the same way X _,,, observing that |3, UX_,| = 8|Sy|.
We will use the estimates of Section 5 in the boxes delimited by ¥,, and ¥_,,

respectively, to conclude that in the center layer of the boxes we can replace m
by mj , and mj , , and h by +s. Let

1
6.9  ap=— / drlm — x| +/ drlhs — % 5.
8|SO‘ S,US_, YU,

Where ¥ is defined as (3.13) with C*(L) instead of R. Then

(6.10) a = min a, < CV4.
n<N
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In fact, by assumption

35Ld2/ dr|mfx|+/ drlhp — x| >
Cc(L) c(L)

N
> "8[Solan > 8|SolaN = 8L Neta > 4v/5 L%

i=1

which proves (6.10).

Call n the integer where the minimum in (6.10) is achieved. Now we are
going to use the analysis of Section 5. We shorthand n(-;-) for n(¢-*-)(-;-) and
we define:

e CY(L) is the union of all cubes C' € D*+) such that both C and 455,
in C(L).

e M,, is the union of all cubes C' € D\*~) contained in ¥,, where n(m;-) < 1
and C' N B # 0, of those in ¥_,, where n(m;-) > —1 and C' N B® # 0 and of
the set

[Clare

8oty [CO(L)) M {Uj<anS; -

We want to estimate the free energy cost changing m and hp into new functions
¢ and hpg set respectively equal to xy and x on M,, and unchanged everywhere
else. We need an estimate on the volume |M,|. Tt’s easy to prove that for a
suitable constant ¢ the following estimate holds:

(6.11) IM,| < eVori=t.

Then there is a constant ¢y > 0 so that

(6.12) Fo(meyme(nye; B) > Fs(oc(rn)|dc(nye; B) — co|Mal.

Indeed the first term in the functional does not increase when replacing m by ¢

and the other changes are proportional to the volume where have been made.
Recalling the definition of C°(L) and since

Fs(dcylbc(rnye;s B) = Fs(dcory|pco(rye; B).
We have
(6.13) Fo(me(nylmenye; B) > Fs(dcony|dco(rnye; B) — CocV/L4™,
Let then A be the box in C°(L) union of all $;MC%(L) with 2n < j < 2n+2N—1

and let A_ be its reflection around x4 = 0. We are going to apply the Corollary
5.5.6 with A = A, and A = Sy, MC°(L) and then with their images under
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reflecion around x4 = 0. By symmetry we only consider the former and drop the
sub fix +. The hypotheses of Corollary are here met because:

(6.14) n(gir) =1, 1 € Gty [A] A% C {S2p—1 U Santon}
thus
(6.15) dist(A,A%) > €, N/2.

There is ¢ equal to ¢ outside Ay and equal to x on Sa,+ y1C°(L) and S_g,_ N1
C°(L) such that

(6.16) Fs(dcor)locorye; B) = Fs(eony|bco(rnye; B) — (2c.€“|So|)e /2,

Setting
(6.17) U= |J {s;ncw)}.
l7l<2n+N
We get
(6.18) Fs5(toor)bco(ryes B) > Fs(Yulue; B) = Fs(Yu|xve; B)

U is a rectangle whose basis is a cube of side b, L > b > L — 2{; denoting by k
the height of U we then have, recalling (3.12),

(6.19) Fs(du|xue; B) = b 103,4(b, k).
Given ¢ > 0, we may choose L. > 0 so large that 03 4(b, k) > 83 (k) —¢/2, and

by letting k — oo and using (6.13) we obtain (3.18).
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Analysis of the Laplacian of an incomplete

manifold with almost polar boundary

JUN MASAMUNE

ABSTRACT: Motivated by recent interest in global analysis of singular manifolds,
we establish the essential self-adjointness of a Laplacian, a Liouville property of sub-
harmonic functions, conservativeness and parabolicity of an incomplete manifold. These
results are applicable for manifolds with fractal Cauchy boundary.

Let M be a connected C'!-Riemann manifold without boundary. In our
previous paper [13], we had studied that if the Cauchy boundary M = M \
M, where M is the completion of M, is almost polar (see Definition 3), then
a Laplace-Beltrami operator (hereafter, Laplacian, in short) is essentially self-
adjoint. We call such a manifold a manifold with almost polar boundary. The
present paper is a continuation of this previous work. Here we will investigate the
spectral theory of an incomplete manifold such as: The essential self-adjointness
of the Laplacian, conservativeness and parabolicity of the manifold, a Liouville
property of sub-harmonic functions.

The typical example M = N \ ¥ is a complete manifold N deleted a closed
manifold ¥ of co-dimension > 2. More crucial example is: M itself is a manifold
but the completion M is no more a manifold. For example, M may be an alge-
braic variety with singular set, a football, an orbifold, a Met,-surface, so called
singular manifolds. We allow OM to be a fractal (see Section 5 for examples).

KEY WORDS AND PHRASES: Laplacian — Essential self-adjointness — Lioville property
— Conservativeness — Parabolicity — Incomplete manifold — Singular manifold.
A.M.S. CLASSIFICATION: 58J35 — 60J65 — 53C43
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We consider a Laplacian A = div -V with the following domain: the domain
D(V) of V is the set of C1!-functions f such that both f and Vf are square
integrable. Similarly, the domain D(div) of div is the set of C'!-vector fields
X such that X and div X are square integrable. Then let the domain D(A) of
A be the set of functions f € D(V) such that Vf € D(div). M is said to have
negligible boundary if — div is a formal adjoint of V. The following is our main
result.

THEOREM 1. Let M be a connected C''-Riemann manifold without bound-
ary. If OM is almost polar, then M has negligible boundary. Moreover,

(i) If M has negligible boundary, then the Laplacian A is essentially self-adjoint.
(ii) A s essentially self-adjoint if and only if two Sobolev spaces Wy and W
coincide, and moreover, then the L?-closure A coincides with both Dirichlet
and Neumann Laplacians.
In the sequel, assume A to be essentially self-adjoint.
(iil) If the volume v(r) of the ball B(x,r) of radius r centered at an arbitrary but
fized point x € M satisfies

S /OO 1og:1(r) -

then M is conservative. If v(r) satisfies

then M is parabolic. -
(iv) Ewery sub-harmonic function f belonging to D(A) or to L™ N LP for an
arbitrary p > 1, is a constant.

It is known that condition (1) (resp. (2)) of Theorem 1 implies the conser-
vativeness (resp. parabolicity) of a complete manifold [8].
An immediate application of Theorem 1 is

COROLLARY 1.  Let us assume M satisfies the condition of Theorem 1
and A is essentially self-adjoint. If M is not bounded and the Ricci curvature is
non-negative, then the following holds.

(i) Every harmonic 1-form o such that |o] € D(A) is 0.

(ii) Every harmonic map f : M — N such that the energy is in D(A) is
constant, where N is a complete smooth manifold whose sectional curva-
ture is non-positive. The condition such that M is mot bounded and the
Ricci curvature is non-negative may be replaced to that the Ricci curvature
1S positive at some point.
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We organize the paper in the following manner.

In Section 1, we establish notation.

In Section 2, we discuss Sobolev spaces Wol’2 and W2, The nature of
the research through the paper is the fact two Sobolev spaces Wy** and W12
coincide if M is almost polar (Theorem 2). This result has been well known for
an incomplete manifold M = N \ ¥, where N is a complete manifold and ¥ is a
closed almost polar set. Let us explain why our setting covers this case. Since
> is almost polar, it has volume 0, hence any ball centered at arbitrary point
z € X has intersection with V. Therefore, there exists a sequence in N that
converges to z. This shows N = M, because N is complete. The contribution
of our study is to generalize the previous result to an incomplete manifold such
that whose completion is no more a manifold.

In Section 3, we study the essential self-adjointness of the Laplacian. In
general, if a symmetric operator on a Hilbert space has a unique self-adjoint
extensions, it is called essentially self-adjoint. This problem has been introduced
to Riemannian geometry by M. P. GAFFNEY [6]. He established a sufficient
condition for a manifold called M has negligible boundary so that the Laplacian A
on forms is essentially self-adjoint. We present two alternative proofs of Gaffney
theorem. Subsequently, together with the main result in [5], Gaffney proved the
essential self-adjointness of the Laplacian on forms of complete manifolds. We
prove the Laplacian is essentially self-adjoint if and only if W = W,.

In Section 4, we study the conservativeness, parabolicity, and a Liouville
property. The idea of our study of conservativeness and parabolicity bases on
the following fact. Consider again M = N \ X, where N is a complete manifold
and X is a closed almost polar set. Then the Brownian motion of N does not
hit 3, accordingly, if N is conservative or parabolic, then so is M. On our
setting, we discuss without asking if Brownian motion hits M or not, because
we do not know if the Brownian motion could be extended to M.

In order to establish the conservativeness, we decompose M into M7 and Mo,
where OM C OM;, M; has finite volume. We impose Neumann boundary condi-
tion to both manifolds. Then both manifolds are conservative (A. GRIGOR’YAN [§]
proved that (1) in Theorem 1 is a sufficient condition for the conservativeness of
a complete manifold or a manifold with boundary of Neumann condition). As
we had seen M has no boundary condition (Theorem 2), we will obtain the con-
servativeness of M. One may prove the parabolicity in the same way, however,
we present a different proof.

In Section 5, we provide examples. P. L1 and G. TI1aN [11] proved the
essential self-adjointness of the Laplacian, the conservativeness of an incomplete
manifold M \ X, where M C CP" is an algebraic variety deleted the singular
set 33 of co-dimension not less than 3. Since M has finite volume and the singular
set is almost polar, M \ ¥ is not only conservative but more strongly, parabolic.
See more detailed proof for their result in [24]. The main reason why we study
the manifold of class C! is because the most simple but non-trivial manifold
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with fractal boundary is merely C1'! (Example 7). Finally, let us introduce
some related topics to our result. The Laplacian A¢ on the set of forms with
compact support of a complete manifold is essentially self-adjoint [20]. This
result contains the Gaffney theorem on a complete manifold because Ax C A.
However, A¢ is not necessarily essentially self-adjoint on a manifold with polar
boundary, while the corresponding Markov form (€, C§°) has unique Dirichlet
extension. Indeed, Ac on R3\ {0}, where {0} is almost polar, has infinitely
many self-adjoint extensions [9], [2]. The Laplacian Az on M \ N, where M is
a complete and N is a closed sub-manifold, is essentially self-adjoint if and only
if the co-dimension of N is greater than 3 [13].

S. Ozawa [16], studied the behavior of the first eigenvalue A, of M \ B,
where M is a compact manifold as ¢ — 0. P. Li and G. Tian established an
eigenvalue estimate of an algebraic variety deleted the singular set [11]. The
author and W. Rossman proved the Weyl’s asymptotic formula for an incomplete
manifold [14]. G. C. PAPANICOLAOU and S. R. S. VARADHAN [17] analyzed
the asymptotic behavior of the solution of the heat equation on a domain of an
FEuclidean space punched out small balls.

1— Notation

We list up notation for convenience of reading. Most of them will be ex-
plained also in the main body of the paper.

M - a connected Riemann manifold of class C*! without boundary. M
admits an atlas such that every coordinate transformation is C''! and Riemann
metric is Lipschitz on every compact set.

— p - the Riemann measure.

— d - the intrinsic distance of M - see Section 2.

— r:=d(-,x) - the radius function from the point x € M.

— M - the completion of M with respect to d.

— OM := M\ M.

~ B(%,r) :={x € M|d(Z,z) < r} - the r-neighbourhood of the set ¥ C M.
— A :=divV - the Laplace-Beltrami operator on M.

— A - the L?-closure of A - see Section 2.

— Ap (resp. Ay) - Dirichlet (resp. Neumann) Laplacian - see Section 3.

p(t,x,y) - the heat kernel associated with %A - see Section 4.
— ) - a bounded domain of M.

— C' - the set of real-valued functions of class [ on M.

— CL(Q) - the set of functions f € C! with compact support in .

— V- the set of real-valued vector fields of class [ on M.
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— V() - the set of vector fields in V! with compact support in .
— fla - the function f restricted to €.

— LP := LP(M, 1) - the completion of C}"* with respect to the norm ||f]|, :=
(f e = (o fP () du(z))Y/?. Especially (f,g) := [ fgfor f,g € L%
e!T - the semi-group generated by a non-positive self-adjoint operator T
on L2

— W= WYA(M, p), Wy := Wy>(M, ), and H := H(M, 1) - Sobolev spaces
of order (1,2) - see Section 2.

~ &(f,g9) == (Vf,Vg) - the Dirichlet integral of f,g € W.

— Cap(X) - the capacity of a Borel set 3 C M - see Section 2.

2 — Sobolev spaces

The main purpose of this section is to prove; if M is almost polar, then
W = Wy. On a complete manifold, where the Cauchy boundary is empty, this
goes back to GAFFNEY [5]. He cuts off the function f € W out side of a ball
B(r), and prove that the modified function f, belongs to Wy and converges to f
as r — 00. If a manifold is incomplete, one should cut off f also near the Cauchy
boundary dM. We will prove that if M is almost polar, then this modified
function f,, belongs to Wy and converges to f (Theorem 2).

DEFINITION 1. Denote by W the completion of the set of real-valued C1:1-
functions f on M such that ||f|l1.2 = | fll2 + [V fll2 < oo, where || - ||2 stands for
the L?-norm, with respect to the norm || - |[1,2. The set Wy is the completion of
the set of functions in C''! with compact support C’é’l in W. Another Sobolev
type space H consists of measurable functions f such that both f and V f are
square integrable.

The Riemann distance does not work on a C''-manifold, so we work with
the intrinsic distance [1].

DEFINITION 2. The intrinsic distance d is defined by

d(z,y) = sup{(z) —p(y)| ¢ € C', |Vl <1} for 2,y € M.

We impose

ASSUMPTION 1. d is non-degenerate and generates the original topology
of M.

REMARK 1. It is known that d coincides with the Riemann distance, if the
manifold is class C%! [7].
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ExampLE 1. K. TH. STURM [21] developed the conservativeness, parabol-
icity, and LP-Liouville property of a local Dirichlet space utilizing the canonical
intrinsic distance associated to the Dirichlet form. A local Dirichlet space is a
generalization of a Riemann manifold, so his result covers complete manifolds,
however, his assumption excludes incomplete manifolds.

We define the capacity for M.

DEFINITION 3. Let ¥ C M be a Borel set. Denote by O the family of open
sets O of M such that ¥ C O. Let L(O) be the set of functions f € Wy such
that

0<f<land flo =1
The capacity Cap(X) of X is

Cap(X) = inf Cap(0),

where

Cap(0) = fei?(fO) 1 fl1.2-

We say X is almost polar if Cap(X) = 0.

REMARK 2. The Brownian motion on M hits ¥ C M if and only if Cap(X) >
0, so the Brownian motion on M and that of M \ ¥ (in order to make M \ ¥ a
manifold, ¥ should be closed) are the same almost surely, if ¥ is almost polar. If
¥ is a manifold and co-dimension is not less than 2, or a fractal with Hausdorff
co-dimension greater than 2, then it is almost polar.

EXAMPLE 2. See Section 5 for examples of manifolds M with almost polar
boundary such that M is not a manifold.

Recall the definition of the closure of an operator.

DEFINITION 4. An operator S : H; — Hy, where Hy and Hy are Hilbert
spaces, is called closed if the graph G(.9) is closed in Hy X Hs. S is called closable
if it has a closed extension. The operator T whose graph G(T') coincides with the
the completion of G(S) in Hy x Hs is called the L2-closure (hereafter, closure,
for short) of S and denoted by S.

It is well known in functional analysis that
PROPOSITION 1. Ewvery closable operator S has its closure S.
We may state the main result of this section.

THEOREM 2. Let M be a C%'-manifold without boundary. Then the
following holds.
(i) W=H.
(ii) If Cap(OM) = 0, then Wy = W.
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PrOOF. We start to prove (i). For f € W, let f,, € C! be a sequence such
that f,, — f in W as n — oco. By Stokes theorem,

(f,divX) = WILH;O (fn,divX) = nh—{%o (Vfn, X)=(Vf,X)

for every X € V;}. This shows f € H.

Conversely, let f be in H. Let {U,,®¥ata>0 be a local chart, where each
U, is relative compact, and {p,}+ be an associated partition of unity such that
Pa € Cé’l(Ua). We claim f, := pof € H. Let X be the weak derivative of f.
Then it holds

(PaX + fVpa,Y) = (f,—div(paY)) + (fVpa,Y) = (fa,divY)

for every Y € Vil. Hence —(po X + fVpa) € L? is the weak derivative of f,. So
fa € H. Denote by J. the Friedrich mollifier. Define .Jf, € C'*! by

Jefo = /Je(-,y)fa(y)u(dy)-

Since J(x,-) has support in B(z,e€), for every o > 0, there exists ¢, > 0 such
that J.f, € C’é’l(Ua) for every 0 < € < €,. Due to compactness argument,

||Jefa - fa

l12 — 0
as € — 0. For a >0 and § > 0, let ¢, > 0 be such that

||Je(,fo¢ - fa||172 < 279.

Then f5 =3, Je, fo € C1 satisfies

15 = flli2 <6

This shows f € W. Now we have completed the proof of (i).

Next, we prove (ii). We would like to show that for every f € W there
exists f,, € Wy such that f, — f in W as n — oco. First, we claim that we may
assume f to be bounded. Define

[Vg:=max{f,g},
fAg:=min{f, g}.

Then f,, := (fV(=1))Al — fin W as | — oo [11]. Hence, hereafter we assume f
is bounded.
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Next we claim that we may assume that f is 0 on some neighbourhood of
OM. Since OM is almost polar, there exists a sequence e,, € W such that

(a) 0<e, <1,
(b) there exists an open set 9M C O,, C M such that e,|o, =1,
(©) llenll1,2 — as n — oo.

From condition (¢), we may assume that e, tends to 0 almost everywhere as
n — o0o. Set f, = (1 —e,)f. Because of condition (a), f, € W. Then

The first and second terms of R.H.S. of (3) tends to 0 as n — oo by Lebesgue
theorem. The third term of R.H.S. of (3) tends to 0 as n — oo because f
is bounded. Due to (b), hereafter, we assume f is 0 on some neighbourhood
of OM.

Finally, we are going to cut off f outside of a big ball. Define a function
T by

(4) M(r)=(2—=n""r)VO)AL,

where 7 is the radius function from an arbitrary but fixed point x € M. Put
B(r) := B(z,r). We note that B(r) has finite volume for every r > 0. Indeed,
since OM 1is almost polar, there exists an open set M C O with finite volume,
and as B(r)\ O C M is compact because of Assumption 1, it has finite volume.
Due to the definition of the intrinsic distance, ||Vr||s < 1, and thus n,(r) € W
for every n > 0. As n,, is bounded,

fn = fn, € W for every n > 0.

Since ||V, lleo < 1/n, we have

() 1f = Fallie < N =na) fllz 07 fll2 + 111 = 12)V -

By Lebesgue theorem, R.H.S. of (5) tends to 0 as n — co. Now we may assume f
has compact support. By the mollifier techniques as in the proof of (i) above,
we obtain a sequence f, € C’é 1 such that fn — fin W. This shows Wy = W,
and we have completed the proof. O
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3 — Essential self-adjointness

A symmetric operator is called essentially self-adjoint if it has a unique self-
adjoint extension. In a series of papers, M. P. Gaffney studied this problem
for the Laplacian of a manifold. In [6] he established a criterion called M has
negligible boundary (see Definition 5) so that the Laplacian is essentially self-
adjoint. Subsequently, in [5] he showed that a complete manifold has negligible
boundary. In our previous paper [13] we had showed that if W = W), then M
has negligible boundary. In this section, we will prove that the converse is also
true, namely

THEOREM 3. The Laplacian is essentially self-adjoint if and only if W =W,.

First, we will present alternative two different proofs of Gaffney theorem
(Theorem 4). Then Theorem 3 will follow immediately.
In order to make A symmetric, we need

DEFINITION 5. We say M has negligible boundary if

/ div(fX) =0

for every f € D(V) and X € D(div).

The following Gaffney theorem says the assumption such that M has negli-
gible boundary makes A not only symmetric but also essentially self-adjoint.

THEOREM 4. A is essentially self-adjoint if and only if M has negligible
boundary.

Before starting the proof, let us present a corollary which is the (i) of The-
orem 1.

COROLLARY 2. If M has almost polar boundary, then A is essentially
self-adjoint.

PRrROOF. Let f € D(V) and X € D(div). Due to Theorem 2, there exists
fn € C’é’l such that f, — f in W. Then

(V£,X) = lim (Vf,, X) = —(f,divX).

n—oo

Hence M has negligible boundary, and A is essentially self-adjoint by Theo-
rem 4. O
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The first proof is to combine Lemma 1 and 2. We prove that the closure A
is self-adjoint, because if T is a self-adjoint extension of A then

ACACT=T*CA =A*,
which shows A = A" implies A = T, the essential self-adjointness of A.
LEMMA 1. If M has negligible boundary, then div - V is self-adjoint.

PRrROOF. We would like to show —div = V*, where V* stands for the adjoint-
operator of V, because then by Von Neumann theorem, div-V = —V* .V is
self-adjoint. Omne direction is obvious, because by the definition of negligible
boundary, — div C V* and since V* is closed, —div C V*.

Conversely, let X € D(V*). Because D(V{) = H = W where V¢ is
the restriction of V to the set of functions with compact support, there exists
a sequence X, € D(div) such that X,, — X in W as n — oo. This means
X € D(div). 0

LEMMA 2. If M has negligible boundary, then A = div- V.

PROOF. As Lemma 1 says A C div -V, we only prove the converse. Let
{Uw, %o ta>0 be a local chart, where each U, is relatlve compact, and {pa}a be
an associated partition of unity such that p, € C (U ). Suppose f € D(div-V).
Then f, := pof belongs to D(div - V). By the definition of a closed operator,
for every o > 0 and e > 0, there exists a vector field X, . € Vol’l(Ua) such that

(6) [V o = Xaelli2 <e
Due to Kodaira-Morrey-Eells decomposition, there exist f, € D(V) and Y, . €
div™*(0) such that

Xa,e = Vfa,e + Yoz,e'

Since the div—'(0) component of V f, . is 0, we have

(7) ”vfoz - vfa,e||2 S ||vfoc - Xa,e||2
and
(8) [div -V fo = div-V fa,clla = [|div - V fo — div X c[|o-

By (6), (7), (8) and Poincaré inequality, for every o > 0 and € > 0, there exists
ha,e € D(A) such that

||fa - ha,e 2 + HE 'v(fa - ha,e)”Z < 27%
Define a function f. € D(A) by

fe = Zfa,e«

«

Then we have o
||f - feH2 + Hle . Vf - Afe”Z <e.
Since € > 0 is arbitrary, now we have completed the proof. O
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We proceed to the second proof. Let us recall two self-adjoint Laplacians.
Both of them are an extension of the Laplacian on Cé’l. The Dirichlet Laplacian
Ap is the self-adjoint operator defined on the set of functions f € Wy such that
Af € L?. The Neumann Laplacian Ay is the self-adjoint operator defined on
the set of functions f € W such that (Af,¢¥) = —(Vf, V) for every ¢ €
W [18]. Denote by Ap o (resp. An,) the Laplacian defined on C1* N D(Ap)
(resp. CH1 N D(Ay)).

LEMMA 3. Apg (resp. Apg) is essentially self-adjoint and its closure is
Ap (resp. An).

The proof is similar to that of main result of [15]. For the sake of complete-
ness, we present the proof.

Proor. We would like to show Apg = Ap. Let f € D(Ap). Then by
hypo-ellipticity of A,
fi =P f € D(Apy).

By definition of 4P,

fi — fin L? ast — 0,

and
Afy=e®PApf — Apfin L? as t — 0.

Hence f; € D(Ap,) is a Cauchy sequence with respect to the graph norm of
Apy, and thus, f = lim, .o f; € D(Ap,). Obviously, the same proof applies
for An . 0

As Apo C A, if A is symmetric, then it is essentially self-adjoint. This
completes the second proof of Theorem 4.
Now we prove Theorem 3.

PROOF. In the proof above, we have observed that if M has negligible
boundary, then A is essentially self-adjoint and the closure A is the Dirichlet
Laplacian. Now we would like to see that the closure coincides also to the
Neumann Laplacian, because if it is true, then the quadratic forms «/—Ap and
/—Ay coincide, where

D(\/ —AD) == WO and D(\/ —AN) = VV,

and accordingly, W = W, [18].
Suppose f is in D(Ay,). Then

<Af7 1/’) = _<Vf, v¢> for every 1/1 ew

shows Vf € D(V*). Hence Vf € D(div) by Lemma 1, and f € D(A) by
Lemma 2. Thus, Ap = A = Ay and we have the proof. O
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REMARK 3. Consider the Laplacian A = 9§ 4+ 0 on forms with following
domain [6]. The domain D(9) of 9 is the set of C''-forms « such that both o and
da are square integrable. Similarly, the domain D(6) of § is the set of C'-forms
a such that both a and da are square integrable. Then let the domain D(A) of
the Laplacian A be the set of C'-forms o € D(d) N D(§) such that da € D(J)
and da € D(9). One may prove the essential self-adjointness of A by a similar
method of the second proof presented above. In fact, assume A is symmetric.
Then, for the Friedrich self-adjoint extension Ag of A,

a = e "Bra e D(A),

and both a; and Aqy converges to a and Aq, respectively, as ¢ — 0.

4 — Conservative, parabolic, and Liouville property

In this section we prove conservativeness, parabolicity and a Liouville type
property. Let us start from definitions. The heat kernel p associated to %A is
the smallest positive fundamental solution to the heat equation

1 5}

§Aut = &ut.
J. DopzIuk [3] showed that every Riemann manifold (whether it is complete or
incomplete) admits the heat kernel. Let us recall

DEFINITION 6. A manifold M is called conservative if the heat kernel p
satisfies

/p(t,x,y) dp(y) =1
for every t > 0 and = € M.

Let (€, D(€)) be a Dirichlet form on L? and T be the generator. (€, D(E))
is called conservative if for every f, € L? such that 0 < f,, <1, f,, — 1, it holds
el f,, — 1 as n — oo for every t > 0. For further study of a Dirichlet form, we
refer [4]. Denote by Ap the Dirichlet Laplacian. Then, since

e f = /p(t ) f(y) du(y) for every f € L7,

the conservativeness of M is equivalent to that of the Dirichlet form (€, Wy).
As (€, W)) generates the Brownian motion, M is conservative if and only if the
Brownian motion X; starting from an arbitrary point of M may be found on M
almost surely at every time ¢ > 0. The terminology conservative originates on
this fact.
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A manifold with boundary is never conservative in the sense above, because
the Brownian motion will be absorbed at the boundary. So instead of the heat
kernel, we consider the Neumann heat kernel. In such case, the corresponding
Dirichlet form is (£, W) and the Brownian motion is reflected at the boundary.
A manifold with boundary of Neumann condition is conservative if it has volume
growth condition (1) of Theorem 1 [8].

We start the proof of conservativeness.

PRrROOF. Our argument bases on the following [4]. O
THEOREM 5.  The Dirichlet form (£, D(E)) is conservative if and only if
there exists a sequence f, € D(E) such that
0<f, <1, lim f, =1, and lim E(fn,1p) =0 for everyp € D(E) N L .

Let OM C O, be a decreasing family of open sets of M such that d0,, N M is
CY! for every n > 1, and Cap(O,,) — 0 as n — oo. The manifold with boundary
M\ O,, is conservative with Neumann condition [8] for every n > 1. Hence, by
Theorem 5, for every n > 0 there exists a sequence f,,; € W(M \ O,,) such that
ngn,lglonMv

llim frg=1, and llim E(fui, ) = 0 for every ¢ € W(M \ O,) N L.
Set hy, 1 = e, V fn,1, where e, is the equilibrium potential of O,, N M, that is the
function e,, € Wy such that 0 <e, <1on M,
en|OanIM = 17 and Cap(On N M) = H€n||1,2-
Then h,; € W, and

©) € ¥)| < (Ve VO +| [ (Vfur, T0)|.

M\O,,
The R.H.S. of (9) tends to 0 as n,l — oo. Since h,,; € Wy for every n,l > 1,
and hy,; — 1 asn,l — oo, M is conservative by Theorem 5. O

A manifold is said to be parabolic if it does not admit a non-negative Green
function G. By definition,

G(z,y) = / p(t,x,y)dt, for every z,y € M.
0

This shows M is parabolic if and only if the Brownian motion is recurrent. The
concept of recurrence may be extended to general Dirichlet form, and it holds [4].

THEOREM 6. The Dirichlet form (€, D(E)) is recurrent if and only if there
exists a sequence f, € D(E) such that

0< f <1, lim f, =1, and lim &(f,, fn)=0.
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We proceed to prove the parabolicity.

PROOF. The volume growth condition (2) of Theorem 1 implies

2n+1

2 i —uz

n>0

:OO,

where v(r) stands for the volume of the ball B(x,r) with arbitrary but fixed
x € M. Hence,

2n+1 o 2n
(10) lim v(") — (@) _ 0.

n—o0o 22"

Let 1, € W be the function defined by (4). Then

v n+1 —v n
5(%,%):%

By (10) and Theorem 6, the Brownian motion is recurrent. 0

REMARK 4. The parabolicity may be proved by the same idea of the proof
of conservativeness presented above. More precisely, decompose M = M; U My,
where OM C M; and M; has finite volume. Imposing Neumann condition to
both M; and Ms, by condition (2) of Theorem 1, both manifolds are parabolic.
As M does not have boundary condition, it is parabolic.

Finally, we prove a Liouville property.

PROOF. Let n, € W be the function defined by (4). Let f be a non-negative
sub-harmonic function. Assume f € D(A). Since A = Ap ((ii) of Theorem 1),

0 <A(Afnnf) = 20V f, 1 fVna) — (V.0 V f),

and hence

(11) Hnnv.f”Z < 2||fV77nH2

The R.H.S. of (11) tents to 0 as n — oo by Lebesgue theorem. Therefore V f = 0.
If one puts h = fP/2, then h is sub-harmonic and f € L?. Essentially the
same proof described above applies to show VA = 0, so we omit it. O

REMARK 5. It is known that there exists non-constant non-negative sub-
harmonic function such that f ¢ LP for any p > 1 on a complete manifold. The
next two examples show that we may not remove the additional assumption such
that f is bounded and M is almost polar.

Consider M = R3\ {0} and f = (r~2—1) V0, where r is the radius from the
origin. Obviously, M has almost polar, f is sub-harmonic, and f € L5/%. Then,
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a standard smoothing technique of sub-harmonic functions on Euclidean space
yields a non-negative, non-bounded, non-constant C-sub-harmonic function in
L3/4,

Consider M =R\ {0} and f = ((r +1)"! —4) v 0. Then {0} is not almost
polar, f is bounded sub-harmonic and belongs to LP with every p > 1.

REMARK 6. A similar estimate in the proof of parabolicity may be found
in [10]. The conservativeness and parabolicity can be proved by the main result
in [10]. The original proof of Liouville property of complete manifolds can be
found in [22].

5 — Examples

In this section, we consider some examples. Let us recall a sufficient condi-
tion of M to be almost polar [13].

DEFINITION 7. The lower Minkowski co-dimension of a Cauchy boundary
oM is
lim inf log vol(Ne) vol(Ne)
e—0 log €

where N, is the e-tubular neighbourhood of M.

THEOREM 7. If the lower Minkowski co-dimension of OM is greater
than 2, then it is almost polar. In particular, if OM is a manifold, and its lower
Minkowski co-dimension is not less than 2, then the same conclusion holds.

ExAMPLE 3. Consider the incomplete manifold M\ X, where M C CP™ is an
algebraic variety in complex projective space with singular set of co-dimension 2.
P. L1 and G. TiAN [11] showed the essential self-adjointness of the Laplacian,
conservativeness, and established an estimate of eigenvalues. As they proved
that ¥ is almost polar (Theorem 4.1), and M has finite volume, their manifold
is not only conservative but more strongly, also parabolic. For a detailed proof,
we refer [24].

EXAMPLE 4. Let M be a compact orbifold with singular locus ¥ of codimen-
sion > 2. In the same way as in [11], one may show that the Riemann manifold
M \ ¥ has almost polar Cauchy boundary. The spectrum of the L?-closure of
the Laplacian is studied in [19].

ExaMPLE 5. Consider an incomplete 2-dimensional manifold of finite vol-
ume having constant curvature = 1 with isolated conical singularities. Such a
manifold is called Met;-surface and is important for the study of minimal sur-
faces [12].
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EXAMPLE 6. Counsider the so called “football”. Set M := C\ {0}

A2+ dy?) et (L 4r?)

- ’ - ) ER7h’: 27
(1+72)2 T+p2n 0 HETS U

where r is the distance from the origin. Then {0} is almost polar. In [14], we show
that the Laplacian has pure point spectrum and it satisfies Weyl’s asymptotic
formula.

The next example has fractal Cauchy boundary.

EXAMPLE 7. Let us recall the Cantor set ¥ in a real-line. Consider the
union of 2"-segments

Y, =1[0,3""ul2-37",3 " u...U1-3" 1 CR.

Then ¥ is defined by ¥ = lim, oo Ni<i<nX;. Let (M,g9) = (N \ X, fg,) be
an incomplete manifold defined as follows; N is a 3-dimensional complete C2-
manifold with metric g, € C2, ¥ is a Cantor set, by this we mean there exists
a local chart (U, ) of N such that C C U and ¢ (%) is a Cantor set in R. The
metric ¢ = fg, is defined as follows. Denote by r the distance from ¥ with
respect to g,, and set
r’, if x € B;

J(@) = { 1, otherwise,

where € > % and B = {z € N|r(z) < 1}.

PROPOSITION 2. M is a CY ' -manifold with almost polar boundary.

PROOF. Since M is of class C? and g is Lipschitz on every compact set,
M is of class C11. Let us assume (%) lies in z-axis. We claim M = .
Indeed, for every a = (2,0,0) € ¥ (hereafter we identify ¥ with ¢ (X)) and
an = (2,0,1/n) € M, there exists C' > 0 such that

1
d(a—an)<C/ 2¢dt — 0 as n — oo,
0

where d is the Riemann distance with respect to g. As NN is complete, OM =
Y. Denote by V,, the volume of B(X,,37!) with respect to g. By an explicit
computation of V,, and letting n — oo, Minkowski dimension of ¥ is

logVn<1 log2 2e+1
nlog3 — log3 e+1°

dim(X) =3+

Hence, co-dimension of ¥ C M is greater than 2 if € > %. By Theorem 7,

OM is almost polar. O
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