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ABSTRACT: A new class of refinable functions extending the GP class introduced
in [12] is presented. It is characterized by a symbol with fractional exzponent that gives
rise to non-compactly supported refinable functions. Nevertheless, the decay and sta-
bility properties of these refinable functions allow them to generate a multiresolution
analysis (MRA) of L*(R). For suitable values of their parameters these refinable func-
tions reduce to the fractional B-splines introduced in [16], while, for integer «, they
interpolate the GP refinable functions. Furthermore, this class of refinable functions is
proved to be closed with respect to convolution and fractional differentiation, allowing
for its convenient the applicability to Sobolev spaces. The fractional refinable functions
introduced here show an useful order of polynomial exactness.

1 — Introduction

Cardinal B-splines are well known in the literature. Their appealing prop-
erties allow for their diverse applications in approximation theory. In particular,
in the context of multiresolution analysis, they exhibit crucial properties such
as refinability, polynomial reproduction, total positivity and useful differential
and convolution formulae. A class of totally positive, centrally symmetric and
compactly supported refinable functions is given in [12] as an extension of the
B-spline class which we will refer to as the class of the GP refinable functions.
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Due to their localized support, in many applications these GP refinable func-
tions give a better numerical results than the B-splines themselves [4], [8], [10]
and [11], [13], [14].

Recently, in [16], the class of cardinal B-splines has been extended by intro-
ducing a non integer exponent in the discrete Fourier transform. Following this
approach, we construct an extension of the GP refinable class and investigate its
MRA'’s, approximation, differentiation and convolution properties. The paper is
organized as follows. In Section 2, we review some preliminary facts and estab-
lish some notations to be used later. In Section 3, a brief description of the class
of fractional B-splines is presented. In Section 4, a characterization and the main
features of the class of GP refinable functions as well as a convolutional property
are provided. In Section 5, the class of GP refinable functions is extended to
a fractional index in the mask giving rise to symbols with fractional exponent.
These new refinable functions generated in this way are no longer compactly sup-
ported nor positive. Nevertheless, we show that they generate a MRA of L?(R).
Moreover they are characterized by a simple convolution relation between suit-
able minimally supported refinable functions and suitable fractional B-splines.
Finally, in Section 6, the closure of this new class with respect to convolution and
differentiation is proved and a surprisingly high order of polynomial exactness
for the fractional refinable functions is proved.

2 — Preliminaries

In this section we introduce some notation and definitions. We call refinable
function ¢ a solution of a refinement equation

(1) o) = Zakgo(Qm —k), z€eR
kEZ

where the sequence

(2) a = {ak}rez

is called the mask of ¢ and here is supposed to satisfy

(3) Za2k = Za2k+1 =1.

k€EZ kEeZ

The Fourier transform of (1) yields

() plw) = 5ml/D9(w/2),
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where ¢ is the Fourier transform of (, namely

(5) Plw) := /Lp(x)e_i“’“’ dr, weR,

and m is the trigonometric series of the mask a, i.e.

©) m@) = Y ae o eR.
kez

By the change of variable z = ¢™ (6) gives rise to the symbol associated to the
mask a, i.e.

(7) b(z) := Zakzk .

keZ

In the following we shall need the convolution product between the functions f
and g, defined as

(8) (f+ o) /f oz —7)

It is known that the convolution of two refinable functions is still refinable and its
discrete Fourier transform can be expressed through the product of their discrete
Fourier transforms [3]. It is also worthwhile to recall (see [7], [5], for instance)
that a refinable function enjoying suitable conditions generates a multiresolution
analysis (MRA) of L?(R), i.e. a nested sequence of closed subspaces V;, j € Z
of L?(R), such that

o (UjezVj) = L*(R);
b ﬂjesz = {0}

e T a Riesz basis of Vp, i.e. a basis {e }rez of Vj satisfying the Riesz condition

E CLCk

kEZ

(9) Alleffiz < < Bllelliz,  V(er)rez € 12(Z),

L2

for some positive constants A and B such that 0 < A < B < co.

The space V; j € Z are generated from ¢ in the following way

(10) V; :=span{2i/2¢(27 e k), k € Z},

or equivalently by the Riesz property as

) V= {f:f=20l2j/2w(2j-—k), <ck>kezez2<z>}.

leZ
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3 — Fractional cardinal B-splines

In the paper [16], the extension of the class of the cardinal B-splines is
provided by introducing the concept of fractional finite difference operator. Their
starting point is the definition of the classical cardinal B-spline, i.e. the B-spline
on integer knots. Let us consider the truncated power function

(12) T"(z) := (max(0,z))", xz€R

and the finite difference operator
(13) A" f(x) ::Z <Z)(—1)kf(:c—k:),,x€R.

Then, the classical B-spline is defined in the following way
(14) B" := A"TIT™,

From this definition Fourier transform of B™ comes

R 1_67“‘) n+1
1 B" = — R.
(15) @=(157) e

Now, to extend the definition (14) to a real index a, consider the Gamma function

+oo
Ia) = / e %dx for a >0,
(16) 0

[(a)=a"'T(a+1) for a <0,

and the generalized binomial coefficient,

a\ MNa+1)
(7 <k>F(k+1)F(a—k+1)’ kez,

that, for integer «, reduces to the usual binomial coefficient. We note that,
from (16) it follows that lim I'(a)) = —oo for @« — 0~ and lim I'(a) = 400 for
a — 0% and hence, by recursion, that lim T'(a) = (—1)*I+1. 00 for a — k~, and
lim T'(a) = (=1)*I . 0o for a@ — k*. These facts imply

(18) (Z) =0, fork<0,

and

(19) sign <ZZ) = (-1 fork>a-1.
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Hence, defining the fractional finite difference operator
o e
(20) A% @)= X (3 0Ffo - ).
k>0
leads to the fractional cardinal B-spline

1

Aa+1 Ta
I(a+1)

(21) B¢ =
of [16]. The binomial theorem

s
1+2)°7=> ()z’“ B>0, |2]<1,
(22) S \k

BeR, zeC,
allows one to obtain the following expression for the Fourier transform of B¢,

(23) BY(w) = <£)a+1, weR.

1w

For non integer «, the authors prove that two properties of the classical B-
spline get lost, i.e. BY is no longer positive and no longer compactly supported;
nevertheless, they prove that BY, for a > —1, is bounded and has a decay at
infinity proportional to |z|~*72, i.e.

o 1
(24) B¢ (x) =0 (W) , for |z| = o0.

However, most of the B-splines properties are preserved and in some cases im-
proved. They prove that B¢ is refinable with mask

o 1 fa+l
bk_2a<k>’

and corresponding symbol

(25) b () = 2iau )L

Moreover, the functions {B$ (- — k)}rez form a Riesz basis of Vp, giving rise,
hence, to a MRA of L?(R).
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They prove also that B fulfills other interesting properties, as the following
convolution relation

(26) B s BS? = BTt agiap > 1,
the following fractional differentiation relation

(27) DYBY(x) =A"B{ (), a>-1,7€R,
where the operator D7 is defined in the Fourier domain

(28) (D7 f)w) = (iw)" f(w).

Finally, B has order of polynomial exactness d = [a] + 1, i.e. 3 a sequence e,
such that

(29) ml:ZeiBi(:ﬂ—k), 1=0,...,[a].
kEZ

REMARK 1. Note that, for integer values of «, (20) reduces to (13), i.e. the
fractional B-splines interpolate the cardinal B-splines.

REMARK 2. The decay in (24) implies that B} € Li(R).

REMARK 3. It is worthwhile to remark that (27) allows for the application
of such fractional B-splines to partial differential problems in Sobolev spaces
with fractional indices.

REMARK 4. As for (29), we recall that the cardinal B-spline B™ reproduces
polynomials up to the degree n.

4— On a class of MRAs on L*(R)

Our starting point is the class of refinable functions ¢,, j, presented in [12]
and defined through an explicit expression of the masks. We show two different
subclasses of it. The first comes out to be

1 n+1 he n—1
= 4(2h " — 1
(30) o= g5 (") ()]
k=0,1,... , n+1,

where h > n is a real parameter and n > 2, while the second is

(B1)  aim.k :% Kn Z 1) +(2™ —4) <Z B 1) (27 gm2) (Z B ;’)} ;
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k=0,1,... ,n+1, withl >n — 2 +logy(14 2™ 1),

(32)
m > n real parameters and n > 2.

We emphasize that (30) and (31) can be considered both as generalizations of
the masks of the cardinal B-splines to whom ¢, , reduce for h = n, preserving
all their appealing properties. In fact, the refinable functions ¢ are compactly
supported on [0,n + 1], centrally symmetric and totally positive. Moreover, they
belong to C"~2(R) and C" *(R) respectively and they have order of exactness
d=mn-12>0and d = n—3 > 0 respectively. Moreover, they give rise
to a MRA of L?(R). We shall call ®;, and ®,, the spaces generated by the
refinable functions ¢, 5, € C" 2(R) corresponding to the masks in (30) and
by the refinable functions ¢, y € C"4(R), H = (I,m) corresponding to the
masks in (31), respectively. Moreover, from now on, the indices n, h in ¢, 5 are
assumed to be n € IN and h € R. In [12], it is proved that the GP class is closed
with respect to the convolution and in [13] a relation for the convolution of two
functions in C"~2(R), depending on the same parameter h, is given. Instead,
for any two refinable functions in C"~2(R), the following general result holds.

THEOREM 1. Let be ¢n, hys Pnyhe € P2, with hy > ny and hg > ny. Then
(33) Pni,h * Pnghe = Pnifnat+1,H € Cn1+n2—4’
being H = (I,m), with | = hy + hy + 1 and m = logy (21142 4 2he—n2+2 _4)

Proor. We call by, n,, bny b, and by, 4nyt1,m the symbols of @, by O ho,
and @y, 4n,+1,H, respectively. Hence, it is sufficient to prove that

(34) bnl,hl (Z) bn27h2 (Z) = bn1+n2+1,H(2> :
As matter of fact, one has

bn17h1 (Z) an,hz (Z) =

1 ni—1
_d+amr (2% + (2 7™mF2 —2)2 + 1)x
(35) 2h1
(142)""' ho—not2
X T(z + (20272 )24+ 1) =

= (14 2)mtnt D=4 g (2) = by (2)

with N = ny+ns+1, qu(z) = g (22 +2m23 4 (27 VT4 2 —2m+1) 21 9mz 4 1),
I =hy +hy+ 1 and m = logy(2h1—m1+2 4 2ha—n2+2 _ 4, 0
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In the following, we will need an explicit expression of the Fourier transform
of ¢p, .
Let us begin with a first result on the zeros of ¢y, p.

THEOREM 2. Let be ¢, 1 the Fourier transform of @, n, with n > 2 and
h>n,neIN,heR.
Then

(36) Gn,p(w) =0 if and only if w=2kw, ke Z\{0},
i.e. On.p has the same zeros as the function sinc(w/2).

ProoF. Recalling that ¢, ;, has order of exactness d =n — 1 if h > n and
d=n+1if h =n, with n > 2, the Strang and Fix condition

d'g
(37) $(0)=1, d—j(zkw):o, keZ\{0}, 1=0,....d1,

implies that the points w = 2km, k € Z\{0}, are zeros of ¢, . Viceversa, if
0 # 2km were a zero of ¢y p, then, for (4) all the values %, [ € Z, should be
zeros of ¢p, p. The continuity of ¢, 5, would imply ¢, »,(0) = 0 in contradiction

with (37). 0

Now we can prove semi-explicit formulae for ¢,, 5 and for ¢, , € ®».

THEOREM 3. Let be ¢, p, the Fourier transform of ¢ p € ®o, with n > 2
and h > n.
Then ¢, n can be written in the following way

(39) Bon(w) = (1‘—) fun(@).

w
where
L2
1—e™™
) fus) = (555 ) orn=n,

fan(2km) £ 0, Yk € Z, for h >n,
moreover, in the last case, fy 1 verifies the following relation
fon(w) = p(w/2) frn(w/2),
with

(40) p(w)2) = 2nh=2 e 4 (2hn2 _gymiw/2 4 ]
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PROOF. (38) and (39) are deduced from the Strang and Fix condition (37)
with the same observation on the exactness order of ¢, as in the previous
theorem, while (40) comes out substituting (38) in (4) and using the explicit
expression for the function m(w) [12]. 0

From (38), by antitransforming one deduces the following “zero at n”-
condition.

THEOREM 4. Let be h > n and n > 2. Then for any GP refinable function
©n,n € Pa one has

Pn,h = (Bn72 * gn,h) s

where B"~2 is the B-spline of degree n—2 and gy, 5, does not vanish on the points
w = 2kr, k € Z\{0}.

PROOF. The result follows directly from (38) and (39), recalling (14) and
observing that, since Gn p(w) = frnn(w), for the Strang and Fix condition, g, »
does not have any order of exactness. O

REMARK 5. Theorem 3 claims that any GP refinable function of ®5, with
exactness order equal to n — 1 is the convolution of the B-spline having the same
exactness order and a distribution. Hence, the part of the GP refinable function
that carries out the order of exactness is known explicitly, and that might allow
one to obtain explicit approximation formulae.

As for the numerical applications, when h is increasing, these refinable func-
tions show better performances if compared with the B-splines, due to the better
localization of their supports (see, for instance [4], [10], [11], [13], and [14]).

5 — Fractional refinable functions

Starting from (31), we consider an index o € RT and exploiting (17), (18)
and (19), we define the mask af whose components are

o 1 a+1 hea a—1
(41) =g |(“31) Hae-0(E 1)
(42) with k= 0,1,. ..,

and h > «. Note that, for h = «, one obtains

o 1 fa+1
(43) aaﬁk—2—a( k )7 kGZ,
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that is the mask of the fractional B-spline B{. Due to (22), the symbol associated
with the sequence af! is given, for |z| < 1, by the formula

(44) B(2) = (14 2 4 4@ (14207,

that can be extended analytically to the whole complex plane C; the correspond-
ing refinement equation turns out to be

(45) o) = ap on(2e —k), zeER.
k>0

As first point, it comes interesting to characterize the class of functions ¢f
through a convolution formula between a suitable minimally supported GP re-
finable function and a suitable fractional B-spline.

THEOREM 5. For any a > 2 and for any h > «, the following convolution
relation holds

(46) o = (pg;* BETY),

where h = h — a + 2, ©y 4, 15 a GP refinable function of ®o with support [0, 3]

and Bi73 is the fractional B-spline of fractional degree o — 3.

PROOF. The claim follows from Theorem 1, observing that, for h = h—a+2,
one has
(e 1 a—3
(47) () = 3y (D 2(2),

being bz,}}(z) = 2Lh(l +2)(2% + (2iL —2)z + 1) the symbol associated to Pa i and
b*73(2) = 5a=5 (1 4 2)*~2 the symbol associated to Bi_?’. 0

As first consequence, (46) guarantees the refinability of the fractional func-
tions ¢f, since ¢ is the convolution of two refinable functions. Moreover, it
suggests to derive some properties of the fractional refinable functions from the
analogous properties of the fractional B-splines. In this regard, through (46) we
can analyze the decay of ¢f to the infinity.

THEOREM 6. For any a > 2 and for any h > «, one has

(48) o5 € L*(R).
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ProOF. The Fourier transform applied to (47) yields
(49) G (W) = ¢y (W) B 3 (w).

We observe that @, ;(w) and B> 3(w) are bounded on R. Also, since Po 7, 18
compactly supported and B*~3 belongs to L?(R) for o > 2 [16], then for the
Parseval’s identity one has that ¢, ;, and B3 are bounded functions of L2(R);
that implies the square integrability of ¢f and hence of ¢f on R. 0

The convolution formula (46) allows one also to prove that the functions
oY (z — k) form a stable basis for the space Vj.

THEOREM 7. For any o > 2 and for any h > «, the refinable functions
{e5(- — k) }rez fulfill the Riesz condition:

(50) Allellz < Y ek)eh(@ — k)| < Bllli, Vee?(2),

kEZ

LZ
with 0 < A < B < .

PROOF. It is known (see for instance [5]) that (50) is equivalent to bound

the function
a(w) =Y |pf (w + 21m)[>
=

from above and from below with the constants A and B respectively. To find a
lower bound one observes that since a(w) is symmetric and 27-periodic, we can
restrict its study to w € [0, 27]. So, for (46), we have

a(w) = Y 1945w + 2AmPIBE (@ + 2m)* 2 |24, (@) P1BL > (w) =

lez
o1
(51) ) w2a—4 5 (2 2a—4
>m ‘Sinc— >me | — = A
2 s
where m := min|@; ,(w)[?, w € [0,27] is non-zero since ¢ has zeros only in

wy = 2km, k € Z\{0}.
As for the upper bound, one has

YR H2AmP = 1y 5w + 2m) B (w + 20m) <

(52) leZ leZ
<@g olw+2m)? Y B} (w+2m)|* < By By =: B,
leZ LEZ

where B; and Bs are the right Riesz constants associated to ¢j, , and Bf’f__3
respectively. O
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This theorem guaranties that the set {¢f (- — k) }xez is a Riesz basis for the
space Vj that it generates. Moreover, as consequence of the refinability and of
Theorems 4-5, it is possible to claim that ¢ gives rise to a MRA of L?(R). More
precisely, one has the following theorem.

THEOREM 8. For any o > 2 and for any h > o, o generates a MRA of
L%(R).

PROOF. The claim follows since % belongs to L?(R), is refinable and {¢§(-—

k)}kez form a Riesz basis of V.

6 — Some further properties

As for the convolution of the two fractional refinable functions the following
result holds.

THEOREM 9. For any ai,as > 2 and for any hy > a1 and hy > asg, the
following convolution formula holds.

(53) (ht * op2)(@) = (g5, * BAH27%)(2),

with @5, g € ®4 and H as in Theorem 1.
PROOF. From (46) and Theorem 1, the thesis follows by observing that

(Dt % op2) (@) = (g, ¥ o i) ¥ (BE 2 BE272) (@) = (5,5 * BS T2 7%)(2) . O

As for the order of polynomial exactness, we prove for the fractional refinable
functions the following surprising property.

THEOREM 10. Let be o > 2 and h > «.

Then the fractional refinable function @5 has order of polynomial exactness
d = [a] — 1, i.e. there exist sequences pl, such that

(54) xl:Zpécgoo‘(x—k), 1=0,...,[a] —2.
kEZ
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PROOF. It is known (see for example [3]) that (54) is equivalent to prove
the Strang and Fix condition (37) for ¢®. Moreover, due to (46), one has

(55) P (W) = Py (W) B3 (W),
where

1— e\ *7?
o= (1)

w

and for (38) ¢, ;(w) = (1—.6’“’) Fun(w) with fon(2km) # 0, Vk € Z. Then,

(%%
the thesis comes by following steps similar to the derivation of relation (4.1)
in [16]. O

For the fractional differentiation, a formula similar to that of the fractional
B-splines holds.

THEOREM 11. For any real o > 2 and for any real h > «, the following
differential formula holds.

(56) DYp*(z) = AV (z), a>2, ~yeRT.

PROOF. Let A the operator defined as follows

(57) A"/(w) — Z(—l)kvke_i“’k _ (1 . e_iw).\{-

k>0

We observe that the operator A7 is a convolution operator, then, in the Fourier
domain, it becomes

(58) ()97 (@) = A6 (W), a>2 yeR'. 0
So the result follows from (48).

REMARK 6. As for (54), we recall that the GP refinable functions ¢, j
reproduce polynomials up to the degree n — 2.
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7 — Some numerical features

We report, in figure 1, on the left side, the plots of ¢§ for a = 3,3.5,4,4.5, 5,
5.5,6,6.5,7 and h = «, which provide some examples of fractional B-splines.
Note that, for integer values of a they reduce to the classical cardinal B-splines.
On the other side, setting h = « + 5, some examples of fractional GP refinable
functions which do not reduce to the classical B-splines, are shown. We observe
that both figures exhibit a decay that not only confirms what already claimed
in Theorem 6, but also makes the fractional refinable functions to look like
compactly supported functions. Moreover, we observe that the support of ¢
for non integer a and [«] = n, looks strictly contained in the support [0,n + 1]
of ¢n 4, even though the order of exactness of ¢ is exactly the same as that of
On,h, 1. — 1.

12 0.9
. | 08
0.7
0.8 1 06
0.6 ] 03
0.4
0.4 1 0.3
0.2 102
0.1

0 )
0
0.2 —0.1

0 2 4 6 g§ 10 12 14 16 18 20 0 2 4 6 g§ 10 12 14 16 18 20
Fig. 1: Plots of the fractional B-splines for @ = 3,3.5,4,4.5,5,5.5,6,6.5,7 (left) and of

oy, h=a+5 (right).
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