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Integration on fuzzy subsets of the unit circle

VITTORIO CAFAGNA — GIANLUCA CATERINA

Vittorio Cafagna suddendly died in Paris on January 5, 2007.
He is deeply regretted by those who admired his mathematical curiosity and intuition

ABSTRACT: Let T be the unit circle and (T, 2B u) be the probability space defined
by the Borel o-ring 98 and the normalized Lebesgue measure p. Consider the collection
LYT,R) > 7= {&:0 < &(t) < 1}. According to Zadeh’s philosophy, members of F
will be called measurable fuzzy subsets of T and thought of as generalized subsets. Let
f € LYT,R) be a summable function. Define the integral of f on a measurable fuzzy
subset & as f(,fd,u = fT Efdu. In this note we prove that there exist sequences Ry, of
collections of n arcs, such that f{;fd,u = lim,— oo fRn fdu. The main ingredient of the

convergence result is an old and remarkable theorem due, independently, to Friedman
and Ghizzetti.

1 — Introduction

Let us denote by I the unit interval [0,1] and by Zs = {0,1} its boundary.
Let X be a set and 2¥ = ZI its power set. Consider now I*, obviously a
superset of Z . According to Zadeh [3], we call members of IX fuzzy subsets of
X. The philosophy of the definition being that, while a function F : X — Z,
tells you if x € X belongs or not to the subset £ C X, a function ¢ : X — I
tells you that = € X belongs to & up to a certain degree given by 0 < &'(z) < 1.
The collection I¥ of fuzzy subsets of a set X will be denoted by Z, or simply #

KEY WORDS AND PHRASES: Fuzzy measures — Fourier expansions.
A.M.S. CLASSIFICATION: 42A16, 42A99, 26E50, 28E10
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when X is understood, and members of the subcollection Z5 will be called crisp
subsets. Accordingly, we will denote by ¢ x, or simply ¢, the collection of crisp
subsets, when needed.

Let now (X, S, 1) be a measure space, u a positive measure and S the o-ring
of measurable subsets. Denote by ./'the collection of summable fuzzy subsets of
X (summable meaning of course summable as functions from X to I). ./is a ring
with respect to the operations \/, /\ defined by &'\/ ¢ = sup,cx{&(x), 9(z)} and
EN ¢ = infrex{&(x), 9(x)}. Remark that \/, A reduce, respectively, to |,
in the case of crisp subsets, so that ./is a superring of S. Therefore we feel free
to re-christen the operations \/, A\ as |J,[) on the whole ring ./ It is easy to
prove that (./;|J,() is also o-complete in the sense that it is closed with respect
to countable intersection and union of a sequence ¢, defined, respectively, as
Un &, = limsup,,_, ., ¢, and N, &, = liminf,,_, &,. Moreover, one can define
on ./an involution & — &by é= 1 — &, which reduces to taking the complement
on the subring of crisp subsets. It is worth remarking that the ring ./'is not
Boolean, due to the failure of the excluded middle axiom. In fact, £ENé= 0 < &
is a crisp subset.

One could wonder how much of classical measure and integration theory
can be carried over to such a generalized setting. It might come as a surprise
that, in the very special case of fuzzy subsets of the unit circle T, one can prove
that the integral of a summable function on a fuzzy subset can be defined as
the limit of integrals of the summable function on a sequence of crisp subsets,
actually families of arcs. The convergence result rests on a remarkable theorem
due, independently, to Friedman [1] and Ghizzetti [2].

In this note we describe this theorem and show how to use it to derive the
convergence theorem.

2 — Fuzzy measure spaces

Let (X, S, 1) be a measure space, u a positive measure, and L*(X,R) the
space of summable functions on X. Let 7= IX the collection of the fuzzy subsets
of X, as defined above, and ./ = #N L*(X,R) the o-ring of summable fuzzy
subsets of X. One can extend in a natural way the notion of measure of a set to
summable fuzzy sets: define, for & € ./

,ug/,‘(@@):/ &dp.
X

Trivially po & = ué if & is crisp and it is also easy to verify that the defining
properties of a measure are still valid on .. In fact, if {£y}ney C ./ with
En N Em =0 for n # m, one has p(Upéy) =, ().
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One is therefore naturally tempted to state the following definitions:

DEFINITION 1 The triple (X, ./, u7) is called the fuzzy measure space asso-
ciated to the measure space (X, .S, ).

DEFINITION 2 Let (X, S, 1) be a measure space, (X, ./, 17)be the associated
fuzzy measure space, f € L'(X,R) a summable function (with respect to ) and
& € Sa fuzzy subset of X. The quantity

[ taus= [ ran
& X
is the integral of f over ¢ with respect to po.

Let us stress that a fuzzy measure space is not, in accordance with the red
herring principle, a measure space: the formal o-ring ./ contains not only sets
but also functions (a fortiori a fuzzy measure is not a measure.) It is just a
formal mathematical object which behaves somewhat like a measure space. To
what extent, can be considered as a wide-open question. Even more, the integral
of a function over a fuzzy set is not even formally the Lebesgue integral with
respect to the fuzzy measure. It is not even clear how to give a sound definition
of a characteristic function of a fuzzy subset, if any. It is just a procedure to
associate a positive real number to the couple (&, f) formed by a fuzzy subset and
a summable function (with respect to the bona fide measure u.) That it behaves
somewhat like a Lebesgue integral is due to the fact that is actually a Lebesgue
integral (with respect to the bona fide measure p) of a product of functions. It
might be safe to bet that every proposition of standard measure and integration
theory which does not use in a crucial manner the excluded middle axiom has a
painless extension to the fuzzy setting. Still, the theoretical framework is rather
vague and unclear (not to say fuzzy.) Therefore it seems a good (and also a
rather intriguing) surprise that, in the special case of the unit circle, one has
that the integral of a summable function over a fuzzy subset is the limit of the
integrals of the function over a sequence of arcs.

This result is a byproduct of the results of Friedman and Ghizzetti on the
Fourier coefficients of a bounded function which we shall describe in the next
section.

3 — Fourier coefficients of a bounded function: a theorem by Friedman
and Ghizzetti
Let T = {z € C: |z| = 1} be the unit circle, #be the Borel o-ringand
the Lebesgue measure, normalized so that u(T) = 1. Let L*(T) be the space of
summable complex-valued functions on T and let

/ fezktd’u

denote the k-th Fourier coefficient (k € Z) of a f € L(T).
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We are now in a position to state a theorem due to Friedman [1] and
Ghizzetti [2])

THEOREM 3. Let f € L'(T) be real-valued and such that 0 < f(t) < 1.
Then there exist a sequence { Ry }nen, each R, being the characteristic function
of a set of n arcs, such that

ce(f) = cr(Rn), |k <n.

For the proof, we refer to the original quoted papers. A few words on the
different attitudes: while the statements in both the papers of Friedman and
Ghizzetti are essentially very similar, the proofs are very different. The proof
by Friedman is substantially simpler, relying only on differential calculus. The
proof by Ghizzetti is a much more sophisticated one, using some deep intuitions
on rather intriguing arguments of complex analysis. Moreover, the proof by
Ghizzetti is a constructive one, describing a procedure which, given a bounded
function, allows to define step by step sequences (actually uncountably many)
of sets of arcs with the desired property. On the other side, it seems possible, at
least in principle and with a lot of work, to foresee a generalization of Friedman’s
proof to compact Riemannian manifolds, while the most that one can expect
from Ghizzetti’s is maybe a generalization, with even harder work, to some well-
behaved compact abelian group. The authors of this note are actually trying to
work in both these perspectives.

4 — Integration over fuzzy subsets of the unit circle

Let (T, A p) be the probability space defined by the normalized Lebesgue
measure on the Borel o-ring on the unit circle and (T, ./; u 94 the associated fuzzy
measure space. The immediate consequence of the Friedman-Ghizzetti theorem
for the argument of this note, restated in fuzzy parlance, is

THEOREM 4. For every fuzzy subset & € ./ of the unit circle, there exists a
sequence of crisp subsets R, such that ct, & = cx(Ry), |k| < n.

This result makes possible a proof of the following convergence theorem
announced in the Introduction:

THEOREM 5. Let & € ./ be a fuzzy subset of the unit circle and f € L*(T) a
real-valued function. Then there exists a sequence R, of crisp subsets such that

/fd,u: hm/ fdu.
& n—° JR,
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PROOF. By definition of the integral of a function f over a fuzzy subset &

/pfdu = / Efdpu.
o T

By the density of trigonometric polynomials in L(T) one can write f(t) =
lim,,— o EZ;S ~vre'*t and the last expression becomes

n—1 n—1

/ ( hm Z'y;geikt dp = lim Z’yk/ f(t)e*tdp = hm Z’chk”
T n—oo n—oo T

By the Friedman-Ghizzetti theorem, this is equal to

n—1 n—1
lim kack( = lim Z’yk/ t)e*dy = lim Rn(t)ZWkeiktdu:
n—oo k:O n—oo n—oo T k:()
— n—1
:/ lim (R, (t) Z’ykeikt)du:/ lim R, ( hm Z'ykelktdu =

_ /T lim R, (6)f(t)dp = lim / (t)dp = lim / fdu.

REMARK 1 The theorem above can be also rephrased as: the probability
measure on T defined by &du is the is the weak*-limit of the sequence of proba-
bility measures defined by R, dj.
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Surfaces with a family of nongeodesic

biharmonic curves

J. MONTERDE

ABSTRACT: The only surface whose level curves of the Gauss curvature are non-
geodesic biharmonic curves and such that the gradient lines are geodesics is, up to local
isometries, the revolution surface defined by Caddeo-Montaldo-Piu.

1 — Introduction

In a recent paper ([2]) the authors study the notion of biharmonic curves
on surfaces. If we consider isometric immersions v : I — S from an interval I to
a surface S, then the bienergy functional is defined by

1
Ba0) = 5 [ 1

where 7, = V4% is the tension field associated to the curve v. A curve is called
biharmonic if it is a critical point of the bienergy functional.

In the cited paper it is proved that along a nongeodesic biharmonic curve
the Gauss curvature is constant and equal to the square of the geodesic curva-
ture. Therefore, nongeodesic biharmonic curves are level curves of the Gauss
curvature.

Moreover, biharmonic curves on revolution surfaces also are therein stud-
ied. In particular the unique revolution surfaces with all parallels nongeodesic
biharmonic curves are determined.

KEY WORDS AND PHRASES: Biharmonic curves — Surfaces of revolution.
A.M.S. CLASSIFICATION: 58E20
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The two conditions: nonvanishing constant geodesic curvature and Gauss
curvature equal to the square of the geodesic curvature along level curves seem
to be hard conditions. Apart from the previously cited revolution surface, the
authors in [2] are able to find just some few such curves in, for instance, revolution
surfaces with constant Gauss curvature.

In this note, we first determine the local expression of the metric tensor of a
two-dimensional Riemannian manifold whose level curves of the Gauss curvature
are nongeodesic biharmonic curves.

The coefficients of the metric only depend on the function which assigns to
each level curve its constant geodesic curvature and on another function on the
same parameter transversal to the level curves.

Since the Gauss curvature is positive, then the two-dimensional Riemannian
manifolds can be locally realized as regular surfaces (see [4]). If in addition
we ask for the gradient lines of the Gauss curvature to be geodesics, then the
only surface, up to local isometries, is the revolution surface defined in [2]. A
final example shows that this last condition, orthogonal lines are geodesics, is
necessary.

2 — Surfaces of revolution for which all parallels are biharmonic curves

PROPOSITION 1. (See [2]) Let v : I — (M?,g) be a differentiable curve in
a surface M?. Then, if v is a nongeodesic biharmonic curve, along v the Gauss
curvature is constant, positive and equal to the square of the geodesic curvature

of .

So, a nongeodesic biharmonic curve, ~y, is characterized by
{ kq(t) = constant # 0,
ka(t) = K(y(t),
for all t € I and where k; denotes the geodesic curvature of v and K denotes
the Gauss curvature.

THEOREM 1. (See [2]) Let M? C R® be a surface of revolution obtained by
rotating the arc length parametrized curve a(v) = (f(v),0,g(v)) in the xz-plane
around the z-axis. Then all parallels of M are biharmonic curves if and only if
either

1. f is constant and M is a right circular cylinder or

2. f(v) = £ey/v and

4o — 2 2 dy — 2
glv)=wv U4UC 681n<81)+8m/ v4vc 02>+01,

where ¢ and ¢y are positive constants.
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REMARK 1. The surfaces introduced in Theorem 1, (2), will be called CMP-
revolution surfaces. If we consider the parametrization

% (u,v) = (f(v) cos =, f(v)sin =, g(v))

then, a simple computation shows that the coefficients of the metric are inde-
pendent of the values of the two constants ¢ and cy:

911(% U) =, ng(uav) = 03 gzz(“’?v) =1L

Therefore any pair of CMP-revolution surfaces are isometrics.

Let us consider the parallel generated by (f(v),0,g(v)). The geodesic cur-
vature of the parallel is — %, the sign depends on the orientation, and the Gauss
curvature is .

Another parametrization of the revolution surface can be obtained by chang-
ing v = % cosh?(t) and modifying the constants ¢ = v/2a,¢; = (2 + $lnc).
The new parametrization of the generating curve is

2

f(t) = +a®cosht, g(t) = —%(t — 2sinh(2t)) + co.

3 — Two-dimensional Riemannian manifolds with a family
of nongeodesic biharmonic curves

The surface in fig. 1 is the only surface of revolution with nongeodesic bihar-
monic parallel lines. The natural question is to ask if there are more surfaces,
obviously not of revolution, with a family of coordinate lines which are non-
geodesic biharmonic curves.

Fig. 1: Plot of a piece of the unique revolution surface with nongeodesic biharmonic
parallel lines, for c =1 and ¢; = 0.

In any surface the level curves of the Gauss curvature define a foliation, maybe
degenerated, on it. At same time, the integral curves of the gradient vector
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field are orthogonal to the level curves. We are interested in studying the case
when the level curves are curves with non zero constant geodesic curvature whose
square is the value of the Gauss curvature.

We will use the notation i to denote partial derivatives with respect to the
variable u;. Thus, g12,1 denotes ﬂ

PROPOSITION 2. Let (M2, g) be a two-dimensional Riemannian manifold
such that the level curves of the Gauss curvature are nongeodesic biharmonic
curves. Then, for any p € M, regular point of the Gauss curvature, there exists
a parametrization of a neighborhood of p, V.C M, X : U — V C M, such that
all the coordinate lines v = vy, vy constant, are nongeodesic biharmonic curves,
and the coefficients of the metric are

g1 =1,
gia(u, v) = V2m(v) (sin(v2k(v)(u — 721(11))) + sin(v2 n(v)k(v))) .
3.1) uk! (v)
* 2k(v)’

g12,1(u, v) ?
k(v) ’

where m(v) = sec(v/2k(v)n(v)) (1 - %) and where k(vg) is the geodesic cur-

vature of the coordinate line v = vy.

Reciprocally, if a metric is of the kind 3.1, then the level curves of the Gauss
curvature are nongeodesic biharmonic curves.

gan(u0) = g, 0) +

PROOF. Let o : I — S be the gradient line of the Gauss curvature passing
trough the point p, and let us suppose that it is parametrized by arc-length.
Since p is a regular point for the Gauss curvature, there is a neighborhood of p,
V, such that all points g € V are also regular. For each point a(v) € V, let 0¥
be the level curve passing trough «(v) and parametrized by arc-length.

Finally, let us consider X : U — M defined by X (u,v) = " (u).

Since all the coordinate lines v = vy are parametrized by arc-length, then
the coefficient g1; of the metric is equal to 1.

The geodesic curvature of a curve X (u1(t), uz(t)), not necessarily parame-
trized by the arc-length, can be computed from the formula (see [3], formu-
la (49.7))

i 1 < Do’
= — < — .«
P at

"N(Noa)>
\/ﬁ
_ g11922 — 979 //+ Z Flku Uk + Z szu Uk

/(13
o] = =
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x(0,v)
glz(O,v) =0, gzz(O,v) =1

(“

ok x(tv),
ky=ct, g =L

Fig. 2: Schematic description of the definition of the parametrization.

Therefore, the geodesic curvature of a coordinate line t — X (¢,vg) reduces to

_ g12,1(t, v0)
V922 (t,v0) — g2,(t, v0)

(3:2) k(1) = —F%(t,vo)\/gm(ta%) — gta(t,v0) =

Since we are supposing that the geodesic curvature of a coordinate line v = vy is
constant, then k4 (t) = k(vo), where k is the function assigning to each coordinate
line v = vg its geodesic curvature.

From eq. 3.2 we get

g12.(t U))2

(3.3) goa(t,v) = giy(t,v) + ( k(v)’

Note that the area element reduces to

g12.1(t,v)
4 = — g2, ==
(3.4) 0= 1/g11922 — 912 k()

The computation of the Gauss curvature by the Gauss formula

1
(3~5) K = _g:((r%z)l - (F%1)2 + F}Z]-—‘?l + F%zrfz - PhF%Z - F%1F§2)7

gives a simple expression:

_9127111@, ’U) + k2(v)91271(t, ’U) — k(v)k’(v) '

K =
g12,1(t,v)

Condition K (t,v) = k?(v) implies

(36) g12,111(t7 U) + k(’l}) (2]€(U)g1271(t, U) - k’(v)) =0.
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From eq. 3.4, eq. 3.6 can be rewritten in terms of the area element o as

0%c 9 ,
(3.7) ﬁ(t’ v) + 2k*(v)o(t,v) — k' (v) = 0.
Note that the differential equation is of the kind f” + a?f = b whose general
solution can be written as f(t) = Cy cos (at — Cs) + a—bQ. Therefore, the general
solution of eq. 3.7 is

o(t,v) = m(v) cos (\/5 k(v) (t — n(v))) +

or some functions m(v) and n(v).
Along the curve v — X (0,v) the area element, (0, v), is equal to 1, there-

fore,
m(v) = sec (\/ik(v)n(v)) (1 - %) .

Therefore, from eq. 3.4,

V2k(v)m(v) sin(v/2k(v)(t — n(v))) + tk' (v)
2k(v)

q12(t,v) = + c(v),

for some functions n(v) and c¢(v).
Since the curve v — X (0,v) is orthogonal to all coordinate lines v = vy,
then ¢12(0,v) = 0. This implies that

m(v)sin(v/2 n(v)k(v))
NG :

Reciprocally, note that if the coefficients of a metric are of the kind 3.1, then
the Gauss curvature is K(t,v) = k%(v). Therefore, the coordinate curves t —
X (t,vg) are level curves of the Gauss curvature. Moreover, since the geodesic
curvature of the curves t — X (,vg) is k(vg), then they are nongeodesic bihar-
monic curves.

c(v) =

REMARK 2. In the case ¥’ = 0, then the Gauss curvature is constant.
Minding’s theorem states that, up to local isometries, the models for surfaces
with constant Gauss curvature are the revolution surfaces with constant Gauss
curvature. It is possible to obtain parametrizations with coefficients of the metric
like in the statement of Proposition 2. See the final Example 3.1.

REMARK 3. Note that in the CMP-revolution surfaces, the gradient lines of
the Gauss curvature, ie., the meridian curves, are geodesic curves. So, we shall

ask for all gradient lines being geodesic curves, i.e., éizg 7] s a geodesic vector
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field. As it is pointed out in [1], Section 3, this condition is equivalent to the
assertion that the regular levels of K are parallel, or to the eiconal equation for
K: grad(|gradK|) is a multiple of gradK.

THEOREM 2. Let (M?,g) be a two-dimensional manifold with |grad K |(p) #
0 for all p € M and such that the level curves of the Gauss curvature are
nongeodesic biharmonic curves, then (M?,g) is locally isometric to the CMP-

revolution surface if and only if |§§3§§| s a geodesic vector field.

PRrROOF. In the CMP-revolution surface the gradient lines of the Gaussian
curvature are the meridian lines and they are geodesics, so, grad(|gradK]) is a
geodesic vector field.

Reciprocally, let us consider one of the parametrizations, X, given by Propo-
sition 2. Gradient lines are orthogonal to level curves, i.e., to the coordinate lines
with X1 as tangent vector. Therefore, any gradient line, 3(t) = X (u(t),v(t)),
parametrized by arc-length, has as tangent vector

k

g12,1
An straightforward computation of its geodesic curvature using eq. 3.2 with
u’(t) - k(v(t))912(u(t)a U(t)>, ’Ul(t) _ k(?](t)) 7
g12,1(u(t),v(t)) g12,1(u(t), v(t))

(—912?1 + §)2) .

gives us

8 912,11 u " .
k(0 = (), v(0)

Now, by eq. 3.1, k:g(t) = 0 if and only if
1 cos(V2 R(®) (u(t) = n(ED)) (12008 K (u())) —
V3 sin(v2 k(o(®) () (26%(v(t)) — K (v(t))) = 0.
If all the gradient lines are geodesics, then 2k?(v) —k’(v) = 0 for all v. Therefore,
1

S w+ta
A simple change of parameter v allows to put

k(v) =

Now, the coefficients of the metric are

k(v) =

u u
= 1 = —_—— = 1 _
g11 ) 912(U7U) 2/07 g22(ua U) + 4’[}2

A change of parameter u — wu\/v transform them into
gi1 =, g12 =0, 922 = 1,

the same coefficients than the ones of the CMP-revolution surface. Therefore
both surfaces are locally isometric.
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3.1 - Necessary condition

The condition: “orthogonal lines to the nongeodesic biharmonic curves are
geodesics” is necessary. Let us show an example where the orthogonal lines are
not geodesic curves.

The example can be built using the sphere and the parallel of latitude 7.
It is already known that it is a nongeodesic biharmonic curve on the sphere.
The image of this parallel under a rotation around the y-axis, an isometry, gives
another nongeodesic biharmonic curve. So, we can construct a uniparametric
family of nongeodesic biharmonic curves on the sphere.

Let us denote by Rj : IR? — IR? the rotation with y-axis and angle #. The
parametrization

X (u,v) = RY <?(cos(u),sin(u), 1))

= g(cos(u) cos(v) + sin(v), sin(u), cos(v) — cos(u) sin(v)),

for u € ]2, —Z[, and v € IR, verifies that the coordinate lines ¢ — X (¢,v) are

nongeodesic biharmonic curves. (See fig. 3)

Fig. 3: The parametrization of the central section of the sphere with nongeodesic bihar-
monic curves as coordinate lines.

Of course, in this example we can not talk about gradient lines of the Gauss
curvature because it is a constant function. Instead, we can study orthogonal
curves to the coordinate lines. Since the geodesics in the sphere are great circles
and they are not orthogonal to the coordinate lines of the parametrization X,
then the family of orthogonal lines to the nongeodesic biharmonic curves is not
made of geodesic curves.
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A sufficient condition for the Dunford-Pettis
property in Banach spaces

N. L. BRAHA

ABSTRACT: In this paper we will give a sufficient condition for Dunford-Pettis
property in Banach spaces. More precisely, if Banach space X has a basic, normalized
system of vectors (zn), which is f(n)-approzimate l1, then X has the Dunford-Pettis
property.

1 — Introduction

A Banach space X is said to have the Dunford-Pettis property (DP) if for
any Banach space Y, every weakly compact operator T : X — Y is completely
continuous, i.e., T" maps weakly compact subsets of X onto norm compact sub-
sets of Y. Equivalently, X has Dunford-Pettis property iff for any weakly null
sequences (x,) € X and (z}) € X*, one has z (z,) — 0.

In [12], was proved that if A is a disk algebra, compact Hausdorff space and
a Borel measure on {2, then the dual of C'(Q2, A) has the Dunford-Pettis property.
The DP property was studied for so called the polynomial DP property (see [8]).
DP property also was studied in the tensor product of Banach spaces (see [10],
[3]) etc. The reader will find further details on DPP and related properties in the
survey [5]. In this paper we will give a sufficient condition under which Banach
space X has the DP property. More precisely, if a Banach space X has a basic,
normalized system of vectors (x,,), which is f(n)-approximate [;, then X has the
Dunford-Pettis property.

KEY WORDS AND PHRASES: Dunford-Pettis property — f(n)-approzimate l1 sequence.
A.M.S. CLASSIFICATION: 46B22 — 46A32
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2 — Notation

Throughout the paper we will denote by B the closed unit ball, and with S
the closed unit sphere. Recall by [4] that if {X, : @ € A} is a family of Banach
spaces, and 1 < p < oo, one defines the Banach spaces:

(@Xa> = {x = (za) € [ Xa: D llallP < oo},

acA p aEA a€EAN

with norm [|z]| = (3, ||$a||p)%

DEFINITION 2.1 ([7]). Suppose that (f(n))22, is a strictly positive nonde-
creasing sequence satisfying lim,, .o, f(n) = oco. Let (z;);ew be a sequence of
unit vectors in a Banach space X. We say that (z;) is a f(n)-approximate [y
system if

(1) > [A[ = f(IA])

Z ifL’i

i€A

for all finite sets A C I and for all choices of signs.

DEFINITION 2.2 ([2]). Let X be a Banach space. A sequence (2, )nen in X
is p-colacunary if there is a 6 > 0 such that

(2) Zaixi >0 Z|az‘\p ;

i<n i<n

T l=

for any sequence of scalars ag,aq,--- ,a, and 1 < p < co.

THEOREM 2.3 ([6], Dunford). If X has a bounded complete basis (x,,), then
X has the Radon-Nikodym property. All other notations are like in [11].

3 — Results

LEMMA 3.1. Let (z,)nen be a normalized, basic sequence of vectors in the
Banach space X, which satisfies the condition (1). Let us denote by [ a positive,
nondecreasing function, such that for every 0 < § < 1, it satisfies condition
0 < f(6) < 1. Then the following relation

Z imi

i<n

3) > FO) | D Maill ]

i<n

holds.
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PROOF. Let us denote by f(n) = (1 — f(0)) - (Zzgn ||x2||> . It follows that

f(n), is a positive, nondecreasing function, such that lim, .. f(n) = co. Func-
tion f(n) defined as above, satisfies conditions used into the relation (1), respec-
tively it satisfies the following relation:

i<n

>n— f(n) =

i<n

>n— (L= f(0) | D llzll | = £(6) Y llaill.

i<n i<n

LEMMA 3.2. Let (yn)new be a basic sequence of vectors in Banach space
X. Let us denote by f a positive, nondecreasing function, such that for every
0 < & < 1, it satisfies condition 0 < f(0) < 1. If the normalized sequence

of vectors (y;°) = (m)7 obtained from (y,) satisfies relation (1), then the

following relation

= Inf ||| - £(9) >l

i<n

(4) > tus

i<n

holds.

PROOF. Since y;° m is a normalized sequence of vectors which satis-

fies (1), we use Lemma 3.1 to get the inequality

Yi Yi
) RS ED ol o EYOENICE ui]
i<n WY i<n 1Y i<n
From Hahn-Banach theorem, there exists a functional z* € X*, ||z*|| = 1, such

that the following estimation is valid:

Yi ok Yi
;ilyillH_x Zinym
:ZH vl

i<n

T >t ()]

z<n ||yz i<n
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Using relations (5) and (6), we have:

ORI <S“p\|z Z\ “(y:)]

i<n

Ao tw ) <

<n

<sup ——
i<n HyZH

(S )| s [

i<n isn i<n

Finally we get the following estimation:

>t

i<n

= Inf ||l - £(9) >yl

i<n

THEOREM 3.3. Let (zn)nen be a normalized, basic sequence of vectors in
Banach space X, which satisfies the condition (1). Then the following relation

(7) K1'2|ai|§ Zai'ﬂﬂi SZ|ai|
=1 i1 i1

holds, for any sequence of scalars (a;) and some constant K.

PrOOF. The right hand side of (7) is obvious, in what follows we will prove
the left hand side of relation (7). Let (a,) be any sequence of scalars. From
Lemma 3.2 we obtain the following estimation:

Z:I: la;| - x;

=1

> £(6) - inf il - inf D ] =

i<n

|ai| - x;

i * Ti > 1nf H|al| zi| - f(O )

E

| - il

thus

From relation (8) it follows that the inequality

> Ki- Y adl,

i<n

2 f(0) - inf Jai - | Zlall

A

where K7 = £(5) - M holds.

Sup; <, lail’
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COROLLARY 3.4. Let (z,)nen be a normalized, basic sequence of vectors in
Banach space X, which satisfies the condition (1). Then X admits the Radon-
Nikodym property.

THEOREM 3.5. Let (z,)nenN be a sequence of normalized vectors in Banach
space X, which satisfies condition (1). Then X admits a Dunford-Pettis property.

PRrROOF. From Theorem 3.3 it is known that the basic sequence of vectors
(zn) in X, is equivalent to the standard unit vector basis (e;) of i1 (relation (7)).
It means that Banach spaces X and [; are isomorphic. Now proof of the Theorem
follows from the fact that Dunford-Pettis property is preserved by isomorphism
and from fact that /; admits the Dunford-Pettis property (see [1]).

In [9], was proved the following: Let {X, : o € A}, (A-is a family of
indexes), be a family of Banach spaces which admits the DP1 property. Then
X = (6, Xa),, 1 < p < oo has the DP1, too (see [9], for more details).

COROLLARY 3.6. Let (£%)acn be a basic, normalized sequence of vectors
in Banach space X,,. If (%) satisfies condition (1), for every a € A, then there
X=(p, X@)p7 1 < p < oo, admits a DP1 property.
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Closed differential forms on moduli spaces of sheaves

FRANCESCO BOTTACIN

ABSTRACT: Let X be a smooth projective variety, and let M be a moduli space of
stable sheaves on X . For any flat family E of coherent sheaves on X parametrized by a
smooth scheme Y, and for any integer m, with 1 < m < dim X, we construct a closed
differential form Q = Qg on'Y with values in H™ (X, Ox). By using the vector-valued
differential form Q we then prove that the choice of a (non-zero) differential m-form o
on X, 0 € H'(X,Q%), determines, in a natural way, a closed differential m-form Qo

on M.

— Introduction

Let X be a smooth projective variety, defined over an algebraically closed
field k of characteristic 0, and let M be a moduli space of stable sheaves on X.
It is by now well known that many geometric properties of the moduli space M
are determined by similar geometric properties of the base variety X.

A beautiful example of this general fact was discovered by S. MUKAI in
[Mul], where he shows that if X is an abelian or K3 surface (hence it is a
symplectic algebraic surface), then the choice of a symplectic structure (i.e., a
non-degenerate 2-form) on X determines a symplectic structure on the moduli
space M. This result was later generalized by S. KoBAvasHI [K] to the case
of a compact Kéahler manifold X with a holomorphic symplectic structure: in
this case too, the choice of a symplectic structure on X determines a symplectic
structure on the nonsingular part of the moduli space of stable vector bundles
on X.

KEYy WORDS AND PHRASES: Closed forms — Differential forms — Moduli spaces of
sheaves — Vector bundles.
A.M.S. CLASSIFICATION: 14J60 — 14D20 — 58A10
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In [B1] we generalized Mukai’s result to the case of Poisson surfaces, by
proving that, if the algebraic surface X admits a Poisson structure, then the
choice of such a structure on X determines, in a natural way, a Poisson structure
on the moduli space M. Similar results also hold for other types of moduli spaces,
such as moduli spaces of framed vector bundles [B3], moduli spaces of parabolic
bundles [B4] and Hilbert schemes of points of a surface [B2].

In this paper we provide another example showing how geometric structures
on X often determine similar geometric structures on moduli spaces of sheaves
on X. We prove that, if X admits non-zero differential forms of degree m, then
the choice of any such m-form o determines a closed differential m-form €2, on
the moduli space M of stable sheaves on X.

A particularly interesting special case of this result is obtained by taking X
to be a Calabi-Yau n-fold. In this case there is a canonical choice (up to scalar
multiples) of a n-form ¢ on X. This implies that there is also a closed n-form Q,
on the moduli space M. This result may be considered as a higher dimensional
generalization of Mukai’s result in [Mul].

This paper is organized as follows: in Section 1 we recall some useful results
about cup-products and trace maps. Then we introduce the symmetrized trace
map and study its graded commutativity properties. This is the main technical
tool needed to construct closed differential forms on moduli spaces of stable
sheaves on X.

In Section 2 we construct, for any flat family E of coherent sheaves on X
parametrized by a smooth scheme Y, and for any integer m, with 1 < m <
dim X, a differential form = Qg on Y with values in H™ (X, Ox). The main
part of this section is then devoted to prove that d{2 = 0 (in order to symplify
the exposition this is proven under the additional assumptions that the base field
k is the complex field and that E is a family of locally free sheaves).

Finally, in Section 3, we use the vector-valued differential form € to con-
struct ordinary (i.e., scalar-valued) differential forms on the moduli space M of
stable sheaves on X. More precisely, we prove that the choice of a (non-zero)
differential m-form o on X, o € H?(X,Q'%), determines, in a natural way, a dif-
ferential m-form €, on M, defined by using the vector-valued m-form €2. Then
the closure of 2, proved in Section 2, immediately implies the closure of the
m-form Q.

The case of a smooth Calabi-Yau n-fold X is especially interesting. In fact,
in this case there is a canonical choice (up to scalar multiples) of the n-form o
on X, hence there is also a closed differential n-form €2, on the moduli space of
stable sheaves on X. The natural question of the non-degeneracy of €2, is then
discussed.

In the last part of this section we provide an example in order to explain
how the construction of the differential forms €, can be generalized to other
types of moduli spaces. We analyze in detail the case of moduli spaces of stable
framed vector bundles.
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1 — Preliminaries
1.1 - Cup-product and trace maps

In this section we shall recall, without proofs, some standard facts about
trace maps and cup-products. For more details (and proofs) we refer the reader
to [A] or [HL2, p. 217].

Let X be a smooth n-dimensional projective variety over an algebraically
closed field k of characteristic 0. In the sequel, whenever we speak of a sheaf on
a scheme S we shall always mean a sheaf of Og-modules.

For any coherent sheaf E' on X, the usual trace map

tr: End(F) — Ox
induces natural maps (also called trace maps and denoted by the same symbol)
tr: Ext'(E, E) — H'(X,Ox).
For any 4 and j there is a natural cup-product (or Yoneda composition) map
Ext‘(E, E) x Ext! (E, E) - Ext""(E, E)

(which can be easily defined in terms of Cech cocycles by replacing E with
a finite locally free resolution E'), and the composition of cup-product and
trace is graded commutative in the following sense: if o € Ext'(E,E) and
§ € Ext!(E, E), then

(1.1) tr(ao B) = (=1)Y tr(Boa)

as an element of H'™7(X,Ox) (cf. [HL2, pp. 216-217]).

Analogous maps can also be defined in a relative situation. Let us consider a
scheme Y of finite type over k and denote by p: X XY - X andq: X xY =Y
the canonical projections.

If F is aY -flat family of coherent sheaves on X, we shall denote by Extfz(E,E)
the i-th relative Ext-sheaf, i.e., the sheaf on Y associated to the presheaf

U — EXti(E|X><U7E|X><U)7

for any open subset U C Y.

Since any such F admits a finite locally free resolution, the preceding con-
structions of the cup-product and the trace maps carry over to this relative
situation. More precisely, for any ¢ and j we have a cup-product map

Extl(E, E) x Ext](E,E) = Ext," (E, E)
and a trace map
tr: Extl(E, E) — R'q.Oxxy = H'(X,0x) ®, Oy

satisfying (1.1) for any sections « and (3 of Extf](E,E) and Extg(E,E), respec-
tively.
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1.2 — The symmetrized trace map

Let E be a coherent sheaf on X. For any integer m > 1 let us consider the
“symmetrized composition map”

(1.2) End(E) x -+ x End(E) - End(E)

m

defined by setting

1
S(¢1, 02, Om) = - Z Do (1) © Po(2) © *** © Po(m)s

" 0EG,

where the sum runs over the group &,, of permutations of m elements.
We define the “symmetrized trace”, denoted by Str, to be the composition
of S with the usual trace map:

1
(1.3) Str(p1, ¢2,. .. Om) = - Z tr(Po(1) © Po(2) © © Po(m))-
‘T oEG,
The map
(1.4) Str:End(E) x -+ x End(E) — Ox

is totally symmetric and multilinear.
It is easy to prove that, for a general m > 2,

1

(1'5) Str((blv ¢2a B ¢m) = m zg:tl‘((bl o ¢g(2) 0---0 (ba(m))a

where the sum runs over all permutations o of the set {2,3,...,m}.
The symmetrized trace map (1.4) induces a map, also denoted by Str,

(1.6) Str: Ext"(E, E) x --- x Ext' (E, E) — H " Fim (X Ox).

This map satisfies a kind of graded commutativity property similar to the one
stated in (1.1).

PROPOSITION 1.1. Let ¢p, € Ext™(E, E), forh =1,...,m. For any integer
p, with 1 <p <m—1, we have:

Str(¢1a ey (bpﬂ ¢P+17 ey ¢m) = (_1)ipip+1 Str(¢17 ey ¢p+17 ¢p’ LR ¢m)a

i.e., whenever we mutually exchange two adjacent elements ¢, and ¢py1, the
value of Str acquires the factor (—1)38(@p)deg(@pi1) — (_1)ivint1,
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PROOF. Let E° be a finite locally free resolution of E and set A" =
Hom (E", E’). Then we have Ext'(E, E) = H'(A’), the i-th hypercohomology
group of the complex A'.

The symmetrized trace map

Str: HY(A)® - @ H™(A) — H*Fim (X, Ox)
is the composition of the following three maps: first, the multiplication
(1.7) p:HY (A)®- - @ H™(A) - Hit Tim(A .. .0 A),
then the symmetrized composition map
(1.8) S:HOT Tim(A @ @A) — HT Tim(4)
and finally the usual trace map

(1.9) tr: Hirtoim (A7) — g e (X Oy).

Let us denote by m = m, 541 the twist operator that exchanges the factors at
places p and p + 1:

ﬂ_:Hil(A.)®...®H’L'p(A')®HiP+1(A')®...®Him(A') —
_>Hi1(A')®~-~®Hip+1(A')®HiP(A')®'”®Him(A')'

We have
T @ ®ap @ Apy1 @ @) = (—1)7"101 @ @ py1 Ry @+ + @ i,

where i, = deg(a,) and ip41 = deg(apy1). Then the following diagram is
commutative:

H' (A)®---@ Hm(A) s Hiot tim(A @.. @A)

l”PwPJrl J{H(ﬂ'p,p+1)

H'(A)®---@ Hm(A) _r Hit tim(A @ @ A).

By composing with the maps S and tr of (1.8) and (1.9), it follows that Str =
Strom, 41, which is precisely what we had to prove.
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In the sequel we shall be interested in a special case of (1.6). By taking all
i equal to 1, we get the map

Str: Ext'(E,E) x --- x Ext'(E, E) - H™(X,Ox),

m
satisfying
Str(d1,- -y Pp, Ppt1s -y Om) = — Str(P1, .., Ppt1, Gpy - - - s Om),
for every p € [1,m — 1].
COROLLARY 1.2. For any m > 1, the map

Str : Ext'(E,E) x --- x Ext'(E, E) - H™(X, Ox)

m
is alternating, i.e., for any permutation o of {1,2,...,m}, we have:
Str(ag(l), Qy(2)s - - ,Oéo(m)) = sgn(o) Str(ay, ag, ..., ).

Let now Y be a scheme of finite type over k and let E be a Y-flat family of
coherent sheaves on X. Since any such F admits a finite resolution by locally free
sheaves, the preceding constructions can be generalized to this relative situation
(exactly as in the case of the usual trace map, described in Section 1.1). We
leave the details to the reader and just state the relative version of Corollary 1.2:

COROLLARY 1.3. Let E be a Y-flat family of coherent sheaves on X. For
any m > 1, the map

Str: Exty(E,E) x -+ x Exty(E,E) — R"q.(Oxxy) =
(1.10) >
= Hm(X, Ox) R Oy

is alternating, i.e., for any permutation o of {1,2,...,m}, we have:

Str(aa(l), Qg (2))- - - ,ag(m)) = sgn(o) Str(ag, g, ..., ).
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2 — Vector-valued differential forms

Let Y be a smooth scheme of finite type over k and F a Y-flat family of
coherent sheaves on X. In this section we shall define, for any such E and
any integer m, with 1 < m < n = dim X, a vector-valued m-form on Y (more
precisely, a differential form of degree m on Y with values in H™ (X, Ox)). Then
we shall prove that these differential forms are closed.

Let us begin by recalling that, for any sheaf F' on X, the set of isomor-
phism classes of infinitesimal deformations of F' is canonically identified with
Ext!(F,F). It follows that, for any family E of coherent sheaves on X para-
metrized by Y, there is a map, known as the Kodaira-Spencer map,

(2.1) p:TY — Ext)(E,E),

that sends a tangent vector v € T,Y to the class p(v) € Extl(Ey,Ey) corre-
sponding to the infinitesimal deformation of the sheaf E, along the direction
of v.

Now, for any m as above, we define an H™ (X, Ox)-valued differential m-
form Q = Qg on Y by setting

Q:TY x - xTY — Eatl(E,E) x -+ x Exty(E, E) - H™(X,0x) ®, Oy,
N———

m

where the first map is induced by the Kodaira-Spencer map (2.1), and the second
one is the symmetrized trace map (1.10). In other words, we set

(22) Q(Ulv"'avm) = Str(p(v1)7"'ap(vm))a

for any sections vy, ..., v, of the tangent bundle TY. It follows from Corol-
lary 1.3 that €2 is a vector-valued differential form of degree m.

REMARK 2.1. Let E be a Y-flat family of sheaves on X and L be a line
bundle on Y. We can define another Y-flat family of sheaves E’ on X by setting
E' = E® q*(L). These two families of sheaves may be considered as equiva-
lent because, for every closed point y € Y, the sheaves E, and E; on X are
isomorphic. Under these hypotheses, the differential m-forms Qg and Qg are
equal.

REMARK 2.2. Let us observe that in the definition of Qg we do not use
directly the sheaf E, but rather the sheaf &vt;(E, E). This is very important
because in most interesting applications, when we take as Y a suitable moduli
space of stable sheaves on X, a global universal family E does not exist (at
least as an ordinary sheaf), but the sheaf Smt; (E,E) on'Y is, nevertheless, well
defined (cf. Remark 3.1). It follows that our definition of the differential form
Q) g remains valid also in these more general situations.
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The rest of this section will be devoted to the proof that, for any F and any
integer m, dQ2p = 0.

In order to try to simplify the exposition as far as possible, we shall assume,
from now on, that k£ is the complex field C, even if our proof works, with only
minor modifications, for any algebraically closed field k of characteristic 0.

So let X be a smooth n-dimensional complex projective variety and let Y
be a smooth complex variety of dimension N. We shall use the complex analytic
topology on the complex manifolds associated to the algebraic varieties X and Y.

Let E be a Y-flat family of sheaves on X. We shall assume that E is locally
free of rank 7. Let Q = Qf be the m-form on Y defined above.

First of all, we remark that, since the closure of €2 is a local property on Y,
we may freely replace Y be an open neighborhood of any one of its points, hence
we may assume that a local system of holomorphic coordinates y = (y;)i=1,....~N
is given on Y.

Now, by eventually replacing Y with a smaller open subset, if necessary, we
may find an open covering (U;);e; of X such that the restriction of the vector
bundle E to U; x Y is trivial. Let us denote by

fz' : E‘UiXY ; (Ul X Y) X (CT

the trivialization isomorphisms. On the intersection U;; = U; N U; of two open
subsets, we have the isomorphism

Gij - (U’Lj X Y) x C" AN (U’Lj XY) x C"

defined by setting gi; = filu,,xy © fj_1|Uiny. For any point (z,y) € U;; XY
and any v € C”, we have

Gij * ((x,y),v) = ((xay)vgl](x’y) ’U),

where
gij : Ui x Y — GL(r,C)

is a holomorphic function. In the sequel, by abuse of notation, we shall identify
gi; with g;;. The functions g;; are called the transition functions of the vector
bundle E (with respect to the given open covering).

The transition functions (g;;): jer satisfy the usual cocycle identities

(2.3) gii =1, 9ji = 9:; 9ij © Gjk = Gik;

on the intersection of three open subsets U;j, = U; N U; N Uy.
Now we can give an explicit description of the Kodaira-Spencer map

p:TY — East(ll(E,E) = R'q.End(E).
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At any point y € Y the derivations 0, = %, for « = 1,...,N, form a basis
of the tangent space T,Y. If we consider the vector bundle £ on X x Y as a
family of vector bundles {Ey },ey on X varying holomorphically with y € Y, the
infinitesimal deformation of the vector bundle F, corresponding to the tangent

vector J, is given by gf;’. To give a meaning to this symbol, let us consider

the transition functions {g;;(-,y)}: jer of the vector bundle E, on X. Then

the infinitesimal deformation gljy is given (by definition) by the collection of

functions {0agi; (-, ¥) }ijer-
By deriving the (multiplicative) cocycle identities (2.3), we obtain the fol-
lowing (additive) cocycle identities for the functions 0955 (-, y):

(24)  Bagji = —9;;" © (0agij) 0 95,5 (Dagij) © gjk + 9ij © (Dagjk) = Oali-
By recalling that g;; = f; o fj_l, these identities can be rewritten as

£ 0agii) fi = =17 0agii) fis 17 (0agii) fi + f; " (Oagin) fr = fi ' (Oagin) fr-

Finally, if we set

0 = £ (0agij) fi,
we obtain a collection of sections 1} (-, y) € I'(Us;, End(E,)) satisfying the usual
(additive) cocycle relations

(2.5) n5 = =N, N5 05 = N

The cohomology class 7% € H'(X, End(E,)) represented by the Cech 1-cocycle
{n$i }ijer is the image of the tangent vector d, € T,Y by the Kodaira-Spencer
map

p:T,Y — (R'q.End(E)), = H (X, End(E,)).

REMARK 2.3. Other equivalent representations of the infinitesimal deforma-
tion g]jf’ are possible. For instance, in [Mu2], Mukai represents the cohomology

class p(0y) € H' (X, End(E,)) by using the 1-cocycle {a;; }i jer defined by setting

_ -1
Aij = 95 aagij-

This is equivalent to our representation, except for the fact that the a;;’s satisfy
a kind of twisted cocycle identities, given by

aji = —gijai; gy s G ijGik + Ak = Q.
(See [Mu2, Section 3, p. 151]).

We are now able to give an explicit description of the m-form Q2 = Qg on Y
in terms of Cech cocycles.
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For any closed point y € Y and any d, € T},)Y" we have set nf; = f[l 0a9ij [
and we have seen that the 1-cocycle {n%}i,je 1 represents the cohomology class
7% = p(8s) € H (X, End(Ey)). 1t follows from the definition (2.2) of 2 that, for
any aq,...,am, € [1, N], we have:

Q(aan SERE) 8am) = Str(ﬁ"”’. . 7ﬁ@m)

We shall now recall the standard expression of the cup-product in terms of Cech
cocycles:

LEMMA 2.4. Let {wflj}mg, for h=1,...,m, be Cech 1-cocycles represent-
ing the cohomology classes " € H'(X,End(F)), for some locally free sheaf F
on X. Then the cup-product (or Yoneda composition)

Plog?o--- o™ e H™(X,End(F))
is the cohomology class represented by the Cech m-cocycle

1 2
{1/11'11'2 O YPigig O 0 M:Znimﬂ}il ,,,,, imq1€l-

From this result, and the definition (1.3) of the map Str, we obtain the following
explicit expression of €):

Q(aal, e 8am) = Str(ﬁa17 o 7ﬁam) _
L X Ao Qg (m
= % Z {tr(niliél) o 771‘21‘;2) 0---0 nim;m:—l)

}i1 12,0yt 1
oEGy, V82,50 bm

To simplify the notation, we introduce a multiindex a = (ay, @, . . ., ;). Then,
for every permutation o € &,,,, we set

U(a) = (aa(1)7 Ay (2)s - -+ 5aa(m))
and
o(a) _ Q) Y2 Qg (m)
ni17i27'~~)i'm.+l = Miyiy " ©Migig ©° 770 T]i'rrLi'rrL+l.

We shall also write o = (Oay, Oass - - - s O,y ) a0d dY o, = dYa, AdYan A+ - - AdYa,, -
With these notations we may write

1 o\
Qs Oa) = MBa) = — > {tr(ml(,ig _____ im+1)}i1 .
O_Eem ’ st fm
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Since the derivations J,, for @« =1,..., N, are a basis of the tangent space T,Y,
we have:

Q= Y Qs 0a,) Wy N+ Adya,, =

a1 <. <am

1
— > Q0ars- -1 00,) dyay A N dya,, =
aq

seenyOm

(2.6)

1
— D UBa) dy, =

1 o)
= (m!)2 Z Z {tr(’r’il,iz,~~7im+1)}2-171-27”__’2-7”_*_1 dya'

a ce6,,

An equivalent expression of € in terms of the transition functions g;; can be given
(cf. [Mu2, p. 154]). This will be useful in order to simplify the computation of d2.
In fact, by recalling that 7f; = fi_laagij fj, we have:

o) _ QAo (1) Qg (2) . Qg (m) _
tr(nilyi2;-~~7i1n+1) - tr(niliz O Migizg O ° nimim+1) -

_ _1 0Givis 0inis OGi i i1
= tr fi] - fim+1 ,
ay(xg(l) 6yag(2) 6yag(m)

and, since tr(¢) = tr(ypyp 1), we also have:
tr( 109 Oimimis £, ) _ tr( 99iris  OGimimi £, ffl) _
11 8ya0(1) 8ya‘,(m) tm+1 ayaﬂ(l) ayaﬂ(m) tm+1J 47

_ tI‘( agiliQ agimim-H ) ) )
ayaa(l) ayag(m) Tm+411

It follows that:

1 09, i, 0Gi i
N 9= s> 2 [ gm)} dY o

il Wooiry  Wagm

We shall now compute the exterior differential of €.

LEMMA 2.5. For Q as above, we have

09i,i 0Giimir OGimiri
dQ =c { tr ( 112 . mim+1 m+121 ) } dy

where ¢ = % and where the first sum runs now over all multiindices o =

(041,042, e ,Oém+1).
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PRrROOF. By taking the exterior differential of the expression (2.7), we obtain

1 9 09i,i 9Yi.i,,
m ey S (e e
(m') o 8yam+1

O'Eem, Qmt1 ayo‘a(l) 8yaa(7n)

where we recall that a = (a1, g, ..., ).

The sum over «,,;; followed by the sum over all multiindices a =
(1,2, ...,q;,) is equivalent to a sum over all multiindices (still denoted by
the same symbol) a = (a1, aa, ..., am1), and since dyq,, ., Ady, = dya,, ., N
Yo, N Ndya,, = (=1)"dya, N N dya,, N dYa,,.,, We can write

aQ=cd > { 9 tr( Oinia__ Oimims gmml)}dya.

a ce6,, ayo‘m-H ay‘%(l) ayaa(m)

Now, to complete the proof, it suffices to observe that when we compute the
partial derivative

0 tr ( 891'11‘2 o 6gimim+1 ) ) )
ayam+1 3ya0<1) (9y%(m> Tm4101

we obtain the term

( agiliQ agimim+1 8gim+1i1 )
tr e
ayao(l) ayao(m) ayam+l

plus other terms involving second-order partial derivatives of the transition func-
tions g;;. But when we finally sum over all multiindices o = (a1, g, . .., m41),
for every term of the form

8yuayu o 'gim+1i1)dy061 JARERA dyl/ ARERNAN dyam A dyu

there is another term equal to

6yuayu o 'gim+1i1)dy041 /\ e /\ dyll /\ T /\ dyam /\ dyl/7

and these two terms add to zero because

2. . 2. .
0 Giningr 0 Gininga

83/# ayll ayu ay#

while

dyo, N Ndyy N+~ Ndya,, Ndy, = —dya, N---Ndy, N - Ndya,, Ndy,.
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Having computed df in terms of the partial derivatives of the trivialization
functions g;;’s, we can now switch back to the representation in terms of the Cech
cocycles g = I (Dagij) f; (this is convenient essentially because the cocycle
identities (2.5) for the n;’s are simpler then the analogous cocycle identities (2.4)
for the functions 0,g;;’s).

Since
a;. Agi i .. Ogi i
aU’ aﬂ' m m - mm m
tr(niliél) 0.0 mmiml—l o 775::111_1) = tr (fill aygnm . a; Im41 ayl +1t1 fil) _
X (1) Xg(m) Am+41
( 891’11’2 agimim+1 8gim+1i1)
= tr ‘e ,
Wosy  Wagimy MWag
we have

ad a(‘f m m
(28) dQ =¢ Z Z { tr(niliél) -0 777;m§ml~1 °© 7]7;0:714:17;1)} dya

a ce6,,

Now, it follows from the cocycle relations (2.5) that, on Uj 4y..i,,,, = Ui, N---N

Ui, .., we have
Am41 _ _ Om41 Q41 Om 41 .. Q41
nim+1i1 - nilim+1 - (niliz + niQis + + nimim+1)'

By inserting this expression into equation (2.8), we have

m

dQ) = —¢ Z Z Z { tr(nzgl) 0.--0 ’l’}f::z(::ll o "710::1:1)} dya.

a ce6,, k=1

Finally, by exchanging the order of summations, we can write
m

(2.9) Q= —c Y Ay,
k=1

where
A, = tr( P o Lopletm 4 am“) d
k= Miyis nimim+1 nikik+1 Yo
a ceG,,

LEMMA 2.6. For 2 <k <m —1, we have Ay = 0.
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PROOF. Let us fix k& € [2, m—1]. In the expansion of Ay, for every multiindex
a = (a1,...,Qn41) there is a multiindex 8 = B,s = (b1, .., Bm+1) differing
from a only for the exchange of two elements, at places r and s with 1 < r <
s <m; Br = o, Bs = oy, and B; = o for j # r,s. Note that we have:
dyg =dys, N---Ndyp, N~~~ Ndys, N--- Ndyg,, ., =
=dyo, N ANdya, N Ndya, N NdYa, . =
= —=dYo, N+ ANdya, N Ndya, /\"'/\dyam+1 =
= _dya
Now, for any such pair of multiindices o and 3 and for any permutation o of
{1,2,...,m}, let 7 = 7,5 be the permutation given by the composition 7 =
s © 0, Where m, ¢ is the permutation that exchanges the elements at places r
and s:
Trs(Lyoooymyo 8, co,m)=(1,...,8,...,r,...,m).
It follows that

Br(1) Br(m) Bm41 Qo (1) Qo (m) QAmt1
.. o---0MN. on. . = .. O-+«+-0M. on.
Nivio nlmzm_H 771kzk+1 U nzmzm_H nzk1k+17

hence the two terms

Qg (1) X (m) QAm+1
tr(niﬂé -0 nimim+1 °© nikik+1) dyﬁ

and

Br(1) Br(m) B
05, 0 O M ©Miliny,) AY e

add to zero. Since all terms in the expansion of Ay can be paired in this way,
we conclude that A = 0.

Now, it remains to consider the two terms A; and A,,.
LEMMA 2.7. We have Ay = —A,,.

PROOF. Let us consider
_ o (1) X (m) Qmt1
Al - Z Z {tr(niliz 00 nimim+1 ° ni1i2 )} dya
a €6,

By recalling the usual symmetry property of the trace, we may write
Ao (1) o- Xg(m) Am 41 m+1 Ao (1) X (m)

«
L -eon. on. - = ( .. on. . Q---0MN. . )
tr(nhlz nlmlm+1 171122 ) tr (771112 771112 ) nlmlm+1 ’

hence, if we set £77 = 7;;" " o niaj”(” € I'(Usj,End(E)), we have

aO' aD' m
Al = Z Z {tr(&?iz © 771'2122) 00 nim§ml1>} dYa'
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Now, from the skew-symmetry of the map Str in (1.10) (see Corollary 1.3), it
follows that

«,0 QAo (2) o(m) _ o(m) 0(2) a,0
2 : tr(glllz © Migig ©°°° 0 771m1m+1) - : : (771112 © Migig o £i7r1.im+1),
ceS,, ceS,,

hence we have

Z Z { nzl(;;w m;;z) 0---0 (nam+1 on "“))zmzm+1)}d}’a-

a ceG,,

On the other hand, we have

Br Br
Z Z { m”(;) 77222(32) ..o (nﬂﬂm) o nﬂm_ﬂ)imierl)}dy,B-

T€EG,,
Now, for every multiindex o = (1, ..., @m+1) and every permutation o € &,
there is a multiindex 8 = (84, . .., Bm+1) and a permutation 7 € &,, such that
Br(1) = Qo (m)> Br(2) =Qa(2)s - - s Br(m—1) = Yo (m—1)s Br(m) = ¥m+1, Bm+1= Qo (1)-

With this choice of o, 8, o and 7, we have

dyg = dyg, Ndyg, N--- Ndyg,,_, Ndyg,, Ndyg,,., =
= dYa,, NdYay N NdYa,, y N Yoy N AYa, =
= (—1)2’"’2dya1 ANdYa, N+ Ndya,,,, =
=dy,-

It follows that A; = —A,,.

Now, from equation (2.9) and Lemmas 2.6 and 2.7, we obtain the following
result:

THEOREM 2.8. For any Y -flat family E of locally free sheaves on X and
any integer m, with 1 < m < dim X, the H™(X, Ox)-valued m-form Q = Qg
on'Y s closed, i.e., d2 = 0.

3 — Differential Forms on Moduli Spaces

In this section we shall apply the results of Section 2 to the construction of
closed holomorphic differential forms on moduli spaces of sheaves on a smooth
complex projective variety X (we choose to work over the complex field because
Theorem 2.8 was proved under the assumption k& = C, but everything we shall
say holds true for any algebraically closed field k of characteristic 0).
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So, let X be a smooth n-dimensional complex projective variety, let Ox (1)
be a very ample invertible sheaf on X and let M be a moduli space of stable
sheaves on X (with some fixed moduli data).

REMARK 3.1. On the moduli space M there does not exist, in general, a
universal family of sheaves £, not even locally in the Zariski topology. In any
case, a universal family £ on M exists locally in the complex analytic topology
(or in the étale topology, if we are working over an algebraically closed field k
of characteristic zero) [S, Theorem 1.21]. As noted in Remark 2.1, these local
universal families are not uniquely determined, in fact they are defined only
up to tensoring with the pull-back of a line bundle on M. In general, these
ambiguities prevent the local universal families to glue together to a globally de-
fined one (see [Ma, Theorem 6.11] or [HL2, Section 4.6] for numerical conditions
ensuring the existence of a global universal family on M). On the other hand,
when we consider the relative Ext-sheaves Extfl(é' ,&) (or the sheaf End(E)), these
ambiguities disappear, and these locally defined sheaves glue together to a glob-
ally defined one on M. For this reason, we shall abuse the notation and write
Sxtfz(é’, E) (resp. End(E)) even if the universal family £ does not exist on M.

Since the moduli space M is, in general, not smooth, we shall denote by
M its smooth locus. Analogously, we shall denote by M, the open subscheme
of M parametrizing isomorphism classes of locally free sheaves and by M;7" the
smooth part of it.

For any E € M*™ the Kodaira-Spencer map (2.1) gives a natural isomor-
phism

(3.1) TpM*™ = Ext'(E, E).

If £ € M7, we also have

(3.2) TpM;]' = H' (X, End(E)),

because, for a locally free sheaf E, there are canonical isomorphisms
Ext'(E,E) = H (X, End(E)).

The global versions of the Kodaira-Spencer isomorphisms (3.1) and (3.2) provide
natural isomorphisms
TM*™ = Extl(E,€),

and
TM = qu*gnd(c‘)).

We can now apply the results of the preceding section to construct natural holo-
morphic differential forms on M*™,
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More precisely, by setting ¥ = M*™ and denoting by £ a locally defined
universal family on Y (cf. also Remark 2.2), we have, for any m with 1 < m <
n = dim X, a vector-valued m-form

(3.3) Q:TM™ x o x TM™ — H™(X,Ox) @ Opgorm.

Let us now assume that there exists a holomorphic m-form ¢ on X, o €
H°(X,Q%). The multiplication by ¢ defines a map

(3.4) H™(X,0x) -2 H™(X, Q).

Finally, if we denote by nx € H'(X, Q) the cohomology class of the polarization
Ox (1) (the cohomology class of the Kéhler (1, 1)-form on X), we have a map

n—m

(3.5) H™(X, Q%) ™~ H"(X,0%) = C.

By composing the vector-valued differential form € with the maps (3.4) and (3.5),
we obtain an ordinary (scalar-valued) m-form, which we denote by Q,:

Qyp : TM™ X oo X TM™ — O ppsm.

Since, by Theorem 2.8, the restriction of {2 to the open subset M;}" parametriz-
ing locally free sheaves is closed, it follows that the restriction of €2, to Mj}" is
a closed homolorphic m-form.

We can summarize these results as follows:

THEOREM 3.2. For any holomorphic m-form o on the complex projective
variety X there is a holomorphic m-form Q, on the smooth locus M*™ of the
moduli space of stable sheaves on X. The restriction of Qs to the smooth locus

i of the moduli space of stable vector bundles on X is closed.

Actually this result also holds with no assumption on the smoothness of the
moduli space M or on the locally freeness of the stable sheaves. The method
of proof is, however, completely different, and will be described in a different
paper.

Let us describe now some particularly interesting special cases of Theo-
rem 3.2.

Let us take m = n = dim X and assume that there exists a non-zero section
o of the canonical line bundle Kx = Q%. In this case the map (3.5) is the
identity, hence the n-form €, is given by the composition of 2 in (3.3) with the
map

H"(X,0x) 2 H"(X,Kx) =C.
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Even more interesting is the case when the canonical line bundle of X is trivial,
i.e., when X is a smooth Calabi-Yau n-fold. In fact, in this case there is a canoni-
cal choice (up to scalars) of the n-form o on X, namely o =1 € H°(X, Kx) = C,
hence there is also a n-form €2, on the moduli space M*™.

The natural question that arises at this point is to know under what con-
ditions the canonical n-form 2, on the moduli space M*™ is non-degenerate.
We recall that, for n = 2, i.e., when X is an abelian or a K3 surface, this is
always the case [Mul]. For n > 3, on the other hand, there is no hope that €,
be always non-degenerate; in fact there are examples of moduli spaces of stable
sheaves (even stable vector bundles) on a smooth Calabi-Yau n-fold that are
isomorphic to projective spaces.

We do not know the answer to this question but, in order to investigate
the non-degeneracy of the n-form ., when X is a Calabi-Yau n-fold or in the
more general case of a smooth projective variety X with an effective canonical
divisor, it may be helpful to use the following algebraic result (whose proof is
elementary):

PROPOSITION 3.3. Let V' be a finite dimensional k-vector space and

w:Vx-.xV -k
—_———

m

be an alternating, or symmetric, multilinear form. Let us define

VX xV -V
———

m—1
by setting
(v1,0(vay ..y Um)) = w(v1, Ve, .o Uy,
for any vy, ..., v, € V. Then the transpose of @ is the map
OV s VEx e x VE
—_———
m—1
given by
(@ (v1), (2, ..oy vm)) = w(vi, Vo, ..., V),
for any v1,...,vm €V, and we have
Ker(w) = Ker(&!) = (Im())*,
where

Ker(w) ={v e V]w(v,va,...,0m) = 0,Yva,..., 0, € V}.

Hence w is non-degenerate if and only if @ is surjective or, equivalently, if and
only if @' is injective.
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In order to apply this result to our situation let us prove the following lemma
(inspired by a similar result in [T)):

LEMMA 3.4. Let m = n = dimX and let 0 € H°(X,Kx), with o #
0. Let E € M*™ and, using the notations of the preceding proposition, let us
set V. = Ext'(E,E) and w = Q,(E). Then, by Serre duality, we have V* =
Ext" Y (E,E® Kx), and the map

(3.6) @ :Ext'(E,E) x --- x Ext'(E,E) — Ext" (E,E ® Kx)

n—1
1s the composition of the map
S:Ext'(E,F) x --- x Ext'(E, E) — Ext" *(E, E)

induced by the symmetrized composition map (1.2), with the map

Ext"Y(E,E) % Ext""(E,E ® Kx)
given by the multiplication by o € H*(X, Kx).

PROOF. The duality between V = Ext'(E, E) and V* = Ext" ' (E, EQ K x)

is given by

(¢,97) =tr(¢po¢”) € H"(X,Kx) =C,

for any ¢ € V and ¢* € V*.
Let us now take ¢1, ..., ¢, € V. By recalling the definition of 2., we have:

1
Qg-((bl,. .. ,d)n) =0 Str((bl,. .. 7¢n) = O'E Z tr(gbf(l) O¢’r(2) O--- O¢T(n))
T TEG,

By recalling the expression for the map Str given in (1.5), we can also write

1

(37) Qg(¢1, AN 7¢n) =0 m Ztr(gﬁl @) (;57_(2) O+++0 (;57_("))’

where now the sum runs over all permutations 7 of the set {2,3,...,n}.
Let us now set ¢* = &(da, . . ., ¢, ). By recalling the definition of &, we have

<¢17¢*> = w(¢17¢27 .. ~7¢n) = Qa(¢17 .- ~7¢n)-

On the other hand, by the expression of Serre duality given above, we have

(3.8) (¢1,0%) = tr(d1007).
Now, by comparing (3.8) with the expression in (3.7), we find that

1
o* =0 T Zng(Q)o-«-quT(n) =0S(dg,...,0n).
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It seems difficult to investigate, in general, the surjectivity of the map @
n (3.6). Obviously, a necessary condition is that the map

(3.9) Ext""Y(E,E) % Ext""Y(E,E® Kx)

be surjective. This is equivalent to requiring that the transpose of this map, i.e.,
the map
Ext'(E, E) % Ext'(E,E ® Kx),

be injective. By applying the functor Hom(F, ) to the standard exact sequence
0—E-S5E®Kx — E®Kx|p—0,

where D € |Kx| is the divisor defined by o, we see that the map above fits into
the long exact sequence

0 — Hom(E, F) % Hom(E,E ® Kx) — Hom(E,E® Kx|p) —
— Ext'(E,E) % Ext'(E,E ® Kx).

From the stability of E it follows that Hom(F, E) = C, but it is difficult to get
informations on Hom(F, EQ Kx) and Hom(FE, EQ K x|p), in general. Obviously,
this problem simply disappears when X is Calabi-Yau, i.e., when Kx = Ox and
o =1 (in this case the map (3.9) is the identity).

REMARK 3.5. If X is a smooth Calabi-Yau n-fold, it may happen that, for
a suitable choice of moduli data, the corresponding moduli space M of stable
sheaves on X has an irreducible component Y which is smooth, projective and of
dimension n. Under these hypotheses, if the restriction of the canonical n-form
Q, to Y is non-degenerate, then Y will be a Calabi-Yau n-fold.

An example of this situation can be found in [T, Theorem 4.23]. In this case
n = 3 and the Calabi-Yau 3-fold X is a K3 fibration over IP!. The moduli space
M is a relative moduli space of stable sheaves on X supported on the fibers
(with suitable moduli data). The claim is that M is again a Calabi-Yau 3-fold.
To prove this result, Thomas explicitly constructs a holomorphic 3-form on the
moduli space M and shows that it is non-degenerate.

A similar (and more general) problem has been investigated by T. Bridge-
land and A. Maciocia, under the additional assumptions that X is a flat Calabi-
Yau fibration over a base S, with fibers of dimension < 2, and M is a relative
moduli space of stable sheaves supported on the fibers of 7 : X — S. We refer
to [BM] for details.

REMARK 3.6 K. Yoshioka has constructed in [Y] moduli spaces of stable
twisted sheaves on a smooth complex projective variety X. These are quasi-
projective schemes and can be compactified, in the usual way, by adding S-
equivalence classes of semistable twisted sheaves. In greater generality, moduli
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spaces of twisted sheaves have also been constructed by M. LIEBLICH in [Li],
using the language of algebraic stacks. In any case, it turns out that the tangent
space to such a moduli space at a point corresponding to a twisted sheaf E is
canonically identified with Ext(E, F). From this fact it should follow immedi-
ately that our construction of closed differential forms €2, on moduli spaces of
stable sheaves can be generalized, in a straightforward way, to moduli spaces of
stable twisted sheaves. When X is a K3 surface, this is explicitly proven in [Y];
in this case, the moduli space of stable twisted sheaves on X has a canonical
symplectic structure (just as in the untwisted case [Mul]).

We end this section with an example explaining how the construction of the
differential forms €2, can be adapted to other moduli spaces. We describe the
case of moduli spaces of framed bundles.

3.1 - Moduli spaces of framed vector bundles

Let us now see how the construction of the differential forms Q, can be
extended to the case of moduli spaces of framed vector bundles.

Let X be a smooth n-dimensional complex projective variety with a very
ample invertible sheaf Ox (1), and let D C X be a smooth hypersurface. Let us
denote by F' a fixed vector bundle on D.

DEFINITION 3.7. A framed vector bundle on X is a pair (F, ¢) consisting
of a locally free sheaf E on X and an isomorphism ¢ : E|p — F.

Moduli spaces of stable framed vector bundles on a smooth projective variety
X were constructed in [Lu] and, in a more general context, in [HL1], to which
we refer for definitions and results.

Let us denote by FB the moduli space of stable framed vector bundles on
X (with fixed Hilbert polynomial) and by FB*" its smooth locus. The moduli
space JB is a quasi-projective variety, and it is actually a fine moduli space, i.e.,
there exists a (global) universal family of framed vector bundles on FB5.

Standard infinitesimal deformation theory gives the following result:

PROPOSITION 3.8. For any (E, ¢) € FB there is a canonical identification
T(p,sFB = H' (X, End(E) @ Ox(~D)),

and the obstruction to the smoothness of the moduli space FB at the point (E, ¢)
lies in H*(X, Endy(E) ® Ox(—D)), where Endo(E) denotes the sheaf of traceless
endomorphisms of E.

In the sequel we shall denote End(E) ® Ox(—D) simply by End(E)(—D).
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In this situation we can define a H™(X, Ox(—mD))-valued differential m-
form Q on FB*™ by setting, for any (E, ¢) € FB*™",

QE,¢): HY(X,End(E)(—=D)) x --- x H'(X,&nd(E)(-D)) —
— H™(X,0x(—mD)),

where this map is the composition of the map

S: HY(X,End(E)(—=D)) x --- x HY(X, End(E)(—D)) —
— H™(X,End(E) @ Ox(—mD))

induced by the symmetrized composition map, and the usual trace map
tr: H™(X,End(E)(—mD)) — H™(X,Ox(—mD)).

The proof of the closure of the m-form Q on FB*™ is formally the same as the
proof of the closure of the m-form Q on Y given in Section 2.

Now, to construct from 2 a scalar-valued differential form on FB°™, we just
need a section o’ € H(X, Q%(mD)), i.e., a global differential form of degree m
on X, with poles bounded by mD. Then, the multiplication by ¢’ defines a map

H™(X,0x(~mD)) 2= H™(X, ),

hence by composing 2 with this map and then with the map 7% ™ of (3.5), we
obtain an ordinary (scalar-valued) m-form on FB°™, which we shall denote by
Q,. In conclusion, we have proved the following result:

THEOREM 3.9. Let X, D and F be as above. For any meromorphic m-
form o' on X with poles bounded by mD, o' € HY(X,Q%(mD)), there is a
closed holomorphic m-form Qg+ on the smooth locus FB*™ of the moduli space
of stable framed vector bundles on X.

Finally, let us investigate the relations between the differential forms con-
structed on the moduli spaces M*™ and FB*™.

Let X be as above and let 0 € H?(X, Q%). Let D be a smooth hypersurface
of X defined by a section s € H°(X,Ox(D)). In this case there is an obvious
choice for a global section o’ of Q% (mD), namely o’ = o s™.

Let us set

FB™ ={(E, ¢) € FB*™ | E is a stable vector bundle}.

(In general FB™ # FB®™ because there can be framed bundles (E, ¢) that are
stable as framed bundles, but such that E is not stable as a vector bundle).
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Then we have a natural map
w: FB" — M

that forgets the framing, i.e., that sends a framed bundle (F, ¢) to E.
With the natural identifications explained above, the tangent map to 7 at
a point (E, ¢) is the map

HY(X,End(E)(-D)) = HY(X,End(E))

induced by the multiplication by s € HY(X, Ox(D)).
Then we have a commutative diagram

HY(X,End(E)(~D)) x - - x H'(X, End(E)(~D)) —2

J,SX.“XS lsm

Str

HY(X,End(E)) x -+ x HY(X,End(E)) — H™(X,Ox).
From this diagram, and from the preceding definitions of the m-forms on the

moduli spaces, it is evident that the pull-back by 7 of the m-form 2, defined on
M?®™ is equal to the m-form Q,/ defined on FBy™.
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On the analogy between Arithmetic Geometry

and foliated spaces

ERIC LEICHTNAM

ABSTRACT: Christopher Deninger has developed an infinite dimensional cohomo-
logical formalism which allows to prove the expected properties of the arithmetical Zeta
functions (including the Riemann Zeta function). These cohomologies are (in general)
not yet constructed. Deninger has argued that these cohomologies might be constructed
as leafwise cohomologies of suitable foliated spaces. We shall review some recent results
which support this hope.

1 — Introduction

Christopher Deninger’s approach to the study of arithmetic zeta functions
proceeds in two steps.

In the first step, he postulates the existence of infinite dimensional coho-
mology groups satisfying some “natural properties”. From these data, he has
elaborated a formalism allowing him to prove the expected properties for the
arithmetic zeta functions: functional equation, conjectures of Artin, Beilinson,
Riemann ... etc. There it is crucial to interpret the so called explicit formulae
for the arithmetic zeta function as a Lefschetz trace formula.

The second step consists in constructing these cohomologies. Deninger
has given some hope that these cohomologies might be constructed as leafwise
cohomologies of suitable foliated spaces. Very little is known in this direction

KEY WORDS AND PHRASES: Foliations — Dynamical — Lefschetz — Trace.
A.M.S. CLASSIFICATION: 57R30 — 11F72 — 14H52
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at the moment, but this second step seems to be a good motivation to develop
interesting mathematics even if they are far from the ultimate goal.

In Section 2 we recall Deninger’s cohomological formalism in the case of the
Riemann zeta function. We point out a dissymmetry in the explicit formula (1)
between the coefficients of §x10gp and d_g10gp, see Comment 1.

In Section 3 is devoted to the description of the Lesfchetz trace formula
for a flow acting on a codimension one foliated space. In Section 3.1 we re-
call the Guillemin-Sternberg trace formula which is indeed an important com-
putational tool for this goal. By comparison with (1), it suggests that there
should exist a flow (¢");cr acting on a certain space Sg with the following prop-
erty. To each prime number p [resp. the archimedean place of Q] there should
correspond a closed orbit with length logp [resp. a stationary point] of the
flow ¢?.

In Section 3.2 we recall the theorem of Alvarez-Lopez and Kordyukov.

They consider a flow (¢!);er acting on (X, F) where the compact three
dimensonal manifold X is foliated by Riemann surfaces. They assume that
(¢')ter preserves globally the foliation and is transverse to the foliation. Then
Alvarez-Lopez and Kordyukov define a suitable leafwise Hodge cohomology on
which ¢! acts and they prove a Lefschetz trace (& la Atiyah-Bott) formula which
has some similarities with (1) for ¢ real positive. But the dissymmetry mentioned
above for (1) does not hold.

In Section 3.2 we consider the case of an elliptic curve Ey over a finite
field F,,. The explicit formula (7) for its zeta function (g, exhibits a dissymmetry
between the coefficients of dy10g Nw and 6_k10g Nw, Where w is a closed point of
Ey. It is quite analogous to the one mentioned above for (1). We review briefly
our result which, using the work of Deninger and results from Alvarez-Lopez and
Kordyukov, allows to interpret (7) as an Atiyah-Bott Lefschetz trace formula and
to provide a dynamical interpretation of this dissymmetry.

In Section 4, we first recall the statement of Lichtenbaum’s conjecture for
a number field K. Then we explain briefly how Deninger proved an analogue of
this conjecture in the case of a foliation (X, F, ¢') with the following properties.
X is a smooth compact 3-dimensional manifold endowed with a codimension 1
foliation F and the flow ¢’ preserves globally the foliation and is transverse to
it. We shall explain how the reduced leafwise cohomology enters as a crucial
ingredient of the proof.

In Section 5, we make a synthesis of various results of Deninger. We state
several axioms for a laminated foliated space (Sq,F, g, ¢") which (if satisfied!)
allow to construct the required cohomology groups for the Riemann zeta func-
tion. We compare carefully the contribution of the archimedean place of @
in (1) with the contribution of a stationary point in the Guillemin-Sternberg
formula.
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2 — Deninger’s Cohomological formalism in the case of the Riemann
zeta function

The (completed) Riemann zeta function is given by:

1
—p~s

C(s)=27"2a20(s/2) [ 5

peP

where P = {2,3,5,...} denotes the usual set of prime numbers. The following
well known explicit formulas express a connection between PU {oo} and the
zeroes of (. Let a € C (IR,IR) and for real s, set (s flR t)dt;

compact
belongs to the Schwartz class S(IR). Then one can prove the following formula.

®(0) — > ®(p) + 0(1) =
pEC1{0}, Rp>0

(1)
=Y logp [ > a(klogp) + > pra(klogp) | + Wa(a),

pEP k>1 k<—1

where

Weo(a) = a(0) log 7 + /+OO ( = — a(0) ;

a(t) + e ta(-t) e 2t ) it

Now recall the standard Lefschetz trace formula for a smooth map with non
degenerate fixed points ¢ : V' — V where V is an oriented compact Riemann
surface:

2

> (=1 TR(¢" : H/(V,IR)) = Y (~1)signdet(Id —D¢)(v).

=0 $(v)=v

Deninger’s philosophy is motivated by the fact that the left hand side of (1)

20— Y a(p)+a()

pEC1{0}, Rp>0

is reminiscent of a Lefschetz trace formula of the form

TR/ aft)e! €0 dt —TR/ aft)e!©1 dt—l—TR/ aft)e! ©2 dt,
R R

R

where the following two assumptions should be satisfied.
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e Oy =0actson H* =R, Oy =1d acts on H? = R.

e The unbounded operator, ©; acts on an infinite dimensional real vector (pre-
Hilbert) space H', for any a € CZ5,pac (IR, IR) the operator [, a(t)e’ ©* dt
is trace class. The eigenvalues of ©; ® Id¢ acting on H ! @R € coincide with

the non trivial zeroes of (.

Moreover in Deninger’s approach one first assumes the existence of a Poincare
duality pairing:

H' x H' — H*
(a,8) > aUp
satisfying
(2) Va,B € H, e!®1aUe!® g =cl(aUp),

where the ef is dictated by the fact that ®» = Id.

Second, one assumes the existence of a Hodge star « on H'! such that e
xet©1 and < a; 8 >= a U3 defines a real scalar product on the real vector
space H'.

Then with these data, Deninger’s formalism implies the following;:

t@l*:

(3) VYa € H, (e!®1a;e'©1a) = el(a;a).

Therefore,

%(etela; et®1a>t:0 = (01(a); @) + {a; 01 (a) >=< a; a),

and

(€1 —1/2)(a); ) + (@; (61 = 1/2)(e)) = 0.

Thus one gets that ©1 — % is antisymmetric on the real vector space H'. There-

fore, the eigenvalues s of ©; (which coincide by (1) to the non trivial zeroes of
Z ) satisfy s —1/2 € iR or equivalently: Rs = % Therefore Deninger’s formalism
should imply the Riemann hypothesis!!! This argument comes from an idea of
Serre [Se60] and has been formalized in the foliation case in [De-Si02]. Of course,
we have described only a very small part of Deninger’s formalism which deals

also with L-functions of motives, Artin conjecture, Beilinson conjectures ... etc.

COMMENT 1. There is a dissymmetry in (1) between the coefficients of
a(klogp) and a(—klogp) for k € IN*. In the framework of Deninger’s formalism
the explanation is the following. Equation (2) allows to prove (3) which in turn
implies that the transpose of e!©1 is efe~*®1. Therefore, if we have a Lefschetz
cohomological interpretation of (1) in Deninger’s formalism for a test function
a with support in ]0, +oo[ then we have also a cohomological proof of (1) for «
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with support in | — oo, 0[. In this formalism, (2) (and the above dissymmetry) is
quite connected to the Riemann hypothesis.

Notice that Ralf Meyer [Meyer03] has provided a nice spectral interpretation
of the zeroes of Z and an original proof of (1). Unfortunately, he cannot prove the
Riemann Hypothesis because he is obliged to work with Frechet spaces rather
than Hilbert spaces. To our opinion, the geometry underlying his constructions
is not sufficient. Recall that also Alain Connes [C099] has reduced the validity
of the Riemann hypothesis (for L—function of the Hecke characters) to a trace
formula.

The idea of the proof of (1) is the following: apply the residue theorem to

( 0+m\/¥a(logt)t3%) %(s)

on the interior of the rectangle of C defined by the four points:

1+ e+iT, — +4T, —e —iT, 1 + € — iT,

o~ o~

then use the functional equation ((s) = (1 — s) and the formula:

I (s 1 too femu emu(it) d
T\2"71 —/0 W 1w )M

lastly let T' goes to +oo.

3 — Analogy with the foliation case
3.1— The Guillemin-Sternberg trace formula

Consider a smooth compact manifold X with a smooth action:
p: X xR — X, (,t) = ¢'(2),

so that ¢!t = ¢t 0 @' for any t,#' € R. Let Dy¢' denote (for fixed ¢t € IR) the
differential of the map y € X — ¢(y). One has: Dy¢" (9587, _o(x)) = 05}, ().
In other words, the vector field associated with the flow ¢' belongs to ker(D,¢' —
1d).

Consider also a smooth vector bundle £ — X. Assume that F is endowed
with a smooth family of maps

P (0N E — E, t € R,
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satisfying the following cocycle condition:
Yu e C%(X;E), Vit € R, ¢ (¢ (uo ) o ¢") =+ (wo g'*").

So we require that the maps K* : u — ¥'(uo ¢') = K'(u) define an action of
the additive group IR on C*°(X; E). Notice that in the case of E = A*T*X and
1* =t D¢* (the transpose of the differential of ¢*) this condition is satisfied.

We shall assume that the graph of ¢ meets transversally the “diagonal”
{(z,z,t), v € X, t € R\ {0}}. Guillemin-Sternberg have checked ([G-S77]) that
the trace Tr(K'|C>°(X; E)) is defined as a distribution of ¢t € R\ {0} by the
formula:

Tr(Kt|C°°(X;E)):/XKt(x,x)

where K'(x,y) denote Schwartz (density) kernel of K*. We warn the reader that,
in general, for o € CZ5paet(IR) \ {0}, [ a(t)K'dt is not trace class.

Now, we give the name T = 9;¢"(x);—o IR to the real line generated by the
vector field 9,0t (x)—o of ¢' at a point x where 9;¢"(x)i=¢ # 0.

PROPOSITION 1 (GUILLEMIN-STERNBERG [G-S77]). The following formula
holds in D'(IR\ {0}).

Tr(wl;i(’Y) ; Exv )
dot(1 — DyoH 00 (2) ; Ty X/T0 )]

Tr(K'C®(X5E) =Y 1(7) Y Oki(y)+

Y kez*

Tr(’(ﬂ;,Ew)
" zz: | det(1 — Dy¢t($)§TT/X)|.

In the first sum, v runs over the periodic primitive orbits of ¢', x, denotes any
point of v, 1(7) is the length of v, ¢!V (xy) = z~. In the second sum, x runs over
the fized points of the flow: ¢'(x) = x for any t € IR.

COMMENT 2. Recall that D,¢" denotes, for fixed ¢, the differential of the
map y(€ X) — ¢'(y). The non vanishing of the two determinants in Propo-
sition 1 is equivalent to the fact that the graph of ¢ meets transversally the
“diagonal” {(z,x,t), v € X, t € R\ {0}}.

Note that the following elementary observation is the main ingredient of the
proof the Proposition 1. It is important with respect to Subsection 3.3. Let
A € GL,(IR) and dy(-) denote the Dirac mass at 0 € IR". Then one computes
the distribution do(A-) in the following way. For any f € Cg,,,,(IR"), one has:

1 1

(60(A); fF()) = [ So(Ax)f(x)dz = | So(y)f(A™ y) dy = Jac(A)

RrR" RrR" Jac (A)

£(0)

where dy denotes the Lebesgue measure. Therefore: §o(A-) = m&)(-).
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3.2— The Lesfchetz trace formula of Alvarez-Lopez and Kordyukov

Now we shall assume that X is a (still compact) three dimensional manifold
and endowed with a codimension one foliation (X,F). We shall also assume
that the flow ¢' preserves the foliation (X, F), is transverse to it and thus has
no fixed point. Therefore (X, F) is a Riemannian foliation. We shall apply later
Proposition 1 with £ = A*T*F — X.

COMMENT 3. A typical example is X = LXIH\)‘H, where A is a subgroup of

(R, x) and ¢*(l,z) = (I,ze™?). See Section 4.

Now, we get a so called bundle like metric gx on (X, F) in the following
way. We require that gx(9:¢'(2)) = 1, ,¢'(z) L TF for any (t,2) € R x X,
and that (gx)r7 is a given leafwise metric. By construction, with respect to
9x, the foliation (X, F) is defined locally by riemannian submersions.

In this setting Alvarez-Lopez and Kordyukov [A-K01] have proved the fol-
lowing Hodge decomposition theorem (0 < j < 2):

(4) C®(X,NT*F) =ker AJ @ Im AL

where AZ denotes the leafwise Laplacian. Since we have ll‘ersf = ker AJ, we call

the vector space HZ = ker Al a reduced leafwise cohomology group.

Let 7/ denote the projection of the vector space of leafwise differential forms
C>(X,NNT*F) onto H? = ker A according to (4) with 0 < j < 2. Then
Alvarez-Lopez and Kordyukov [A-K00] have proved the following Lefschetz trace
formula.

THEOREM 1 ([A —KO00]). Let a € Cg5pact(IR) Then the operators

[ atorwio (@) onlds
R

are trace class for 0 < j < 2. Let xp denote the leafwise measured Connes Euler
characteristic of (X,F) ([Co94]). Then one has:

Mm

Jm/ als)m o (¢°) ol ds =
o
— +ZZ (e—pya(—EKl(7y)) + exya(kl(v)))

v k>1

where v runs over the primitive closed orbits of ¢*, 1(7) is the length of v, x, € v

and €41, = signdet(id — D(b‘iTkl(Vf)).
Ty
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PROOF. (Sketch of the idea). The case where the support of « is included
in a suitably small interval [—e, +¢€] is treated separately. When the (compact)
support of « is included in IR\ {0}, the authors show by highly non trivial
arguments based on (4), that

2 2

Z ]TR/ a(s)ml o (¢*) onlds = Z(—l)jTr/ a(s)(¢®)" ds

3=0 3=0 R
But Proposition 1 (with E = AJT*F) shows that the right handside is equal to:

Dyt ) (z)))* - NITE F — NTE F)
l 2l 2l
2,100 2, S

Tkl
i = |det(id — Dy} j’jr))|

a(kl()).

One then gets immediately the result.

Comment 4. Notice that here (unlike in (1)) there is no dissymmetry for the
coefficients of a(—kl()) and «(kl(y). The reason for this absence of dissymmetry
is explained by the Guillemin-Sternberg formula as we have seen in the proof.
Here is another way to rephrase this explanation when X is orientable. If we
had a leafwise metric g satisfying (¢')*g = e’g then we should get in (5) the
same dissymmetry as the one already mentioned in (1). Assume that for a fix
real 3 one has Vt € IR, (¢')*g = €’*g. Consider the bundlelike metric gx on X
as above. Its volume form wy is such that (¢f)*wx = e%wyx, Vt € R. But we

Ty *
know that the degree W has to be an integer for any ¢ € IR. Therefore

8 =0.
The Ruelle zeta function is defined by

wx
X

1
Cr(s) = 11 Ay Rs > 1.

7 primitive orbit

The induced action of (¢*)* on HZ is of the form e*%s. Deninger’s results (e.g.
[De98], [De07al) suggest to conjecture that for 0 < j < 2, s — detoo(sId —0; :
HY) defines an entire holomorphic function and that

2
CR(S) = H detoo(s Id—ej . Hﬁ))(_l)wrl
j=0

where deto, denotes an infinite regularized determinant (see [De94] for defini-
tions). If this last equality is true then (5) should constitute the explicit for-
mula for (r. Notice moreover that in Theorem 1 there is no term similar to
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Weo(a) in (1) because the flow (¢');er is assumed to have no fixed (e.g. sta-
tionary) point. Assume morever that there exists a leafwise metric g such that
Vvt € R, (¢')*g = g. Then, by considering the associated bundlelike metric gx
one defines easily a scalar product (;) on H! such that e*®* becomes a unitary
operator on the Hilbert completion of H!. Therefore, all the zeroes of (g are on
the real line ®z = 0.

Recall that it is not always possible to find a leafwise metric g such that
vVt € R, (¢")*9 = g. Here is an example communicated to me by Alvarez-
Lopez. Let h be a diffeomorphism of $? fixing the two poles. Assume that for
the corresponding Z-action the north pole is attractive and the south pole is
repulsive. Set X = S2XB where the action of m € Z is defined by m - (l,z) =
(h™(1),m + x). The sets S? x {z} induce a foliation F. Consider the flow ¢
defined by ¢!(l,x) = (I, +t). Then there is no leafwise metric g on (X, F) such

that V¢ € R, (¢')*g=g.

COMMENT 5. Alvarez-Lopez and Kordyukov are working on a proof of a
Lefschetz trace formula when the flow ¢ is allowed to have stationary points.
They work with a notion of “adiabatic cohomology” and their programme is
promising.

3.3 — Foliated spaces with a p—adic transversal

We shall now describe an example of foliated space where on can prove
a Lefschetz trace formula exhibiting a dissymmetry quite similar to the one
mentioned in Comment 1.

Let Ep be an elliptic curve over a finite field F, where ¢ = p/ and the prime
number p is the characteristic of ;. Recall that the zeta function (g, (s) of Ey
is given by:

—(Nw)= — (1-g¢ )1 —-¢")

(6) o= II = (L—¢&")(1 ~E)

weE|Eo|

where |Ep| denotes the set of closed points of Ey and ¢ is a complex number which
by Hasse’s theorem satisfies || = \/g. The explicit formula for Cro(8) takes the
following form. Let a € C°(IR,IR) and set for any real s, ®(s) = [ e

Then, one has:

> () X w0 Do (i) -

veZL PECEUI{O} vEZL

Z log Nw Z (klog Nw) + Z a(klog Nw)

wE|Ey| k>1 k<—
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The idea of the proof is to apply the residue theorem to

+oo /
5 — ( \/Ea(logt)tsﬂ) Cﬂ(s)
0 t CE,

and to use the functional equation (g, (s) = (g, (1 — s).

Let ¢o : Ey — Ey be the g—th power Frobenius endomorphism of Fj over

F,. Deninger has used (see [De02]) the following result due to Oort [Oor73]:

LEMMA 1. There exists:

a complete local integral domain R with field of fractions L a finite extension
of Q, (q=p’) such that R/M =Fq where M is the mazimal ideal of R.
an elliptic curve € over spec R together with an endomorphism ¢ : &€ — &
such that:

(55 ¢) b2 ]Fq = (E07 ¢0)
So (€,9) is a lift of (Ey, ¢o) in characteristic zero.

REMARK 1.

If the elliptic curve Ej is ordinary, then one may take for R the ring of Witt
vectors of F,, W (IF,), and then there is a canonical choice of the lifting
(€,¢). On the contrary, if Fy is supersingular [Si92, page 137], then there
is no canonical choice of (&, ¢).

It is possible to lift a curve of genus > 2 (over Fy) in characteristic zero, but
Hurwitz’s formula [Si92, page 41] shows that one cannot lift its Frobenius
morphism.

Now (still following [De02]), we denote by E = £ @ L the generic fibre. Then
End.(F) ® Q = K is a field K which is either Q or an imaginary quadratic
extension of @. We fix an embedding L. C C and consider the complex analytic
elliptic curve E(C). Let w be a non zero holomorphic one form on E(C) and let
I" be its period lattice. Then the Abel-Jacobi map:

P
E(C)— C/T, p—>/0 w modTl

induces an isomorphism. Next we choose the embedding K C C such that for
any a € K, O(«) induces the multiplication by « on the Lie algebra C of C/T
where O is the natural homomorphism:

©: K =End,(E)®Q— End(C/T) ® Q.
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Next we consider the unique element £ € ©~1(Endy(E)) C K such that ©(¢) =
¢ ® L. By construction one has (&I° C T' and the complex elliptic curve C/T
endowed with the multiplication by £ represents a lift of (Fy, ¢p). Now, we set
r
V =Upené™ "I, T = +1im fn—F’ and VeI' =TT ®z Q.
The set TI" is a Tate module defined by a projective limit and V¢I' is a Q-
vector space of dimension 1 or 2. Any element v of V acts on C x V.I' by

v.(z,0) = (2 + v, 0 — v), we denote by % the quotient space.

LEMMA 2. The natural homomorphism :
CxTr Cx VeI
—
r 1%

defines a {€', | € Z}-equivariant isomorphism where the action of € is induced
by the diagonal action on € x TI' and C x VeI' respectively.

Now, any element ¢” € ¢% acts on % x R™ by

qy'(['zv ﬁ]7 T) = ([fyzagyﬁ]v qu)-

In [De02], Deninger has introduced the (compact) laminated Riemannian foliated
space (S(Ep), F) where
Cx VeIl

v
and the leaves of F are the images of the sets € x {0} x {«} by the natural map
7: Cx VeI xIRT™ — S(Ep). Observe that the domain of a typical foliation chart
is locally isomorphic to D x 2x]1,2[ where D is an open disk of €,  is an open
subset of TT" so that the leaves are given by D x {w} x {z} for (w,z) € 2x]1,2[;
the term “laminated” refers to the fact that the local transversal to the foliation
F is the disconnected space Qx]1,2[.

S(EO) = z ]R+*a

REMARK 2. Using the fact that V (resp. ¢%) acts freely on V¢I' (resp.
IR™*), the reader will check that (S(Ep),F) has trivial holonomy.

One defines a flow ¢' acting on (S(Ep), F) and sending each leaf into another
leaf by: ¢'(z,0,2) = (z,0,xe”"). Let pe denote a Haar measure on the group
Vel then, one has the following

LEMMA 3 ([De02]).
1) The measure
d
darday @ pe © =

on € x VeT' x R™ induces a measure p on S(Ep).
2) The measure i is invariant under the action of ¢'.
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PRrROOF.

1) We just have to check that for any v € IN* and any borel subset A of VT,
one has

pe (€7 A) = |67 ne(A) = ¢~ ne(A).

Since (£”).fte is also a Haar measure on V¢I' it suffices to check this equality
for A = TT. But this is an immediate consequence of the fact that

TT/(§"TT) ~T'/(£"T)

has [£]?” = ¢” elements.
2) This is obvious.

Using the fact that |{| = /g, one checks that the Riemannian metric on the
bundle TC x V;I' x R™* given by:

9s.0,2(M,m2) = 27 'Re (m72)

induces a Riemannian metric g along the leaves of (S(Ey), F) so that the follow-
ing property is satisfied:

(8> V77 € T[z,f},z]]:7 g(D[z,f),z]¢t(n>7 D[z,ﬂ,x]d)t(n)) = et!](n» 77)
Compare with Comment 4.

THEOREM 2 (DENINGER [De02]). There is a natural bijection between the
set of valuations w of the function field K(Ey) of Ey and the set of primitive
compact R—orbits of ¢* on S(Ey). It has the following property. Ifw corresponds
to v = v, then

U(vw) = log N(w).

Deninger has also provided a nice spectral cohomological interpretation of the
left hand side of (7).

Now we are going to recall briefly the definition of the leafwise Hodge co-
homology that has allowed us to give in [Lei07] an Atiyah-Bott-Lefschetz proof
a la Alvarez-Lopez Kordyukov of the explicit formula (7).

First we introduce carefully a natural transverse measure on (S(Ep), F) and
point out its important role. For more on these notions, the reader may have a
look at: [Co94], [Sul93] and [Ghys99].

Set Lg, = (DXFTF, this is a compact laminated space which is foliated by
its path-connected components. Any element ¢ € ¢% acts on [2,7] € Lg,
by ¢” - [2,0] = [§Y2,£"?]. The Haar measure pe of TT induces a transverse

measure, still denoted j¢, of Lg,. For any Borel transversal 17" of Lg, one has
pe(q-T) =g pe(T).
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Moreover, the metric g = (dz1)? + (dz2)? (where z = 1 + ixy) defines a
leafwise metric on Lg,, let )rgv be the associated leafwise volume form. Then
Aste defines a q”—invariant measure of L, .

The leafwise metric g in (8) of (S(Ep),F) is defined by g = 71§ and its
associated leafwise volume form is given by A\, = Yz A dxs.

DEFINITION 1.

1) Let A;(S (Ep)) denote the vector space of leafwise differential forms which,
in the local coordinates (z,v, ), are of the form
u(z, 0, 2)d*Rzd’ Tm 2

where a +b=j € {0,1,2} and (z,v,2) — D

Rz.Im 2,2 W(2, U, T) is continuous
for any multiindex of differentiation 3 € IN.

2) One defines the Sobolev space Hio(S(Ep); ANT*F) in the same way but
we simply require that the functions (z,v,z) — Dgzlmzwu(z,@, x) are lo-
cally L2.

Now it is clear that § = pedz defines a transverse measure on (S(Ep), F) with
associated Ruelle-Sullivan current C(§). We can pair sections of A% (S(Ey)) with
C(%), for instance the measure p may be recovered by the formula:

vr e s, (e (%)) =/ fdu

S(Eo)
One defines a scalar product by the following formula:

Vw,w' € A(S(Eo)), (w;w') = (w Uxw'; C (g))
where * denotes the leafwise Hodge star operator associated to g.

THEOREM 3 ([Lei07]).
1) One has a Hodge decomposition (for 0 < j < 2):
H, oo (S(Ey), NT*F) = H &+ Tm A,
Let ) denote the associated projection onto the vector space of leafwise
harmonic forms HJ.
2) Let o € C, (IR;R). Then [ a(t)(¢*)*mldt is trace class and

compact
2

> (-TR | et iar -

=3 > U (e MDa(-ki(y) + alki(+) )

where v Tuns over the set of primitive closed orbits of (S(Ey),F). According to
Theorem 2, we obtain in this way an Atiyah-Bott-Lefschetz proof (along the lines
of [A-KO00]) of the explicit formula (7).
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COMMENT 6. Actually, in [Lei07] we have defined in an abstract way (being
motivated by the work of Deninger) a class of laminated foliated spaces for which
the previous Theorem still holds true.

As noticed by Deninger, the dissymmetry in (7) of the coefficients of a(kl(7y))
for kK < —1and k > 1 is due to property (8) (see the remark following Corollary 1
of [Lie03]). We are going to propose a dynamical explanation, & la Guillemin-
Sternberg, of this dissymmetry. Consider a point (2q,79,1) € S(Ey), with
To € TT, such that ¢~1°89[2, 7y, 1] = [20,%0,q] = [20,70,1]. Recall that by
definition (7129, & 00, ¢ q) ~ (20,00,9). So [ 120, 00, 1] = [20, Do, 1] and
there exists v € £7'T such that

9) £ 20 =20+7, & 'Wo=70—1.

The operator (¢!)* acting on AJ}-(S (Ep)) admits a Schwartz kernel defined by
the formula:

Voo € A(S(E)), (61)*(w)(y) = / (DY) 813y w8 dia(y)).

S(Eo)

Consider a point y = [z,0, x] belonging to a small neighborhood of {¢*[zg, 7, 1],
—logq <t < 0}. Then, with the previous notations, one has:

(10) ' (y) = ("2 =7 0+ 7,q we™).

The following lemma shows basically that the graph of the flow (¢t)te]R\{0} is
transverse to the diagonal and computes dgt(,)—y-

LEMMA 4.

1) 26 C—&te—y—2and 0 € Vel — £ 19+ — 0 are invertible and their
jacobians are respectively given by:

Jac(¢ 'z =y —z) = [ = 1], Jac(¢ 0+ -0) = ¢
2) Let V be an open neighborhood of (zo,00), set:
U={(z,0,e7%)/s €] —logq,0], (s,0) € V}.

Consider € > 0 and V small enough so that t € [—log q,0] — (20,00, e ") is
the only closed orbit of ¢t contained in U with length in | —e—log q, e —logq/.
Then one has the following equality as a distribution on Ux] —e—logq,e—

log q[:
1 1
6¢t(y):y = m(szfzo & a(;’\ /U\O & 6t+logq-

v—
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PRrROOF.

1) We prove only the second equality. Recall that TT is an open compact
subset of V¢I'. Then, since ¥ — ¥ — v defines an automorphism of TT
whose inverse is U — > &0, one has Jac (v — {v) = 1. Now recall that
the proof of Lemma 3 shows that e ((TT") = %ug(TF) so that Jac (£0) = é.
By combining the last two equalities for Jac, one gets:

Jac(E 04+~ —2) = q.
2) Using the change of variable formula for [ due and the equality €10+~ —
g = 0, one sees that for ¥ close to 7y one has

1
O~ ~.
Jac(§~10 4+ v — 1) v—vo

O¢-154y—2
Then a computation using (9) and (10) shows (see also [C099, Section IV]),
that for y = [2,0,2] € U and ¢ €] — e — log ¢, ¢ — log ¢[ one has:

] = ! 0 ® !
W=V T Jac(E Tz —q—2) 7 7 Jac(€ 0+~ —0)

05 5 @ Otylogg-

By combining 1) with this equality one gets the result.
Recall now that du(y) = dzidzs ® pe ® “. The formula Iy log g d@%w =logq
and Lemma 4. 2) show that for ¢ close to —log g the distributional trace
Tr (D¢t)*5¢t(y):y d:“(?/)
S(Eo)
is well defined (near —log¢) and is equal to:
1
logg Y =0,
Y, Uvw)=log g

where 7, runs over the set of closed orbits of ¢* of length I(7,,) = logg.
Since Jac(é0 4+ v — ) = 1 a similar argument shows that for ¢ close to log g
the distributional trace

| 100 80y dut)
S(Eo)

is well defined (near log ¢) and equal to:

log q Z 01(y) -

Yw, L (yw)=log q
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Therefore, we have given a dynamical explanation of the dissymmetry occuring
in (7).

Now we come to another analogy. In [De07b], Deninger has suggested that,
in the case of the Riemann zeta function, the distribution

E ef?

pEC-1{0}, Im p>0

might be interpreted as a trace involving a transversal wave operator. We refer
to [De07b, Section 5] for a list of interesting open problems in this direction.
In this Section, we simply check that, in the case of (g,, Deninger’s intuition
is right (see also the end of the next Section). Recall that local coordinates on
S(Ep) = % (where L, = EXIT) are given by (2,9, z). We endow S(Ej)
with the bundle like metric:

dzdz  da?
D

T 2

We have a notion of transverse exterior derivative dr:
dr : T(S(Eo); A'T*F) — T(S(Fo); N'T*F @ A'T*F1).

Let o7 be its adjoint. Set Ar = drdr, it acts on T'(S(Ep); A'T*F). We write,
locally, an element of I'(S(Ep) ; AYOT*F) as a(z,0,x)dz.

LEMMA 5. One has:

Ar(adz) = (—0yx)(x0;)(a) d 2.

Consider the following transverse operator defined by:

Ar(adz) = (—8133 + %) (mm + %) (a)dz.

LEMMA 6. Assume for simplicity that the zeta function (g, (s) of the elliptic
curve Eg does not vanish on IR. The following equality holds, between distribu-
tions of the variable t € R:

Tr 7T71_62t V A1 —9 E eit Imz'

zGCE; (0), Im 2>0
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4 — Foliations provide a simple analogue of Lichtenbaum conjecture
for zeta functions

4.1 - Lichtenbaum’s conjecture

Let K be a number field. Stephen Lichtenbaum has conjectured ([Licht])
the existence of certain Weil étale cohomology groups with and without compact
support H (K ; Z), HJ(K ; R), and H’/(K ; Z), H(K ; R) (for j € IN). These
groups are additive (abelian) and should be related to the zeta function (i of
K as follows.

CoNJECTURE 1 (Lichtenbaum). The groups HZ(K ; Z) are finitely gener-
ated and vanish for j > 4. Giving IR the usual topology one has:
HI(K;Z)®z R = HI(K; R).
Moreover, there exists a canonical element ¢ € H'(K,IR) which is functorial
with respect to K and such that the following three properties hold.
1) The complex
2 HI(K,R) 2 HITY (K, R) —

where Dh = 1) U h is acyclic. Notice that D? = 0 because deg ¢ = 1.
2) One has near s =0,

(K (s) = 5(23 (-1 rank H{(1.2)) Cre(8)-

[T 1H(E, Z)orsion| =
0<j5<3

G (0) = det(H*(K,R), D, f*)

where for each j € {0,1,2,3}, f7 is a basis of 2 LK)

torsmn

We explain the meaning of 3). Since the complex in 1) is acyclic, we have a
canonical isomorphism:

®o<j<s(det HI (K, R))V' ~ R.

When ] is odd we take the dual of this real line. Then each f7 induces a
basis fJ of det HY(K,IR) and ®0<J<3(f3)( 17 defines a real number denoted
det(H?(K,IR), D, f*) which does not depend on the choice of f*.

Lichtenbaum [Licht05] has proven, in the function field case, the analogue
of his conjecture.
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4.2 — A dynamical foliation analogue

We follow Deninger [De07a]. Recall that in Section 3.2 we have defined the
Ruelle zeta function (g of (X, F, g, ¢t). We assume now that all the hypothesis,
conjectures and notations stated after Comment 4 at the end of Section 3.2. are
satisfied by (X, F, g, #) and Cg. In particular the leafwise metric g is ¢*-invariant
and the flow ¢’ is transverse to the foliation F with no fixed point. Moreover
for simplicity we assume that all the e, = 1.

Comment 7. By a structure theorem we could assume that (X, F, ¢?) is of
the form: X = L§]R, where I is a subgroup of (IR, +), L is a fixed (noncompact)
Riemann surface, leaf = image of L x {pt}, ¢°(I,t) = (I, + s).

Set Yy = dd—‘it = 0. Define w € C>(X, T*X) by w(Yy) = 1 and wjpr = 0.
Then w is closed (one has w = dt in the previous comment).

THEOREM 4 (Deninger [De07a]).
1) The complex
L2 HX RS HTY(X,R) - ...

where Dh = [w] U h is acyclic and H’(X,R) denotes the standard singular
cohomology.
2) One has near s =0,

Ginls) = 5 Zamal DI OD) i),

H |Hj (X, Z)torsion|(71)j
0<j<3

Cr(0) = det(H*(X,IR), D, f*)

where for each j € {0,1,2,3}, f7 is a basis of HJ'(X.Z).

torsion
— Analogy with Lichtenbaum conjecture

In this situation, the role of Lichtenbaum’s Weil étale cohomology is played
by the ordinary singular cohomology with Z or IR—coefficients. Since X is com-
pact, we do not have to worry about compact supports. The Ruelle zeta function
Cr is expressed in terms of Hodge leafwise cohomology ker A (cf. (4)), which is
related to H*(X,IR) via the decompositions (11) below. Recall that here (g has
no Gamma factors (since ¢! has no fixed point) and that the zeroes of (p are
located on $s = 0.

PrOOF. Sketch.

Define a metric gx on X by: gx = g ®* go on TX = TF & RY, where
90(Ys) = 1.
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One has the bigrading;:
N'T* X = Dpyg=n NP T*F @ N(RYy)™.

We have A = A, @ —60? where 0 denotes the infinitesimal generator of (¢%)*(=
e*?) acting on C°(X ; A*T*F) and A, denotes the leafwise Laplacian. Moreover
one has

(11) ker A™ = w A (ker A271)0:0 & (ker A?)GZO-

Then, using techniques from the heat equation proof of the index theorem,
Deninger proves that

GO =exp [~ 3 (1720 0) ] = T(X,0x)
0<j<3

where T'(X, gx) denotes the Ray-Singer analytic torsion. The metric gx induces
a scalar product on ker A7 and on H’(X,IR) via the Hodge isomorphism. Con-
sider an orthonormal basis h/ on H7(X,IR), denote by h; the dual basis on

H;(X,IR). Consider also the basis f; of HiXE) hich is dual to 1 (0<5<3).

torsion
Now recall that the Reidemeister torsion is defined by:

3

T(X) = H ‘HJ (X’ Z)torsion|(71)] :
7=0

Using the Poincare duality isomorphism H7(X,Z) ~ Hs_;(X,Z) one then gets:
3 _ -
T(X) - H |Hj (X, Z)torsi0n|(71)] .
§=0

By the Cheeger-Mueller theorem one has:
3 .
T(X,gx) = 7(X) [T ldets, ;| ="
§=0

Now, using the decompositions (11) Deninger shows that
1=|det(H*(X,IR), D, h®)|.
By construction, one has:
3
| det(H*(X,R), D, h*)| = | det(H*(X,R), D, f*)| ] Idet, h;| D"
§=0

By combining the last six identities one then gets the theorem.
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In the proof of Theorem 4, we have seen that the operator |f| appears as
a transverse square root Laplacian. Assume that the Ruelle zeta function does
not vanish at 0. Then one checks that the following holds as distributions of the
variable ¢t € IR.
2 Z e’ = Trrlel?l,
PECL'(0), Im p>0

See the end of Section 3.3.

5 — Remarks about a conjectural dynamical foliated space (Sg, F, g, ¢")
associated to the Riemann zeta function

The following Section is speculative in nature. It should be viewed as a
working programme or a motivation for developing interesting mathematics.

5.1 — Structural Assumptions and their consequences

We assume, following Deninger (e.g. [De01b], [De01]), that to Spec ZU{c0},
one can associate a Riemannian (laminated) foliated space (Sq, F, g, ¢') satisfy-
ing the following assumptions.

1. The leaves are Riemann surfaces and the path connected components
of S are three dimensional. Moreover, g denotes a leafwise riemannian metric,
(¢")ter is a flow acting on (Sg, F) and permuting the leaves.

2. To each prime p € P there corresponds a unique primitive closed orbit +,
of ¢! of length logp. To the archimedean absolute value of @ there corresponds
a unique fixed point 7., = ¢'(7s),Vt € R, of the flow. The flow is transverse
to all the leaves different from the one containing x .

3. We assume that:

(12) VteR, e 2Dy¢ (2o, 5 € SO2(Tu F).

4. We have reduced real leafwise cohomology groups HJ}- (0 < j <2) on which
(¢")ter acts naturally such that Fof ~ IR, sz ~ IR and ﬁlf is infinite di-

mensional. Let [A\;] denote the class in sz of the leafwise kaehler metric A,
associated to g. Then we assume that

(13) VtER, (¢")"([Ag]) = €'[Ag].

5. The action of ¢! on F;_- commutes with the Hodge star x induced by g.
Moreover there exists a transverse measure £ on (Sg, F) such that | So (e A*B)p

-1
defines a scalar product on H .
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6. For any a € Co5nae (R;R), [ a(t)(¢")*dt acting on F; is trace class.
The explicit formula (1) is interpreted as a Lefschetz trace formula for the rie-
mannian foliated space (Sg,F,g,¢") with respect to the leafwise cohomology

groups F]}- (0<j<2).

7. The fixed point z., € Sg should be a limit point of a trajectory oo :
limy— o0 ' (y) = Too for any y € voo. Moreover, o, should have the following
orbifold structure. Define an orbifold structure on IR=" by requiring the following
map to be an orbifold isomorphism:

Sq : — R>°, Sq(z) = 22.

R
{17 _1}
Notice that Sq transforms the flow ¢' w (2) = ze™" into the flow ¢, (v) =

-17

ve~ 2. Then we require that there exists an embedding ¥ : R — Yoo Such that
U(0) = zo and

(14) V(t,v) € R x RZ?, ¥(gh-0(v) = ve ") = ¢! (T (v)).

Lastly we require that v, is transverse at xo to T, F.

COMMENT 8. The stronger assumption Vt € IR, (¢)*(g) = elg implies (12)
(because ¢° = Id), (13) and the fact that ¢' commutes with the Hodge star
not only on F;_ but also on the vector space of leafwise differential 1—forms.
Deninger told us privately that this assumption (¢f)*(g) = e'g might be too
strong. Assumption 5 and (13) implies equation (3) in Deninger’s formalism.
Therefore, the first six Assumptions imply the Riemann hypothesis as explained
in Section 2. Assumption 7 is stated here as a hint about a possible way to prove
Assumption 6. See the next subsection.

COMMENT 9. The results that we have described in Section 3.3 (e.g.
Lemma 4) suggest that the disymmetry mentionned in Comment 1 might be
explained in the following way. For each prime p € P, (Sg, F) should exhibit
a transversal of the type ]0,1[xZ, and possibly the ring of finite Adeles might
enter into the picture.

5.2 — Remarks about the contribution of the archimedean place in (1)

Now we apply formally the Guillemin-Sternberg trace formula for

2

S (1) Tr((¢1)* s DS s NT*F))

J=0

where I'(Sp; AYT*F) denotes the set of “smooth” sections.
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LEMMA 7 (Deninger [De01]).

1) The contribution of the fized point x~ in the previous Guillemin-Sternberg
trace formula is:

1
| det(1 — Dy¢t(xoo)§ TxooSQ/TxooF)|.

1 1

VERMO T =D, (o) Tb S/ o PN = 7]

PROOF.

1) Using Proposition 1, one sees that the contribution of the fixed point z is
equal to:

> (=1 Tr((Dyo")* (100); N T F)
=0
| det(l - Dy¢t(x00)§ T:I:OCSQH

~det(1 — Dy¢'(@o); T . F) 1
B | det(1 — Dy‘bt(xW)?Tzoo}—)‘ | det(1 — Dy‘bt(xw);TwooSQ/waf”.

Using property (12) one checks easily that

det(1 — Dy¢" (zoo0); Tuo
|det(1 — Dyt (z00) ; T

F)

A"

oo

One then gets immediately 1).
2) Since T, Sq/T,. F is a real line, there exists x € IR such that:

Vit € R, |det(1 — qubt(xoo); Ty Sq/Te F) =1— e .

By Assumption 7, 7. is transverse at o to T,_F and (14) shows that
Dy¢'(zo) acts as et on the real line T, _Sq/Ty..F. One then gets 2)
immediately.
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Recall that we wish to interpret (1) as a Lefschetz trace formula via the
Guillemin-Sternberg formula.

PROPOSITION 2 (Deninger [De01]).

1) The contribution of the real archimedean absolute value in (1) coincides
for any real t positive with the contribution of the fixed point x~ in the
Guillemin-Sternberg formula.

2) The contributions of the fized point x for t real negative in the Guillemin-
Sternberg formula and of the real archimedean absolute value in (1) do not
coincide.

3) 5

S (Tr((Dy!) (woo) s NT_F)
e =0
L—e — Jdet(l - Dyoll(wac); Tr. S|

(15) Vt <0,

where in the denominator we have written ¢!*.

PROOF.

1) This is part 2) of the previous lemma.
2) Indeed, the Guillemin-Sternberg formula gives
1 62t

[1—e—2t T e

whereas (1) gives 1_6—:% for t < 0.
3) This follows from (12) and a simple computation.

COMMENT 10. It was in order to explain the factor —2 (instead of —1) in
L for t > 0 in (1) that Deninger has proposed in [De01b, Section 3] the
Assumption 7.

— Open Question

Find a conceptual explanation of the equation (15) by a suitable general-
ization of Guillemin-Sternberg’s trace formula to a “suitable singular setting”.

5.3 — Remarks about the contribution of the archimedean place in the explicit
formula for {qp;

We recall the explicit formula for the zeta function (ny;) of Q[i] as an equality
between two distributions in D'(IR \ {0}) (¢ being the real variable).

I 4" => 1og NQ> (Sriognvo + (NQ) ™6 kiog no)+
(16) PEq(; {03,720 Q k=t
TR S P
1_et {t>0} 1_ef {t<0}>»
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where Q runs over the set of non zero prime ideals of Z[i] and NQ denotes the
norm of Q.

Of course, one conjectures the existence of a Riemannian (laminated) fo-
liated space (Sg, F,g,¢") satisfying a list of axioms quite similar to the ones
stated in Section 5.1. We simply explain how Assumption 7 has to be modified
for the pair of the two complex archimedean places {| - |¢, [|c} of np-

SUBSTITUTE OF 7 FOR Q][] (cf. [De01b, Section 3]). There exists a station-
ary fixed point z., € S of ¢' and two trajectories v+ of the flow ¢' with end
point z... For any 24 € 74, limy_ o ¢%(24) = 250. These two trajectories 4
are transverse to F at zo,. Moreover there exists an embedding:

ViR — - Unsg,

such that W(0) = 2o, 7+ \ {0} = U(R* \ {0}). Lastly, Yo,t € R, U(ve™?) =
o' (¥(v)).

Therefore, the contribution of z,, in the Guillemin-Sternberg trace formula
1S: 1 B 1
[1—et|  |det(l — Dyot(200); Tooo Sqpi)/Tec F)|

vt € R\ {0},

Part 1) of the following proposition shows that the contribution of a complex
archimedean place in the explicit formula is better understood than the one of a
real archimedean place (cf. Proposition 2. 2)). Part 2) suggests that the previous
open question should admit a conceptual answer.

PROPOSITION 3 ([De01, Section 5]).

1) The contribution of ze in the Guillemin-Sternberg trace formula coincides,
fort € R\ {0}, with the contribution of the two complex archimedean places
in (16).

2) For t real negative, one has:

2
. Y (I Tr((Dyd') (200)s N T2 F)

e §=0

L=t [det(l~ Dyol(z00) s Lo Sopi)]
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Uniqueness of renormalized solutions for a class

of parabolic equations with unbounded nonlinearities

HICHAM REDWANE

ABSTRACT: We prove uniqueness and a comparison principle of renormalized so-
lutions for a class of doubly nonlinear parabolic equations W — div(A(t,z)Du +
®(u)) = f, where the right side belongs to L*((0,T) x Q) and where b(z,u) is un-
bounded function of u and where A(t,x) is a bounded symmetric and coercive matriz,
and ® is continuous function but without any growth assumption on u.

1 — Introduction

In the present paper we establish the uniqueness and comparison principle
for a renormalized solutions for a class of doubly nonlinear parabolic equations
of the type

(1.1) w — div (A(t,x)Du n @(u)) —f inQx(0,7T),
(1.2) b(x,u)(t =0) =b(z,up) in Q,
(1.3) u=0 on dQ x (0,T).

In Problem (1.1)-(1.3) the framework is the following: € is a bounded domain
of RN, (N > 1), T is a positive real number while the data f and b(z,ug) in
LY x (0,7)) and L'(2). And where b is a Carathéodory function such that,

KEY WORDS AND PHRASES: Nonlinear parabolic equations — Uniqueness — Renormal-
ized solutions.
A.M.S. CLASSIFICATION: 47A15 — 46A32 — 47D20
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b(x, s) is unbounded function of s. The matrix A(t,z) is a bounded symmetric
and coercive matrix. The function @ is just assumed to be continuous on IR.

When Problem (1.1)-(1.3) is investigated one of the difficulties is due to the
facts that the data f and b(x,ug) only belong to L' and the growths of b(z,u)
and ®(u) are not controlled with respect to u (the function ®(u) does not belong
to (LL.((0,T) x )Y in general), so that proving existence of a weak solution
(i.e. in the distribution meaning) seems to be an arduous task. To overcome
this difficulty we use the framework of renormalized solutions. The existence of
a renormalized solutions of (1.1)-(1.3) is proved in H. REDWANE [15].

The notion of renormalized soluion is introduced by LIONS and D1 PERNA
[14] for the study of Boltzmann equation (see also P.-L. LioNs [10] for a few
applications to fluid mechanics models). This notion was then adapted to elliptic
version of (1.1)-(1.3) in BOCCARDO, J.-L. D1Az, D. GIACHETTI, F. MURAT [§],
in P.-L. LioNs and F. MURAT [11] and F. MURAT [12], [13] (see also [2], [3],
[4], [5], [6], [7]). At the same the equivalent notion of entropy solutions have
been developed independently by BENILAN and al. [1] for the study of nonlinear
elliptic problems.

The paper is organized as follows: Section 2 is devoted to specify the as-
sumptions on b, ®, f and ug needed in the present study and gives the definition
and the existence (Theorem 2.0.3) of a renormalized solution of (1.1)-(1.3). In
Section 3 we establish uniqueness and a comparison principle of such a solution
(Theorem 3.0.4)

2 — Assumptions on the data and definition of a renormalized solution

Throughout the paper, we assume that the following assumptions hold true:
2 is a bounded open set on IRY (N > 1), T > 0 is given and we set Q = Qx (0, 7).
(2.1) b: QxR — R is a Carathéodory function such that;

for every x € Q : b(x,s) is a strictly increasing C'-function, with b(z,0) = 0.
For any K > 0, there exists A\x > 0, a function A in L'(2) and a function By
in L%(Q) such that

ob(x, s)
0s

< Ag(z) and ‘vw (%)‘SBM@

(2.2) Ak <

for almost every x € Q, for every s such that |s| < K.

(2.3) A(t,z) is a symmetric coercive matrix field with coefficients
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lying in LOO(Q) i.e. A(t,l‘) = (aij (tax))lgi,jSN with:

o a;;(t,x) € L>®°(Q) and a;;(t,z) = aj(t,x) a.e. n Q, Vi, j
e J o > 0 such that a.e. in Q, V€ € RN A(t,2)¢€ > o€k~

(2.4) ® : R — RY is a continuous function
(2.5) f is an element of L'(Q).
(2.6) ug is a measurable function defined on € such that b(z,uo) € L*(Q).

REMARK 2.0.1. In (2.2), we denote by V, (%) the gradient of %

defined in the sense of distributions.

As already mentioned in the introduction Problem (1.1), (1.2), (1.3) does
not admit a weak solution under assumptions (2.1)-(2.6), since the growths of
b(x,u) and ®(u) are not controlled with respect to u (so that these fields are not
in general defined as distributions, even when u belongs L(0, T; W,y (52))).

Throughout this paper and for any non negative real number K we denote
by Tk (r) = min(K, max(r,—K)) the truncation function at height K. The
definition of a renormalized solution for Problem (1.1), (1.2), (1.3) can be stated
as follows.

DEFINITION 2.0.2. A measurable function u defined on @ is a renormalized
solution of Problem (1.1), (1.2), (1.3) if

(2.7) Tx(u)eL?(0,T; Wy (Q)) for any K >0 and b(x,u) € L>(0,T; L*(R2));

(2.8) A(z,t)DuDudxdt — 0 as n — +o0;

»/{(t,a:)EQ; n<|u(z,t)|[<n+1}

and if, for every increasing function S in W?2°°(IR), which is piecewise C' and
such that S’ has a compact support, we have

abs(l', u) . / "
(2.9) o div(S’(u)A(t, x) Du) + S" (u)A(t, x) DuDu
— div(S" (u)®(u)) + " (u)®(u)Du = fS'(u) in D'(Q);
(2.10) bs(xz,u)(t =0) =bs(x,up) in Q;

where bg(z,7) = [ %S'(s) ds.

The existence theorem of renormalized solution of (1.1)-(1.3):

THEOREM 2.0.3. Under assumptions (2.1)-(2.6) there exists at least a renor-
malized solution u of Problem (1.1)-(1.3).
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PRrROOF OF THEOREM 3.0.3. The existence theorem of renormalized solution
of (1.1)-(1.3) is proved in H. REDWANE [15]

3 — Comparison principle and uniqueness result

This section is concerned with a comparison principle (and an uniqueness
result) for renormalized solutions. We establish the following theorem.

THEOREM 3.0.4. Assume that assumptions (2.1), (2.2), (2.3), (2.4), (2.5)
and (2.6) hold true and moreover that.
For any K > 0, there exists a positive real number B > 0, such that

Ob(x,z1)  Ob(z, 29
0s s

(3.1) )| < i

21*22‘

for almost every x in Q, and for every z1 and every zs such that |z1| < K and

(3.2) ® is a locally Lipschitz continuous function on R.

Let then uy and us be renormalized solutions corresponding to the data (f1,ug)
and (fa,u?). If these data satisfying f1 < fo and uy < u? almost every where,
we have

u1 < ug almost every where.

PrOOF OF THEOREM 3.0.4. The proof is divided into two steps. In Step 1,
we define a smooth approximation S,, of T},, and we consider two renormalized
solutions u; and ug of (1.1), (1.2), (1.3) for the data (f1,u$) and (f2,u?) respec-

tively. We plug the test function 17, " (bsn (z,u1)—bg, (z, ug))) in the difference

of equations (2.9) for u; and us in which we have taken S = 5,,.
In Step 2, we investigate the behaviour of the different terms in the estimate
obtained in Step 1 (estimates (3.5)) as o tends to 0 and when n tends to +oc.

STEP 1. Remark that when ® is locally Lipschitz continuous on IR the
following derivation is licit for any function S and w satisfying the conditions
mentioned in Definition 2.0.2.

(3.3)  div (s’(u)<1>(u)) — §"(w)®(u)Du = S (u)®' (u) Du = div(®s(u)).

Where &g = (@3’1, bgo,--- a(I)S,N) with

Pgi(r) = /0 ' G ()5 (t) dt.
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Let us now introduce a specific choice of function S in (2.9). For all n > 0, let
S, € CY(IR) be the function defined by S,,(0) = 0; S, (r) = 1 for |r| < n;S.(r) =
n+1—|r|forn<|r|<n+1and S,(r)=0 for |r| >n+ 1.

It yields, taking S =S, in (2.9)

absn (‘T7 uz)

T —div (S’(ui)A(t, z)Dul) + 5" (u;)A(t, ) Du; Du;+

(3.4)
—div (@Sn (u1)) = fiSp(w;) in D'(Q);

for i = 1,2 and where bg, (z,7) = [ %Sﬁl(s) ds.

We use LT (bs, (z,u1) — bs, (x,u2)) as a test function in the difference of
equations (3.4) for u; and us.

Tt _
1//<8(bsn(x7u1) bs, (x7“2));Tj(bsn(:r,,ul)—bsn(m,ug))>ds di+ A% —
aJoJo 3t

=B; +C, + Dy,

(3.5)

for any o > 0, n > 0, and where

AT = Ol_/oT /Ot/Q [s;(ul)A(t,z)Dul — 8" (u)A(t, ) Dus |-

(3.6)
- DT (bSn (x,u1) —bg, (I,uz)> dx dsdt
17Tt
By= _/ //SZ(W)A@ff)DulDulT;(bsn(:r,U1)—bsn(az,ug)dxdsdt+
0Jo JoJq
(3.7)

1 T pt
_;/ //Sg(uz)A(t,x)DuzDusz(bSn (z,u1)—bs, (x,uz)) d ds dt
0 JoJa
I
(3.8) CZ:;/ //[(I)S"(ul)_(I)Sn(uz)]DT:(bSn(xvul)_bSn($7u2))d1‘dsdt
0o JoJa

T t
(3.9) Dflzé/o /O/Q[flsé(ul) — f2S80 (u2)| T (bs, (w,ur) — bs, (z,u2)) dx ds dt.
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In the sequel we pass to the limit in (3.5) when o tends to 0 and then n tends
to +00. Upon application of Lemma 2.4 of [9], the first term in the right hand
side of (3.5) is derived as

/T/t< (bs, (z, u1 b L (7, uz)) TS (bs, (:c7u1)—bsn(x,uQ))>d8dt =

(3.10) U/QT+(b5 (z,u1)—bs, (z,u2)) dz dt+

T (.
— —/Tj‘(bsn (m,ué)—bsn (m,u%))dw
aJq

where T; (r) = [ T (s) ds.
Due to the assumption uj < u2 a.e. in £ and the monotone character of
bs, (z, .) and T, (.) , we have

(3.11) / T (bsn (z,ud) — bs, (x,ug)) dz = 0.
Q
It follows from (3.5), (3.10) and (3.11) that
1 T+ o o o o
(3.12) — | T (bsn (z,u1) — bg,, (x,uz)) dx dt+ A = By + C? + D2
o
Q

for any ¢ > 0 and any n > 0.

STEP 2. In this step, we study the behaviors of the terms A?, BY, CF
and D¢ when o tends to 0 and n — +o00. More precisely, we prove the following
estimates,

(3.13) lim hm A7 >0,
n—+o0 c—0
(3.14) lim limB) =0,
n—+oo g—0
(3.15) hm C’;‘L =0 forall n,
(3.16) lim lim D¢ < 0.

n—+oo o—0

PROOF OF (3.13)

- é/oT /ot Q [S;L(M)A(t,x)Dul — S;.L(UQ)A(t,l')DUQ}

DT (bsn (z,u1) — bs, (. ug)) dz ds dt.
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To establish (3.13) we first write AZ, as follows

A :/Q@ [Sﬂuﬂ(%) b At 2) Dunt

—S;L(ug)(%> Ytz Du,| (TS (bs, (2 u) —bs, (2, u2) dar i+

(T —t) 1/0b(z,u1)\3 [Ob(x,uz)\ 372
—/Q - [( ) —(—2) } A(t, 2) DSy (uy) DSy (us)-

Os Os

(3.17)
: (T;)/(bsn (z,u1) — bs, (:c,u2)> dz dt + /Q @ [Sg(ul)A(t,x)DulJr
— 8l (u2) At 2) D /u " 8 (5)V, (8[’(;;’ S)) as]

: (T;)l(bsn (x,u1) — bg, (LQ@)) dx dt.

We denote by C,, the compact subset [-n —1,n 4 1] of IR, and remark that due
0 (2.2) and (3.1), there exist a positive real numbers A, and G, such that

K@b(g;zl)) 3 (8()(;;22)) 2
B

< _Fn
T 2V,

for almost every z in €.
Due to the definition of bg, (x,r), we have

[

for almost every x in 2, and V s, r € IR.
As a consequence it follows that for o < n and if s and r are real numbers

such that ‘S’n(s) - Sn(r)‘ < o, then both S, (s) and S, (r) belong to concave or

to convex branch of S,,. For 0 < n, we then have:

(3.18)
|21 — 22| for all 21, 29 lying in C,,

(3.19) ‘bs x,$) (z,r ‘ = Sn(s) = Sn(r)

min (s;(s), S;(r)) Su(s) = Su(r)

for all real numbers such that ‘Sn(s) - Sn (7’)‘ <o.

From the above inequality and since [|S},||~r) = 1 we deduce that

Su(s) = S(r)| < 7 < 0= S,()8,(r)

Sp(s) = Sn(r)]|.
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Due to the definition of T}, it follows that
(320)  8,(5)S,(r)ls = r|(T,7) (Sn(s) = Sn(r)) < o (T,7) (Sn(s) = Sn(r))

for all numbers s and 7.
Recalling that supp(S,,) C [—(n + 1), n+ 1], inequalities (3.18) and (3.19)
lead to:

[ Myt (i

-(Tﬂ’(bs (z,u1) — bs, (x uz)>A(t,m)DSn(u1)DSn(uQ)dxdt’ <

< 2T\/}i / ‘ (% (x, u1 (8[)(2;1112))%

(1LY (S’n(ul) — S, (us ) ‘A(t, a:)DTnH(ul)DTnH(ug)‘ dz dt.

The term just above is easily shown to converge to zero as o goes to zero since
the function

()" - ()’

(T8 ) (Sa(w1) = Sa(u2) ) | A @) DTyt (1r) DT,141 (u2)

converges to zero almost everywhere in @ as o goes to zero and (due to (3.1)) is
bounded by the L (Q)- funct10n2||M||Loo axcn)[A(t, 2)DTy 1 (ur)DT, 1 (uz)|-
We remark that

‘/Q(TT_t)[S;L(ul)A(Lx)Dul S (un) A(t, 2) Dun) (T (b, (, ua)+
ob(x, s)
P

S

s, (e [ 109 ( P2 ] drar] <

U2

— b3, (x,u2)) va(

',
A(TEY (Su(wr) = Su(u2)) Vs <abgp S)>HL°0(C \ da dt.

An

DA(t, 2)Duy — S, (us) A(t, x)Duz‘(T Y (bs, (2, u1)+

ab((;i, s))

(3.22)

Sp(ur) — Sn(UQ)‘ dz dt <
Loc(cn)

S"(ur) A(t, ©) DTy 1 (ur) — Sy, (u2) Alt, x)DTn+1(u2)‘X{u17éu2}'
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The term just above is easily shown to converge to zero as o goes to zero since
the function

S/ () A(t, ) DT (1) = S, (u2) A(t: 2) DT (42) X 0y

(s - ). (222

An

) HLOO(C,,,)

converges to zero almost everywhere in ) as o goes to zero and is bounded by
the LY(Q)-function

S"(u1)A(t, x) DTy 11 (ur) — S, (ug) A(t, ) DT i1 (uz) ‘Bn ()

since ||Vz(%) 2o (c,) < Bn(x) € L*() (see (2.2)).

From the above analysis we conclude that (3.13) holds true.

PRrROOF OF (3.14). We have

|BZ| < T/ A(t, ) Duy Duy dzx dit+
+ T/ A(t, z)DusDusy dx dt.
{n<luz|<n+1}

As a consequence of (2.8), letting n go to infinity in the above estimates of BY

shows that (3.14) holds true.
PROOF OF (3.15).

1 (T gt

Cco = —/ / / {‘I)Sn (ug) — ®g,, (ug)} DT (bsn (x,u1) —bg, (x,ug)) dx dsdt.
gJo Jo Ja

To establish (3.15), let us remark that for all s, r in IR, the following inequality

holds true

N
(3.24) |25, (5) = @5, (0)||__ <192 (c)

Su(s) = 5a(r)|

indeed, since suppS), C [-n—1, n+1] and @’ is assumed to be locally Lipschitz
continuous, it follows that

0,5~ @5, (0] < | [ SCI#()ds] < 191,y

Sp(s) — Sn(r)‘.
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With the help of (3.24) the term C7 may be estimated as follows

N Sulun) = Su(us)
C2] < TN | ey / .
{0< (bgn (@,u1)—bs,, (z,uz)) <o} a

: ‘DTU+ (bsn (x,u1) —bg, (x, UQ)) ) dadt <

, . S(12) = S (u2)|
<T@z /{0<<S( )l
n (U1 U2 N
An

: ‘DT;“ (bsn (z,u1) — bs, (, u2)) ) dz dt.

It yields

T
1G] < 112l /Q DT (bs, (2,11) = bs, (2, u2) )| dodt,

which in turn implies (3.15) since DTt (bSn (x,u1) — bg, (amuz)) converges to
zero in L1(Q) as o goes to zero.

PROOF OF (3.16).

1 T t , , N
- — [A1Sh(un) = £28,(u2) | T (b, (2, w1) = bs, (2, uz) ) da dsd.
0Jo Jo Ja
We have as n tends to 400,

(3.25) 150 (u1) — f2S! (uz) — f1 — fo strongly in L'(Q).

Letting o tends to 0, we have 1T.5(t) goes to sgg (t), for all t € IR. For n > 0
fixed, we have

lim D5, = / / / £ f2 sgd (bs (z,u1)) — bs, (@, u2))) dz ds dt.

Since f1 < fo a.e. in Q and sgf (t) > 0 for all ¢ in IR, then shows that (3.16)
holds true. In view of the definition of T and 77, we have

lim lim — / /TJr bg (x,u1) —bg, (x, u2)> dz dt =
Q

n—+ooo—0 g

(3.26)
:/Q(b(a:,ul)—b(a:,uQ)> dzx dt.
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In view of estimates (3.11), (3.12), (3.13), (3.14), (3.15), (3.16) and (3.26) we
have

/Q (b(x, uy) — b(x7u2))+ dx dt <0,

so that b(z,u1) < b(x,usz) a.e. in @ which in turn implies that u; < ug a.e. in
@, Theorem 3.0.4 is then established.
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Sulla struttura combinatoria dei linguaggi bounded

FLAVIO D’ALESSANDRO — ALESSANDRA ZINNO PILO

ABSTRACT: This paper concerns the studying of some algebraic and algorithmical
problems on the growth function of formal languages.

Proporremo una rassegna sintetica di alcuni argomenti relativi alla teoria
delle funzioni di crescita dei linguaggi formali. Come suggerisce il titolo della
nota, la sua redazione e essenzialmente legata ad una classe significativa di lin-
guaggi, detti bounded, di cui analizzeremo le principali proprieta strutturali ed i
legami con altre tematiche di interesse per la matematica e per 'informatica. Il
taglio editoriale di questa nota puo essere cosi rapidamente descritto: gli aspetti
tecnici sono presentati in modo contenuto, privilegiando, nella misura maggiore
possibile, le idee soggiacenti ai teoremi e alle loro dimostrazioni, nonché alle
relazioni con altri aspetti interessanti della teoria. Alcune definizioni sono volu-
tamente omesse, altre, invece, sinteticamente presentate. La speranza ¢ che chi
abbia dimistichezza con la matematica approfitti senza difficolta di questo breve
excursus in una tematica di cosi grande interesse e attualita per I'informatica.

1 — Introduzione

Sia L un linguaggio. La funzione di conteggio di L, detta anche funzione di
struttura, € la funzione f, che associa, ad ogni intero non negativo n, il numero
fr(n) delle parole di L di lunghezza uguale ad n. La funzione di crescita di L &

KEY WORDS AND PHRASES: Bounded language — Context-free language — Growth func-
tion.
A.M.S. CLASSIFICATION: 68Q45
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invece la funzione g, che associa, ad ogni intero non negativo n, il numero gr,(n)
delle parole di L di lunghezza uguale o inferiore ad n.

Queste funzioni sono di grande interesse poiché lo studio del loro andamento
asintotico fornisce preziose informazioni sulla struttura combinatoria del linguag-
gio considerato. Le nozioni di funzione di struttura e di funzione di crescita
giocano un ruolo importante nello studio di problemi significativi formulati in
altri ambiti distinti da quello della teoria dei linguaggi. Ad esempio, nella teoria
matematica dell’informazione, due risultati fondamentali sui codici di parole a
lunghezza variabile sono basati su tale nozione (¢fr. [4]): la Disuguaglianza di
Kraft-Mc Millan che fornisce una condizione necessaria affinché un insieme di pa-
role sia codice oppure il teorema di Kraft relativo alla esistenza di codici prefissi
ottimali per una data sorgente. Un altro notevole esempio ci € fornito dalla teoria
dei gruppi dove un celeberrimo teorema dimostrato da M. Gromov in [20] per-
mette di caratterizzare la struttura algebrica dei gruppi di crescita polinomiale:
precisamente, un gruppo siffatto possiede un sottogruppo nilpotente di indice
finito. Altri risultati profondi sono stati ottenuti nello studio della crescita delle
algebre finitamente generate relativamente alla dimensione di Gelfand-Kirillov
di tali algebre. Rimandiamo al testo [15] quale eccellente e completo riferimento
bibliografico per questo argomento.

Nella teoria dei linguaggi formali, questa tematica & stata oggetto, anche
recentemente, di un’attivita di ricerca molto intensa con particolare riferimento
ai linguaggi a crescita polimoniale (cfr. [6], [8], [9], [10], [13], [14], [16], [17], [19],
[22], [23], [25], [26], [27], [29], [30], [32], [36]). Il punto di partenza dell’excursus
che compiremo in questa nota & un quesito formulato da Flajolet in [16] relativo
alla esistenza di linguaggi context-free di crescita intermedia. A tale quesito &
stata data risposta negativa da Incitti in [30] e, qualche tempo dopo, indipen-
dentemente, da Bridson e Gilman in [6], dimostrando la seguente proprieta di
gap: un linguaggio context-free ha crescita esponenziale oppure polinomiale.

I linguaggi a crescita polinomiale, detti anche sparsi, svolgono un ruolo
chiave sia nell’ambito della Teoria dei linguaggi formali, sia in quello della Com-
plessita di calcolo. Questa circostanza ¢ anche riconducibile al fatto che, nel
caso context-free, la famiglia di tali linguaggi coincide con quella dei cosiddetti
linguaggi bounded introdotti e studiati, per la prima volta, da S. Ginsburg nella
seconda meta degli Anni 60 (c¢fr. [17]). Diversi risultati di questa ricca e ben
sviluppata teoria sono stati riscoperti, anche in ambiti diversi da quello dei lin-
guaggi, (e ripubblicati) pilt volte negli ultimi venti anni e uno degli scopi della
nota & quello di mettere in evidenza alcuni aspetti, a nostro giudizio, rilevanti di
questo affascinante argomento.

Eccoci infine, molto brevemente, a spiegare come si articolera questa nota.
Dopo aver presentato alcune definizioni preliminari, dimostreremo il teorema di
gap e analizzeremo, sia dal punto di vista algebrico, sia da quello algoritmico, la
struttura dei linguaggi context-free a crescita polinomiale. Cio sara fatto nelle
Sezioni 2 e 3. Nella Sezione 4, invece, descriveremo un algoritmo il quale consente
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di calcolare in modo esatto la funzione di conteggio (e dunque anche quella di
crescita) di un linguaggio context-free a crescita polinomiale. La Sezione 5 sara
invece dedicata alla descrizione del legame esistente fra queste tematiche ed un
importante problema dell’Algebra: il problema di Burnside per i semigruppi. La
Sezione 6 sara dedicata ad un argomento “di frontiera”: descriveremo una classe
di linguaggi che pur avendo, nel senso che preciseremo poi, una struttura vicina
a quella dei linguaggi context-free, sono a crescita intermedia. L’ultima sezione
sara invece dedicata alla presentazione di alcuni risultati ottenuti recentemente
sulla funzione di conteggio delle relazioni razionali.

2 — Preliminari

Presenteremo molto brevemente, in questa sezione, un vocabolario mini-
mo di definizioni soprattutto nell’intento di fissarne le corrispondenti notazioni.
Quanto segue ¢ in genere materia di un corso fondazionale di teoria dei linguaggi
formali e puo trovarsi nei testi, alcuni classici ed altri piu recenti, di un’ampia
rosa di scelta (cfr. [3], [12], [15], [17], [24], [33], [40]) alla quale rinviamo il lettore
interessato.

2.1- Monoidi liberi

Se A ¢ un alfabeto, denoteremo con A* il monoide libero delle parole, dette
anche stringhe, sull’alfabeto A e con 14+, o piu semplicemente con 1, il suo
elemento identitd; tale elemento & detto parola vuota. L’insieme A* \ {1} &
denotato AT. Se u & una parola di A*, la sua lunghezza & 'intero non negativo,
denotato con il simbolo |u|, uguale a zero se u = 1 e, altrimenti, al numero dei
simboli di cui si compone u. Fissata una lettera a € A, denotiamo con |u], il
numero di occorrenze di @ nella parola u. Siano v e w parole di A*. La parola
u si dice fattore di w se esistono A\, pu € A* tali che \upy = w. L’insieme dei
fattori di w & denotato con il simbolo F(w). Similmente, se L ¢ un insieme
di parole di A*, scriveremo F(L) = U, F(w). u si dice poi prefisso di w
se esiste u € A* tale che up = w. Infine u si dice suffisso di w se esiste A €
A* tale che A\u = w. Una parola z & detta primitiva se z = u™, con n > 1,
implica 2 = u e quindi n = 1. Ricordiamo infine che una congruenza di A* ¢
una relazione di equivalenza di A* compatibile con 'operazione di prodotto di
parole.

2.2 - Linguaggi context-free

Descriveremo ora in maggior dettaglio un’importante classe di linguaggi,
quella dei linguaggi context-free, detti anche liberi dal contesto, introdotti in [11].
Questi linguaggi sono definiti tramite 1'uso di certe strutture combinatorie dette
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grammatiche context-free di cui richiameremo la definizione anche al fine di fis-
sare qualche utile notazione. Formalmente, una grammatica context-free &€ una

quadrupla G = (V, T, P, S), dove:

e V & un insieme finito di oggetti detti variabili della grammatica G;

e T & un insieme finito di simboli detti terminali della grammatica G, ed
inoltre T' e disgiunto da V;

e P & un sottoinsieme finito dell'insieme V' x {V UT}*, detto delle produzioni
della grammatica G; ogni produzione ¢ usualmente denotata con la forma
A — a dove A & una variabile ed « ¢ una stringa di simboli di (V UT)";

e S & una variabile detta start symbol, o assioma della grammatica.

Vogliamo ora definire il linguaggio generato da G. A tale scopo definiamo
prima le seguenti due relazioni = e = tra stringhe in (VUT)". Se u,v sono
parole in (V UT)", allora porremo

U= v

se esiste una produzione A — 3 della grammatica G tale che u = a Ay e v = afy,
dove o, v € (VUT)". Le parole a, v sono chiamate contestidi u e v e la relazione
= & detta di derivazione atomica. La relazione = & poi definita quale chiusura
transitiva e riflessiva di =, ovvero == Uio 1y Questa relazione e detta di

derivazione di G. In altre parole, se o, 8 € (VUT)" sono tali che a =* £,
allora o = 3 oppure esistono parole ag, ay, ... ,a,,n > 1di (VUT)" tali che

a=q)=Qa = Q1 = a, =0.

Una qualsiasi stringa o tale che S = « si dird forma sentenziale di G. Una
variabile A si dice utile se esiste una parola o in T* tale che S = fAg = a, dove
fyg € (VUT)*. Il motivo per cui queste grammatiche sono chiamate context-free,
letteralmente “libere dal contesto”, risiede nel fatto che, in un passo qualsiasi di
una generica derivazione di G, I'applicazione di una produzione non dipende dalla
scelta dei contesti della forma sentenziale a cui si applica. Infine il linguaggio
generato da G, denotato con il simbolo L(G), & l'insieme:

LG)={weT"|S=w}.

Diremo che un linguaggio ¢ context-free se esiste una grammatica context-free
che lo genera. Diremo inoltre che due grammatiche context-free sono equivalenti
se i linguaggi da esse generati coincidono. Ricordiamo infine che tali linguaggi
sono anche detti algebrici poiché possono essere descritti quali componenti delle
soluzioni di sistemi di equazioni polinomiali di parole, cioe di equazioni di parole
in cui siano usati i soli operatori di unione e di concatenazione in A*.
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2.3 - Linguaggi regolari

Un’altra importante famiglia di linguaggi formali ¢ quella dei cosiddetti
linguaggi regolari. Tale famiglia di linguaggi corrisponde, rispetto alla classica
gerarchia di Chomsky-Schiitzenberger, alla classe di linguaggi immediatamente
precedente a quella dei linguaggi algebrici di cui ne costituisce una notevole sot-
toclasse. Un linguaggio su di un alfabeto A si dice regolare o razionale se puo
ottenersi a partire da linguaggi di cardinalita finita di A*, tramite 'applicazione,
in un numero finito di volte, delle operazioni razionali, cioe delle classiche oper-
azioni di unione e di prodotto di linguaggi e di una terza operazione, questa piu
complessa, detta di stella, che associa ad ogni linguaggio L il sottomonoide L* da
esso generato. La famiglia di tali linguaggi € usualmente denotata con il simbolo
Rat(A*). In virtu della sua definizione, essa coincide con la piu piccola famiglia
di linguaggi di A* contenente la famiglia dei linguaggi finiti e chiusa rispetto alle
operazioni razionali. Due risultati fondamentali della teoria, entrambi dimostrati
negli Anni ‘50, forniscono importanti caratterizzazioni dei linguaggi regolari. Il
primo, dimostrato dal celebre logico americano Stephen Coole Kleene, & legato
ad un modello di calcolo ben noto, quello di automa a stati finiti, e stabilisce che
un linguaggio ¢ regolare se e solo se esiste un automa a stati finiti che accetta (o
riconosce) tale linguaggio. Il secondo teorema, dimostrato da John Myhill e Anil
Nerode, costituisce una caratterizzazione algebrica di tali linguaggi basata sulle
congruenze. A questo proposito, converra ricordare che, dati una congruenza 6
di A* ed un linguaggio L, si dice che 6 satura L, oppure che L & saturato da
0, se L & unione di classi di 6. Il teorema di Myhill e Nerode stabilisce che un
linguaggio & regolare se e solo se esiste una relazione di congruenza di A* di
indice finito che satura il linguaggio. Come si ¢ detto prima, i linguaggi regolari
sono context-free: infatti essi sono generati da grammatiche context-free di tipo
particolare, dette lineari a destra oppure lineari a sinistra. Ricordiamo che una
grammatica context-free si dice lineare a destra (risp. lineare a sinistra) se ogni
sua produzione A — « ¢ tale che « contiene, al pil, una occorrenza di una vari-
abile della grammatica e, se questo e il caso, tale variabile deve essere prefisso
(risp. suffisso) di a. I teoremi ora ricordati mostrano dunque che la nozione di
linguaggio regolare ¢ robusta.

Ricordiamo infine un importante risultato, detto Pumping Lemma, che for-
nisce una condizione necessaria affinché un linguaggio sia regolare. Precisamente,
se L & un linguaggio regolare su di un alfabeto A, esiste un intero non negativo
n dipendente da L, tale che, per ogni parola w € L con |w| > n, w ammette una
fattorizzazione del tipo w = auB dove o, u, B € A*, u # € e, per ogni i > 0, au’s
¢ una parola di L.

2.4 — Funzione di conteggio e funzione di crescita di un linguaggio

Siano A* il monoide libero delle parole su di un dato alfabeto finito A ed L
un sottoinsieme di A*. La funzione di struttura, detta anche funzione di conteggio



206 FLAVIO D’ALESSANDRO — ALESSANDRA ZINNO PILO [6]

di L, ¢ la funzione
fo:N— N,
cosl definita:
VneN, fr(n)=Card(LNA")=Card({u € L | |u] =n}).
Si definisce poi funzione di crescita di L, la funzione
gr : N — N,

cosi definita:
VneN, grn)=Card({u€ L | |u] <n}).

E facile osservare che, per ogni n € N, gz (n) = > im0, J(0). E di grande
utilita considerare una classificazione, riportata nella definizione seguente, dei
linguaggi formali basata sull’andamento asintotico della funzione di crescita.

DEFINIZIONE 1. Sia L C A*. Si dice che L & fino o thin se:
Vn>0, frn) <1.
Si dice invece che L & snello o slender se esiste un intero C' > 0 tale che:
Vn>0, fo(n) <C.
Si dice che L ha crescita polinomiale o € poly-slender se esiste k > 0 tale che:
Vn>0, gr(n) < nk.
Un linguaggio a crescita polinomiale ¢ anche detto sparso.
Si dice che L ¢ quasi-polinomiale se:
A %
Si dice che L ha crescita esponenziale se esistono k > 1 ed un intero ng > 0 tali
che:

=0.

VnZno, gL(n) an

Semplici esempi di linguaggi a crescita polinomiale ed esponenziale sono i seguen-
ti. Sia
L={a"b"|n>1}.
E facile osservare che la funzione di conteggio di L & definita come:
1 sen e pari
(1) VTIZOa fL(n): T .
0 sen e dispari.

Di conseguenza L & fino. In particolare, per ogni n > 0, gr(n) < n, cio¢ L ha
crescita lineare. Invece, come facilmente si verifica, i linguaggi

L =A%, L' ={ww | we A*}

sono tali che le rispettive funzioni di conteggio e di crescita sono esponenziali.
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3 — Funzione di crescita dei linguaggi context—free

Intendiamo ora presentare alcuni notevoli risultati relativi alla struttura
combinatoria dei linguaggi context-free: il primo riguarda una caratterizzazione
dei linguaggi context-free a crescita polinomiale. Tale caratterizzazione ¢ legata
ad una importante definizione, quella di linguaggio bounded, che daremo nel se-
guito di questa sezione. Vedremo successivamente il teorema di gap, enunciato
nell’Introduzione, per la funzione di crescita dei linguaggi context-free: la fun-
zione di crescita di tali linguaggi € esponenziale oppure polinomiale. Mostreremo
infine che il teorema di gap ¢ effettivo: esiste un algoritmo, I’esecuzione del quale
consente di decidere la natura, esponenziale oppure polinomiale, della funzione
di crescita di un linguaggio siffatto. Nell’intento di dimostrare i risultati appena
ricordati, riteniamo opportuno introdurre qualche definizione e presentare alcuni
lemmi preliminari: cominceremo con la nozione, introdotta da Ginsburg in [17],
di linguaggio dei cicli destri e sinistri associati ad una variabile della grammatica
context-free.

DEFINIZIONE 2. Siano G = (V, T, P, S) una grammatica context-free, L(G)
il linguaggio da essa generato ed A una variabile di G. Denotiamo con L4 ed
R4 i due linguaggi di parole sull’alfabeto T definiti come segue:

Li={acT* | 3B€T* | A aAB},
Ra={BeT | 3acT" | A aAB).

Ly ed Ry prendono rispettivamente i nomi di linguaggio dei cicli sinistri e
linguaggio dei cicli destri della variabile A.

I facile verificare che, per ogni variabile A di G, L4 ed R 4 sono sottomonoidi
di T*. In effetti, se o, ' appartengono ad L4, esistono 3,3 € T* tali che:

AS aAfe AS o/ Af.

Poiché A = aAf = ad’ABS, si ha che ao/ appartiene ad La, ciod Ly &
chiuso rispetto all’operazione di concatenazione di parole, e dunque L4 € un
sottomonoide di T*. Nello stesso modo, si dimostra che R4 € un sottomonoide
di T*. 1l lemma seguente fornisce una proprietd combinatoria cruciale delle
grammatiche, basata sulla definizione precedente, la quale assicura la crescita
esponenziale dei linguaggi da esse generati.

LEMMA 1. Siano G = (V,T, P,S) una grammatica context-free, L = L(QG)
il linguaggio da essa generato ed A una variabile di G. Se dy, do € Ly (risp.
di,dy € R4) sono parole tali che il sottomonoide {dy,ds}" ¢ libero in T*, allora
L ha crescita esponenziale.
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DiMm. Siano di,ds parole di L. Allora esistono parole «, § € T™ tali che:
AS diAae AS dyAB.
Poiché la variabile A & utile, segue che esiste una derivazione della forma:
S = wAv = z, dove u,v,z € T*.

Poniamo |u] = N, |v| = M, |z| = Q, |di| = n1, |d2| = ne. Possiamo suppore
che n; = ny = n e |a] = |B] = m, non essendo questa una restrizione. Infatti,
nell’ipotesi in cui ny # ng (oppure || # |B]), sard sufficiente considerare il
sottomonoide di {dy,ds}" generato dall'insieme {d;ds, dod;}. Tale sottomonoide

¢ ovviamente libero e le due parole che lo generano hanno la stessa lunghezza.
Si ha:

(2) S = uAv = udAyv = udzyv,

dove d € {d1,d2}" e v € {a,8}".
Se w = udzyv, si ha che w € L dato che w € T* ¢ S = w. Si ottiene:

lwl = ful +[d] + 2] + [y + o] = N + Q@ + M + [d| + |].
Ponendo N + Q + M = ¢, possiamo scrivere:
|lw|=c+|d|+|y|=c+kn+km=c+k(n+m),

dove k ¢ il numero di occorrenze delle parole d; e ds nella parola d ed &, ovvia-
mente, anche il numero di occorrenze delle parole « e § nella parola . Indichiamo
con L’ I'insieme delle parole ottenute come nella Equazione (2) e osserviamo che
L' C L. Sia gy, la funzione di crescita di L. Per ogni intero positivo ¢ sufficien-
temente grande, si ha:

gr(i) > gu/(i) > 275
Dalla condizione precedente segue che la funzione di crescita di L ¢ esponenziale.
La dimostrazione per R4 € simmetrica.

Nel seguito di queste pagine, dati due interi ¢ e j, l'insieme degli interi
compresi tra ¢ e j sard indicato col simbolo [, j].

DEFINIZIONE 3. Sia G = (V,T, P, S) una grammatica context-free e sia
V={8=051,95,...,5,}. Definiamo I'insieme V' ponendo V' =@ se n =1, e
V' ={Sa,...,Sn}sen > 1. Definiamo poi, per ogni k = 1, ... ,n, la grammatica
Gy = (V', T, Py, Sk) le cui produzioni sono quelle di G della forma:

A—a,con Ac V' U{Sleac (V'UT)".
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Denotiamo con L'(G) il sottoinsieme di L(G) costituito dalle parole w € T* che
ammettono una derivazione:

S=wi = w, =w,

tale che, per ogni i = 1,... ,m, w; € (V'UT)". E facile osservare che, per
n =1, L'(G) & il linguaggio finito delle parole di L(G) che possono essere ot-
tenute, a partire da S7, mediante un solo passo di derivazione. Enunciamo ora,
senza dimostrarlo, un lemma che utilizzeremo nella dimostrazione del prossimo
teorema.

LEMMA 2 ([30] Lemma 3.6). L(G) C LsL'(G)Rs.

Siamo ora in grado di dimostrare una significativa caratterizzazione dei lin-
guaggi context-free a crescita polinomiale. Tale caratterizzazione e legata ad una
importante definizione, quella di linguaggio bounded.

DEFINIZIONE 4. Siano A un alfabeto, L un linguaggio di A* ed n un intero
positivo. Il linguaggio L ¢ detto n-bounded se esistono parole u1,... ,u, € A"
tali che:

L e detto bounded se esiste un intero n tale che L & n-bounded.

E utile osservare che, dalla definizione precedente, si ha che la famiglia di
tali linguaggi e chiusa rispetto alle operazioni di unione insiemistica e di prodotto
di linguaggi.

La nozione di linguaggio bounded gioca un ruolo importante nello studio
di diversi problemi di Matematica e di Informatica. In questo ultimo ambito
I'interesse di tali linguaggi risiede, ad esempio, nel fatto che tutte le piu signifi-
cative proprieta dei linguaggi formali sono ricorsivamente decidibili rispetto alla
famiglia dei linguaggi context-free bounded quando, in generale, non lo sono.
La struttura combinatoria e le proprieta algoritmiche dei linguaggi context-
free bounded sono state studiate approfonditamente da S. Ginsburg in [17].
Inoltre, in un lavoro del 1984 [38], A. Restivo e C. Reutenauer, nell’ambito
dello studio del problema di Burnside per i semigruppi, hanno introdotto una
condizione di finitezza, volta cioé ad assicurarne la finitezza del sostegno, per
i semigruppi periodici, detta proprieta di permutazione, strettamente legata
ai linguaggi bounded. Approfondiremo quest’ultimo argomento nella prossima
sezione.

TEOREMA 1. Sia G una grammatica context-free ed L = L(G) il linguaggio
da essa generato. Le sequenti condizioni sono equivalenti:

1. L ha crescita polinomiale;
2. Per ogni variabile A di G, La e Ry sono linguaggi 1-bounded;
3. L é un linguaggio bounded.
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Prima di dimostrare il Teorema 1, converra ricordare che I’equivalenza delle
condizioni (2) e (3) & stata dimostrata da S. Ginsburg nella prima meta degli
anni sessanta (c¢fr. [17]), mentre 'equivalenza delle condizioni (1) e (3) & stata
dimostrata da Latteux e Thierrin in [32] e ridimostrata successivamente in [27]
e [36]. Per la dimostrazione dell’implicazione (2) = (3) utilizzeremo un argo-
mento combinatorio descritto in [30].

DmM. (1= 2).

Sia A una variabile di G e sia L, il linguaggio dei cicli sinistri associato
ad A.

Se Ly = {1r+} allora L, & banalmente un linguaggio 1-bounded. Siano
ora u e z una parola non vuota di L e la sua radice primitiva. Supponiamo
per assurdo che L4 non sia 1-bounded. Deve allora esistere una parola v €
(La\ {z}"). Consideriamo il sottomonoide {u,v}" di L. Per il Teorema del
difetto, esso deve essere libero, e per il Lemma 1, L ha crescita esponenziale,
cosl contraddicendo la condizione (1). Dunque L4 € un linguaggio 1-bounded.
Lo stesso argomento consente di dimostrare che R4 € un linguaggio 1-bounded.
L’implicazione (1 = 2) ¢ dunque dimostrata.

(2=3).

Dimostriamo il risultato per induzione sul numero n di variabili della gram-
matica G. Sian = 1. Il linguaggio L'(G) & finito e dunque bounded. Per ipotesi,
Ls e Rg sono linguaggi 1-bounded e, dunque, si ha che LgL'(G)Rg & bounded.
Per il Lemma 2, poiché L C LgL'(G)Rg, ne segue infine che L ¢ bounded. La
base del procedimento induttivo € pertanto dimostrata.

Dimostriamo ora il passo induttivo. Osserviamo intanto che, per ipotesi
induttiva, L(G}) € bounded, per ogni k € [2,n]. In virti del Lemma 2 e dal
momento che, per ipotesi, Lg ed Rg sono linguaggi 1-bounded e sufficiente di-

mostrare che L’(G) ¢ un linguaggio bounded. Sia W = {ay,... , ., } Uinsieme
di parole sull’alfabeto (V' U T) tali che, per ogni ¢ = 1,... ,m, S — «; sono
produzioni della grammatica GG. Quindi, per ogni i =1,...,m, si avra

Q; = 7“1,i5k1,i o 'Txi,iskzi,irmi+1,i7

dove Tlds--+ s To;+1,0 € T e Skl,i7 - 751%1-,2' eV’
Sia ora w € L'(G). Allora w sara ottenuta tramite una derivazione del tipo:

S=wi...=>w =w,
dove, per ogni j =1,... 1, w; € (V/UT)".
Osserviamo che w; € W e che nelle stringhe wy, ... ,w; non occorre mai la

variabile S. Di conseguenza si avra:

W € T1iL(Ghy i) - o i LG,y i) T 4105
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e dunque:
(3) L(G) € |JriL(Gryi) -+ 1wy i Gy, )T, 410
=1

Osserviamo che, per ogni k > 0, I'insieme delle produzioni della grammatica Gy,
e un sottoinsieme dell’insieme delle produzioni della grammatica G; pertanto
l'ipotesi definita dalla condizione (2) dell’enunciato del teorema vale ancora se in
luogo di considerare la grammatica G si considera la grammatica G. Applicando
l'ipotesi induttiva alla grammatica Gy, si avra allora che L(Gy) € un linguaggio
bounded. Dalla Equazione (3) segue dunque che L'(G) & un linguaggio bounded.
L’implicazione (2 = 3) ¢ pertanto dimostrata.

3=1).

Dal momento che L ¢ bounded, esiste un intero ¢ > 1 e parole non vuote
U, ... ug tali che L C {ui}" -+ {u,}". Sia w € L tale che |w| < n.

Allora

w = ultl .. .uqtq7
dove per ognii € [1,q],t; >0ety +---+t, <n.
Indichiamo con ¢(q,n) = Card({(t1,... ,tq) | t1+ -+ 14 <n}).
Osserviamo ora che, per ogni n > 0, gr(n) < ¢(¢g,n). Poiché la funzione
¢(g,n) & un polinomio nella variabile n assumendo che ¢ sia costante, ne segue
che la funzione gj, € limitata superiormente da una funzione polinomiale, ovvero
L ha crescita polinomiale.

Come conseguenza del Teorema 1 si ha il corollario seguente.

TEOREMA 2. La funzione di crescita di un linguaggio context-free é espo-
nenziale oppure polinomiale.

DiM. Sia L un linguaggio context-free la cui funzione di crescita non ¢ poli-
nomiale. In virtu del teorema precedente, esiste una variabile A della grammatica
che genera il linguaggio tale che L4 oppure R4 non sono linguaggi 1-bounded.
Supponiamo, per semplicita che cio accada per L4. Esistono allora parole non
vuote u,v € L 4 le cui radici primitive sono distinte. Per il Teorema del difetto, il
sottomonoide {u,v}* &libero in L 4 e, per il Lemma 1, L ha crescita esponenziale.

Converra ricordare che, benché il Teorema 2 sia un corollario immediato del
Teorema 1, il suo enunciato & stato dimostrato esplicitamente da Incitti in [30]
e poco tempo piu tardi da Bridson e Gilman in [6]. Esso in particolare fornisce
la risposta negativa ad un quesito posto da Flajolet in [16] circa 'esistenza di
linguaggi context-free a crescita intermedia.
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Intendiamo chiudere questa sezione presentando un risultato dimostrato da
T. Ceccherini e W. Woess in [7]. Se L & un linguaggio sull’alfabeto A, il tasso di
crescita di L & il numero

v(L) =limsup Card({w € L | |w| = n})7.

n—oo

Se L ¢ infinito allora y(L) & tale che 0 < (L) < Card(A). Sia F un insieme di
parole tale che F' C F(L) e sia

Lr={ucL| Flu)nF =0},

L’insieme F & detto delle parole proibite e, nel caso in cui v(Lg) < v(L), diremo
che il tasso di crescita di L ¢ sensibile rispetto ad F. Il problema studiato
concerne le condizioni che assicurano che y(Lg) < v(L). Converra osservare che
questo problema ¢ interessante soltanto nel caso in cui L ha crescita esponenziale,
ovvero nel caso in cui y(L) > 1. Infatti se v(L) = 1 allora v(Lr) = 1 oppure
Y(Lr) = 0 ed in tal caso Lp & finito. Il risultato principale ottenuto in [7]
concerne i linguaggi context-free ergodici. Sara conveniente, a tale proposito,
presentare questa nozione. Consideriamo una grammatica context-free ridotta
in cui, cioe, ogni variabile & utile. Ad essa ¢ possibile associare un grafo orientato
definito nel modo seguente: l'insieme dei suoi vertici € I'insieme delle variabili
della grammatica mentre, dati due vertici V' e W, la coppia (V, W) & un arco del
grafo se esiste una produzione V' — « della grammatica tale che W & fattore di
«. Una grammatica si dice ergodica se il grafo ad essa associato ha almeno un
arco ed e fortemente connesso. Un linguaggio si dice poi ergodico se esiste una
grammatica ergodica che lo genera. Il risultato principale dimostrato in [7] ¢ il
seguente: ogni linguaggio context-free, non ambiguo, non lineare ed ergodico é
tale che il suo il tasso di crescita ¢ sensibile rispetto ad un qualsiasi insieme di
parole.

3.1-Un algoritmo di decisione

In questo paragrafo presenteremo un algoritmo che permette di decidere
se la funzione di crescita di un linguaggio context-free & esponenziale o polino-
miale. In virtu dei due teoremi precedenti, si tratta di dimostrare la ricorsiva
decidibilita della proprieta di essere bounded rispetto alla famiglia dei linguaggi
context-free. Questo problema e stato affrontato e risolto da Ginsburg in [17];
descriveremo pertanto ’algoritmo da lui proposto. A tale proposito, converra
ricordare che, dato un linguaggio context-free, esso puo0 essere sempre generato
da una grammatica di tipo opportuno, detta in forma normale di Chomsky, nella
quale tutte le produzioni sono della forma A — BC oppure A — a dove A, B
e C sono variabili della grammatica ed a € un suo simbolo terminale. La pro-
cedura proposta da Ginsburg é essenzialmente basata sul lemma seguente con il
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quale si dimostra che, per ogni variabile A di una grammatica context-free data,
i linguaggi L4 ed R4 sono context-free.

LemMA 3. Sia G = (V,T, P,S) una grammatica context-free in forma nor-

male di Chomsky. Per ogni variabile A di G esistono grammatiche context-free
Ga e Gy tale che Ly = L(G4) e Ra = L(G)).

TEOREMA 3. E possibile decidere se la funzione di crescita di un linguaggio
context-free é polinomiale o esponenziale.

DiM. Siano G = (V, T, P, S) una grammatica context-free, n il numero delle
variabili di G, L = L(G) il linguaggio da essa generato e g, la funzione di crescita
di L. Dal momento che gy, € polinomiale o esponenziale, e sufficiente verificare se
g1, € polinomiale o meno. Inoltre, dal teorema di caratterizzazione dei linguaggi
context-free a crescita polinomiale, segue che g;, € polinomiale se e solo se, per
ogni variabile A di G, L4 ed R4 sono linguaggi 1-bounded. Quindi e sufficiente
costruire una procedura che permetta di decidere se L 4 (rispettivamente R4) sia
un linguaggio 1-bounded. Costruiamo allora tale procedura per il linguaggio L 4,
essendo simmetrico il procedimento di decisione per il linguaggio R 4. Dal lemma
precedente segue che, a partire dalla grammatica G, possiamo costruire una
grammatica context-free G 4 tale che Lo = L(G4). Utilizzando un argomento
standard e possibile verificare se L4 contenga o meno una parola diversa dalla
parola vuota. Se Ly C {17} allora L4 & banalmente un linguaggio 1-bounded
e la procedura termina.

Supponiamo, invece, che esista una parola non vuota u € Ly e sia z la
radice primitiva di u. Chiaramente L4 € un linguaggio 1-bounded se e solo se
L C{z}", cioe, se esolose M # (B dove M = LN(T*\{z}"). Ora, dal momento
che L4 & un linguaggio context-free e 7%\ {z}* & un linguaggio regolare, in virtl
di un risultato classico dei linguaggi context-free, ovvero che l'intersezione di un
linguaggio regolare e di uno context-free & un linguaggio context-free (si osservi, a
tale proposito, che I'intersezione di due linguaggi context-free non e, in generale,
context-free), segue che M & un linguaggio context-free. Poiché il problema di
decidere se una grammatica context-free generi I'insieme vuoto & decidibile ed
ogni passo relativo alla costruzione del linguaggio M ¢ effettivo, ne segue che,
applicando tale procedura ad M, & possibile decidere se M = () o meno, ciog se
L 4 ¢ 1-bounded o meno.

E interessante ricordare che una procedura decisionale piu semplice di quella
presentata nel Teorema 3 & stata proposta in [8] relativamente alla famiglia dei
linguaggi context-free lineari non ambigui.
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4 — Calcolo della funzione di conteggio di un linguaggio bounded

In [13] D’Alessandro, Intrigila e Varricchio hanno proposto una tecnica che
consente, dato un linguaggio bounded context-free, di descrivere, in modo esatto,
la sua funzione di conteggio. Piu precisamente, tale procedura di calcolo perme-
tte, a partire dalla grammatica context-free che genera il linguaggio bounded, di
costruire una famiglia finita di polinomi a coefficienti razionali utile per il calcolo
della funzione sopraSu. Vale infatti il risultato seguente.

TEOREMA 4. Sia L un linguaggio bounded context-free. Esistono un in-
tero mon negativo ng ed un insieme finito di polinomi a cofficienti razionali
Pos - -+ s Pm—1 talt che, per ogni n > ng,

fr(n) =pi(n),

dove | ¢ tale che:
{ =n mod m.

Nel semplice caso del linguaggio L = {a™b" | n > 0}, la cui funzione di conteggio
¢ stata definita nella Equazione (1), si ha che tale funzione puo essere descritta
nel senso del teorema precedente, ponendo po(z) =1, p1(z) =0, m =2, ng = 0.
La dimostrazione del Teorema 4 ¢ effettiva e fornisce un algoritmo per la co-
struzione, a partire da una grammatica che genera il linguaggio, della famiglia
di polinomi atti al computo della sua funzione di conteggio. Presenteremo ora
alcuni risultati che derivano in modo immediato dal teorema precedente. A tale
proposito, sara opportuno richiamare alcune definizioni relative all’andamento
asintotico di funzioni. Date f,g : N — N funzioni definite sull’insieme N,
scriviamo

f€0(g) (risp. f€Qg))

se esiste un intero positivo ng ed un numero reale C tali che, per ogni n > ny,

f(n) <Cg(n) (risp. f(n) = Cg(n)).

COROLLARIO 1 ([29]). Dati un linguaggio context-free L ed un intero posi-
tivo k, e decidibile verificare se la funzione di conteggio fr, appartiene alla classe

O(nk).

DiMm. Per il teorema precedente, partendo dal linguaggio L, & possibile
costruire la famiglia dei polinomi {p;} che consente di descrivere la funzione
f1, cosicché si potra porre

0 = max{d;},

dove, per ogni polinomio p;, d; € il suo grado. L’asserto deriva allora dal fatto
che
freOn*) — §<k.
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Analogamente al caso precedente, se v € il minimo grado dei polinomi della
famiglia {p;} prima considerata, dal momento che, per ogni k > 0,

fr € Q) <= ~>k,
si otterra il corollario seguente:

COROLLARIO 2. Dati un linguaggio context-free L ed un intero positivo k, é
decidibile verificare se la funzione di conteggio fr appartiene alla classe Q(n").

Un’altra conseguenza immediata del teorema ¢ data dal risultato seguente
simile al Corollario 13 del lavoro [27].

COROLLARIO 3. Sia € un numero razionale tale che 0 < € < 1. Non esistono
linguaggi context-free L tali che

fL € OmF) e fr € Qnt1Te),
dove k & un intero non negativo.

In particolare, il Corollario 3 estende un risultato dimostrato in [29] relativo
alla non esistenza di linguaggi context-free la cui funzione sia sub-lineare senza
essere limitata superiormente da una costante.

La tecnica combinatoria utilizzata per dimostrare il Teorema 4 € non banale
per diverse ragioni: prima di tutto, come e ben noto, esistono linguaggi context-
free bounded ambigui per cui una tecnica di conteggio legata alla struttura della
grammatica si rivela, in questo contesto, di scarsa utilita. Ricordiamo che una
grammatica context-free G si dice ambigua se qualche parola in L(G) ¢ il prodotto
di due alberi di derivazione distinti. Un linguaggio ¢ poi detto ambiguo se ogni
grammatica context-free che lo genera ¢ ambigua. Un esempio noto di linguaggio
context-free ambiguo & il seguente (cfr. [24]):

L= {anbmcmdn}n’mzo U {ambncndm}n’mzo,

e, come si vede facilmente, L & bounded.

Il secondo motivo che rende interessante la tecnica dimostrativa del Teo-
rema 4 ¢ che essa permette di ottenere il seguente risultato particolarmente
significativo.

TEOREMA 5. Sia L un linguaggio context-free bounded. E possibile costruire
un linguaggio regolare bounded L' la cui funzione di conteggio coincide con quella
di L.
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Recentemente, in [35] & stata data una significativa applicazione del Teo-
rema 5 nello studio della proprieta di context-freeness per alcune famiglie notevoli
di parole. Se consideriamo il linguaggio L = {a"b"™ | n > 0}, possiamo osser-
vare che il linguaggio L’ = {ab}* = {(ab)™ | n > 0} & regolare ed ha, come si
vede immediatamente dalla sua definizione, la stessa funzione di conteggio di L.
Questo esempio ci consente di fare un’osservazione. In [13], non & stato possibile
dimostrare che I’alfabeto del linguaggio L’ del Teorema 5 ¢ lo stesso del linguag-
gio L. Tuttavia, gli esempi considerati dagli autori sembrano indicare che, non
soltanto questo ¢ il caso ma, addirittura, il linguaggio L’ & commutativamente
equivalente a L. Ricordiamo che due linguaggi L, L’ si dicono commutativa-
mente equivalenti se possiedono lo stesso alfabeto, ovvero L, L’ C A*, ed esiste
una biezione

a:L — L

di L in L' tale che, per ogni u € L, si abbia:
Vae A, |ula =|a(u)

In questo contesto ¢ allora naturale formulare il problema seguente:

PROBLEMA APERTO: Dato un linguaggio context-free bounded, & sempre
possibile ottenere un linguaggio regolare commutativamente equivalente ad esso?

Concludiamo infine questa sezione con un’ultima considerazione (cfr. [2]) di
interesse nello studio della proprieta di ambiguita per i linguaggi context-free. Un
risultato significativo dimostrato da Flajolet in [16] permette di dimostrare che
se la funzione di crescita di un linguaggio context-free & trascendente, ovvero non
¢ soluzione di alcuna equazione algebrica, allora il linguaggio & ambiguo. Questo
criterio € dunque di aiuto nello studio dell’ambiguita di un linguaggio. Tuttavia,
se il linguaggio ¢ bounded context-free, per il Teorema 5, la sua funzione di
conteggio e quella di crescita sono sempre razionali e quindi algebriche. Pertanto
il criterio di Flajolet non e di utilita nello studio del problema predetto per i
linguaggi bounded.

5 — Linguaggi bounded e problema di Burnside

Come si e detto nell’introduzione di questa nota, i linguaggi bounded gio-
cano un ruolo significativo nello studio di un problema ben noto dell’Algebra: il
problema di Burnside per i semigruppi. L’argomento ¢ importante e vogliamo,
per questa ragione, compiere un rapido ezcursus in questo ambito. Rimandiamo
al testo [15] quale eccellente e completo riferimento bibliografico per questo ar-
gomento. Un semigruppo S si dice periodico o di torsione se, per ogni elemento
s di S, esistono interi non negativi 4, j tali che i < j e s* = s7. Il semigruppo
S si dira poi finitamente generato se esiste un sottoinsieme finito di elementi di
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S, detti generatori, tale che ogni elemento di S possa scriversi come prodotto di
un numero finito di generatori. Come facilmente si verifica, un semigruppo di
cardinalita finita e periodico e finitamente generato. E allora naturale porsi la
domanda seguente: E un semigruppo finitamente generato e periodico finito?

Questo problema fu studiato per la prima volta da W. Burnside nel 1902 nel
caso dei gruppi e tale studio fu successivamente esteso al caso dei semigruppi. La
risposta al problema di Burnside & in generale negativa. Infatti, nel caso dei semi-
gruppi, nel 1944, Hedlund e Morse fornirono in [21] un esempio di semigruppo
infinito, costruito a partire dalla parola di Thue, che ¢ 3-generato e periodico.
Nel caso dei gruppi, invece, Golod, utilizzando un risultato di Shafarevitch rela-
tivo alla non finitezza della dimensione di un’ opportuna algebra definita su un
campo, nel 1964 in [18], dimostro Pesistenza di un p-gruppo infinito 3-generato.

Se un semigruppo finitamente generato S e tale che, per ogni s di S, s™ =
s™, dove m ed n sono interi fissati tali che 0 < m < n, allora il problema
della finitezza di S & detto problema di Burnside limitato. Anche in questo
caso, esistono semigruppi e gruppi che sono infiniti ed un risultato di grande
interesse riguarda il gruppo libero G(k,n) con k generatori nella varieta dei
gruppi soddisfacenti alla identita ™ = 1. Un contributo di grande rilievo e
infatti la dimostrazione data da Adjan e Novikov nel 1968 della infinitezza del
gruppo G(k,n) qualora k > 1 e n sia dispari con n > 665 (¢fr. [1]). Gli autori
dimostrarono inoltre che in tale caso il problema della parola & ricorsivamente
decidibile, ovvero che esiste un algoritmo 1’esecuzione del quale consente, date
due parole sull’alfabeto dei generatori, di decidere se le due parole rappresentano
il medesimo elemento del gruppo.

Un problema strettamente correlato al problema di Burnside per i semi-
gruppi puo essere formulato, nella teoria dei linguaggi formali, al modo seguente.
Sia L un linguaggio su di un dato alfabeto A. Come si & detto in precedenza, in
virtu del teorema di Myhill e Nerode, L & regolare se e solo se il suo monoide sin-
tattico M (L) ¢ finito. Ricordiamo che il monoide M (L) & il monoide quoziente
A*/ = ove =, ¢ la relazione di congruenza definita come segue: per ogni
u,v € A*, u =, v se e solo se

Vf, ge A", (fuge L < fugeL).

La relazione =, & detta congruenza sintattica associata ad L. Supponiamo ora di
aver scelto L per modo che il suo monoide sintattico sia periodico; d’ora in avanti,
chiameremo semplicemente periodici tali linguaggi. Poiché M (L) & (ovviamen-
te) finitamente generato, nell’ipotesi in cui L sia periodico, ogni condizione che
assicura una risposta positiva al problema di Burnside per i semigruppi, implica
la finitezza di M (L) e, dunque, la regolarita di L. Lo studio delle condizioni di
finitezza per i monoidi sintattici dei linguaggi periodici & chiamato problema di
Burnside per i linguaggi (si veda anche [39]). Tale problema consiste quindi nello
studio delle condizioni che assicurano che un linguaggio periodico sia regolare.
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Queste condizioni sono anche dette di regolarita. Vale la pena di osservare che
ogni condizione di regolarita ¢ una condizione di finitezza per il monoide sintat-
tico di un linguaggio periodico e tuttavia esistono monoidi finitamente generati
e periodici che non sono monoidi sintattici di nessun linguaggio. Vediamo ora
come i linguaggi bounded si inseriscono nel quadro concettuale dei problemi che
abbiamo ora succintamente descritto. A tale proposito, converra ricordare le
definizioni di semigruppo permutabile e debolmente permutabile.

DEFINIZIONE 5. Siano M un monoide ed n un intero positivo tale che n > 2.
M e detto n-permutabile se, per ogni sequenza my, ... ,m, di n elementi di M,
esiste una permutazione non banale p dell’insieme {1,2,...,n} tale che:

mamz -« Mp = Mp(1)Mp(2) " Mp(n)-

Si dice che M & permutabile se esiste un intero n > 2 tale che M & n-permutabile.
La definizione precedente puo essere generalizzata nel modo seguente.

DEFINIZIONE 6. Siano M un monoide ed nm un intero positivo tale che
n > 2. M e detto n-debolmente permutabile se, per ogni sequenza my,... ,my,
di n elementi di M, esistono due permutazioni ¢ e 7 dell'insieme {1,2,... ,n},
o # 7, tali che:

Mo(1)Mg(2) * " Mg(n) = Mr(1)Mr(2) "+ Mr(n)-

Si dice che M ¢ debolmente permutabile se esiste un intero n > 2 tale che M ¢
n-debolmente permutabile.

La proprieta di permutazione costituisce una generalizzazione di quella com-
mutativa. Nel 1984, A. Restivo e C. Reutenauer nel lavoro [38] introdussero
questa proprieta nell’ambito del problema di Burnside dimostrando che essa
costituisce una condizione di finitezza per i semigruppi finitamente generati e
periodici. Vale infatti il seguente teorema.

TEOREMA 6. Sia M un monoide finitamente generato. Allora M ¢é finito
se e solo se M ¢ periodico e permutabile.

Alla luce di questo teorema & oppurtuno osservare che, in generale, la pro-
prieta di debole permutazione non € una condizione di finitezza per i semigruppi
esistendo, come dimostrato da A. Restivo in [37], monoidi finitamente generati,
periodici, debolmente permutabili, che non sono di cardinalita finita. Vogliamo,
a questo punto, fornire una dimostrazione molto sintetica del Teorema 6 anche
e soprattutto per mettere in luce il ruolo svolto dai linguaggi bounded nello stu-
dio del problema di Burnside. A tale proposito & opportuno ricordare alcune
definizioni. Ogni monoide finitamente generato M ¢ immagine di un opportuno
epimorfismo

i A — M,
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dove la cardinalita di A € uguale a quella dell’insieme dei generatori di M. Questo
morfismo e detto epimorfismo canonico di M. Supponiamo ora che A sia total-
mente ordinato. Possiamo ordinare totalmente A* definendo una nuova relazione
di ordine <,, detta di ordine alfabetico, come:

u<qv<= (Jul <|v|) o (Jul =v|] e u<w),

dove < e 'ordinamento lessicografico. Dalla sua definizione segue che <, & un
buon ordinamento. Una parola v si dice riducibile se esiste u € A* tale che

u<qv e Pu) =1v©).

Una parola che non é riducibile si dice #rriducibile. Sia ora m un elemento
di M. Nell’insieme ¢ ~!(m) esisterd una sola parola irriducibile che chiameremo
rappresentante canonico di m. Se L € un sottoinsieme qualsiasi del sostegno di M,
indicheremo con il simbolo C', 'insieme dei rappresentanti canonici degli elementi
di L. Ovviamente gli insiemi L e C} sono equipotenti. Queste definizioni ci
consentono di estendere la nozione di funzione di crescita ad un insieme di un
qualsiasi monoide finitamente generato. Come prima, sia M un monoide e sia
¥ : A* — M il morfismo canonico di A* in M dove la cardinalita di A ¢ uguale
a quella dell’insieme dei generatori di M. Se m € M & un generico elemento di
M, la lunghezza di m & definita come

|m| =min{n >0 | ¥~ (m)N A" £ 0}.

Ad ogni sottoinsieme L C M, associamo allora la sua funzione di conteggio
fr : N — N definita come

fr(n) =Card({m € L | |m|=n}).

La funzione di crescita di L gr, : N — N si definisce a partire da quella di
conteggio nello stesso modo visto nel monoide libero. Siamo ora in grado di
enunciare la seguente importante proposizione (c¢fr. [15], Capitolo 3).

PROPOSIZIONE 1. Sia M un monoide permutabile e finitamente generato.
Allora linsieme dei suoi rappresentanti canonici ¢ un linguaggio bounded.

Possiamo alla luce della Proposizione 1 dimostrare il teorema di Restivo e
Reutenauer.

DiM. Per la Proposizione 1, esistono parole uq, ... ,uy tali che

Cy Cul - uf.
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Ogni elemento ¢ di C); € rappresentato nella forma

Dunque si ottiene

el = > wlwl < | D0 il

i=1,... .k i=1,... .k
dove r = max{r; | i=1,...,k}. Siam; = ¢(u;), con i = 1,... k. Poiché
M ¢ periodico, esiste un intero p tale che, per ogni i = 1,... .k, m¥ = m}", con

q¢; < p. Se M ¢ infinito lo & anche C);. Quindi la lunghezza di ¢ e l'intero r
saranno arbitrariamente grandi. Qualora r > p, si ha che ¢ e riducibile e cio
contraddice I'aver assunto ¢ quale rappresentante canonico di un elemento di M.

Si e detto prima che un linguaggio € periodico se il suo monoide sintattico &
un monoide periodico. Similmente, diremo che un linguaggio & permutabile (risp.
debolmente permutabile) se il suo monoide sintattico & un monoide debolmente
permutabile. Il teorema che segue, la cui dimostrazione e essenzialmente basata
sul Teorema 6, fornisce una notevole condizione di regolarita per i linguaggi,
proposta da A. De Luca e S. Varricchio in [15]:

TEOREMA 7. Un linguaggio L é regolare se e solo se L é permutabile e
periodico.

I risultati che seguono, proposti in [14] da F. D’Alessandro e S. Varricchio,
sono di particolare interesse in quanto forniscono una condizione di regolarita
per i linguaggi context-free bounded.

LEMMA 4. Il monoide sintattico di un linguaggio bounded é permutabile.

Dim. Siano A* il monoide libero delle parole su di un dato alfabeto finito
A, L un sottoinsieme di A*, = la congruenza sintattica di L ed M il monoide

sintattico di L. Poiché L e un linguaggio bounded, esistono parole uy,... ,u, di
AT tali che L C {uq}* -+ {un}*. E lecito supporre che le parole uy, ... ,u, siano
primitive. Sia 7 la massima lunghezza di una parola dell'insieme {uq,... ,u,}.

Proviamo che M e k-permutabile per ogni intero k tale che:
k=1>n(l+(y+1)%)+(n—1).

Dimostriamo che, per ogni sequenza mq,...,my di k elementi di M, esiste
una permutazione non banale p dell'insieme {1,...,k} tale che myma-- -my =

Mp1)Mp(2) " Mp(k)-
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Supponiamo che ogni m; # 1p;. Per ogni i = 1,... k, sia w; la parola di
A* che rappresenta m;, ciog, m; = [w;]=,. Ovviamente, per ogni i = 1,... , k,
w; € una parola non vuota. Sono possibili i seguenti due casi.

CAsoO 1. Supponiamo che la parola wy - - - wy_1 non sia un fattore di alcuna
parola di L, cioe, per ogni A\, u € A*, Awy ---wi_1p ¢ L. Da questo segue che,
per ogni A,y € A*, Awpwy - w1 ¢ L e dwy - wi_qwip ¢ L. Da cui si
ha: wy - - wp_1WE=LWEWy - - - Wi_1, CIOC, M1Mo -« Mp_1Mj = MM - Mp_1.
Il primo caso € pertanto dimostrato.

CASO 2. Supponiamo ora che la condizione del Caso 1 non sia verificata.
Dal momento che k—1 > n(1+ (v + 1)2) + (n—1), possiamo trovare nella parola
wy - - - wi_1 una parola della forma:
Wi+ Wy, 1§Z<]§k—1,
tale che
(4) j—i>1+(y+1)>% eaw - w;B e {u}t,
dove 1 <l <nea,B € A*. Consideriamo la sequenza di parole:

Wiy WiWig1, W4 Wigsy o0, Wi - Wy

Sia v; la coniugata di u;. Dalla condizione (4), ogni parola della sequenza ¢ un
prefisso di una parola di {v;}*. Dal momento che j —1 > 1+ (y+ 1)27 e il
numero dei prefissi distinti di v; sono minori o uguali a -, esistono almeno tre
interi i1, 12,13, dove 1 < iy < ig < i3 < j, tali che:

wi...wi17wi...wi27... ,wi .. .wi3 E {fvl}-"—p’
dove p & un prefisso di v;. Si ottiene:

+
Wiy 41 * Wiy, Wig1 -+ Wiy € {sp}", 01 = ps,

e quindi
Wiy 41 WigWig 41+ Wig = Wig41 "~ Wig Wiy 41+ Wiy

Vale allora la seguente identita:

ml"'mk:ml”’mil(mil—‘rl"'migmiz-i-l”'mi;;)mig—‘rl”'mk =

=mq ...mil(mi2+1 ”'migwil-‘rl ”'mig)mig-‘rl ce M.

I1 Caso 2 & cosi dimostrato.



222 FLAVIO D’ALESSANDRO — ALESSANDRA ZINNO PILO [22]

COROLLARIO 4. Sia L un linguaggio context-free a crescita polinomiale. L
e periodico se e solo se L ¢é regolare.

Dim. Sia M il monoide sintattico di L. Dal Teorema 1, L & un linguaggio
bounded. Dal lemma precedente, il monoide M & permutabile, cosicché L &
permutabile. Poiché, per ipotesi, L & periodico, dal Teorema 7 segue allora che
L e regolare. Viceversa, sia L un linguaggio regolare. Per il teorema di Myhill
e Nerode, il monoide M e finito e, di conseguenza permutabile e periodico. Il
linguaggio L € pertanto permutabile e periodico.

11 Corollario 4 & effettivo poiché (si veda ancora [14]) esiste un algoritmo
I’esecuzione del quale consente, a partire da una grammatica context-free che
generi un linguaggio bounded, di decidere se il linguaggio ¢ periodico o meno.
Mostriamo infine che il corollario & non banale poiché esistono linguaggi context-
free che sono periodici ma non regolari. A tale scopo introduciamo la definizione
seguente.

DEFINIZIONE 7. Siano w una parola di A* e p un intero positivo tale che
p > 1. w & detta p-power-free se, per ogni u € A", uP non & un fattore di w.

Vale il seguente seguente risultato (cfr. [5], [34]).

LEMMA 5. Sia f una parola infinita su di un alfabeto A generata da un
morfismo ¢ : A* — A* e sia Pref(f) Uinsieme dei suoi prefissi finiti. Allora
Uinsieme complementare di Pref(f) in A* & un linguaggio contexl-free.

Utilizzando il Lemma 5, possiamo costruire un linguaggio context-free pe-
riodico non regolare. A tale proposito, siano A = {a,b,c} un alfabeto di tre
lettere, A* il monoide libero delle parole sull’alfabeto A e sia f la parola infinita
ottenuta iterando il morfismo ¢ : A* — A* definito come segue:

— ¢(a) = abe;
- ¢(b) = ac;
— ¢(c) =b.

Ad esempio, la parola abcacbabcbacabcach € il prefisso di lunghezza 18 di f.
Siano F' = Pref(f) ed L = A*\ F. Per il Lemma 5, L ¢ un linguaggio context-free.
E possibile dimostrare che f & una parola 3-power-free, cioe, per ogni u € A*
e per ogni intero positivo n, con n > 3, " non e un fattore della parola f.
Quindi 4™ € L. Da questo segue che, per ogni intero positivo n, con n > 3, e
per ogni u € A%, [u"]_ = [u"“]EL. Dunque il monoide sintattico A*/ =p, di
L & periodico, ovvero L & periodico. Dimostriamo infine che L non e regolare.
Per assurdo, supponiamo che L lo sia. Poiché la famiglia dei linguaggi regolari &
chiusa rispetto alle usuali operazioni di intersezione e di unione insiemistica, F’
€ un linguaggio regolare. Applicando il Pumping Lemma per i linguaggi regolari
(¢fr.  Sezione 2.3) ad F, segue che esiste una costante n e una parola w di F,
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con |w| > n, tale che w = Aup ed inoltre, per ogni i > 0, \u‘y € F. Quindi,
per ogni i > 0, Au’ € F. Di conseguenza f ammetterebbe parole della forma, u?
come suoi fattori, cioe f non sarebbe 3-power-free, e cio € una contraddizione.
Quindi L non ¢ regolare.

6 — Linguaggi a crescita intermedia

In questa sezione ci interesseremo ad un risultato proposto da Grigorchuk
e Machi in [19] relativo ai cosiddetti linguaggi di crescita intermedia. Diamone
subito la definizione. Un linguaggio L si dice di crescita intermedia se la sua
funzione di crescita ¢ subesponenziale, ovvero se ¢ definitivamente limitata supe-
riormente da una funzione esponenziale k™, con k£ > 1 ma non da alcuna funzione
polinomiale di grado fissato. Abbiamo visto che un linguaggio context-free ha
crescita polinomiale o esponenziale. Non esistono dunque linguaggi context-free
a crescita intermedia. In [19], si fornisce un esempio di linguaggio a crescita
intermedia la cui struttura combinatoria ¢, nel senso che preciseremo dopo, vic-
ina a quella di un linguaggio context-free. Questa costruzione presuppone la
conoscenza di un modello di calcolo, detto automa stack, il quale risulta, rispetto
all’operazione di riconoscimento di linguaggi di parole, piu potente di quello
degli automi push-down, cioe delle macchine in grado di riconoscere i linguaggi
context-free. Gli automi stack sono stati introdotti da Ginsburg, Greibach, ed
Harrison (c¢fr. [24], Capitolo 14) alla fine degli Anni 60 nello studio di una pos-
sibile estensione dei linguaggi context-free. Non si ha intenzione di presentare
in modo rigoroso la loro definizione ma, semplicemente, di fornire alcuni el-
ementi descrittivi essenziali di questa struttura, al fine di illustrare ’esempio
predetto. Essenzialmente, un automa stack ¢ un automa push-down che, oltre a
poter manipolare la pila con le stesse modalita di un automa push-down, puo, in
un qualsiasi passo della computazione, accedere, leggere e modificare il simbolo
memorizzato in una locazione qualsiasi della pila, senza essere costretto (come
accade negli automi push-down) a rimuovere tutti i caratteri memorizzati nelle
locazioni che lo precedono. Quest’ ultima modalita di accesso alla pila sara detta
in modalita stack. Gli automi stack possono essere deterministici, non determin-
istici, ad una via (“one way”), ovvero con la possibilita di leggere la parola di
ingresso una sola volta (da sinistra verso destra) oppure a due vie (“two way”),
ovvero con la possibilita di leggere, attraverso una oppurtuna testina di lettura,
piu volte la parola di input su di un apposito nastro, percorribile in entrambe le
direzioni. In questo capitolo, siamo interessati ad automi 1-DNESA (“One-way,
Deterministic, Non Erasing, Stack Automata”), cioe ad automi stack, determin-
istici, ad una via, in grado di leggere, ma non cancellare, il simbolo memorizzato
in una locazione della pila.

Ricordiamo che se m un intero positivo, la sequenza di ¢ interi positivi,
(n1,n2,...,ng) tali che ny > ng > ... > ny, costituisce una partizione dell’intero
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n se:
n=mny+ng+---+ny.

Indicando con P(n) il numero di partizioni dell’intero n, si ha asintoticamente:

TEOREMA 8. Sia L C {a,b}" il linguaggio sull’alfabeto {a,b} costituito
dall’insieme di tutte e sole le parole:

ab**ab*® - - - ab",

dove 0 < 11 <1ig < ... <} € una sequenza monotona non decrescente di k > 1
interi non negativi. Allora L é un linguaggio a crescita intermedia ed é accettato
da un automa 1-DNESA.

Dim. Verifichiamo, prima di tutto, che L € un linguaggio a crescita interme-
dia. Sen € Ne (I1,l, -+ ,l) € una partizione di n, possiamo ad essa associare
in modo univoco la parola di L ab'rab’>...ab'*. Di conseguenza, per ogni n,
il numero delle parole di L di lunghezza n € uguale al numero delle partizioni
distinte di n. Quindi, la funzione di struttura di L & subesponenziale ed in base
alla definizione di gy, un semplice argomento di conteggio permette di mostrare
che anche g, € subesponenziale. Quindi L ha crescita intermedia. Per il teorema
di gap, L non ¢ un linguaggio context-free. Mostriamo ora che L & accettato
da un automa 1-DNESA. La struttura ed il funzionamento di questo automa
possono essere descritti nel modo seguente. Se una parola w & una stringa (even-
tualmente vuota) di sole occorrenze del simbolo a, allora la parola w & accettata.
Se la parola w comincia con una stringa di occorrenze del simbolo a seguita da
una stringa s; di occorrenze del simbolo b allora tali occorrenze vengono inserite
nella pila. A questo punto della computazione, i casi possibili sono i seguenti:

— Se, dopo aver letto la stringa s; di occorrenze del simbolo b, la lettura sul
nastro d’ingresso termina, la parola e accettata;
— Supponiamo, invece, che la parola w sia della forma:

w=aa---abb---bapb---bw', w € {a,b}*
—— >

S1 S2

Perché la parola w venga accettata deve necessariamente essere, per defini-
zione del linguaggio L, |s1] < [s2|. Usando la testina della pila, automa,
leggendo la pila in modalita stack, e in grado di confrontare il numero di
b presenti nella pila, cioe |s1], con il numero di b nella stringa s, cioé |ss3|.
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Piu precisamente, leggendo in modo sincronizzato i simboli di s; ed sg, uno
per volta, se 'operazione di lettura del fattore sy (sul nastro d’ingresso)
termina prima di quella di s; (nella pila), allora cio significa che |s1] > |s2].
La computazione termina e la parola e rifiutata. Se cio non accade, allora
|s1] < |sa]. A questo punto, le eventuali occorrenze rimanenti del simbolo
b vengono inserite nella pila e la computazione, nel caso in cui la parola w’
sia non vuota, prosegue secondo la modalita prima descritta.

La descrizione sintetica ora data ¢ quella di un modello di calcolo deter-
ministico “one-way”. Infine, poiché durante la computazione, ’operazione di
cancellazione di simboli dalla pila non ¢ mai effettuata, 'automa ¢ “non eras-

)

ing”. Abbiamo quindi fornito la descrizione di un automa 1-DNESA che ¢ in
grado di accettare il linguaggio considerato.

7 — Sviluppi recenti

Chiudiamo questo articolo descrivendo molto sinteticamente il contenuto di
un lavoro recente [10], relativo alla estensione dei teoremi presentati nelle Sezioni
3 e 4, al caso dei sottoinsiemi razionali dei monoidi di relazioni di parole. Riman-
diamo il lettore alla consultazione dei testi [3] e [40], referenze ormai classiche
sull’argomento, per una piana ed efficace introduzione ai concetti fondamentali
della tematica delle relazioni razionali. Qui, ci limiteremo a richiamare un vo-
cabolario minimo di concetti al solo fine di presentare i risultati a cui abbiamo
accennato. Sia M = A} x --- x Aj, il prodotto diretto di monoidi liberi generati
da alfabeti Aq,..., A. I sottoinsiemi di M sono chiamati k-relazioni.

Una k-relazione si dice razionale se si ottiene, a partire da relazioni finite,
tramite ’applicazione, in un numero finito di volte, delle operazioni razionali di
M, ovvero delle operazioni di unione insiemistica e di prodotto di due relazioni
e della operazione di stella che associa ad ogni relazione il sottomonoide di M
da essa generato. In virtu di un ben noto teorema di caratterizzazione, una
relazione ¢ k-razionale se i suoi elementi, cioe k-uple di parole su alfabeti fissati,
sono accettati da uno specifico modello di calcolo detto automa a k nastri. Un
automa a k nastri ¢ in essenza un automa a stati finiti, non deterministico,
dotato di k nastri, ognuno dei quali in grado di memorizzare una parola data. Al
generico istante di computazione, ’automa ¢ in grado di leggere, e di elaborare,
uno per volta, i caratteri di una qualsiasi delle k parole registrate sui nastri. La
k-upla e poi accettata se, una volta completata la lettura di tutte le k parole,
I’automa si trovi in uno stato scelto nell’ambito di un insieme particolare di
stati detti accettanti. Un automa siffatto costituisce una estensione del modello
classico di automa a stati finiti. Come si e visto nella Sezione 5, i concetti di
funzione di conteggio, di funzione di crescita (e la relativa classificazione dei
linguaggi vista nella Definizione 1) e di insieme bounded possono essere definiti
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in un monoide finitamente generato qualsiasi in modo simile a quanto visto nei
monoidi di parole. Vale allora il teorema seguente.

TEOREMA 9 ([10]). Sia M = Aj x--- A}, il prodotto diretto di monoidi liberi
generati da alfabeti Ay, ..., Ag. Valgono le condizioni sequentsi:

e Una k-relazione razionale di M ha crescita esponenziale oppure polinomiale.

o Una k-relazione razionale di M ha crescita polinomiale se e solo se é bounded
m M.

o E possibile decidere se una k-relazione razionale ha crescita esponenziale
oppure polinomiale.

E infine interessante ricordare che in [10] il teorema precedente ¢ stato di-
mostrato nel caso piu generale dei monoidi parzialmente commutativi di cui il
prodotto di monoidi liberi costituisce una istanza particolare.
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