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Lectures on algebraic stacks

Alberto Canonaco

Abstract. These lectures give a detailed and almost self-contained introduction to algebraic
stacks. A great part of the paper is devoted to preliminary technical topics, both from category
theory (like Grothendieck topologies, fibred categories and stacks) and algebraic geometry (like
faithfully flat descent). All this machinery is finally used to present the definition and some
basic properties first of algebraic spaces and then of algebraic stacks.
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1 Introduction

These notes are based on a Ph.D. course taught at the Universita di Roma “La
Sapienza” during the academic year 2002/2003. The aim of the course was to
give an introduction to algebraic stacks by trying to explain all the foundational
material (both from category theory and algebraic geometry) which is at the base
of the subject. It turned out that the about 30 hours of lectures were barely
sufficient to the purpose, as the definition of algebraic stack was given during the
last one! Moreover, many details were necessarily skipped, and these written notes
(a draft of which was already available in 2004) try to fill those gaps, providing a
more organic and neat presentation at the same time. The reader must be warned
that, although a little expanded, this paper essentially covers the same topics of
the original lectures. This means that, beyond the definition, only some of the
first properties of algebraic stacks are treated here. So this is certainly not the
right place for those looking for a comprehensive reference or one that gets to the
point quickly.

Algebraic stacks were introduced in the 1960’s: even if not yet defined, in
practice they were already used in [18]. The term first appeared in [4] to denote
what are now called Deligne-Mumford stacks, and in the more general current
meaning in [1]. Despite their importance in algebraic geometry, in particular for
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moduli problems, for a long time they had a reputation of an esoteric and almost
intractable subject. This was at least in part justified by the fact that knowledge
of (algebraic) stacks requires some familiarity with a number of technical topics
(like Grothendieck topologies, fibred categories, descent theory, ...), for which
accessible references were hard to find. In fact, this was still true at the time of
the course, even if very good introductory articles to algebraic stacks (like [5], [6]
and the appendix of [24]) and the important but difficult book [15] were already
available. Indeed, one of the ambitions of these notes was (and still is) to provide
a detailed and reasonably self-contained exposition of the preliminary material
needed to make [15] readable. It must be said that since then, in parallel with a
more widespread use of algebraic stacks, other important references have appeared,
some of which take good care also of the foundational aspects of the theory. Among
them, the following certainly deserve a citation: [25] (which actually does not
even define algebraic stacks), [19], the excellent recent book [20] and, of course,
the encyclopedic ongoing project [22] (already over 6000 pages long). Moreover
it should be mentioned that, with the development of derived algebraic geometry,
other more abstract and general objects entered the scene, like higher! and derived
stacks, which are not considered here (see, for instance, [23] for a survey on them).

Also as a guide to the reading, it can be useful to describe briefly the contents
of the paper. Section 2 collects, without any proof or reference, what the reader
is assumed to know. It should not represent a problem for those with a basic
knowledge of category theory and algebraic geometry. However, also the expert
is advised to have a look at it, since the notation and results introduced here are
freely used without further mention in the following sections. In the rest of the
paper, every time a full proof is not provided, either a precise reference is given
(this happens for some algebro-geometric results) or it is left to the reader (this is
the case of many categorical statements, requiring a possibly long and boring, but
really not difficult check). Section 3 deals with various aspects of scheme theory
(often not adequately treated in standard references like [11]), which are needed
later mainly for faithfully flat descent. The categorical part of the paper begins
in Section 4, and those who prefer can start reading here without any serious
trouble, as in this part schemes appear only in the examples. First presheaves
on a category (i.e., contravariant functors to the category of sets) are studied.
Then, after introducing (Grothendieck pre)topologies, the focus is restricted to
sheaves, namely presheaves satisfying natural gluing conditions with respect to
a fixed topology. Equivalence relations and their quotients in the category of
sheaves are also analyzed. Beyond being needed later, in particular for algebraic
spaces, this section is pedagogically important because it represents a simplified
model of the contents of the following two sections. Indeed, Section 5 deals with
a natural generalization of the notion of presheaf, which can be defined either
as a fibred category, or, equivalently, as a contravariant (lax) 2-functor to the 2-

IThere is a notion of n-stack for every n and even of co-stack. Ordinary stacks (as in this
paper) are just l-stacks in this wider sense.
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category of categories. What was proved for presheaves is then extended to fibred
categories in a conceptually clear way (hopefully), but with inevitable technical
complications coming from the 2-categorical setting. Similar considerations hold
for Section 6, where the theory of sheaves is generalized to the one of stacks (of
categories). In particular, groupoids in the category of sheaves are investigated,
together with their quotients, which are stacks of groupoids. Section 7 returns to
algebraic geometry, presenting the main elements of faithfully flat descent theory:
from now on the base category is taken to be the category of schemes (or some
of its variants) and it is proved that every scheme is a sheaf and quasi-coherent
sheaves form a stack for a suitable faithfully flat topology. These two important
results allow to deduce descent or local properties for many classes of morphisms
of schemes. Section 8 is devoted to algebraic spaces, which, loosely speaking, are
spaces (namely sheaves for the étale topology) which can be approximated by a
scheme via an étale cover. After proving that algebraic spaces can be characterized
as quotient spaces of étale equivalence relations in the category of schemes, the first
steps are taken to illustrate how most aspects of scheme theory can be extended
to algebraic spaces (a more thorough treatment can be found in [14] or [20]). The
notion of algebraic space is actually necessary in order to give the precise definition
of algebraic stack, but, similarly as before, the usefulness of this section is mainly
due to the fact that it anticipates, in a simpler form, many features of the theory of
algebraic stacks. It is also worth pointing out that this section (with the exception
of a couple of minor points) can be read without any prior knowledge of fibred
categories and stacks, provided one is willing to assume without proof some of the
needed statements from descent theory. The only caveat in doing so is that one has
to adopt as working definition of property which “satisfies effective descent” the
characterization of Corollary 6.33 instead of Definition 6.32. Eventually Section 9
introduces algebraic stacks: they are stacks of groupoids (always for the étale
topology) which can be approximated by an algebraic space via a smooth (étale
in the Deligne-Mumford case) cover. In analogy with the previous section, it is
proved that algebraic stacks can be characterized as quotient stacks of smooth
groupoids in the category of algebraic spaces. Then it is briefly explained how
some properties of schemes or algebraic spaces can be extended to algebraic stacks.
Finally, the contents of Appendix A are used in the paper, whereas Appendix B
can be safely ignored by the uninterested reader.

2 Prerequisites

2.1 Category theory

We will systematically ignore all logical problems of category theory, usually solved
(for instance in [2]) with the use of notions like that of universe.

If C is a category, Ob(C) and Mor(C) will denote, respectively, the set of
objects and the set of morphisms of C. If U is an object of C, by abuse of notation
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we will usually write U € C instead of U € Ob(C), and idy (or simply id, if there
can be no doubt about U) will be the identity morphism of U. Given U,V € C, the
elements of Mor(C) with source U and target V' will be denoted by Hom¢ (U, V') (or
simply by Hom(U, V)), and its subset consisting of isomorphisms by Isomc (U, V);
we will usually write Autc(U) instead of Isomc(U,U) (notice that it is a group
under composition, the group of automorphisms of U). The composition of two
morphisms f: U — V and g: V — W will be denoted by go f: U — W. The
symbol f: U =+ V will be used to indicate that f is an isomorphism; we will write
U2V if U and V are isomorphic (i.e., Isomc (U, V') # ().

Set, Grp, Ab and Rng will be, respectively, the categories of sets, of groups,
of abelian groups and of rings (always assumed to be commutative with unit, with
morphisms preserving the unit).

Definition 2.1. A morphism f: U — V in a category C is a monomorphism
(respectively an epimorphism) if the map Homg (W, U) EEN Homeg (W, V) (respec-
tively Homg(V, W) oS, Homeg (U, W)) is injective for every W € C.

We will write f: U < V (respectively f: U — V) to mean that f is a
monomorphism (respectively an epimorphism).

Example 2.2. A morphism in Set, Grp or Ab is a monomorphism (respectively
an epimorphism) if and only if it is injective (respectively surjective). Also in Rng
it is true that a morphism is a monomorphism if and only if it is injective, but,
while every surjective morphism of rings is an epimorphism, the converse is not
true (consider, for instance, Z — Q).

Definition 2.3. A morphism f: U — V in a category is left (respectively right)
invertible if there exists a morphism g: V' — U such that go f = idy (respectively

fog=idy).

Remark 2.4. It is easy to see that a morphism is an isomorphism if and only
if it is left and right invertible. It is also clear that every left (respectively right)
invertible morphism is a monomorphism (respectively an epimorphism), but the
converse is not true in general (Z — Q is a monomorphism and an epimorphism
in Rng, but it is neither left nor right invertible).

Given a category C, we will denote by C° the opposite category (it has the
same objects as C and, if U,V € C, Homge (U, V) := Homg(V,U); the composi-
tion of morphisms g o f in C° is of course given by f o g in C).

Remark 2.5. Many categorical properties admit “dual versions”, obtained by
passing to the opposite category. For instance, a morphism of C is a monomor-
phism if and only if, as a morphism of C°, it is an epimorphism.

Definition 2.6. Let f1, fo: U — V be two morphisms with same source and target

f
in a category C. A morphism g: U" — U is a kernel or equalizer of U:;lv if
f2
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for every W € C the sequence of sets

) fio
Home (W, U")—2>>Home (W, U)=——=Homg(W, V)

fao

is exact (by definition, this means that the map on the left is injective and that
its image consists precisely of the elements of the middle set which are mapped to
the same element by the two maps on the right).

f
Remark 2.7. It is clear from the definition that if a kernel g: U’ — U of U:1>>V
P

exists, then it is unique up to isomorphism, and it is a monomorphism; we will

1 f1
write g = ker(U—=V) (or U’ 2 ker(U—=V), by abuse of notation).
fa fa

Given objects {U; }icr in a category C, their product is an object U = [],.; Us
together with projection morphisms pr;: U — U; for i € I such that the following
universal property is satisfied: given morphisms f;: V — U; for i € I, there exists
a unique f:V — U such that pr; o f = f; for every ¢ € I; such a morphism
f will be usually denoted by (f;)icr- Again, it is clear that if such a product
exists, then it is unique up to isomorphism (every object V' 2 U satisfies the same
universal property, with projections obtained composing the pr; with the given
isomorphism). We will say that C has (finite) products if all (finite, i.e. those
indexed by a finite set) products exist in C. The product indexed by the empty
set (if it exists) is a terminal object: by definition, it is an object * such that for
every U € C there is a unique morphism from U to * (which will be denoted by
*r7). Notice that C has finite products if and only if it has a terminal object and
for every couple of objects U,V € C, their product (denoted, of course, by U x V)
exists.

Given two morphisms f: U — T and g: V — T in C, their fibred product is an
object U yx 4V (often denoted by U xr V, if there can be no doubt about f and
9), together with projection morphisms pri: U yxqV = U and pro: U yx,V =V
such that f opr; = gopro and the following universal property is satisfied: given
a commutative diagram

WL>

(2.1)

ol
’ﬂ<TQ

V ——
g

there exists a unique s: W — U s x4V (usually denoted by (h,k)) such that the
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x‘/ U
\%4 T
is also commutative. In case s is an isomorphism, we will say that the diagram (2.1)
is cartesian; this will be usually expressed with the following standard notation:

diagram

%.

w-l.U

J o |

V——T.
g

Notice that, if C has a terminal object *, then U x V' = U x, V; therefore, a
category with fibred products and terminal object has also finite products.

By passing to C°, from the notions of kernel or equalizer, (fibred) product,
terminal object and cartesian diagram, one gets the notions of cokernel or coequal-
izer (denoted by coker), (fibred) coproduct (for which the symbol [] will be used
in place of [] or x),2 initial object and cocartesian diagram: so, for instance the
diagram (2.1) is cocartesian in C if and only if the corresponding diagram is carte-
sian in C° (and this happens if and only if the induced morphism U [],,, V — T
is an isomorphism).

Example 2.8. The category Set has all (fibred) products and (fibred) coprod-
ucts, as well as kernels and cokernels. For instance, products are the usual ones
(in particular, a terminal object is a set with one element, usually denoted by
{*}), coproducts are disjoint unions and, given maps f: X — Z and g: Y — Z,
X xgY ={(z,y) €e X XY | f(z) = g(y)} (with the obvious projections).

Remark 2.9. (Fibred) products and coproducts and kernels and cokernels are
particular instances of a general notion of limit (the interested reader can see
Section B.1), which includes also the well known case of (direct and inverse) limits
over filtered® sets, which will be used occasionally and with which the reader is
assumed to have some familiarity.

2Coproducts in an additive category (like Ab) are usually called direct sums and are denoted
by &

3A filtered or (directed) set is a preordered set (X, <) (by definition, this means that < is a
reflexive and transitive relation on X) with the property that for all z,y € X there exists z € X
such that ¢ < z and y < z.
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If f:U — V is a morphism (in some category) such that U yx ;U exists,
then the diagonal morphism (idy,idy): U — U yx U will be usually denoted by
Ap:U—=UxyU.

Similarly, if U is an object such that U x U exists, the diagonal morphism
(idy,idy): U — U x U will be denoted by Ay: U — U x U. Given morphisms
f: U —=Vand f: U — V', we will denote by f x f/: U x U — V x V' the
morphism (fopry, f'oprs). The same notation will be used for morphisms between
two fibred products.

Definition 2.10. A property P of morphisms of C is stable under base change
if the following condition is satisfied for every morphism f: U — V of C which
satisfies P: for every morphism g: V' — V of C there exists a cartesian diagram

U ——=U

e |

Vi——=V

and in every such diagram f’ satisfies P, too.

Remark 2.11. If P is stable under base change and h: U — U is an isomorphism,
then it follows from the definition that f: U — V satisfies P if and only if foh
does.

Example 2.12. It is easy to see that in a category with fibred products the prop-
erty of being a monomorphism is stable under base change, whereas the property
of being an epimorphism is not, in general.

When P is a property (not stable under base change) of morphisms of C and
f: U — V is a morphism of C such that for every cartesian diagram as in the
above definition the morphism f': U’ — V' satisfies P, we will say that f satisfies
P universally (so for instance, we can speak of universally closed continuous maps).
If C and D are two categories, Fun(C, D) will be the category having as ob-
jects functors from C to D and as morphisms natural transformations of functors.

Definition 2.13. A functor F': C — D is faithful (respectively full) if the induced
map Homg(U,V) — Homp (F(U), F(V)) is injective (respectively surjective) for
all U,V € C. If F is faithful and full, it is usually said to be fully faithful. F is
essentially surjective if every object V of D is isomorphic to F(U) for some object
U of C.

Remark 2.14. One could define a functor F': C — D to be essentially injective
if, given objects U and U’ of C, F(U) = F(U’) implies U = U’. Notice, however,
that a fully faithful functor is always essentially injective.

Definition 2.15. A functor F': C — D is an equivalence of categories if there

exists a functor G: D — C such that Go F 2 id¢ in Fun(C, C) and F oG = idp
in Fun(D, D); such a functor G is called a quasi-inverse of F'.
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Using choice axiom it is easy to prove the following important result.

Proposition 2.16. A functor is an equivalence of categories if and only if it is
fully faithful and essentially surjective.

Definition 2.17. A subcategory C’ of a category C is full if Home/ (U, V) =
Homg (U, V) for all U,V € C'. C'is a strictly full subcategory of C if it is full
and every object of C isomorphic to an object of C’ is in C’.

If S is an object of a category C, then C,s will denote the category whose
objects are the morphisms of C having target S and whose morphisms are defined
as follows: if f: U — S and g: V — § are two objects of C /g, then

Homg (f,9) := {h € Homg(U,V)|goh = f}

(composition of morphisms is defined as in C); clearly idg is a terminal object of
C,s. More generally, if C" is a subcategory of C, even if S is not an object of
C’, we can still define the category C’/ s (having as objects the morphisms of C
with source an object of C’ and with target S, and as morphisms the morphisms
of C/g which are in C’). Notice that C’/S is a subcategory of C/g, and that it is
full if C’ is a full subcategory of C. There is a natural functor C’/ s — C', which
sends an object of C’/ g (which is a morphism of C) to its source and which is the
identity on morphisms; this functor is obviously faithful, and it is an equivalence
if S'is a terminal object of C or C’. Observe also that, if C’ has fibred products,
the same is true for C’/ g, and C’/ g — C' preserves fibred products.

Definition 2.18. Let F': C — D and G: D — C be two functors. Then F' is a
left adjoint of G and G is a right adjoint of F if for every U € C and every V € D
there is a natural bijection Homp (F(U), V) = Homc (U, G(V)) (i.e., there must be
an isomorphism Homp (F'(—), —) = Homg(—, G(—)) of functors C° x D — Set).

Remark 2.19. It is plain that a (left or right) adjoint of a functor, if it exists,
is unique up to isomorphism. Moreover, if the functor F': C — D is left adjoint
of G: D — C, then for every U € C the images of idp () under the natural
isomorphisms Homp (F(U), F(U)) & Homc (U, G(F(U))) define a natural trans-
formation idec — G o F'; similarly, there is an induced natural transformation
FoG— idD.

Every set X naturally determines a category, having as objects the elements
of X and as morphisms only the identities. Conversely, every category with only
the identities as morphisms comes from a set in this way; therefore, by abuse of
notation, we will call such a category a set. Notice that a functor between two
sets is just a usual map of sets.

An equivalence relation on a set X is a subset R of X x X satisfying the
following well known properties: (z,z) € R for every x € X (reflexive); if (z,y) €
R, then (y,x) € R (symmetric); if (z,y) € R and (y,2z) € R, then (z,z) € R
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(transitive). To an equivalence relation R C X x X we can associate a category
[X, R], with Ob([X, R]) := X and Mor([X, R]) := R; more precisely, (z,y) € R is
viewed as a morphism from y to x, and the composition (x,y) o (y, z) is defined to
be (z, z). Notice that the reflexive and transitive properties of the relation imply,
respectively, that every object of [X, R] has an identity and that the composition of
morphisms is well defined, so that [X, R] is indeed a category. Moreover, (since R
is a subset of X x X) there is at most one morphism between two objects of [X, R],
whereas the symmetric property implies that every morphism is an isomorphism.
Conversely, it is easy to see that every category satisfying these two additional
properties is induced by an equivalence relation; again, we will say freely that
such a category is an equivalence relation.

If R C X x X is an equivalence relation, we will denote by X/R the set of
equivalence classes in X under R. It is clear that the natural functor [X, R] — X/R
(defined by the natural map X — X/R on objects, and in the unique possible way
on morphisms) is fully faithful and essentially surjective (hence an equivalence
of categories). In fact, it is immediate to see that equivalence relations can be
characterized as follows.

Proposition 2.20. A category is an equivalence relation if and only if it is equiv-
alent to a set.

Definition 2.21. A groupoid is a category in which every morphism is an isomor-
phism.

Of course, every equivalence relation (in particular, every set) is a groupoid.
Moreover, it is clear that a groupoid C is an equivalence relation if and only if
there is at most one (iso)morphism between any two objects of C (which is true
if and only if Autc(U) = {idy} for every U € C).

Remark 2.22. A category equivalent to a groupoid is a groupoid. The analogous
statement is true also for equivalence relations (but not for sets, of course).

A groupoid with only one object is completely described by the group of
automorphisms of the object, and conversely, every group determines a groupoid
with one object having that group as group of automorphisms; notice also that a
functor between two groups (considered as groupoids) is just given by an ordinary
group homomorphism.

Remark 2.23. It is easy to prove that every groupoid is equivalent to a groupoid
C with the property that Homg (U, V) = (0 if U # V. Therefore, giving a groupoid
up to equivalence amounts to giving a collection of groups (the automorphism
groups of every object in such a groupoid).

Example 2.24. To every action (on the right) o: X x G — X of a group G on
a set X (i.e., o is a map such that o(o(z,g),h) = o(x,gh) and o(z,id) = z for
every x € X and for all g,h € G) we can naturally associate a groupoid C(p)



Lectures on algebraic stacks 11

with Ob(C(p)) := X and Mor(C(p)) := X x G as follows. (z,9) € X x G is a
morphism with source o(z, g) and target , and the composition (z, g)o (o(x, g), h)
is defined to be (z, gh). The axioms of action (together with group axioms for G)
imply that composition is well defined and associative, that every object z € X
has an identity id, = (x,id) and that every morphism (x,g) € X x G has inverse
(x,9)"t = (o(x,9),971), so that C(p) is indeed a groupoid. Note that o is a
free action (i.e., o(x,g) = x implies g = id) if and only if C(p) is an equivalence
relation, whereas p is transitive (i.e., for all z,y € X there exists g € G such that
o(z,g) = y) if and only if C(p) is equivalent to a group.

2.2 Commutative algebra

If Ais aring, A-Mod will be the category of A-modules (it is an abelian category
with direct sums); we will usually write Hom4 instead of Hom a.noq. Similarly,
A-Alg will be the category of A-algebras: its objects are morphisms of rings with
source A (by abuse of notation, an A-algebra A — B will be usually denoted simply
by B) and its morphisms are morphisms of rings commuting with the morphisms
from A. Note that, since Z is an initial object of Rng, Z-Alg can be identified
with Rng.

Given a ring A and morphisms ¢;: B — C; (for i = 1,2) of A-Alg, the tensor
product

Cr®p Oy = C 4,Q4, Co

is in a natural way an A-algebra, which, together with the natural morphisms C; —
C1 ®p Oy, gives the fibred coproduct C; [[5 C> in A-Alg. Also (fibred) products
exist in A-Alg (they are defined as in Set, with operations componentwise).

Definition 2.25. Let A be aring. An A-module M is finitely generated or of finite
type (respectively finitely presented or of finite presentation) if there is an exact
sequence in A-Mod of the form A™ — M — 0 (respectively A™ — A™ — M — 0)
for some n,m € N.

Definition 2.26. A morphism of rings A — B is of finite type (or B is a finitely
generated A-algebra) if there exist n € N and a surjective morphism of A-algebras
w: Alt1,...,ty] > B. A — B is of finite presentation (or B is a finitely presented
A-algebra) if it is of finite type and 7 as above can be chosen so that kerr is a
finitely generated ideal of A[ty, ..., ¢,].

Remark 2.27. If A is a noetherian ring, then a finitely generated A-module is
also finitely presented. Similarly, if ¢: A — B is a morphism of finite type of rings
with A noetherian, then by Hilbert’s basis theorem also B is noetherian and ¢ is
actually of finite presentation.

Definition 2.28. A morphism of rings A — B is finite if B is a finitely generated
A-module.
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Remark 2.29. It is easy to see that, if A — B — C are morphisms of finite type
(respectively of finite presentation, respectively finite) and A — A’ is an arbitrary
morphism of rings, then the induced morphisms A — C and A’ — B®4 A’ are of
finite type (respectively of finite presentation, respectively finite).

If Aisaring and S C A is a multiplicative system, S~ A will be the corre-
sponding localized ring; similarly, for every M € A-Mod, S™'M = S~'A®,4 M
will be the corresponding localized S~!A-module. When S = {a™|n € N} for
some a € A (respectively S = A\ p for some prime ideal p C A), S~™'A4 and S~ M
will be denoted by A, and M, (respectively by A, and M).

Definition 2.30. Let A be a ring. An A-module M is A-flat (or simply flat) if
the functor M ® 4 —: A-Mod — A-Mod (which is always right exact) is exact.
A morphism of rings A — B is flat if B is A-flat.

Remark 2.31. If ¢: A — B is a morphism of rings, B ® 4 —: A-Mod —
A-Mod factors (up to canonical isomorphism) as the composition of a functor
¢«: A-Mod — B-Mod (often denoted also by B®4 —) and of the forgetful func-
tor D: B-Mod — A-Mod (it is easy to see that D is right adjoint of ¢,, namely
for every M € A-Mod and every N € B-Mod there is a natural isomorphism of
B-modules Homp (B ®4 M, N) = Hom4 (M, N)). Since D is exact and faithful, it
is clear that ¢,: A-Mod — B-Mod is always right exact, and it is exact if and
only if B is a flat A-module.

Remark 2.32. It is clear that, if A — B — C are flat morphisms and A — A’
is an arbitrary morphism of rings, then the induced morphisms A — C and A" —
B ®y A are flat.

Proposition 2.33. 1. If A is a ming and S C A is a multiplicative system,
then the natural morphism of rings A — S~'A is flat.

2. A morphism of rings ¢: A — B is flat if and only if the induced morphism
of local rings ¢q: Ag-1(q) — Bq s flat for every prime ideal q C B.

Given B € A-Alg and M € B-Mod, we denote by Dera(B, M) the set
of A-derivations from B to M (i.e., those maps d € Homa(B, M) such that
d(bb’) = bd(V') + v'd(b) for all b,b’ € B), which is in a natural way a B-module.
If N € B-Mod and d: B — N is an A-derivation, the map od: Homp (N, M) —
Der4(B, M), is a morphism of B-Mod. It can be proved that there exists (nec-
essarily unique up to unique isomorphism) a B-module Qp/4 (called the module
of relative differentials) together with an A-derivation dg/s: B — Qp,4 (called
the universal derivation) such that odg,s: Homp(Qp/a, M) — Dera(B, M) is an
isomorphism for every M € B-Mod. Indeed, denoting by u: B ® 4 B — B the
(surjective) morphism of rings defined by b ® ' — bb’ and setting J := ker p, we
can take Qg 4 := J/J* (note that J/J* is in a natural way a (B ®4 B)/J = B-
module) and define d,/4(b) to be the class in J/J? of 1®@b—b® 1 € J. Notice
that g, is generated (as a B-module) by im dpya-
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Example 2.34. If A — A" := A[t;];cs is the natural morphism, then Q4/,4 is a
free A’-module with base {da/ /(i) }ier-

Proposition 2.35. Let A — B be a morphism of rings and let S C B be a
multiplicative system. Then there is a natural isomorphism of S~!B-modules
QS—lB/A = S_IQB/A.

Proposition 2.36. Let A — B and A — A’ be morphisms of rings. Setting
B':= B®aA', there is a natural isomorphism of B'-modules Qg a0 = Qp/a@pB'.

Proposition 2.37. Given morphisms of rings A — B — C there is a naturally
induced exact sequence of C'-modules

QB/A ®p C — QC/A — QC/B — 0.

If moreover B — C'is surjective (so that obviously Q¢ p = 0) with kernel I, then
the above sequence extends on the left to an exact sequence of C-modules

dI
I/12 _B/a, Qp/a®pC — Qcja — 0,
where dp 4 := (dp/al1) ®p C.

GRng will be the category whose objects are positively graded rings and
whose morphisms are morphisms of rings preserving degree. If R = @,», Rn €
GRng, we will denote by R-GMod the category whose objects are graded R-
modules M = P, ., M, and whose morphisms are morphisms of R-modules
preserving degree. If M € R-GMod and n € Z, M(n) € R-GMod is de-
fined by M(n), = M,im for every m € Z. Given a homogeneous element
r € Ry = @,.( Rn, we define R,y to be the ring (R,)o and M,y to be the
R(y-module (M,)o. Similarly, if p C R is a homogeneous prime ideal, we set
Ry = (S7'R)o and M) := (S™'M)o € Rp)-Mod, where S is the multiplica-
tive system of homogeneous elements of R \ p. Finally, if A is a ring, A-GAlg
will be the category of positively graded A-algebras (its objects are morphisms of
GRng with source A = 4y € GRng).

Nakayama’s lemma. Let A be a ring and J C A the intersection of all maximal
ideals of A. If M is a finitely generated A-module such that JM = M, then M = 0.

For a ring A we will denote by dim A its Krull dimension (the maximal length
of a chain of prime ideals). If A is a noetherian local ring with maximal ideal m
and residue field K = A/m, then dim A < dimgm/m? < co (note that dimy m/m?
is the minimal number of generators of m by Nakayama’s lemma); A is regular if
dim A = dimg m/m?.

If K is a field, K will denote its algebraic closure.



14 A. Canonaco

2.3 Ringed spaces

If X is a ringed space, |X| (or simply X, if no confusion is possible) will denote
the underlying topological space and Ox the structure sheaf of rings. Similarly,
for a morphism of ringed spaces f: X — Y, |f|: |X| — |Y] (or simply f, if no
confusion is possible) will denote the (continuous) map between the underlying
topological spaces and f#: Oy — f.(Ox) the morphism of sheaves of rings (on
Y’). For every open subset U of a ringed space X we will always consider U as a
ringed space with structure sheaf Oy := Ox|y. We will say that a ringed space
X is connected, or irreducible, or quasi-compact if the same is true for | X|,* and
that a morphism of ringed spaces f is injective, or surjective, or open, or closed if
the same is true for |f|. Moreover, for a ringed space X we will denote by dim X
the dimension of | X| (the maximal length of a chain of irreducible closed subsets
of | X|) and for every x € X we define dim, X to be the minimum of dim U for U
open neighbourhood of z; if f: X — Y is a morphism of ringed spaces, we also
set dim,, f := dim,|f|~1(f(z)).

The category of (sheaves of) Ox-modules (respectively Ox-algebras, respec-
tively positively graded Ox-algebras) on a ringed space X will be denoted by
Mod(X) (respectively Alg(X), respectively GAlg(X)). Mod(X) is an abelian
category with direct sums: if 7; (i € I) are Ox-modules the direct sum @, ; F;
is the sheaf associated to the presheaf (which is a sheaf if I is finite, but not in
general) defined by U — @,.; Fi(U) (U € X open); if F € Mod(X), we will
write F! for @,.; F. Given F,G € Mod(X), we will usually write Homx (F, G)
instead of Homjoa(x)(F,G), whereas Homx (F,G) will be the sheaf defined for
every U C X open by Homx (F,G)(U) := Homy (Flu,Glv); F @x G € Mod(X)
(or simply F ® G) will denote the sheaf associated to the presheaf defined by
U FU) ®@ox @) G(U).

Definition 2.38. Let X be a ringed space. F € Mod(X) is of finite type (respec-
tively of finite presentation) if for every x € X there is an open neighbourhood U
of x and an exact sequence in Mod(U) of the form O — F|y — 0 (respectively
op — Of — Fly — 0) for some n,m € N.

Definition 2.39. Let X be a ringed space. F € Mod(X) is quasi-coherent if
for every x € X there is an open neighbourhood U of x and an exact sequence
in Mod(U) of the form O}, — Of, — F|y — 0 for some sets I,.J. F is coherent
if it is of finite type and for every U C X open the kernel of every morphism
Op — Fluy of Mod(U) (with n € N) is of finite type.

We will denote by QCoh(X) (respectively Coh(X)) the full subcategory of
Mod(X) whose objects are quasi-coherent (respectively coherent) Ox-modules.
Similarly, QCohAlg(X) (respectively QCohGAlg(X)) will be the full subcat-
egory of Alg(X) (respectively GAlg(X)) whose objects are quasi-coherent as

4Following the French terminology, we say that a topological space T is quasi-compact if every
open cover of T' admits a finite subcover (then T is compact if it is quasi-compact and Hausdorff).
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Ox-modules (note that R = @, .y Rn € GAIlg(X) is quasi-coherent if and only
if R,, is quasi-coherent for every n € N).

Remark 2.40. An Ox-module of finite presentation is also of finite type and
quasi-coherent. Every coherent Ox-module is of finite presentation, whereas the
converse is true if and only if Ox is coherent: this follows from the fact Coh(X)
is an abelian subcategory of Mod(X) (if a: F — G is a morphism of Coh(X),
then ker @ and coker «v are also coherent).

We also recall that an Ox-module F is locally free if for every x € X there
is an open neighbourhood U of « such that F|y = OF for some n € N (then F
is obviously of finite presentation); if the integer n is the same for every = € X
F is said to be of rank n. A locally free Ox-module £ of rank 1 is also called
invertible, since in this case there exists another invertible O x-module M (namely
M =Homx(L,Ox)) such that LR M = Ox.

A morphism of ringed spaces f: X — Y induces a (left exact) functor

v Mod(X) — Mod(Y)

and its left adjoint f*: Mod(Y) — Mod(X), which is right exact and which
preserves tensor products and direct sums. Then it is clear that if 7 € Mod(Y)
is quasi-coherent, (but not coherent, in general) or of finite type, or of finite pre-
sentation, or locally free (of some rank n), then f*(F) € Mod(X) has the same
property. In particular, f induces a functor f*: QCoh(Y) — QCoh(X), hence
also functors f*: QCohAlg(Y) — QCohAlg(X) and f*: QCohGAlg(Y) —
QCohGAlg(X).

If X is a locally ringed space (i.e., the stalk Ox , is a local ring for every
x € X) we will denote by m, the maximal ideal of Ox , and by x(x) the residue
field Ox ;/m,. LRngSp will be the subcategory of the category of ringed spaces
whose objects are locally ringed spaces and whose morphisms are those morphisms
of ringed spaces f: X — Y such that for every z € X the morphism of local rings
f#: Oy t(s) = Ox, is local, which means that (f#)™*(m;) =my(,) (so that there
is an induced extension of fields k(f(z)) < x(x)).

If A is aring, Spec A is a locally ringed space, where |Spec A| is the set of prime
ideals of A whose closed subsets are those of the form V(I) := {p € Spec A|p D I}
(for I C A an ideal) and the structure sheaf Ogpec 4 is such that Ogpec ap = Ap
for every p € Spec A. Every morphism of rings ¢: A — B induces a morphism of
locally ringed spaces Spec ¢: Spec B — Spec A, so that Spec: Rng® — LRngSp
is a functor.

2.4 Schemes

We will denote by AffSch (respectively Sch) the category of affine schemes (re-
spectively of schemes): by definition, they are (strictly) full subcategories of
LRngSp and a locally ringed space X is an affine scheme if and only if there is a
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ring A such that X = Spec A, whereas X is a scheme if and only if every point of X
has an open neighbourhood which is an affine scheme. If A is a ring, the open sub-
sets of Spec A of the form D(a) := Spec A\V (a) (a € A) form a base of the topology
of Spec A; moreover, D(a) = Spec A, (and, denoting by t,: A — A, the local-
ization map, the morphism of affine schemes Spec,: Spec 4, = D(a) — Spec A
is the natural inclusion). It follows that every open subset of a scheme is also a
scheme and that open affine subsets form a base of the topology of every scheme.

Remark 2.41. Every affine scheme is quasi-compact.

Proposition 2.42. The functor I': Sch — Rng®, defined on objects by setting
I'(X) := Ox(X) and on morphisms by

(X Lv):=f#(Y): Oy (Y) = £.(0x)(Y) = Ox(X)
is left adjoint of Spec: Rng® — Sch (i.e., there is a natural bijection
HomRng(A, OX (X)) = Homsch(X, Spec A)

for every X € Sch and every A € Rng) and I' o Spec = idgrngo. In particular,
Spec: Rng® — AffSch is an equivalence, with quasi-inverse the restriction of T.

If Ais a ring, we will usually write AffSch,, instead of AffSch,gpc. 4 and
Sch 4 instead of Sch/gpec 4. Note that the above result implies that SpecZ is a
terminal object of Sch, so that Sch,; can be identified with Sch (and AffSch
with AffSch). We denote by A" the affine scheme Spec A[tq,. .. t,].

Proposition 2.43. Let A be a ring. The ezact functor A-Mod — Mod(Spec A)
defined on objects by M — M (the associated sheaf M is such that M = M,
for every p € Spec A) induces an equivalence of categories between A- Mod and
QCoh(Spec A), whose quasi-inverse is the functor defined on objects by F —

F(Spec A). The same functors induce equivalences between A-Alg (respectively
A-GAlg) and QCohAlg(Spec A) (respectively QCohGAlg(Spec A)).

Remark 2.44. It follows from the above result that for a scheme X the category
QCoh(X) is abelian and the general definition of quasi-coherent Ox-module co-
incides with that of [11] (namely, F € Mod(X) is quasi-coherent if and only if
for every x € X there is an open affine neighbourhood U of x such that Fl|y = M
for some Oy (U)-module M). On the other hand, the definition of coherent Ox-
module given in [11] (the same as that of quasi-coherent, with the additional
requirement that M be a finitely generated Oy (U)-module) is not the right one
in general (for instance, when X = Spec A with A a non noetherian ring), but it
is equivalent to that of quasi-coherent O x-module of finite type.

If X is a scheme, the (left exact) functor Mod(X) — Ox(X)-Mod defined on
objects by F + F(X) is often denoted by H°(X, —) and its right derived functors
by HY(X,—) (i € N).
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Proposition 2.45. If X is an affine scheme, then H*(X,F) = 0 for every i > 0
and every F € QCoh(X).

Sch has fibred products (hence also finite products, since it has a terminal
object) and the inclusion functor AffSch C Sch preserves fibred products (of
course, fibred products in AffSch correspond to tensor products of rings under
the functor Spec). Given morphisms of schemes X — Z and Y — Z, the projection
pri: X xzY — X is such that pri'(U) 2 U xz Y for every open subset U of X.
The natural continuous map [X xz Y| — |X| x|z |Y| (the latter denoting fibred
product in the category of topological spaces) is in general not injective, but it
is always surjective. This implies that for morphisms of schemes the property of
being surjective is stable under base change; the same is not true for the property
of being injective (consider for instance morphisms of the form Spec ¢, where ¢
is a separable extension of fields, e.g. R C C). If f: X — Y is a morphism of
schemes, the fibre of f over a point y € Y is the scheme f~!(y) := X xy Spec k(y):
in this case the map |f~'(y)| = |X]| x|y| [Speck(y)| = |f|7*(y) (the latter being
endowed with the induced topology as a subspace of | X|) is a homeomorphism.

Remark 2.46. It is immediate to see that every monomorphism of schemes
is injective, hence universally injective. On the other hand, a universally in-
jective morphism of schemes is not a monomorphism, in general (just consider

SpecZ[t]/(t?) — SpecZ).

Definition 2.47. A morphism of schemes f: Y — X is an immersion if im|f] is
a locally closed subspace (i.e., the intersection of a closed and an open subset) of
| X|, | f| induces a homeomorphism between |Y| and im|f| and f: Ox () — Oy,
is surjective for every y € Y. f is a closed (respectively an open) immersion if
moreover im|f| is closed in |X| (respectively if im|f| is open in [X| and f# is an
isomorphism for every y € Y).

Remark 2.48. An immersion of schemes is clearly a monomorphism, but the
converse is not true (e.g., consider Spec Q — SpecZ).

A (closed, respectively open) subscheme of a scheme X is an equivalence class
of (closed, respectively open) immersions with target X, where two immersions
[:Y = X and f': Y’ — X are equivalent if f = f"in Sch/x. If f: YV — X
is an immersion, by abuse of notation we will also say that f (or simply Y) is
a subscheme of X, and we will often write Y C X (or Y C X is f is not an
isomorphism). It is clear that open subschemes of X are in natural bijection with
open subsets of | X|, and as for closed subschemes we have the following result.

Proposition 2.49. If f: Y < X is a closed immersion, then f#: Ox — f.(Oy)
is surjective and its kernel Iy x (or simply Iy ) is a quasi-coherent ideal of Ox,
called the ideal (sheaf) of Y in X. The map (Y C X) — Iy x gives a bijection
between closed subschemes of X and quasi-coherent ideals of Ox .
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Remark 2.50. If X = Spec A (A4 a ring), then the associated sheaf functor gives
a bijection between ideals of A and quasi-coherent ideals of Ogpec 4, and the closed
subscheme corresponding to an ideal I C A is Spec A/I C Spec A. In particular,
a closed subscheme of an affine scheme is also affine.

Remark 2.51. If Y is a subscheme of X, then Y is a closed subscheme of some
open subscheme U of X, and there is a largest open subscheme U of X with this
property (namely, |[U| = |X|\ (JY]\|Y]), where |Y] is the closure of |Y| in |X]).

Proposition 2.52. For every morphism of schemes f: X — Y the diagonal mor-
phism Ay: X — X xy X is an immersion.

So for every morphism X — Y we can regard X as a closed subscheme of
an open subscheme W of X xy X. Setting J := Zx,/w, the Ow-module J|T?
is in a natural way an Ow/J = Ox-module, which is called the sheaf of rela-
tive differentials and is denoted by Qy/y: clearly, for every open affine subsets
SpecB 2 U C X and SpecA =2V C Y such that f(U) C V, there is a natural

isomorphism Qx /vy |y = Qu/y = Qp/a (in particular, Qx,y € QCoh(X)).

Remark 2.53. If f: X — Y is a morphism of schemes, it is easy to see that
for every x € X there is a natural isomorphism of Ox ,-modules (Qx,y ). =

Qox,m/oyﬂw :

Proposition 2.54. Let X — Y and Y' — Y be morphisms of schemes. Set-
ting X' := X xy Y', there is a natural isomorphism of Ox:-modules Qx:/y: =
pri(Qx/v).

Proposition 2.55. Given morphisms of schemes X i> Y — Z there is a naturally
induced exact sequence in QCoh(X)

[ (Qyz) = Qx/z = Qx/y — 0.

If moreover f is a closed immersion (so that obviously Qx,y = 0), then the above
sequence extends on the left to an exact sequence in QCoh(X)

Ix/v/Txy = 1 (Qyjz) = Qx/z = 0.

Morphisms of schemes can be glued: this means that given an open cover
{Ui}ier of a scheme X and f; € Homsen(U;,Y) such that filv,~v;, = fjlviny,
for all 4,5 € I, there exists a unique f € Homgen(X,Y) such that fly, = f;
for every i € I. Also schemes can be glued, in the following sense. Assume
that {X;}ier is a collection of schemes and that, for all ¢,j € I with ¢ # j,
Ui,; C X is an open subscheme and f; ;: Uj; = U;,; is an isomorphism such that
fii= fifjl and, if 7, j, k € I are distinct, the following cocycle condition is satisfied:
f@j(UjJ N Uj“lf) = U,’J N Uzk and

fiklveinv, = figlusnu,, © fikluenve, : Ui N Uk = Ui j N U g
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Then there exists (unique up to isomorphism) a scheme X together with an open
cover {U;}ier of X and isomorphisms g;: U; — X; such that g;(U; N U;) =Ui;
and fi; = ¢ (95 ].)’1 for all 4,5 € I. In the particular case in which
all the U; j are empty, the scheme X is the coproduct [[,.; X; (it is also called
the disjoint union of the X;), whereas when I = {1,2} (then to give the U; ; and
the f; ; is equivalent to giving a scheme U and two open immersions U < X;) the
scheme X is the fibred coproduct X; HU Xo.

Given a positively graded ring R, Proj R is a scheme with |Proj R| the set of
homogeneous prime ideals of R not containing R whose closed subsets are those of
the form V(I) := {p € Proj R|p D I} (for I C A a homogeneous ideal) and with
structure sheaf Op.o; g such that Opre; rp = Rp) for every p € Proj R. The open
subsets of the form D, (r) := ProjR \ Vi (r) (where r € R, is a homogeneous
element) form a base of the topology of ProjR and D, (r) = SpecR(y. The
morphisms of schemes D, (r) — Spec Ry (induced by the natural morphisms of
rings Ry — R(,)) glue to a structure morphism Proj R — Spec Ry; it follows that
every morphism of rings A — Ry induces a morphism Proj R — Spec A. For every
ring A the scheme Proj Alto,...,t,] (where each ¢; has degree 1) is denoted by
P%. More generally, for every scheme X we set P% := P Xgpecz X (obviously
]P)gpecA = P in Sch4);® note that P% = X.

IfR e GRng, there is a natural exact functor R—GMod — QCOh(PrOJ R)
defined on objects by M +—» M (the associated sheaf M is such that M = My, for

—_—

every p € Proj R and M|D+(T > M,y under the natural isomorphism D (r) =

Spec R,y for every homogeneous r € Ry ). The sheaves ]% (for n € Z) are
denoted by Oproj r(n); they are invertible if R is generated by R; as Ry-algebra.
Every morphism ¢: R — R’ of GRng induces a morphism of schemes

Proj¢: P(¢) — Proj R

(where P(¢) C Proj R’ is the open subset Proj R’ \ V4 (¢(R4))) such that, for
every homogeneous 7 € R, (Proj¢) 1 (D4 (r)) = Dy (¢(r)) and

(Proj¢)|p, (s(r)): D+(é(r)) = Dy(r)
is induced by the natural morphism of rings R,y — RE 5(r))"

Definition 2.56. A scheme X is locally noetherian if for every x € X there is an
open affine neighbourhood U of x such that the ring Oy (U) is noetherian.
A scheme is noetherian if it is locally noetherian and quasi-compact.

Proposition 2.57. If a scheme X is locally noetherian, then for every open affine
subset U C X the ring Oy (U) is noetherian. In particular, a ring A is noetherian
if and only if Spec A is a noetherian scheme.

5Similarly, we define A% = A} Xspecz X, and then ASpecA = A7 in Schy 4.
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Remark 2.58. If a scheme X is (locally) noetherian then | X| is (locally) noethe-
rian (a topological space is noetherian if it satisfies the descending chain condition
for closed subsets, and it is locally noetherian if every point has a noetherian
neighbourhood). It is easy to see that a topological space is noetherian if and
only if it is locally notherian and quasi-compact if and only if every open subset
is quasi-compact.

Remark 2.59. On a locally noetherian scheme X every quasi-coherent Ox-
module of finite type is coherent (so, in this case, the three notions “coherent”,
“of finite presentation” and “quasi-coherent of finite type” coincide).

Definition 2.60. A scheme X is reduced if Ox , is a reduced ring (i.e., with no
nilpotent elements) for every x € X (or, equivalently, if Ox(U) is a reduced ring
for every U C X open).

Definition 2.61. A scheme X is normal if Ox , is an integrally closed domain
for every z € X.

Definition 2.62. A locally noetherian scheme X is reqular at € X if the noethe-
rian local ring Ox , is regular. X is regular if it is regular at every point.

Definition 2.63. A morphism of schemes f: X — Y is a local isomorphism at x €
X if there exist open neighbourhoods U of # and V' of f(x) such that f|y: U =V
is an isomorphism. f is a local isomorphism if it is a local isomorphism at every
point of X.

Definition 2.64. A property P of schemes is local if the following holds: given
an open cover {U; };cr of a scheme X, X satisfies P if and only if U; satisfies P for
every i € 1.

Example 2.65. The following properties of schemes are local: locally noetherian,
reduced, normal, regular.

Definition 2.66. A property P of morphisms of schemes is local on the domain
(respectively local on the codomain) if the following holds: given a morphism of
schemes f: X — Y and an open cover {U,;}ier of X (respectively {V;}icr of V),
[ satisfies P if and only if f|y, (respectively f|p-1(v;y: f~1(Vi) — V) satisfies P
for every i € I.

Example 2.67. It is easy to see that the following properties of morphisms of
schemes are local on the codomain (and stable under composition): universally
injective, surjective, universally open, universally closed, open immersion, closed
immersion, immersion, local isomorphism (all these are also stable under base
change), injective, open, closed. The properties of being open, universally open
and a local isomorphism are also local on the domain.

Remark 2.68. When working in Sch,g (S a scheme) it will be customary to
denote an object X — S simply by X, and consequently properties of schemes
(respectively of morphisms of schemes) will be extended to objects (respectively
morphisms) of Schg.
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Definition 2.69. Let K be a field. X € Sch g is geometrically connected (respec-
tively geometrically irreducible, respectively geometrically reduced) if the scheme
X Xspeck SpecK is connected (respectively irreducible, respectively reduced).

3 Some properties of morphisms of schemes

3.1 Quasi-compact and (quasi)separated morphisms

Definition 3.1. A morphism of schemes f: X — Y is quasi-compact if f=1(U) is
quasi-compact for every U C Y open and quasi-compact.

Remark 3.2. If {U, };c; is a base of the topology of Y with each U; quasi-compact,
then f: X — Y is quasi-compact if and only if f~1(U;) is quasi-compact for every
i € I: this follows immediately from the fact that a finite union of quasi-compact
subspaces is again quasi-compact.

Example 3.3. Every closed immersion is quasi-compact, whereas an open im-
mersion need not be quasi-compact.

Proposition 3.4. For morphisms of schemes the property of being quasi-compact
is stable under composition and base change and is local on the codomain.

Proof. As for base change, by Remark 3.2 it is enough to prove that X xz Y is
quasi-compact if Y and Z are affine and X is quasi-compact. Now, this is clear,
since X can be covered by a finite number of open affine subsets and since the
fibred product of affine schemes is again affine (hence quasi-compact). The rest of
the proof is straightforward. O

Lemma 3.5. If f: X — Y is a morphism of schemes with X quasi-compact and
Y affine, then f is quasi-compact. In particular, a scheme X is quasi-compact if
and only if X — SpecZ is quasi-compact.

Proof. Since X can be covered by a finite number of open affine subsets, we can
assume that also X is affine. Now, for a morphism of rings ¢: A — B, we have
(Spec ¢)~H(D(a)) = D(¢(a)) for every a € A, and the conclusion follows from
Remark 3.2 O

Definition 3.6. A morphism of schemes f: X — Y is separated (respectively
quasi-separated) if Ay: X — X xy X is a closed (respectively quasi-compact)
immersion. A scheme X is (quasi)separated if the morphism X — SpecZ is
(quasi)separated.

Remark 3.7. A separated morphism is quasi-separated.

Example 3.8. A morphism of affine schemes is separated; in particular, an affine
scheme is separated.
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Example 3.9. Every monomorphism (in particular, every immersion, and, more
in particular, every diagonal morphism) of schemes is separated. Indeed, if f: X —
Y is a monomorphism, then Ay: X — X xy X is an isomorphism by Lemma A.2.

Proposition 3.10. For morphisms of schemes the properties of being separated
and quasi-separated are stable under composition and base change and are local on
the codomain.

Proof. By Proposition 3.4 and remembering that also the property of being a
closed immersion is stable under composition and base change and is local on
the codomain, the statement about composition and base change follows from
Lemma A.4, whereas the statement about locality on the codomain can be similarly
proved using Lemma A.3 (this last fact will be proved in greater generality in
Lemma 4.50). O

Proposition 3.11. Let X Ly % 7 be morphisms of schemes.

1. If go f is (quasi)separated, then f is (quasi)separated.

2. If go f is quasi-compact and g is quasi-separated, then f is quasi-compact.
Proof. Just remember that A, is in any case separated, and apply Lemma A.5. O

Corollary 3.12. Let f: X — Y be a morphism of schemes. If X is (quasi)sepa-
rated, then f is (quasi)separated, and the viceversa holds if Y is (quasi)separated.

We denote by QSch the full subcategory of Sch whose objects are quasi-
separated schemes.

Remark 3.13. The category QSch has fibred products and the inclusion func-
tor QSch C Sch preserves them: if f: X — Y and Y’/ — Y are morphisms of
QSch, then X’ := X xy Y’ € QSch. Indeed, f is quasi-separated by Corol-
lary 3.12, whence the induced morphism f’: X’ — Y’ is quasi-separated (by
Proposition 3.10), and then X’ is quasi-separated again by Corollary 3.12. It
is also clear that, if X; (i € I) are quasi-separated schemes, then [[,.; X; is
quasi-separated, too.

i€l

Proposition 3.14. A scheme X is quasi-separated if and only if for allU,V C X
open and quasi-compact, U NV 1is also quasi-compact.

Proof. Clearly UNV = A;(l(U x V) if U and V are open subsets of X. It is then
enough to note that U x V is quasi-compact if U and V are, and that the open
subsets of the form U x V (with U,V C X open and quasi-compact) form a base
of the topology of X x X. O

Corollary 3.15. If X is a scheme such that | X| is locally noetherian (in partic-
ular, if X is locally noetherian), then X is quasi-separated.
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Example 3.16. Let Y := SpecKt;)icr (K a field), U := Y \ {(¢i)ier} and
X =Y][,Y. If Iis finite it is well known that X is not separated (but it
is quasi-separated, since it is noetherian). If I is infinite, then X is not even
quasi-separated: indeed, denoting by ji,j2: Y < X the natural morphisms,
J1(Y),j2(Y) C X are open and quasi-compact, whereas j1(Y) N j2(Y) = U is
not quasi-compact.

Proposition 3.17. Let f: X — Y be a quasi-compact and quasi-separated mor-
phism of schemes. If F € QCoh(X), then f.(F) € QCoh(Y).

Proof. Using Proposition 3.14 it is easy to adapt the proof of [11, II, Prop. 5.§]
(otherwise, see [9, 1.7.4]). O

3.2 Morphisms (locally) of finite type and presentation

Definition 3.18. A morphism of schemes f: X — Y is of finite type (respec-
tively of finite presentation) at x € X if there exist open affine neighbourhoods
U of x and V of f(x) such that f(U) C V and the induced morphism of rings
Oy (V) = Ox(U) is of finite type (respectively of finite presentation). f: X — Y
is locally of finite type (respectively locally of finite presentation) if it is of finite
type (respectively of finite presentation) at every point of X.

Definition 3.19. A morphism of schemes is of finite type (respectively of finite
presentation) if it is locally of finite type and quasi-compact (respectively locally
of finite presentation, quasi-compact and quasi-separated).

Remark 3.20. If f: X — Y is (locally) of finite type and Y is (locally) noetherian,
then X is also (locally) noetherian and f is (locally) of finite presentation.

Remark 3.21. If f: X — Y is of finite type at x, then dim, f < co.

Example 3.22. An open immersion (and more generally a local isomorphism) is
obviously locally of finite presentation (hence locally of finite type), but it need
not be of finite type. On the other hand, a closed immersion is of finite type,
but it need not be locally of finite presentation. In any case, we see that every
immersion is locally of finite type.

Example 3.23. Let X and Y be as in Example 3.16 with I infinite. Then the
natural morphism X — Y is locally of finite presentation (it is a local isomorphism)
and quasi-compact (by Lemma 3.5), but not quasi-separated (since Y is quasi-
separated and X is not), hence not of finite presentation.

Proposition 3.24. If a morphism of schemes f: X — Y 1is locally of finite type
(respectively presentation) and U C X and V CY are open affine subsets such
that f(U) CV, then the induced morphism of rings Oy (V) — Ox (U) is of finite
type (respectively presentation).



24 A. Canonaco

Proof. One can easily reduce to prove that a morphism of rings ¢: A — B is of
finite type (respectively presentation) if Spec ¢: Spec B — Spec A is (locally) of fi-
nite type (respectively presentation), which is done in [7, Prop. 6.3.3] (respectively
[9, Prop. 1.4.6]). O

Taking into account Proposition 3.4 and Proposition 3.10, the following result
is then straightforward.

Corollary 3.25. For morphisms of schemes, the properties of being of finite type
and of finite presentation are stable under composition and base change and are
local on the codomain; the same is true for the properties of being locally of finite
type and locally of finite presentation, which are also local on the domain.

Lemma 3.26. If f: X — Y is a morphism locally of finite type of schemes, then
Ap: X = X xy X is locally of finite presentation.

Proof. 1t is enough to see that if A — B is a morphism of finite type of rings,
then J := ker(B ® 4 B — B) is a finitely generated ideal of B ® 4 B. Indeed,
it is easy to prove that, if by,...,b, € B generate B as an A-algebra, then J =
b1 ®1-1®b1,...,0, 1 —-1Rb,). O

Proposition 3.27. Let X Ly % 7 be morphisms of schemes.
1. If go f is of locally of finite type, then f is locally of finite type.

2. If go f is locally of finite presentation and g is locally of finite type, then f
1s locally of finite presentation.

Proof. Since Ay is in any case locally of finite type (by Example 3.22), it follows
from Lemma 3.26 and Lemma A.5. O

Lemma 3.28. If X — Y is a morphism locally of finite type (respectively pre-
sentation) of schemes, then Qx/y is an Ox-module of finite type (respectively
presentation).

Proof. The question being local, it is enough to prove that, if A — B is a morphism
of finite type (respectively presentation) of rings, then Qp/4 is a B-module of
finite type (respectively presentation). Since B = A’/I as an A-algebra, where
A = Alty,...,t,] for some n € Nand I C A is an ideal (respectively a finitely
generated ideal), this follows from the exact sequence

1/12 _>QA’/A ®A/B—>QB/A—>O,

as Qg4 ®a B = B" and I/1% is a finitely generated B-module if I is a finitely
generated ideal of A’. O

Proposition 3.29. If a morphism of schemes f: X — Y is open, then the mor-
phism Spec f#: Spec Ox . — Spec Oy, f(x) 18 surjective for every x € X, and the
viceversa is also true if f is locally of finite presentation.
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Proof. 9, Cor. 1.10.4]. O

Definition 3.30. A morphism of schemes is proper if it is separated, of finite type
and universally closed.

Example 3.31. Every closed immersion is proper.

Taking into account Proposition 3.10 and Corollary 3.25, it is easy to prove
the following result.

Proposition 3.32. For morphisms of schemes the property of being proper is
stable under composition and base change and is local on the codomain.

3.3 (Very) ample sheaves, (quasi)affine and (quasi)projective mor-
phisms

Definition 3.33. A morphism of schemes f: X — Y is affine (respectively finite)
if there is an open affine cover {V;};er of Y such that U; := f~%(V;) C X is affine
(respectively U; is affine and the induced morphism of rings Oy (V;) = Ox (U;) is
finite) for every i € I.

Remark 3.34. An affine morphism is separated and quasi-compact.
Example 3.35. A closed immersion is a finite morphism.

Proposition 3.36. If a morphism of schemes f: X — Y is affine (respectively
finite) and V. C Y is an open affine subset, then U = f~1(V) C X is affine
(respectively U is affine and the induced morphism of rings Oy (V) — Ox(U) is
finite).

Proof. [8, Cor. 1.3.2] (respectively [8, Prop. 6.1.4]). O

Corollary 3.37. For morphisms of schemes the properties of being affine and
finite are stable under composition and base change and are local on the codomain.

Given a scheme Y and A € QCohAlg(Y), there is a natural way to define a
scheme Spec A together with a structure morphism f: Spec A — Y such that, for
every open affine subset V C Y, f~1(V) = Spec A(V) and f|;-1vy: f7H(V) =V
is induced by the structure morphism Oy (V) — A(V). Clearly Spec extends
to a functor Spec: QCohAlg(Y)° — Sch,y, and, denoting by Affy the full
subcategory of Sch,y whose objects are affine morphisms with target Y (note
that Affy = AffSch,y if and only if Y is affine), it is easy to prove the following
result.

Proposition 3.38. For every scheme Y the functor Spec induces an equiva-
lence Spec: QCohAlg(Y)° — Affy, whose quasi-inverse is defined on objects
by (f: X = Y) = fi(Ox). Moreover, for every morphism of schemes f: X —Y
and every A € QCohAlg(Y') there is a natural bijection

HomQCohAlg(Y) (A, fa (OX)) = HomSch/y (X7 Spec A)-
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Given a scheme Y and R € QCohGAlg(Y), there is also a natural way
to define a scheme Proj R together with a structure morphism pr: Proj R —
Y such that, for every open affine subset V. C Y, p;zl(V) >~ ProjR(V) and
pR|p7;1(v) : pp' (V) = V is induced by the structure morphism Oy (V) — Ro(V).
When R = @,,~, S"(F) is the symmetric algebra over 7 € QCoh(Y"), the scheme
Proj R is denoted by P(F); note that P(O%!) = Py.

Remark 3.39. The structure morphism P(£) — Y is an isomorphism for every
invertible Oy-module L£: this is clear if £ = Oy, and then it follows from the
fact that for every R € QCohGAlg(Y) there is a natural isomorphism Proj R &
Proj R’ of Schy, where R’ is defined by R}, := R, ® LZ" for n € N.

Proposition 3.40. pr: Proj R — Y is separated for every Y € Sch and every
R € QCohGAlg(Y).

Proof. Since the property of being separated is local on the codomain, we can
assume Y is affine. Then (in view of Corollary 3.12) it follows from the fact that
Proj R is separated for every R € GRng ([8, Prop. 2.4.2]). O

If R € QCohGAlg(Y) and M € QCoh(Y) has a structure of graded R-

module, we can define M € QCoh(Proj R) in such a way that, for every open

affine subset V C Y, Mv|p7—21(v) = M(V) (note that M(V) € R(V)-GMod and
pr (V) =2 ProjR(V)). As usual, we set (for n € Z) Opyoj (n) := R(n); they are
invertible Opro; r-modules if R is generated by R as Ro-algebra (in particular,
the Op(r)(n) are invertible for every 7 € QCoh(Y)).

A morphism ¢: R — R’ of QCohGAlg(Y) induces in a natural way a mor-
phism Proj p: P(¢) — Proj R of Schy, where the open subset P(¢) C Proj R’
is such that P(p) Nprt (V) = P(p(V)) C pri (V) = Proj R’ (V) for every open
affine subset V C Y.

Proposition 3.41. For every morphism of schemes f: X — Y and every R €
QCohGAlg(Y) there is a natural cartesian diagram

Proj f*(R) L Proj R
Py (R) ] lpn

X——Y.

f

Moreover, for every morphism ¢: R — R’ of QCohGAlg(Y) the morphism
Proj f*(p) of Sch,x is identified with the pullback along f of the morphism Proj ¢
of Schy : more precisely, this means that P(f*(¢)) = fr/! (P(¢)) € Proj f*(R')
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and there is a cartesian diagram

frilpor* " .
Proj f*(R') 2  P(f*(p)) Ll Q) P(p) < ProjR
Proj f*(go)i O \L’Projap
Proj f*(R) 7 Proj R.

Proof. The first statement is proved in [8, Prop. 3.5.3], and then the second follows
easily from the definitions. O

Assume now that f: X — Y is a morphism of schemes, £ an invertible Ox-
module, R € QCohGAlg(Y) and ¢: f*(R) = @,>0L%" = @D,,5,5"(L) a
morphism of QCohGAlg(X). Then Proposition 3.41 implies that the morphism
Projp: P(p) — Proj f*(R) of Sch,x (where P(¢) C P(£) = X by Remark 3.39)
corresponds to a morphism denoted again by Proj ¢: P(p) — Proj R of Sch,y-.
In particular, if R := €0,,5, f+(L®™") € QCohGAlg(Y) (by Proposition 3.17 this
is the case if f is quasi-compact and quasi-separated), we can consider the natural
morphism

Orr: f*(R) ) @f* ° f*(£®n) N @£®n

n>0 n>0

of QCohGAlg(X) and the induced morphism X 2 P(¢f.z) 2", Proj(R)

of Schy.

Definition 3.42. Let X be a scheme. An invertible Ox-module L is ample if X
is quasi-compact and quasi-separated and the following condition is satisfied: for
every quasi-coherent O x-module of finite type F there exists ng € N such that
F @ L®" is generated by global sections for every n > ng.

Remark 3.43. When X is noetherian the above definition coincides with that of
[11], because in this case an O x-module is quasi-coherent of finite type if and only
if it is coherent.

Definition 3.44. Let f: X — Y be a morphism of schemes. An invertible Ox-
module £ is f-ample (or relatively ample) if there is an open affine cover {V;}icr
of Y such that L|s-1(y;) is ample for every i € I.

Remark 3.45. If £ is f-ample, then f is quasi-compact and quasi-separated
(because both properties are local on the codomain, and taking into account
Lemma 3.5 and Corollary 3.12). The following result implies (remembering Propo-
sition 3.40) that f is also separated.

Proposition 3.46. Let f: X — Y be a quasi-compact morphism of schemes.
Then an invertible Ox-module L is f-ample if and only if R := €D,5¢ f+«(LE™) €
QCohGAIg(Y), P(¢y,c) = X and the natural morphism Proj s c: X — Proj R
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of Schy is an open immersion (and then it is also dominant, i.e. its image is
dense in Proj R). If moreover Y is affine, then L is f-ample if and only if it is
ample.

Proof. [8, Prop. 4.6.3 and Cor. 4.6.6]. O

Proposition 3.47. Given a cartesian diagram of schemes

and an f-ample invertible Ox-module L, then h*(L) is f'-ample.
Proof. [8, Prop. 4.6.13]. O

Proposition 3.48. Given morphisms of schemes X Ly 4% 7 with Z quasi-
compact, an f-ample invertible O x-module L and a g-ample invertible Oy -module
M, there exists ng € N such that L& f*(M)®™ is (go f)-ample for every n > ng.

Proof. [8, Prop. 4.6.13]. O

Definition 3.49. A scheme is quasi-affine if it is isomorphic to a quasi-compact
open subscheme of an affine scheme.

A morphism of schemes f: X — Y is quasi-affine if there is an open affine
cover {V;}ier of Y such that f~1(V;) C X is quasi-affine for every i € I.

Proposition 3.50. For a morphism of schemes f: X — Y the following condi-
tions are equivalent:

1. f is quasi-affine;
2. f = goh with g an affine morphism and h a quasi-compact open immersion;

3. [ is quasi-compact, f.(Ox) € QCoh(Y) and the natural morphism X —
Spec [.(Ox) of Schyy (corresponding to idy, o) under the bijection of
Proposition 8.38) is a (dominant) open immersion;

4. Ox is f-ample.

Proof. (1) = (4). Tt is enough to see that, if Z is a quasi-affine scheme (hence it
is quasi-compact and there is an open immersion i: Z < Z’ with Z’ affine), then
Oz is ample, i.e. that every quasi-coherent Oz-module of finite type is generated
by global sections. More generally, if 7 € QCoh(Z), then i.(F) € QCoh(Z’)
by Proposition 3.17 (i is quasi-compact by Proposition 3.11 and quasi-separated
by Example 3.9). Since on an affine scheme every quasi-coherent sheaf is clearly
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generated by global sections, it follows that F = i*(i,.(F)) is also generated by
global sections.

(3) & (4). It follows from Proposition 3.46, since Proj ¢ 0, can be identified
with the natural morphism X — Spec f.(Ox).

(3) = (2). By hypothesis f factors as X LN Spec f,(Ox) 2 Y with g affine by
Proposition 3.38 and A an open immersion, necessarily quasi-compact by Propo-
sition 3.11.

(2) = (1). Clear, since quasi-compact open immersions and affine morphisms
are stable under base change. O

Remark 3.51. A quasi-affine morphism is quasi-compact and separated.
Example 3.52. An immersion is quasi-affine if and only if it is quasi-compact.

Corollary 3.53. For morphisms of schemes the property of being quasi-affine is
stable under composition and base change and is local on the codomain.

Proof. Taking into account that f: X — Y is quasi-affine if and only if Ox is f-
ample, stability under base change follows from Proposition 3.47, and then locality
is obvious. As for stability under composition, if X Ly % 7 are quasi-affine, in
order to prove that g o f is quasi-affine we can clearly assume that Z is affine, in
which case we can apply Proposition 3.48. O

Definition 3.54. A morphism of schemes f: X — Y is quasi-finite at x € X if
there exist open neighbourhoods U of x and V' of f(z) such that f(U) C V and
flu: U — V is of finite type and has discrete fibres. f is locally quasi-finite if it is
quasi-finite at every point of X (or, equivalently, if it is locally of finite type and
has discrete fibres). f is quasi-finite if it is locally quasi-finite and quasi-compact.

Example 3.55. A finite morphism of schemes is quasi-finite.

Remark 3.56. It can be proved ([7, Prop. 6.4.4]) that for a morphism of finite
type X — SpecK (K a field) the following conditions are equivalent: |X]| is dis-
crete; | X| is finite; every point of X is closed; X 2 Spec A for some finite K-algebra
A. Tt follows that a morphism of schemes is quasi-finite if and only if it is of finite
type and has finite fibres, and that a morphism locally of finite type f: X — Y is
locally quasi-finite if and only if dim, f = 0 for every x € X. It is then also easy
to prove the following result.

Proposition 3.57. For morphisms of schemes the property of being quasi-finite
is stable under composition and base change and is local on the codomain; the
same is true for the property of being locally quasi-finite, which is also local on the
domain.

Proposition 3.58. A quasi-finite and separated morphism of schemes is quasi-
affine. In particular, a monomorphism of finite type of schemes is quasi-affine.
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Proof. The first statement is proved in [9, Prop. 18.12.12]. As for the second, a
monomorphism is separated by Example 3.9 and has discrete fibres because it is
injective, so that a monomorphism of finite type is also quasi-finite. O

Definition 3.59. Let f: X — Y be a morphism of schemes. An invertible Ox-
module £ is f-very ample (or relatively very ample, or simply very ample) if there
exists 7 € QCoh(Y) and an immersion i: X < P(F) of Sch/y such that £ =

i*(Op(r)(1)).

Remark 3.60. If there exists an f-very ample invertible Ox-module, then f is
clearly separated (but in general not quasi-compact).

Proposition 3.61. Let f: X — Y be a quasi-compact morphism of schemes and
L an invertible Ox-module. If L is f-very ample, then it is f-ample. If moreover
Y is quasi-compact and f is of finite type, then L is f-ample if and only if there
exists n € N such that L®" is f-very ample, if and only if there exists ng € N such
that L®" is f-very ample for every n > ng.

Proof. [8, Prop. 4.6.2 and Prop. 4.6.11]. O

Definition 3.62. A morphism of schemes f: X — Y is quasi-projective if it is of
finite type and there exists an invertible Ox-module which is f-ample.

Remark 3.63. By Proposition 3.61 f: X — Y is quasi-projective if it is of finite
type and there exists an f-very ample invertible O x-module, and the viceversa is
true if Y is quasi-compact. It can also be proved that f is quasi-affine if and only
if it is quasi-compact and Ox is f-very ample ([8, Prop. 5.1.6]).

Definition 3.64. A morphism of schemes f: X — Y is projective if there exists a
quasi-coherent Oy-module of finite type F and a closed immersion i: X < P(F)
of Schy .

Remark 3.65. In the above notation, if f is projective then i*(Op(r)(1)) is f-very
ample.

Proposition 3.66. If a morphism of schemes X — Y is projective, then it is
quasi-projective and proper, and the viceversa is true if Y is quasi-compact and
quasi-separated.

Proof. [8, Thm. 5.5.3] and [9, Prop. 1.7.19]. O

Remark 3.67. It can be proved that if Y is such that there exists an ample
invertible Oy-module, then a morphism X — Y is quasi-projective (respectively
projective) if and only if there exists a quasi-compact (respectively closed) immer-
sion X < Py of Schy for some n € N ([8, Cor. 5.3.3 and rem. 5.5.4]). Therefore
in this case the definition of projective morphism coincides with that of [11], and
the same is true for quasi-projective if moreover Y is noetherian (in which case
every immersion X — P} is quasi-compact).
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Proposition 3.68. For morphisms of schemes the properties of being quasi-
projective and projective are stable under base change.

Proof. Since the properties of being of finite type and a closed immersion are stable
under base change, it follows from Proposition 3.47 and Proposition 3.41. O

Remark 3.69. It is not true in general that the property of being (quasi)projective
is stable under composition. However, it is easy to prove (using Proposition 3.48

and Proposition 3.66) that given a pair of morphisms X Ly % 7 with fand g
quasi-projective (respectively projective) and Z quasi-compact (respectively quasi-
compact and quasi-separated), then g o f is also quasi-projective (respectively
projective). On the other hand, the property of being (quasi)projective is not
local on the codomain, even if one restricts to schemes of finite type over a field.

Example 3.70. Let K be a field and let f: X — X be a morphism of Sch i as
in [11, B, ex. 3.4.1] (the hypothesis K = C is not needed). Then X — SpecK is
projective and there exist 21,29 € X (denoted by P and @ in [11]) such that the
restriction f|r-1(x\(zp): SN (X \ {zi}) = X \ {2} is projective for i = 1,2, but
f (which is then clearly proper) is not projective (hence not even quasi-projective,

by Proposition 3.66), because X — SpecK is not projective.

3.4 (Faithfully) flat morphisms

Definition 3.71. A morphism of schemes f: X — Y is said to be flat at © € X
if f7: Oy, f(a) = Ox,¢ is a flat morphism of rings. f is flat if it is flat at every
point of X.

Remark 3.72. A morphism of rings ¢: A — B is flat if and only if the morphism
of schemes Spec ¢: Spec B — Spec A is flat.

Proposition 3.73. For morphisms of schemes the property of being flat is sta-
ble under composition and base change and is local on the domain and on the
codomain.

Proof. Straightforward. O

Proposition 3.74. Given a cartesian diagram in Sch

such that g is flat and f is quasi-compact and quasi-separated, then for every
F € QCoh(X) the natural morphism g* o f.(F) — fi o h*(F) is an isomorphism
(of QCoh(Y’), by Proposition 3.17).
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Proof. [9, Lemme 2.3.1]. O

Definition 3.75. Let A be a ring. An A-module M is faithfully flat if the functor
M ®4 —: A-Mod — A-Mod is exact (i.e., M is a flat A-module) and faithful. A
morphism of rings A — B is faithfully flat if B is a faithfully flat A-module.

Remark 3.76. It is clear that a morphism of rings ¢: A — B is faithfully flat if
and only if ¢,: A-Mod — B-Mod is exact and faithful.

Lemma 3.77. For an A-module M the following conditions are equivalent:

1. M is faithfully flat;

2. a sequence of A-modules N’ LN % N" is ezact if and only if

Moa N 224 Mo, N 2999 prg, N7

18 exact;
3. M is flat and if 0 # N is an A-module, then M ® 4 N # 0.

Proof. (1) = (3). Given an A-module N # 0, obviously idy # 0: N — N;
therefore, idyg, v = idy @1dy #0: M @4 N - M ®4 N, so that M ®4 N # 0.

(3) = (2). Given a sequence of A-modules N’ o N % N” such that
;) 1def id®g "
MIUN — MU N — M®s N

is exact, we have to show that N’ LN & N s exact, too. As M ® 4 — is exact,
we have

M ®aim(go f) =im(idy @ (g0 f)) = im((idy ® g) o (idy ® f)) = 0.
The hypothesis then implies im(g o f) =0, i.e. go f = 0. Similarly,
M @4 (kerg/im f) = ker(idy ® g)/im(idy ® f) = 0,

whence ker g/im f = 0.

(2) = (1). M is clearly flat, and, since M ® 4 — is an additive functor, it
is enough to prove that if f: N’ — N is a morphism of A-modules such that
idpys @ f =0, then f = 0. Now, the sequence N’ Ly N 3 N is exact because the
sequence

MesN B2 Mo, NS Mo N
is exact, and this implies that f = 0. O

Proposition 3.78. Let ¢: A — B be a flat morphism of rings. Then the following
conditions are equivalent:
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1. ¢ is faithfully flat;
2. Spec ¢: Spec B — Spec A is surjective;
3. for every mazimal idealm C A, ¢(m)B # B.

Proof. (1) = (2). Given p € Spec A, the fibre of Spec ¢ over p is not empty because
(Spec ) ~t(p) = Spec(B ®4 k(p)) and B ®4 k(p) # 0 by Lemma 3.77.

(2) = (3). Given a maximal ideal m C A, there exists q € Spec B such that
#~1(q) = m, whence ¢(m)B C q # B.

(3) = (1). Again by Lemma 3.77, we have to prove that, if 0 # N is an A-
module, then B ®4 N # 0. Choosing 0 # x € N and setting N’ := () C N, the
natural map B ®4 N’ — B ®4 N is injective (because ¢ is flat); therefore it is
enough to show that B®4 N’ # 0. Now, N’ = A/I for some ideal I C A, so that
I C m for some maximal ideal m of A. Then B ®4 N’ = B/¢(I)B # 0 because
#(1)B C ¢(m)B # B by hypothesis. O

Corollary 3.79. Let ¢: A — B be a flat morphism of local rings. Then ¢ is
faithfully flat if and only if it is local.

Remark 3.80. It is easy to see that a faithfully flat morphism of rings ¢: A — B
is injective. Indeed, B ® 4 ker¢ = 0 (for every b € B and every a € ker¢ we
have b® a = ¢(a)b ® 1 = 0), whence ker ¢ = 0 by Lemma 3.77. We will see in
Proposition 7.1 that a stronger result actually holds.

Proposition 3.81. If f: X — Y is a flat morphism locally of finite presentation
of schemes, then f is open.

Proof. For every x € X the local morphism of local rings f#: Oy,f(2) = Ox
is faithfully flat by Corollary 3.79, hence Spec f#: Spec Ox . — Spec Oy, f(x) is
surjective by Proposition 3.78. Then f is open by Proposition 3.29. O

Example 3.82. The morphism Spec Q — SpecZ is flat but not open (it is clearly
not locally of finite presentation).

Definition 3.83. A morphism of schemes is faithfully flatif it is flat and surjective.

Remark 3.84. By Proposition 3.78 a morphism of rings ¢: A — B is faithfully
flat if and only if the morphism of schemes Spec ¢: Spec B — Spec A is faithfully
flat.

Remark 3.85. It is not difficult to see that a morphism of schemes f: X — Y
is (faithfully) flat if and only if f*: Mod(Y) — Mod(X) (or f*: QCoh(Y) —
QCoh(X)) is exact (and faithful).
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3.5 Formally unramified, formally smooth and formally étale mor-
phisms

Definition 3.86. A morphism of schemes X — Y is formally unramified (respec-
tively formally smooth, respectively formally étale) if for every affine scheme W,
every closed subscheme W’ C W defined by a nilpotent® ideal Z C Oy, and every
morphism W — Y| the natural map Homy (W, X) — Homy (W', X) is injective
(respectively surjective, respectively bijective).

More explicitly, a morphism of schemes f: X — Y is formally unramified
(respectively formally smooth, respectively formally étale) if and only if for every
t: W' < W as in the definition and for every morphisms &': W/ — X and h: W —
Y such that f ok’ = h o, there exists at most one (respectively there exists,
respectively there exists unique) k: W — X

X*f>Y

Sk
’“T ~ Th (3.1)
W
such that fok=hand kot =Fk'.

Definition 3.87. A morphism of rings ¢: A — B is formally unramified (respec-
tively formally smooth, respectively formally étale) if the morphism of schemes
Spec ¢: Spec B — Spec A is formally unramified (respectively formally smooth,
respectively formally étale).

Remark 3.88. Obviously a morphism (of schemes or of rings) is formally étale if
and only if it is formally unramified and formally smooth.

Remark 3.89. If W/ C W are as in Definition 3.86, then |W’| = |W| (because Z
is nilpotent) and, if there exists &k such that (3.1) commutes, then |k| = |k’|. Since
moreover W is affine, say W = Spec C, and Z is quasi-coherent, we have 7 = I for
some (nilpotent) ideal I of C, so that W’ = Spec C/I is also affine and the closed
immersion W’ < W is induced by C — C/I. In particular, we see that definition
Definition 3.87 can be reformulated inside the category of rings.

Remark 3.90. An easy induction argument shows that we would get an equivalent
definition if in Definition 3.86 we required Z? = 0 instead of Z nilpotent. We will
freely use this fact in the following.

Example 3.91. A monomorphism (in particular, an immersion) of schemes is for-
mally unramified: indeed, in a diagram like (3.1), by definition of monomorphism
there exists at most one k: W — X such that f ok = h. It is clear that an open
immersion is also formally étale. On the other hand, a closed immersion is not
formally smooth, in general.

6This means that Z" = 0 for some n € N.
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Example 3.92. Obviously the natural morphism A — A[t;];cs is formally smooth
for every ring A and for every set I, whereas it is formally unramified if and only
if I =0.

Example 3.93. If A is a ring and S C A is a multiplicative system, then the
natural morphism 4 — S~ A is formally étale: this follows immediately from the
universal property of localization, together with the fact that, if I is a nilpotent
ideal of a ring C, then an element of C' is invertible if and only if its image in C/I
is invertible.

Lemma 3.94. If a morphism of schemes f: X — Y is formally unramified (re-
spectively formally étale) then for every scheme Z, for every closed subscheme
Z' C Z defined by a locally nilpotent” ideal T C Oz and for every morphism
h: Z =Y, the natural map Homy (Z, X) — Homy (Z', X) is injective (respec-
tively bijective).

Proof. Given a commutative square

f

X ——
\

’ Nk
k N

N?%

75

we have to show that there exists at most one (respectively there exists unique)
k: Z — X such that the whole diagram is commutative. Let {W;};c; be an
open affine cover of Z such that Z; := Z|w, is nilpotent for every ¢ € I. Then
W! .= Z' xz W; C W, is the closed subscheme defined by Z;. Therefore, by
definition, for every i € I there exists at most one (respectively there exists unique)
k;: W; = X such that ki|wg = k:’|le and fok; = h|lw,. It is then clear that there
exists at most one k making the diagram commute. If moreover f is formally étale,
then for all 4, j € I we have ki|w,nw; = kjlw,nw, (because, again by definition,
kilw = kj|lw for every open affine subset W of W; N W}), so that k exists because
morphisms of schemes can be glued. O

Proposition 3.95. For morphisms of schemes the properties of being formally
unramified, formally smooth and formally étale are stable under composition and
base change.

Proof. Given f: X — Y and g: Y — Z formally unramified (respectively for-
mally smooth), we have to show that given W’ C W as in Definition 3.86 and a

7This means that for every z € Z there exists an open neighbourhood U of z such that Tlv
is nilpotent. If Z is quasi-compact (in particular, if Z is affine) then Z is nilpotent if and only if
it is locally nilpotent.
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commutative square

XLf>Z

Sk
P N
N

W/Ce—s

there exists at most one (respectively there exists) k: W — X such that the whole
diagram is commutative. Now, given k, k: W — X such that the above diagram
is commutative, we have fok = f ok if ¢ is formally unramified, whence k = k
if also f is formally unramified. On the other hand, if g is formally smooth, there
exists k: W — Y such that gok = h and k|~ = f o k’. Therefore, if also f is
formally smooth, there exists k: W — X such that fok = k (whence go fok = h)
and k|W/ =K.

As for base change, if X’ — Y’ is obtained by a base change Y/ — Y
from X — Y, then, for every morphism T — Y’, there is a natural bijection
Homy- (T, X') = Homy (T, X). It follows that, given W’ C W as in Definition 3.86
and a morphism W — Y”, the natural map Homy (W, X’) — Homy (W', X') is
injective (respectively surjective) if and only if the natural map Homy (W, X) —
Homy (W', X) is injective (respectively surjective). O

Proposition 3.96. For morphisms of schemes, the properties of being formally
unramified and formally étale are local on the domain and on the codomain.

Proof. Taking into account that the property of being formally unramified (re-
spectively formally étale) is stable under composition and base change and that
open immersions are formally étale, the only non trivial thing to prove is the fol-
lowing: if {U;};cs is an open cover of X and f: X — Y is a morphism of schemes
such that f; := f|y, is formally unramified (respectively formally étale) for every
i € I, then f is formally unramified (respectively formally étale), too. Given a
commutative square like (3.1), we have to prove that there exists at most one
(respectively there exists unique) k making the diagram commute. For every i € T
let W/ := k'~ (U;) C W’ and let W; C W be the open subscheme defined by
|W;| = |W/|, so that there is a commutative diagram

Y
!

K

fi

_—

U:

N

where k and h; denote the restrictions of ¥’ and h. By Lemma 3.94 there exists at
most one (respectively there exists unique) k;: W; — U; such that k;[w; = k] and
fi o ki = h;, and then the uniqueness (respectively the existence and uniqueness)
of k follows. O
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Remark 3.97. It seems to be an open problem whether Proposition 3.96 is true
also for formally smooth (see [17, 4.15], where the term quasi-smooth is used in
place of formally smooth): in [9] this is stated, but with an incorrect proof. Notice,
however, that if f: X — Y is formally smooth and U C X and V C Y are open
subschemes such that f(U) C V, then f|y: U — V is formally smooth, too.

Proposition 3.98. Let X Ly % 7 be morphisms of schemes.
1. If go f is formally unramified, then f is formally unramified, too.

2. If go f is formally smooth and g is formally unramified, then f is formally
smooth.

Proof. By Lemma A.5 (and remembering that A is in any case formally unram-
ified by Example 3.91), it is enough to show that A, is formally smooth (hence
formally étale) if g is formally unramified. So we have to prove that, given W’ C W
as in Definition 3.86 and a commutative square

Ag
YHYXZY

~
Nk
k' \\ h
N

We——Ww

there exists (unique) k such that the whole diagram is commutative. Indeed, the
fact that g is formally unramified implies that prioh = prooh: W — Y and then
we can take k := pry o h. ]

Corollary 3.99. Let X LYy % Z be morphisms of schemes with g formally
étale. Then f is formally unramified (respectively formally smooth, respectively
formally étale) if and only if g o f is formally unramified (respectively formally
smooth, respectively formally étale).

Lemma 3.100. A morphism of rings ¢: A — B is formally unramified if and
only if Qp/a = 0.

Proof. Assume first that Q0,4 = 0. Then in a commutative diagram of rings

¢

H

%w,

—>>CI

~—

Q

(where I C C is an ideal such that 12 = 0) necessarily ¥ = v, since (by
Lemma A.25) ¢ — ¢ € Dery(B,I) = Homp(Q2p/4,I) = 0. By definition, this
proves that ¢ is formally unramified.
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Assume conversely that ¢ is formally unramified. Again by Lemma A.25 there
is a commutative diagram of rings (where B @ 2p /4 is a ring with multiplication
(byw)(V, ') = (b, b’ + Vw))

¢ B

A—
(id,dp,a)
(d),())l / lid
id,0
(id,0) B

B@QB/A—> .

The hypothesis on ¢ implies that dg/4 = 0, whence Qp,4 = 0. O

Corollary 3.101. A morphism of schemes f: X — Y s formally unramified if
and only if Qx/y = 0.

Proof. 1t follows immediately from Proposition 3.96 and the fact that, if U C X
and V CY are open subschemes such that f(U) C V, then Qx/y |y = Qu,y. O

Lemma 3.102. Let A — A’ be a morphism of rings and I C A’ an ideal. If A —
A’/T is formally smooth, then di‘,/A: I/I2 = Qaja @ar (A1) is left invertible,
and the viceversa is also true if A — A’ is formally smooth.

Proof. By Lemma A.26 de, /A is left invertible if and only if there is a morphism
of A-algebras ¢: A’/T — A’/I* such that m o ¢ = ida//r. Now, such a ¢ exists
by definition if A — A’/I is formally smooth (note that A’/I = (A’/1%)/(1/1?)
and obviously I/1%2 C A’/I? is a nilpotent ideal). Conversely, assuming that such
a ¢ exists and that A — A’ is formally smooth, we have to prove that given a
commutative square

A——= AT

|

B——B/J

(where J C B is an ideal such that J? = 0), there is a morphism ¢ such that
the diagram remains commutative. Since A — A’ is formally smooth, there is a
morphism of A-algebras ¢': A’ — B such that A" - A’/I — B/J factors through
¥, Then clearly ¥/(I) C J, so that ¢’ induces a morphism 0y A'/1? - B/3? = B,
and it is immediate to see ¥ := 1[) o ¢ has the required property. O

Corollary 3.103. If A — B is a formally smooth morphism of rings, then Qp
is a projective B-module.

Proof. Clearly B = A’/1 as A-algebras, where A’ = A[t;];cs for some set [ and I C
A’ is an ideal. Then d, /4 18 left invertible, which implies that coker dy, /a4 = Qp/a

is an direct summand of Q4//4® 4/ B = BT (hence it is a projective B-module). [
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3.6 Unramified, smooth and étale morphisms

Definition 3.104. A morphism of schemes is unramified if it is formally unram-
ified and locally of finite type; it is smooth (respectively étale) if it is formally
smooth (respectively formally étale) and locally of finite presentation.

Remark 3.105. In [9] a morphism of schemes is defined to be unramified if it is
formally unramified and locally of finite presentation.

Definition 3.106. A morphism of rings ¢: A — B is unramified (respectively
smooth, respectively étale) if the morphism of schemes Spec¢: Spec B — Spec A
is unramified (respectively smooth, respectively étale).

Remark 3.107. Obviously a morphism (of schemes or of rings) is étale if and
only if it is unramified and smooth.

Remark 3.108. It follows from Example 3.22 and Example 3.91 that an immer-
sion of schemes is unramified and that an open immersion is étale (whereas a
closed immersion is not smooth in general).

Proposition 3.109. For morphisms of schemes, the properties of being unrami-
fied, smooth and étale are stable under composition and base change and are local
on the domain and on the codomain.

Proof. By Proposition 3.95, Proposition 3.96 and Corollary 3.25 it remains to show
that the property of being smooth is local. So (remembering that open immersions
are smooth) we can assume that {U;}icr is an open cover of X and f: X — YV
is a morphism such that f; :=
prove that f is formally smooth, i.e. that given a commutative square like (3.1),
there exists k making the diagram commute. Let P be the sheaf on |W'| = |W|
defined in the following way: for every U C W open P(U) is the set of morphisms
ky: U — X such that

!

X —>Y

k: ‘U/ \

/

QH

commutes (where U’ := U xy W' C W'). Using Lemma A.25 it is not difficult to
prove that P is in a natural way a pseudo-torsor (see Definition A.28) under the
(additive) sheaf of groups H := Homw (k"*Qx/y,Z). fi being formally smooth
means that P(U) # 0 if U is affine and k'(U’) C U;, so that P is actually a
‘H-torsor. As k’*QX/y is an Oyp/-module of finite presentation by Lemma 3.28,
it follows from Lemma A.30 that H is quasi-coherent, whence H*(W',H) = 0.
Therefore P is trivial by Proposition A.29; in particular, it has global sections, i.e.
there exists k: W — X such that (3.1) commutes. O
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Definition 3.110. A morphism of schemes f: X — Y is unramified (respectively
smooth, respectively étale) at x € X if there exists an open neighbourhood U of z
such that f|y is unramified (respectively smooth, respectively étale).

Remark 3.111. By Proposition 3.109 f: X — Y is unramified (respectively
smooth, respectively étale) if and only if it is unramified (respectively smooth,
respectively étale) at every point of X. It is also clear from the definition that in
any case the set of points where f is unramified (respectively smooth, respectively
étale) is open in X.

Remark 3.112. If a morphism of schemes f: X — Y is smooth, then Qx/y is a
locally free Ox-module. Indeed, if f is smooth at x € X, then Qx/y is of finite
presentation in a neighbourhood of x by Lemma 3.28, so that (2x/y ), is a finitely
generated projective Ox y-module by Corollary 3.103 (for modules the property
of being projective is clearly stable under localization), hence (Qx/y ), = O , for
some n € N (it follows easily from Nakayama’s lemma that a finitely generated
projective module over a local ring is free). Therefore by Corollary A.31 there is
an open neighbourhood U of z such that Qy/y = OF.

Proposition 3.113. Let X Ly 2 7 e morphisms of schemes.
1. If go f is unramified, then f is unramified, too.
2. If go f is smooth and g is unramified, then f is smooth.

Proof. Tt follows from Proposition 3.27 and Proposition 3.98. O

Corollary 3.114. Let X Ly % 7 pe morphisms of schemes with g étale.
Then f is unramified (respectively smooth, respectively étale) if and only if go f
is unramified (respectively smooth, respectively étale).

We are going to see that unramified, smooth and étale morphisms could be
defined in several alternative (equivalent) ways.

Proposition 3.115. Let f: X — Y be a morphism of schemes. Assuming f is
of finite type at x € X, and setting y := f(x) € Y, the following conditions are
equivalent:

1. f is unramified at x;
2. f¥: Oyy — Ox is a formally unramified morphism of rings;

3. (Jacobian criterion) if SpecB = U C X and SpecA 2V C Y are open
affine neighbourhoods of x and y such that f(U) CV and B = A’/T as A-
algebra (where A" := Alty,...,t,] for somen € N and I C A’ is an ideal),
then, denoting by p’ € Spec A’ the prime ideal corresponding to x, there exist

Pi,...P, €1 such that det (8Pj

!/

¢p';

ot )1§z‘,j§n
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4 Qx/v)2 =0;
5 Ay X = X xy X is a local isomorphism at x;
6. the induced morphism f~1(y) — Speck(y) is unramified at x.

Proof. (1) & (4). It follows from Corollary 3.101, taking into account that, if
(x/y)z = 0, there exists an open neighbourhood U of x such that Qx,y |y =
Qu/y = 0 (because, by Lemma 3.28, Qx/y is an Ox-module of finite type in a
neighbourhood of z).

(2) & (4). Since (Qx/y)z = Qoy . /0y, this follows from Lemma 3.100.

(3) < (4). [21, V, Thm. 5.

(4) & (5). As Ay is an immersion, X can be identified with a closed subscheme
of W (defined by some ideal sheaf T C Oy ), where W is an open subscheme of

X xy X. Since Qx/y = I/Iz|x, we have (Qx/y)m = .’Z'(;lc73,j)/l'(23C )" NOW, if Af
is a local isomorphism at x, Z(, ;) = 0, so that (2x,y), = 0. Conversely, if

(Q2x/y )z = 0, then, taking into account that Z is an Ow-module of finite type in
a neighbourhood of z (see the proof of Lemma 3.26), Z(, ,) = 0 by Nakayama’s
lemma (obviously Z(; ) € m(,,4)), whence Z|y = 0 for some open neighbourhood
V of (z,z) in W, which proves that Ay is a local isomorphism at z.

(1) = (6). It follows from Proposition 3.109.

(6) = (4). Denoting by i: f~!(y) — X the natural morphism, we have

(fol(y)/Specr@(y))z = (Z*QX/Y)LE
= (Qx/v)z ®ox ., Of-10),2 = (Ux/v ) /My (Qx /v )z

On the other hand, we know that (€27-1()/spec(y))z = 0 by the already proved
equivalence between (1) and (4). Therefore (2x/y), = 0 by Nakayama’s lemma
(we have already noted that (2x/y ). is a finitely generated Ox ;-module). O

Corollary 3.116. A morphism locally of finite type of schemes f: X — Y is
unramified if and only if Qx/y = 0, if and only if Ay: X — X xy X is an open
“mmerston.

Remark 3.117. By Proposition 3.115, in order to see if a morphism of schemes
is unramified, it is enough to look at the fibres, hence one can reduce to consider
morphisms locally of finite type to SpecK (K a field). It can be proved (see [21,
ITI, Prop. 11]) that a morphism of finite type of rings K — A is unramified if and
only if A is isomorphic (as K-algebra) to a finite product of finite separable field
extensions of K. It follows easily that, if a morphism of schemes f: X — Y is of
finite type at € X, then f is unramified at z if and only if m,;Ox ;, = m, and the
natural map (induced by f#) r(y) = Oy,y/my = Op-1(y) 2+ = Ox 0 /myOx o = k()
is a finite separable extension of fields (which is the definition of [11]). This fact
clearly implies that, if f is unramified at z, then it is quasi-finite at « (hence every
unramified morphism of schemes is locally quasi-finite).
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Definition 3.118. Let K be a field. A morphism of schemes f: X — Spec Kf(or
X, by abuse of notation) is geometrically reqular at x € X if X Xgpecx SpecK is
regular at every point lying over x. f is geometrically regular if it is geometrically

regular at every point of X.

Lemma 3.119. Let f: X — SpecK (K a field) be a morphism of schemes. If f
is of finite type at x € X, then f is smooth at x if and only if it is geometrically
regular at x. If moreover K is perfect, then this is the case if and only if X is
regular at x.

Proof. The second statement is proved in [17, Prop. 7.6], and then the first follows
from [17, Prop. 4.6]. O

Proposition 3.120. Let f: X — Y be a morphism of schemes. Assuming f is of
finite presentation at x € X, and setting y := f(x) € Y, the following conditions
are equivalent:

1. f is smooth at x;
2. f¥: Oyy — Ox is a formally smooth morphism of rings;

3. (Jacobian criterion) if Spec B>~ U C X and Spec A =V CY are open affine
neighbourhoods of x and y such that f(U) CV and B = A'/T1 as A-algebra
(where A’ := Alt1,...,t,] for somen € N and I C A’ is a finitely generated
ideal), then, denoting by p’ € Spec A’ the prime ideal corresponding to x,
there exist m < n (and then m =n —dim, f), P1,...,Pp, €I and 1 <1 <

OP;
o+ <l < n such that (P, ..., Py)y = Iy and det ((%lz )1gi,jgm ¢p;

4. f is flat at x and the induced morphism f~1(y) — Spec k(y) is smooth at x;
5. f is flat at x and f~1(y) — Speck(y) is geometrically reqular at x;
6. f is flat at x and (x,y )z 5 a free Ox z-module of rank dim, f.

Proof. (1) & (2) & (3). Let q € SpecB and p € Spec A be the prime ideals
corresponding to & and y, so that p (respectively p’) is the inverse image of q in
A (respectively in A’). Now, f#, which can be identified with the natural mor-
phism A, — By, is formally smooth if and only if A — By is formally smooth
(as A — A, is formally étale by Example 3.93, this follows from Corollary 3.99),
and similarly one can show that f is smooth at x if and only if there exists
b € B\ q such that A — By is formally smooth. Since A — A;, is formally
smooth (by Example 3.92 and Example 3.93), it follows from Lemma 3.102 that

A — By = A}, /Ty is formally smooth if and only if di{’,’ /4> Which can be identified
PI

with the natural morphism of Bg-modules (d%,/,)q: (I/1%)q = (Qar/4 ®ar B)g,

is left invertible; in the same way, one sees that A — B, is formally smooth if

and only if (dil//A)b: (I/1%)p — (Qar/a ®ar B)y is left invertible. Therefore, by
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Lemma A.27 applied to the morphism of B-modules d,Iq'/A5 I/1> - Qa4 ®a B
(note that I/12 is finitely generated because I is, and Q4 /a®a B = B" is projec-
tive), we obtain that (1) and (2) are both equivalent to the following: there exist
Pi,...,Pyn € I/I? and @1,...8m € (Qa/a ®ar B)Y such that (Py,...,Pp)q =
(I1/1%)q and det(cpl(di‘,/A( J)))1§i,j§m ¢ q. By Nakayama’s lemma this last con-
dition is equivalent to the existence of Py,..., Py, € I and ¢1,...om € QX,/A such
that (Pi,...,Pp)y = Iy and det((pi(dA//A(Pj)))1<i’j§m ¢ p’. Then the conclu-
sion follows from the fact that QX, 4 is a free A’-module with base given by the

elements defined by d4//4(P) W (for i =1,...,n). It is also clear that m —n
coincides with the rank of the free (by Remark 3 112) Ox z-module (Qx/y )z, S0
that the equivalence between (1) and (6) will imply that m = n — dim,, f.

(3) = (4). Since smoothness is stable under base change, it remains to prove
that f is flat at x, i.e. (in the above notation) that the morphism of rings A, — By
is flat. For ¢ = 1,...m, let P (respectively P;) be the image of P; in I, C A;/
(respectively in C 1= A}, ®4, k(p) = A}, /pA,,) and denote by m = p, /pA, the
maximal ideal of C. Then we claim that the images of Pj,... P, in m/m? are
linearly independent (over C/m = k(p’)). Indeed, assume on the contrary they are
not: then there exist Ry, ..., Ry € A}, not all in p, such that > 72, PiR; € m? (R;
denoting the image of R; in C') or, equlvalently, such that Em P/R; €p' i—&—pA;,.
Now, we can find Q1,...,Q,, € A’ not all in p’ such that R = @Q;/S for some
S € A’\p’ and for every j = 1,...,m, and then we have }>7" | P;Q; € p’° +pA.
Therefore for every i =1,...,n

0 & oQ
#%MEP% Z]muszt

whence E;nzl Q; 68127 € p’ (since each P; € I C p’). As p’ is prime, it is easy to

see that this last fact contradicts the hypotheses that det (gff

!
d
1)1§i,j§m ¢ p an

that not all the Q; are in p’; so the claim is proved. Since C' is a regular local ring
(it is isomorphic to a localization at a prime ideal of x(p)[t1,...,ts]), it follows
that (P,...Py) is a regular sequence in C' (see e.g. [12, Thm. 169]). Then A, —
AL /(P Py) = AL /Iy = By is flat by [9, Thm. 11.3.8] (equivalence between
b) and c), applied to the flat morphism of finite presentation Spec A’ — Spec A
with F = Ogpec 4 and g; = B,).

(4) = (3). Keeping the above notation, we set A’ := A’ ®4 x(p) (which is
isomorphic to k(p)[t1,...,ts]), B := B ®4 k(p), I := ker(A’ — B) (note that
there is a natural surjective map I ®4 x(p) — I) and we denote by p’ € Spec A’
and q € Spec B the images of p’ and q. Applying —® A, k(p) to the exact sequence
0—=1Iy — A;, — Bq — 0 we obtain the exact sequence

0— Iy /ply = Iy — AL /pAl, = AL, — By/pBq = Bg — 0
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(TorfP(Bq, k(p)) = 0 because A, — By is flat). As r(p) — By is formally
smooth, by the already proved equivalence between (2) and (3) there exist m < n,
P,..P,cTIandl1 <1 < -+ <l < n such that (Pl,...Pm)i,/ = Iy and
det (g?) N

i/ 1<4,7<m
the image of some P; € I, and then (P,..., Py,)y = Iy by Nakayama’s lemma

and det (gfj)
i) 1<ij<m
(4) < (5). By Lemma 3.119.

(1) < (6). See [17, Thm. 8.4]. O

¢ p’. We can assume without loss of generality that each Pj is

/

Corollary 3.121. A morphism locally of finite presentation of schemes f: X —Y
is smooth if and only if it is flat and has smooth (or geometrically reqular) fibres,
if and only if it is flat and Qx,y is a locally free Ox-module whose rank at every
point x € X is dim,, f.

Remark 3.122. If f: X — Y is a smooth morphism of schemes such that
dim, f = n for some n € N and for every x € X (this is certainly the case if
X is connected, since dim, f coincides with the rank of (2x/y )., which is a lo-
cally constant function on X), then f is said to be smooth of relative dimension
n. For smooth morphisms the relative dimension is stable under base change and
is additive under composition.

Remark 3.123. It can be proved (see [17, page 92]) that for morphisms (au-
tomatically of finite presentation) between schemes of finite type over a field
the definition of smoothness is equivalent to that of [11]: namely, with this hy-
pothesis f: X — Y is smooth of relative dimension n if and only if it is flat,
dim X’ = dimY”’ + n for every irreducible components X’ C X and Y/ C Y with
J(X') €Y', and dim, () (x/y ®oy k(z)) = n for every z € X.

Remark 3.124. Every smooth morphism of schemes is open by Proposition 3.81.

Proposition 3.125. Let f: X — Y be a morphism of schemes. Assuming f is of
finite presentation at x € X, and setting y := f(x) € Y, the following conditions
are equivalent:

1. f is étale at x;
2. f¥: Oy,y = Ox 5 is a formally étale morphism of rings;

3. (Jacobian criterion) if SpecB = U C X and SpecA =2V C Y are open
affine neighbourhoods of x and y such that f(U) C V and B = A’'/I as
A-algebra (where A’ := Alt1,...,t,] for somen € N and I C A" is a
finitely generated ideal), then, denoting by p' € Spec A’ the prime ideal cor-
responding to x, there exist Py,...,P, € I such that (Py,...,Py)y = Iy

op;
and det ( Btj

/.

¢p';

>1sm‘Sn
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4. f is smooth at x and dim, f = 0;
5. f is smooth and quasi-finite at x;
6. f is flat and unramified at x.

Proof. (1) & (2) & (3) & (4) = (6). It follows from Proposition 3.115 and
Proposition 3.120.

(4) < (5). It follows from Remark 3.56.

(6) = (1). By Proposition 3.120 it is enough to show that f~!(y) — Spec (y)
is geometrically regular at x, hence we have to prove the following: if K — A is
an unramified morphism of rings, where K is an algebraically closed field, then
Ay is regular for every p € Spec A. Now, by Remark 3.117, A is isomorphic (as
K-algebra) to the product of a finite number of copies of K, so that A, = K is
obviously regular for every p € Spec A. O

Corollary 3.126. A morphism locally of finite presentation of schemes f: X —Y
is étale if and only if it is smooth and locally quasi-finite (or of relative dimension
0), if and only if it is flat and unramified.

Example 3.127. Let A be a ring, P € A[t] and B := A[t]/(P). If b € B is such
that the image of % in By is invertible, then the natural morphism A — B, is
étale by the Jacobian criterion. When P is a monic polynomial, a morphism of
this form is called étale standard. It can be proved (see [21, V, Thm. 1]) that every
étale morphism of schemes f: X — Y is locally standard, in the sense that for
every x € X there are open affine neighbourhoods U of z and V of f(x) such that
f(U) CV and the induced morphism of rings Oy (V) — Oy (U) is étale standard.

Proposition 3.128. A morphism of schemes f: X — Y is unramified if and only
if there exists an open cover {U;}icr of X such that flu, = gi o h;, where g; is an
étale morphism and h; is a closed immersion for every i € I.

Proof. [21, V, Thm. 1]. O

Proposition 3.129. A morphism of schemes X — Y is smooth if and only if
there exist an open cover {U;}icr of X and for every i € I an étale morphism
Ui — Ay’ (for some n; € N) in Schy.

Proof. The other implication being clear, we have to show that every smooth
morphism satisfies the stated condition. Since the question is local both on the
domain (by definition) and on the codomain (because open immersions are étale),
we can assume that A — B = A’/I (where A" := Afty,...,t,) and I C A’ is a
finitely generated ideal) is a smooth morphism of rings, and we have to prove that,
given q € Spec B, there exists b € B \ q such that A — B, is the composition of
a polynomial extension A — A and of an étale morphism A — By. Denoting by
p’ € Spec A’ the inverse image of q, by the Jacobian criterion there exist m < n,
P,...P,€Tand1 <1l < -+ <lp < nsuch that (Pi,...,Py,)y = Iy and
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P,
D = det (gt’>
Li /1<i,j<m

exists P € A\ p/ ~sﬁch that (Pi,...,Pn)p = Ip and the image of D in A
is invertible. Let A := Alti]ic{1,...n}\{i1,....1,,}> denote by b € B the image of
P, and set P41 = t;, ., P — 1 (where ¢

¢ p’. As I is finitely generated, it follows that there

is a new variable): then Bj, &

m+1 m+1

~ oP; o . .

Altiys. ot /(P Prg) arid det (3&2 ) Leiemit PD is such that its

image in By is invertible, whence A — By, is étale again by the Jacobian criterion.
O

Corollary 3.130. Given a smooth and surjective morphism of schemes f: X —
Y, there exists a morphism g: X' — X such that fog: X' — Y 1is étale and
surjective.

Proof. First we claim that we can find an open cover {U;};c; of X and for every
i € I an étale morphism h;: U; — Ay’ (for some n; € N) in Sch,y, with the
additional property that there exists a morphism s;: ¥ — A}’ in Schy such that
si(f(U;)) € hi(U;). Indeed, for every 2z € X by Proposition 3.129 there is an open
neighbourhood U of z and an étale morphism h: U — A} (for some n € N) in
Schy . Since h(U) € A} and f(U) C Y are open (by Remark 3.124), we can find
a morphism s: Y — Ay in Sch,y and an open neighbourhood f(z) € V' C f(U)
such that s(V) C h(U). Then U’ := U N f=1(V) is such that s(f(U")) C h(U"),
and the claim follows.
Now, consider for every i € I the cartesian diagram

gi
Ul 2>,

h;i o J{h

n;
Y —— Ay

and let g: X' := [[,.;U; — X be the morphism induced by the morphisms
U! %5 U; € X. Then (denoting by p;: Ay — Y the structure morphism)

(fog) vi=1rf
is étale for every i € I, so that f o g is étale. Moreover, for every y € Y let
it € I and = € U; be such that y = f(z): by hypothesis there exists & € U; such
that s;(y) = h;(Z), whence there exists ' € U/ C X’ such that g;(z’) = & and
R.(z') = (f o g)(¢') =y, which shows that f o g is surjective. O

U, ©gi = pi 0 h; 0 g; = p; 0 sy 0 hy = hj

4 Presheaves, sheaves and equivalence relations

4.1 The category of presheaves

Definition 4.1. A presheaf (of sets) on a category C is a functor C° — Set. A
morphism of presheaves on C is just a natural transformation of such functors.
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The category of presheaves on C will be denoted by C := Fun(C°, Set).

The following example explains why this notion of presheaf is a generalization
of the usual notion of presheaf on a topological space.

Example 4.2. If X is a topological space, let Open(X) be the category having
as objects the open subsets of X and as morphisms the inclusions: more precisely
Homopen(x) (U, V) is empty if U ¢ V, otherwise it contains just one element, the

-

natural inclusion U C V. Then it is immediate to see that Open(X) is the usual
category of presheaves (of sets) on X.

In the following, given a presheaf F' € 6, a morphism f: U — V in C and
n € F(V), if F is clear from the context, F(f)(n) € F(U) will be usually denoted
by f*(n), or even by n|y if there can be no doubt about f.

Every object of C can be naturally viewed as a presheaf: indeed, to each U € C
we can associate hyy := Homg(—,U) € C. Moreover, every morphism f: U — V

of C induces a morphism hy: hy — hy of C, i.e. a natural transformation of
functors Home(—, U) — Home(—, V), defined by

hf(W): hU(W) = HOIII(;(VV7 U) — HOHl(;(VV7 V) = hv(W)
g—fog

for every W € C. It is immediate to see that this defines a functor h: C — C.
We are going to see that h identifies C with a full subcategory of C: this is a
consequence of the following fundamental result, whose proof is straightforward.

Proposition 4.3 (Yoneda’s lemma). For every U € C and every F € C there is
a natural bijection (of sets) F(U) = Homg(hy, F). Eaplicitly, the map

¢y : Homg(hy, F') — F(U)
a— a(U)(idy)
is bijective and its inverse is the map
Vpy: F(U) = Homg(hy, F)
£ €

where, for every W € C, E(W): hy(W) = Home(W,U) — F(W) is defined by
[ F()(E)

Corollary 4.4. The functor h: C — Cis fully faithful.

Proof. Just notice that if in Proposition 4.3 we take F' = hy for some V € C,
then the bijective map ¥y, y: hy (U) = Homc(U, V) — Homg(hy, hy) coincides
with the natural map defined by h. O
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Definition 4.5. A presheaf F' € Cis representable if it is isomorphic to hy for
some U € C.

Corollary 4.6. F € C is representable if and only if there exist U € C and
¢ € F(U) which is a “universal object” for F in the following sense: for allV € C
and n € F(V), there exists a unique f: V — U in C such that n = f*(§).

Proof. If F is representable, there is an isomorphism a: hy = F in 6, and it
is easy to see that ®py(a) = a(U)(idy) € F(U) is a universal object for F.
Conversely, if £ € F(U) is a universal object for F, it is clear by definition that
Upy(§) € Homg(hy, F) is an isomorphism. O

Remark 4.7. By Corollary 4.4 the functor h gives an equivalence of categories
between C and the strictly full subcategory of C whose objects are representable
presheaves. In the following we will usually identify these two categories, thus
writing, for instance, U instead of hyy. Moreover, we will avoid the explicit mention
of the isomorphisms provided by Yoneda’s lemma: every £ € F(U) will be regarded
also as a morphism £: U — F in C. In particular, for all U,V € C we will often
write, accordingly, V(U) instead of Homg (U, V) = Homg (U, V).

Proposition 4.8. For every category C, the category of presheaves C has ker-
nels, cokernels, (fibred) products and (fibred) coproducts, and all of them can be
computed “componentwise”. This means that, for instance in the case of fibred
products, given morphisms «;: F; — F (for i = 1,2) of C, G := F} 4, Xa, Fo is
defined as follows: G(U) := F1(U) o, () Xas@) F2(U) (fibred product in Set) for
every object U of C and G(f) := F1(f) x Fa(f) for every morphism f of C; the
projections G — F; are of course given by the projections G(U) — F;(U).

Moreover, if C has kernels or (fibred) products, then h: C — C preserves
them.

Proof. Straightforward from the definitions. O

Definition 4.9. A morphism a: F' — G of Cis representable if for every V € C
and every n € G(V) the presheaf F', x, V is representable.

Remark 4.10. C has fibred products if and only if every morphism of C (regarded
as a morphism of C) is representable.

Using Lemma A.1 it is easy to prove the following result.

Proposition 4.11. For morphisms of C the property of being representable is
stable under composition and base change.

Definition 4.12. Let P be a property of morphisms of C which is stable under
base change. We will say that a representable morphism a: F — G of C satisfies
P if for every V € C and every n € G(V) the induced morphism F ,x,V — V
(which is a morphism of representable presheaves, hence can be identified with a
morphism of C by Yoneda’s lemma) satisfies P.
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Remark 4.13. In the hypotheses of the above definition, it is clear that a mor-
phism of C satisfies P in C if and only if it satisfies P as representable morphism of
presheaves. Moreover, it follows from Proposition 4.11 and Lemma A.1 that, for
representable morphisms of C, the property P remains stable under base change
(and also under composition, if P is stable under composition for morphisms of

C).

Proposition 4.14. Let C be a category with fibred products and finite products.
Given F' € C, the diagonal morphism Ap: F — F x F' of C is representable if
and only if for every U € C and every & € F(U) the morphism £: U — F of C
is representable. In this case, moreover, A satisfies a property P of morphisms
of C which is stable under base change if for allU € C and all £&1,&5 € F(U) the
natural morphism of representable presheaves U ¢, x¢, U — U x U satisfies P.

Proof. Assume first that Ap is representable. We have to show that for all U,V €
C,all { € F(U) and all n € F(V) the presheaf U ¢x, V is representable. Since
U x V € C by hypothesis, this follows from the cartesian diagram

UexyV——s>F

e |

UxV ——=FxF.
EXn

Conversely, assuming that every morphism from a representable presheaf to F'
is representable, we have to prove that for all U € C and all &;,£; € F(U) the
presheaf F' A, X (¢, ¢,) U is representable. Now, it follows from the hypotheses that
in the commutative diagram with cartesian squares

G*>U§1X§2U%F

o e e

U UxU FxF

U 1X&2

all terms of the square on the left are representable. It is then enough to notice
that, since ({1 x &2) 0 Ay = (£1,82), F apX(¢,,¢,) U = G by Lemma A.1. The last
statement is then also clear. O

Proposition 4.15. Let C be a category and o: F — G a morphism of C.
Then « is a monomorphism (respectively an epimorphism) if and only if the map
a(U): F(U) = G(U) is injective (respectively surjective) for every U € C. In par-
ticular, a morphism of C is a monomorphism in C if and only if it is a monomor-
phism in C.

Proof. If o is a monomorphism, then for every U € C the map Homg (U, F) =
Homg (U, G), which can be identified with a(U) by Yoneda’s lemma, is injective by
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definition. If « is an epimorphism, then, since the natural morphisms j1, jo: G —
G 11z G are such that j; o @ = js o v, we have j; = jo. This means that j;(U) =
J2(U): GU) = G(U) U@y GWU), whence a(U) is surjective for every U € C.
The converse implications are straightforward to check. O

Remark 4.16. Obviously a morphism of C which is an epimorphism in C is also
an epimorphism in C, but the converse is not true in general (for instance, Z — Q

is an epimorphism in Rng but not in I/{n\g)

Corollary 4.17. A morphism of C is an isomorphism if and only if it is a
monomorphism and an epimorphism.

Definition 4.18. If a: FF — G is a morphism of 6, the image of a is the sub-
presheaf im e of G defined for every U € C by (ima)(U) :=ima(U) C G(U).

Remark 4.19. Every morphism a: F' — G in C factors as the composition of an
epimorphism and a monomorphism through the natural morphisms F' — im o —
G (such a factorization is clearly unique up to isomorphism). In particular, « is
a monomorphism (respectively an epimorphism) if and only if F' — im« is an
isomorphism (respectively ima = G).

Given a category C and a presheaf H € 6, every object a: F — H of é/H
naturally determines a presheaf G, € C,y defined on objects by

Gaol&: U — H) = a(U)"'(§) CF(U)

(and on morphisms, obviously, by G (f) := F(f)). Conversely, to every presheaf
G € C,y we can associate an object ag: Fg — H of C,p as follows: Fg is defined
on objects by

Fa(U):={(&9)[§ € H(U), g € G(§)}

and on morphisms by

Fo(f: V= U): Fo(U) = Fa(V)
(&,9)— (o f,G(f)(9))

whereas ag(U): Fg(U) — H(U) is clearly given by (¢, g) — &. It is then straight-
forward to prove the following result.

Lemma 4.20. With the above notation, the assignments o — G, and G +—
ag extend to functors C,g — C,g and C,g — C,g, which are quasi-inverse
equivalences of categories.
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4.2 Grothendieck pretopologies, sites and sheaves on a site

Given a category C and U € C, we will denote by Tar(U) the set of all families
{fi: U; = U}ier (where T is an arbitrary set, possibly empty) of morphisms of C
with target U. For later use, we give the following definition.

Definition 4.21. Given U = {f;: Ui — Utiesr and U’ = {f}: U — U}jes in
Tar(U), we will say that U’ is a refinement of U (and we will write U < U') if
for every j € J there is a morphism g;: U} — Uy(;) (for some i(j) € I) such that
fj’ = fi(j) © g5 (in other words, if every morphism of U’ factors through one of U).

Definition 4.22. A (Grothendieck) pretopology T on a category C consists of
the datum, for each object U of C, of a subset Cov(U) = Cov'(U) C Tar(U)
(whose elements are called coverings or covering families of U for 1), such that
the following axioms are satisfied.

PTO If {f;: U; = U}icr € Cov(U) and ¢g: V — U is a morphism of C, then the
fibred product V' ;x ¢, U; exists for every i € I.

PT1 U = {fi: Uy — Ulier € Cov(U) and ¢g: V — U is a morphism of C,
then g*U := {pri: V yx7, Ui = V}ier € Cov(V) (where pr; is the natural
projection).

PT2 If {f;: Uy = U}icr € Cov(U) and {f;;: Ui, = Us}je, € Cov(U;) for every
i € I, then {fz o fzJ : Uij — U}ie[’jeji S COV(U)

PT3 If f: V — U is an isomorphism of C, then {f} € Cov(U).

If f: V — U is a morphism of C such that {f} € Cov(U), we will say that
f is a covering morphism (for 7). Note that for morphisms of C the property of
being covering is stable under base change.

Definition 4.23. A site is a couple (C, 1), where 7 is a pretopology on the cate-
gory C.

Remark 4.24. Of course, as the name pretopology suggests, there is also a no-
tion of (Grothendieck) topology, which we are not going to define here, since its
use is not necessary for our purposes. The interested reader can find the basic
facts about topologies and relations between topologies and pretopologies in Sec-
tion B.2. Here it is enough to point out the following facts. Every pretopology
generates a topology, but different pretopologies can generate the same topology
(in general, not every topology is generated by some pretopology; this happens,
however, if the category has fibred products). The correct definition of site is that
it is a couple formed by a category and a topology on it. Usually what is really
relevant is the topology and not the particular pretopology which generates it: for
instance, sheaves (which are the objects one is mainly interested in when dealing
with (pre)topologies) can be defined in terms of a pretopology 7, but they actually
depend only the topology generated by 7. The classical names which we will give
to some pretopologies should be reserved to the topologies generated by them.
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Remark 4.25. If (C,7) is a site, then for every U € C the preordered set
(Cov(U), <) is filtered. Indeed, if U = {U; — Utier,U' = {Uj = Uljes €
Cov(U), then by PT1 {U; xy U]{ — Uitjes € Cov(U;) for every i € I, whence
{Ui xy U]'» — Ulier,jes € Cov(U) by PT2, and clearly it is a common refinement
of U and U’.

Example 4.26. On every category C one can consider the pretopology such that
the covering families of U € C are exactly those formed by a single morphism,
which is an isomorphism (with target U); this pretopology is called chaotic. On
the other hand, if C has fibre products, one can define a pretopology by setting
Cov(U) := Tar(U) for every U € C; this pretopology is called discrete.

Example 4.27. If X is a topological space, on the category Open(X) we can
consider the standard pretopology std, which is defined as follows: given U; C U
(i € T) open subsets of X, {U; C Ulse; € Cov™(U) if and only if U = Uier Ui
(i.e., if and only if the U; are an open cover of U in the usual sense). Indeed, it
is immediate to check that std satisfies the axioms of pretopology, if one observes
that in Open(X) fibred products exist, and they are given by U; xy U; = U;NU;.

Example 4.28. There is also a “global” version of the previous example. Namely,
on the category Top of topological spaces the standard pretopology std is defined
as follows: {fi: Uy — Ulier € Cov®™(U) if and only if U = Uierim f; and
fi is an open immersion for every ¢ € I. The fact that open immersions are
stable under composition and base change immediately implies that std is indeed
a pretopology. With the same definition, the standard pretopology can be put
also on other categories, like the category of differentiable manifolds Diff (notice
that in this case PTO is satisfied, even if arbitrary fibred products do not exist
in Diff) or the category of schemes Sch (in this case the standard pretopology is
called Zariski, see Example 4.29 below).

Example 4.29. On Sch several pretopologies can be defined: for instance, Zar
(Zariski), ét (étale), sm (smooth) and fppf (faithfully flat and locally of finite
presentation). If 7 is one of them, then, by definition, {f;: U; — U}ier € Cov™ (U)
if and only if U] = (J,; im|f;| and moreover for every i € I the following holds: f;
is an open immersion if 7 = Zar; f; is étale if 7 = ét; f; is smooth if 7 = sm; f; is flat
and locally of finite presentation if 7 = fppf® Again, it is easy to check the axioms,
using the fact that each of the above properties (including the “surjectivity” of
the family) is stable under composition and base change.

Definition 4.30. Let (C,7) be a site. A presheaf F € C is separated (for 7) if
for every covering {f;: U; — U}ier € Cov™ (U) the natural map

fi=(F(f))icr: FU) = [[ F(U:)

i€l

8We do not require that each f; is faithfully flat (i.e., flat and surjective). The name fppf
comes from the fact that the whole family {f;}ic; must be “surjective”.
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is injective. F is a sheaf (for 7) if moreover, for every covering as above, the
sequence

f pry

F(U) —— Hie] F(U) —= Hj,ke[ F(Uj xu Uy)
pro
is exact, where pr; and pr, are the natural maps induced by the projections
pri* U;jxy U, — U; and prit U; xy Uy — Uy (more precisely, pr; := (F(prlj’k)o
ik j & ik

") ker, where "2 T],.; F(Us) — F(U;) and 73" [],c; F(Us) = F(Uy) are
the natural projections).

Remark 4.31. Let U = {f;: U; — U}icr € Cov(U) and let F € C. Then, in
the notation of the above definition, it is clear that in any case pry o f = pryo f
(because f; o pri® = fi o pry¥). Therefore, if we define

F(Ud) = ker([Te; F(U)=—=T1, s F(U; x0 Uk)

pry

(so that F(U) = {£ € [1;c; F(Us) | pr1(§) = pry(§)}), we see that f always factors
through a map which we will denote by

N, F(U) — F(U)

(or simply by )\;;). Then F is separated (respectively a sheaf) if and only if A}, is
injective (respectively bijective) for every covering Y. We will often use this fact
in the following.

For later use, we also fix here some more general notation. Given U =
{fi: Ui = Utier and U = {f}: U} — U}jes in Cov(U) with U < U’, for ev-
ery F € C there is a natural induced map M = )\5/71/,: FU) — FUU'). Indeed,
if gj: U] = Uy (j € J) are such that fi = fi(;) o g;, it is clear that the map

(F'(g5) o pris))jes: HF(Uz) - H F(Ujl)

iel jeJ

restricts to a map Ay, ({g;}): F(U) — FU'). It is also easy to see that Ay, ,, ==
A a({95}) is well defined: if g;: Uj — Uy ;) (§ € J) are other morphisms such
that f] = fir(j) © g}, then the commutative diagram

9j
Ui ——= Uy

g}i J{fi(j)

Uiy —>U
i (5)
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implies that there exists a unique h;: UJ’- = Ui(jy,ir(j) = Uigj) ¥v Uy () such that
g; = proh; and g} = pr’ o h; (where pr: Ui(jy.ir(;y — Uiy and pr': Uyy.ir(j) —
Uy (j) are the projections). Therefore, given & = (&;)icr € F(U) C [[,; F(Us), we
have

95 (&) = W (& lvsyyg) = 15 Eo v g) = 95 Gty

for every j € J, and this precisely says that A ;,({9;})(€) = Ay ({95} (6)-
Observe that the sets F(U/) together with the maps Ay form a direct system
(At = Mg © Mg g U < U <U" in Cov(U) and )‘uu = idpqy) and that,
under the natural identification F(U) = F({idu}), Ay (iayy coincides with Ay,.
Therefore, if F is a sheaf, all the maps )\F,)u (and not only the \f) are bijective.
Similarly, for separated presheaves we have the following generalization.

Lemma 4.32. If F' is a separated presheaf, then for all U € C and all U, U’ €
Cov(U) withU <U', the natural map Nfg, 2 F(U) — F(U') is injective.

Proof. f U = {U; — U}ier and U = {U; — U}jes, then U < U" < U", where
U" = {U; xuy Uj = Utier jes € Cov(U). It is then enough to show that the map
M = My g © Mgy F'(U) — F(U”) s injective. Given

£ = (&)iern = (m)ier € FWU) € [[F(00)

iel

such that Ay 1,(§) = Ay (1), for every i € I we have gi‘UiXUUJ/- =1, ¢ for
all j € J, which implies §; = n; (because {U; xy UJ{ — U;}jes € Cov(U;) and F is
separated), whence £ = 7. O

Corollary 4.33. Assume that (for every U € C) Cov'(U) C Cov(U) is a subset
such that for every U € Cov(U) there exists U' € Cov'(U) withtd <U'. If F € C
is such that )\5, is injective (respectively bijective) for every U € C and for every
U' € Cov'(U), then F is separated (respectively a sheaf).

Proof. Given U € Cov(U), let U’ € Cov'(U) be such that U < U’. Since N, =
Ayru © Ay s injective, Ay, is injective, too (so that F' is separated). Then, by
Lemma 4. 32, Ay g4 1s also injective, and this clearly implies that Ay, is bijective if
Ay is bijective. O

Finally, we note that every morphism f: U — V of C induces, for every
VY € Cov(V), a natural map F(f,V): F(V) — F(f*V). Such maps are clearly
compatible with the direct systems described before (if V < V' € Cov(V), then
Apeyr ey © F(£,V) = F(£,V") 0 Ay y).

If (C, 1) is a site, we will denote by (C, 7)™~ (respectively (C,7)¥), or simply
by C™ (respectively C¥), the full subcategory of C whose objects are the sheaves
(respectively the separated presheaves) for 7; clearly C~ and C¥ are strictly full
subcategories of C.
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Example 4.34. On C with the chaotic pretopology every presheaf is a sheaf, so
that C~ = C. Therefore, every statement which is valid for an arbitrary category
of sheaves, holds in particular for the categories of presheaves. On the other
hand, if C has fibred products, the only sheaf (up to isomorphism) for the discrete
pretopology is the terminal object * € C (defined for every U € C by #(U) = {x}):
to see this, just consider the empty covering of every U € C.

Example 4.35. If X is a topological space, (Open(X), std)™ is the usual category
of sheaves (of sets) on X.

Example 4.36. On the category of schemes we have clearly
(Sch, fppf)~ C (Sch, sm)~ C (Sch, ét)~ C (Sch, Zar)™.

We claim that actually (Sch,sm)~ = (Sch, ét)~: given a scheme U and U =
{fi: Ui = Utier € Cov®™(U), let f: [],c; Ui — U be the morphisms induced by
the f;. As f is smooth and surjective, by Corollary 3.130 there exists a morphism
g: U — Tl,c; Ui such that fog: U — U is étale and surjective. Therefore
{(fog)lg-1wn: 97 "(Us) = Ukier € Cov®(U) is a refinement of U, and the claim
follows from Corollary 4.33. We will see later that the other two inclusions are
strict.

Definition 4.37. A pretopology on a category C is subcanonical if C C C™~ (i.e.,
if every representable presheaf is a sheaf).

Example 4.38. The discrete pretopology on a (non empty) category with fibred
products is not subcanonical, unless the category is equivalent to {x}.

In practice, all “interesting” pretopologies are subcanonical.

Example 4.39. If X is a topological space, the pretopology std on Open(X) is
subcanonical: this amounts to the trivial fact that if V and U; (i € I) are open
subsets of X such that U; C V for every i € I, then | J,., U; C V.

Example 4.40. It is a non trivial fact (which we will prove later) that the fppf
(hence also sm, ét and Zar) pretopology on Sch is subcanonical. Actually it is
easy to prove that Zar is subcanonical: it amounts to the fact that morphisms of
schemes can be glued.

Proposition 4.41. Let F: C' — C be a functor with the following property: if
V = U and W — U are morphisms of C" such that F'(V) x py F(W) exists in
C, then V xy W exists in C" and F(V xy W) = F(V) xpy F(W). If T is a pre-
topology on C, then there is a naturally induced pretopology F* (1) on C', defined
in the following way: for every U € C', {fi: Uy — Ulicr is in Covi V(U) if
and only if {F(f;): F(U;) = F(U)}ier is in Cov” (F(U)). It has the property that
the natural functor oF : C — C' restricts to functors oF : (C,7)® = (C', F* (1))~
and oF: (C,7)~ = (C', F*(1))™.
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Proof. Immediate from the definitions. O

We will apply the above result mainly when F' is the inclusion C’ C C of a
full subcategory (with the property that, if V' — U and W — U are morphisms of
C’ such that V xy W exists in C, then V xyy W is isomorphic to an object of C’)
or the forgetful functor C’/ g — C' (where S is an object of C’ or, more generally,
of C). In these cases the induced pretopology F*(7) will be again denoted by 7.
So, for instance, if 7 is a pretopology on Sch, then 7 will denote also the induced
pretopology on QSch, AffSch, Sch,g, QSch /g and AffSch,5 (S a scheme).

Proposition 4.42. Let (C,7) be a site and H € (C,7)~. Then the functors
of Lemma 4.20 restrict to quasi-inverse equivalences of categories (C,T)7H —
(C/u,7)~ and (C/p,7)~ = (C,7)7y-

Proof. Given a morphism «: FF — H in 6, and denoting by G, € 6/\H the

corresponding presheaf, we have to prove that /' € C™ if and only if G, € (C/5)".
Assume first that F' is a sheaf: given an object {: U — H of C,y and a

covering {U; — U}ie;r € Cov(U), we have to show that the natural sequence

Ga (g)ﬂnzel Ga (fi)jnj,kel Ga (fgk)

(where &: Uy — H and &;: U; xy Uy, — H are the compositions of § with the
natural morphisms U; — U and U; xy Uy — U) is exact. Now, this sequence is
by definition a subsequence of the natural sequence

FU)——[Lic; FU)=—=]1, ye; F(U;j xv Ug),

which is exact because F' is a sheaf. Therefore it is enough to prove the following:
if n € F(U) is such that n|y, € G4(&) C F(U;) for every i € I, then 1 € G, ().
Indeeda since 77|U,i € Ga(gi)v we have (O[ © 77)|U1 =ao 77|U,i = 51 = §|U1 (fOI‘ every
1 € I), which implies a o = £ (because H is separated), and this precisely says
that n € G, (§).

Assume conversely that G, is a sheaf: we have to prove that given a covering
{Ui = U}ier € Cov(U) and n; € F(U;) (for every i € I) such that n;|y,x, v, =
njlu;xyu; for all i,j € I, there exists unique n € F(U) such that n|y, = n; for
every i € I. Setting §; := aon; € H(U;), we have &|y,x,u; = &jlu,xpu; for
all 4,5 € I, whence there exists a unique £ € H(U) such that £|y, = & for every
i € I (because H is a sheaf). Since, by definition, 7; € G,(&;) and G, is a sheaf,
there exists a unique 1 € G,(§) such that 9|y, = n; for every i € I. To conclude,
if ¥ € F(U) is another element such that 7’|y, = n; for every i € I, we have
(aon)|y, =& for every i € I, which implies that € G,(€), andso ' =n. O

Corollary 4.43. If 7 is a subcanonical pretopology on C, then for every S € C
the induced pretopology 7 on C,g is subcanonical, too.
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Proposition 4.44. Let C' C C be the inclusion of a full subcategory with the
property that, if V.— U and W — U are morphisms of C' such that V xy W exists
i C, then V xy W is isomorphic to an object of C', and let T be a pretopology on
C which satisfies the following property: for every U € C there exists a covering
{Ui = Utier € Cov(U) such that U; € C' for every i € 1. Then the natural
restriction functor (C,7)~ — (C', 7)™~ is an equivalence of categories.

Proof. For every U € C we denote by Cov'(U) the subset of Cov(U) given by
those coverings {U; — U},;er such that U; € C’ for every ¢ € I. Notice that the
hypothesis on C’ (together with the axioms of pretopology) implies that for every
U € C every covering in Cov(U) admits a refinement in Cov’(U); it follows that
(Cov'(U), <) is a filtered set.

C~ — C'™ is faithful: given «,8: F — G in C™ such that a|c/ = B|c (i-e.,
a(U") = B(U’) for every U’ € C’), we have to prove that a(U) = B(U) for every
U € C. Let {U; = Ulier € Cov'(U): then for every £ € F(U) and every i € I we
have

aU) (), = aUi)(Elv,) = BU:)(Elu,) = BU)E)|u, € G(U:).
As G is a separated presheaf, this implies «(U) (&) = B(U)(§).

In order to prove that C~ — C’™ is full, we have to show that for all I, G € C~
and all &’ : F|cr — G| in C', there exists a: F' — G in C™ such that a|cr = o
As before, given U € C, let U = {U; — U} € Cov'(U). If £ € F(U), for all
i,j € I we have o' (U;)(€|v,)|u,xvu; = &' (Uj)(€lu,)|u,xpu, (this follows from the
fact that G is separated and that, if {V, — U; xy U }rex € Cov'(U; xp Uj), then
the restrictions of these two elements to each Vj coincide). Therefore, since G is
a sheaf, there exists a unique n € G(U) such that n|y, = o/ (U;)(£|y,) for every
i € I. Tt is not difficult to prove (using the fact that (Cov’(U), <) is a filtered set)
that 7 does not depend on the choice of U € Cov’(U). It follows that, if we define
a(U)(§) :=n, a is a morphism of sheaves, which clearly satisfies a|cr = o'.

It remains to prove that C~ — C’™ is essentially surjective, i.e. that, given
F’ € C'™, there exists F' € C™~ such that F|cr = F.

Given U = {f;: U; = U}ies € Cov'(U), for all i,j € I we can choose V; j =
Vi = Ui xvUjliek, ; € Cov'(U; xy U;), and one can check (using the fact F”
is separated and that each (Cov'(U; xy Uj), <) is a filtered set) that

F'U) = ker([[;e; F'(Ui) —= Hi,jel erKi,j F'(Vijr)

is well defined as a subset of [[;; F'(U;) (it does not depend on the choices of the
Vij) WU ={f}: U = Uljes € Cov'(U) is a refinement of U, say g;: U; — Uy
are such that f]’ = fiy) © gj for every j € J, the natural map

(F'(g5) o prigy)ies: [[F'(U) = [] F'(U})

iel jEJT

restricts to a map ;. F'(U) — F'(U"), which can be proved to be independent
of the choices of the g; and bijective (because F’ is a sheaf). Clearly the sets
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F'(U) together with the maps )\, ;, form a direct system, so that we can then
define F(U) := lim F'(U) (the natural map p,: F'(U) — F(U) is obviously an
—

isomorphism for every & € Cov'(U)). If f: U — V is a morphism in C, it is
easy to see that, given V € Cov'(V) and U € Cov'(U) such that f*V < U, there
is a naturally induced map F'(f,V,U): F'(V) — F'(U) such that F'(f,V) :=
py o F'(f,V,U): F'(V) — F(U) is well defined (it does not depend on the choice
of U). Since F'(f,V) = F'(f,V') o Apry ifV <V’ we can define

F(f) = MmF'(f,V): im F'(V) = F(V) = F(U),

the limit being taken over the filtered set (Cov(V'), <). Finally, one can check that
with this definition F is really a sheaf, which clearly satisfies F|cr & F”. O

Corollary 4.45. Let S be a scheme and let T be one of the pretopologies Zar, ét,
sm or fppf on Sch,g. Then the natural functors (Sch,g, 7)™~ — (QSch,g, 7)™ —
(AffSch 5, 7)™ are equivalences of categories.

Definition 4.46. Let (C, 1) be a site. A property P of objects of C is local for T
if, given U € C and {U; — U};e; € Cov(U), U satisfies P if and only if U; satisfies
P for every i € I.

Definition 4.47. Let (C,7) be a site. A property P of morphisms of C is local
on the domain (respectively local on the codomain) for T if the following holds:
given U € C and {f;: U; = U}ier € Cov(U), a morphism g: U — V (respectively
V — U) satisfies P if and only if g o f; (respectively the projection morphism
V xy U; — U;) satisfies P for every i € I.

Example 4.48. If (C,7) = (Sch, Zar), the above definitions coincide with the
usual ones.

Remark 4.49. If Cov'(U) C Cov(U) is a subset (for every U € C) such that
for every U € Cov(U) there exists U’ € Cov'(U) with & < U’, then it is easy
to see that a property of morphisms of C which is stable under base change is
local on the codomain if it satisfies the condition of the definition for all coverings
of Cov'(U). Tt follows as in Example 4.36 that a property of morphisms of Sch
which is stable under base change and local on the codomain for €t is local on the
codomain also for sm (but the same is not true for properties local on the domain,
or for local properties of objects).

Lemma 4.50. Assume that C has fibred products and let P and P’ be properties
of morphisms of C such that f € Mor(C) satisfies P' if and only if Ay satisfies P.
If P is local on the codomain for some pretopology T, then also P’ is local on the
codomain for T.

Proof. Given {U; — U};er € Cov(U) and a morphism f: V — U, and denoting
by fi: Vi :=V xy U; — U; the projection morphisms, we have to prove that Ay
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satisfies P if and only if Ay, satisfies P for every ¢ € I. Now, by Lemma A.3, for
every ¢ € I there is a commutative diagram with cartesian squares

Afi
Vi s Vi g, Vi —> U

o] oe ]

VT>V><U‘/*>U
f

and it is then enough to note that {V; xy, V; = V xy V}ier € Cov(V xy V) (this
is true by the axioms of pretopology). O
4.3 Sheaf associated to a presheaf

Let (C, 1) be asite. To every presheaf F' € C we can associate a separated presheaf
F$ = Fs~ € C® = (C, 7)% as follows: for every U € C

F*(U) == F(U)/ ~,

where £ ~ ¢’ if and only if there is U € Cov(U) such that A\, (&) = A\, (&) € F(U)
(the fact that Cov(U) is a filtered set immediately implies that = is an equivalence
relation), whereas for every morphism f: U — V in C, F*(f): F*(V) — F*(U)
is the map induced by F'(f). F* is obviously a presheaf, and it should be clear by
construction that it is separated (it is called the separated presheaf associated to F').
Notice also that the projections F(U) — F*(U) define a natural transformation
op: F — F?*. It is then easy to prove the following result.

Proposition 4.51. The mapping F — F* extends to a functor
R

which_is left adjoint of the inclusion functor C~ C C: more explicitly, for every
F € C and every G € C® the natural map

Homce= (I, G) = Homg (F*, G) 2or, Homg (F, G)
is bijective. Moreover, for every F' € C the natural transformation op: F — F*
is an epimorphism in C, and it is an isomorphism if and only if F € C=.
In a similar way, to every F' € C we can associate a sheaf F* = For € C~ =
(C,7)~. On each object U € C it is defined by F*(U) := lim F*(U), the limit
—
being taken over the filtered set (Cov(U), <); more explicitly,
FU) :={(U,&)|U € Cov(U),E € F*(U)}/ ~,

where (U, &) ~ (U', &) if and only if there is U” € Cov(U) such that U, U’ < U”
and A7, (&) = Mo (€) € F*(U"). Notice that, by Lemma 4.32, for every
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U € Cov(U) the natural map p,,: F*(U) — F*(U) is injective (in particular,
F*(U) — F*(U)), and, if U = {U; = Utier, U' = {U] = U}jes € Cov(U) and
§ = (&)ier € FU), & = (&))jes € FU'), then (U,§) ~ (U',¢') if and only if
& UixpU) = £ UixuU} forallieITand je J. If f: U— V is a morphism of C,

Fo(f) = lim(p ey 0 F* (£,)): i F* (V) = F2(V) = F*(U),

the limit being taken over the filtered set (Cov(V'),<). Then it is easy to see
that F* (which is obviously a presheaf) is actually a sheaf (it is called the sheaf
associated to F'); by construction it is also evident that F'* = (F'*)*. As before, the
natural maps F(U) — F*(U) — F®(U) define a natural transformation pp: F —
F® (which is therefore the composition of the epimorphism oz : F — F* and of the
monomorphism pps : F* — (F*)% = F*). Tt is not difficult to prove the following
result.

Proposition 4.52. The mapping F — F extends to a_functor —* = —%7: C—
C~, which is left adjoint of the inclusion functor C~ C C: more explicitly, for all
F € C and G € C~ the natural map

Home~ (F*, G) = Homg(F*, G) RN Homg (F, G)

is bijective. Moreover, for every F' € C the natural transformation pp: F — F®
is monomorphism in C if and only if F € C®, and it is an isomorphism if and
only if F € C™.

Remark 4.53. The associated sheaf can also be defined in a slightly different
(but of course equivalent) way. Namely, given F' € C, one can define L(F) € C
by L(F)(U) := h_n}lF(U) for every U € C (and in the obvious way on morphisms);

there is also a natural morphism ep: F — L(F) in C. Then it is clear that, if
F is separated, L(F) is a sheaf, naturally isomorphic to F'*; moreover, one can
prove that in any case L(F) is separated, that there is a natural isomorphism
F* = L(L(F)) and that, with this identification, pp: FF — F® coincides with
ey oer: F — L(L(F)).

Proposition 4.54. For every site (C,7) the categories C~ and C~ have ker-
nels, cokernels, (fibred) products and (fibred) coproducts. Moreover, the inclusion
functors C¥ C C and C~ C C preserve kernels and (fibred) products, whereas
—5:C > C~and —%: C — C~ preserve cokernels and (fibred) coproducts.

Proof. The statements about cokernels and (fibred) coproducts follow easily from
the universal property of associated sheaf. As for fibred products (the case of
products and kernels is similar) it is enough to prove that, given morphisms
a;: F; — F (for i = 1,2) of C®, G := Fj o, Xa, Fo € C is also separated
(this is straightforward), and it is a sheaf if Fy,F, € C~. Therefore, given
UeCand U = {U; — U}e; € Cov(U), we have to prove that the natural
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map A : G(U) — G(U) is bijective. So, let & = (&)ier € GU) C [lie; G(U),
and assume that & = (£},€2) with & € F;(U;). Since € € G(U), we have that
€1 = (&))ier € Fj(U) for i = 1,2, whence there exists a unique 7/ € F;(U) such
that )\57 (n7) = & (because Fj is a sheaf). To conclude, it is enough to note
that n := (n',7?) € G(U) C F1(U) x F5(U) (so that i is the unique solution of
A (n) =€), ie. that a1 (U)(n') = aa(U)(n?) € F(U) (this follows from the fact
that F' is separated). O

Corollary 4.55. Given Fy, € C~ (k € K), the sheaf ([I,cx Fr)® (together with
the natural morphisms Fr, — [l,cpx Frv — (Upex Fr)* for h € K) gives the
coproduct of the Fy in C~. Similar statements hold for fibred coproducts and
cokernels.

Remembering the definition of sheaf associated to a (separated) presheaf, it is
immediate to prove the following result.

Lemma 4.56. Let a: F — G be a monomorphism of C. If G is separated, then
F is separated, too. If G is a sheaf, then the induced morphism o’ : F* — G (such
that o o pp = ) is also a monomorphism.

In particular, if a: FF — G is a morphism of C™, the natural morphism
(ima)® — G is a monomorphism of C, so that (ima)® can be identified with
a subsheaf of G, which we will denote by iINng and call the image of o in C™.
Note that, given U € C and £ € G(U), € € (ima)(U) if and only if there exists
{U; = U}ier € Cov(U) such that &|y, € (ima)(U;) for every i € I.

Proposition 4.57. A morphism a: F — G of C™ is a monomorphism in C~ if
and only if it is a monomorphism in C, and it is an epimorphism in C~ if and
only if i ma =G.

Proof. If a is a monomorphism in C™ (the other implication is obvious), we have to
show that Homg (H, F) = Homg(H, G) is injective for every H € C. By Propo-
sition 4.52 this map can be identified with Homg~(H®, F) <% Homc~(H®, G),
which is injective by hypothesis.

Assume now that a is an epimorphism in C~. Let H := G[][; G (fibred
coproduct in (Aj) and denote by ji1,jo: G < H the natural morphisms (which
satisfy j; o = ja o). Since pgojioa =pgojroa € Home~(F, H*), it follows
that pg 0 j1 = pg o jo. As py is a monomorphism (because H is separated, as it
is immediate to check), this implies that j; = jo, whence ima = G. Conversely,
if ima = G, then, given (1,82: G — H such that 8, o « = (5 o a, we have in
particular £1|im o = B2|im o, and therefore (by the universal property of associated
sheaf) 81 = il ,, = Balg, = Be- O

Corollary 4.58. A morphism of C™~ is an isomorphism if and only if it is a
monomorphism and an epimorphism.
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Proof. If a: F' — G is a monomorphism and an eplmorphlsm in C~, then it is a
monomorphism also in C so that (by Remark 4.19) F = ima. Thus imea is a
sheaf and im o = im v = G, which proves that « is also an epimorphism in C and
the conclusion follows from Corollary 4.17. O

Remark 4.59. Every morphism a: F' — G of C~ factors as the composition of
the epimorphism (of C™~) F — im « — im « and of the monomorphism ima < G.
It is easy to see that such a factorization is unique up to isomorphism.

Corollary 4.60. If a: F — G is a representable covering morphism of C~, then
«a is an epimorphism.

Proof. Given V € C and n € G(V), by hypothesis there is a cartesian diagram

f

U——V

g o )

F——G
such that {f} € Cov(V). Then n|y = no f = ao& € (ima)(U), which implies
that n € (im«a)(V), so that ima = G. O

4.4 Presheaves and sheaves with values in a category

So far we have dealt only with presheaves and sheaves of sets; of course, one can
consider also (pre)sheaves of groups, rings, modules, ... (in general, of objects of
an arbitrary category, instead of Set). As for presheaves, it is natural to give the
following definition.

Definition 4.61. A presheaf on a category C with values in a category D is a
functor C° — D. A morphism of presheaves on C with values in D is just a
natural transformation of such functors.

Therefore, the category of presheaves on C with values in D is Fun(C°, D).

Definition 4.62. Let C and D be two categories. A presheaf F' € Fun(C°, D)
is separated (respectively a sheaf) for a pretopology 7 on C if for every U € D the
presheaf of sets Homp (U, F/(—)) € C is separated (respectively a sheaf) for 7.

As usual, we will regard separated presheaves and sheaves as (strictly) full
subcategories of Fun(C°, D).

Remark 4.63. Of course, one has to check that the above definition coincides
with the old one in the case D = Set. This follows from the fact that each functor
Homget (U, —) preserves kernels, products and monomorphisms (as it is easy to
see) and that Homget ({*}, —) = idget-



Lectures on algebraic stacks 63

Remark 4.64. In many common cases, when D is a category like Grp, Ab,
Rng, A-Mod (A a ring), there is a natural forgetful functor D: D — Set and
a presheaf F' € Fun(C°,D) is separated (respectively a sheaf) if and only if
DoF e Cis separated (respectively a sheaf). Indeed, if F' is separated or a sheaf,
the same is true for Do F' because there exists X € D such that Homp (X, —) = D
(X = Z for Grp and Ab, X = Z[z] for Rng and X = A for A-Mod). The
converse implication follows from the fact that, again, each functor Homp (U, —)
preserves kernels, products and monomorphisms and that a morphism f: U — V

g
is a monomorphism (respectively a kernel of V' *>*1> W ) in D if and only if D(f)
g2

D(g1)
is a monomorphism (respectively a kernel of D(V') :1; D(W) ) in Set.
D(g2)

We are going to see that (pre)sheaves of groups’ admit alternative (equivalent)
descriptions. First, we give a more general definition.

Definition 4.65. Let C be a category. A group in C is given by an object G of
C together with a group structure on G(U) for every object U of C, such that
the map G(f): G(V) — G(U) is a homomorphism of groups for every morphism
f:U—=Vof C

In other words, a group in C is given by an object G of C together with an
isomorphism (in C) G = DoF for some F' € Fun(C°, Grp) (where D: Grp — Set
is the forgetful functor).

Now, it is easy to see that the datum of a sheaf of groups on C is equivalent
to the datum of a group in C™~ (and similarly for (separated) presheaves). In fact,
if F': C° — Grp is a sheaf of groups (so that G := Do F € C~ by Remark 4.64),
then G can be given a structure of group in C~ as follows: for every H € C~
the set Homg~ (H, G) is in a natural way a group with multiplication « - 5 de-
fined for every U € C by (a - B)(U) := «(U)B(U) (the latter is multiplication
in Homget(H(U),G(U)), which is a group because G(U) = F(U) is a group).
Conversely, if G is a group in C™, then the presheaf F': C° — Grp defined for
every U € C by F(U) := G(U) with the natural group structure (notice that
G(U) = Homg (U, G) = Homg~(U?, G), which is a group by definition of group
in C7) is a sheaf of groups (since D o F' = G).

The following result shows that, if C has finite products (which is always true
for the categories of presheaves and of sheaves), the definition of group in C can
be reformulated in a more intrinsic way.

Proposition 4.66. Let C be a category with finite products, and denote by * a
terminal object of C. Then to give a group in C is equivalent to giving morphisms
e:x — G (“identity”), i: G — G (“inverse”) and m: G x G — G (“multiplica-
tion”) of C such that the following diagrams commute:

9We treat here only the case of groups, but similar considerations can be done for other
algebraic structures, like rings, modules, ...
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1. GxG ;
(id,ey \me,id)
G — G <— G
id id
9. ¢ gragd g,
* . G . *

idGXm

3. GxGExGE——GxGqG.

mXidG\L im

GXGTG

Proof. Given e, i and m such that the diagrams commute, it is clear that for every
U € C the set G(U) is a group with multiplication given by

m(U)

G(U) x GU) = (G x G)(U) G(U)

(the identity is e(U)(x(U)) € G(U) and the inverse is i(U): G(U) — G(U)) and
that in this way G(f) is homomorphism of groups for every f € Mor(C).
Conversely, if G is a group in C, then, denoting (for every U € C) by
m(U): (G x G)(U) 2 GU) x G(U) — G(U) the multiplication, the maps m(U)
clearly define a natural transformation (hence a morphism of C, by Yoneda’s
lemma) m: G x G — G. Moreover, associativity of the multiplication maps (and,
again, Yoneda’s lemma) implies the commutativity of the last diagram. Similarly,
from the existence of identity and inverse one sees that there exists e: x — G and
i: G — G such that the other diagrams commute. O

Remark 4.67. The above result shows, in particular, that a group in Set (re-
spectively in Diff, respectively in Sch) is a group in the usual sense (respectively
a Lie group, respectively a group scheme).

Definition 4.68. Let G be a group in a category C. An action (on the right) in
C of G on an object U of C is given by actions o(W): UW) x G(W) — U(W) of
the group G(W) on the set U(W) (for every W € C) such that for every morphism
f: W = W’ of C the diagram

o) x aovy 2L g

U(f)XG(f)l J{U(f)

U(W) x GW) —=U(W)
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commutes. The action g is free if o(W) is a free action for every W € C.

With the same technique of Proposition 4.66 it is easy to prove the following
result.

Proposition 4.69. Let C be a category with finite products and let G be a group
in C. Then to give an action of G on an object U of C is equivalent to giving a
morphism ¢: U x G — U of C such that the following diagrams commute (where
the maps e and m are as in Proposition 4.66):

(id,eox
id

N

U

) UxG;
e
oXidg

2. UxGxG——=UxG.

idyxml ig

UXGTU

In particular, an action in Set is just an action in the usual sense.
Moreover, an action p: UxG — U in C is free if and only if (pr1,0): UXG —
U x U is a monomorphism of C.

4.5 Equivalence relations
Definition 4.70. Let C be a category. An equivalence relation in C is given by

s
two morphisms R:IU of C such that for every W € C the induced map of
d2

sets
(61(W),62(W)): R(W) = UW) x UW)

is an equivalence relation in the usual sense (in particular, it must be injective).

As in the case of groups, equivalence relations in C can be described in an
alternative way, at least when C has finite products and fibred products: this
is shown in the following result, whose proof is again similar to that of Proposi-
tion 4.66.

Proposition 4.71. Let §1,02: R — U be morphisms in a category C such that

o1
UxU and Rs,xs, R exist. Then R——=U is an equivalence relation in C if
02

and only if 6 := (01,02): R — U x U is a monomorphism of C and there exist
morphisms e: U — R, i: R — R and m: Rs,x5;, R — R of C such that the
following diagrams commute:
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1. (reflexivity) R—LsUxU ;

NH

U

2. (symmetry) U R 2.y ;

PN

R
L 81 X082
3. (transitivity) Rs,xsy R—————>U x U .
\ Té
R

In particular, an equivalence relation in Set is just an equivalence relation in the
usual sense.

o1
In case U x U exists, an equivalence relation R——=U will be often denoted
d2

by (51,62)2 R—UxU.

Example 4.72. Assume that C has finite products and let o: U x G — U be
a free action in C. Then it is easy to see that (pri,0): U x G — U x U is an
equivalence relation in C.

Definition 4.73. A morphism 7: U — V is a quotient of the equivalence relation

51 61
R—=U if 7 & coker(R—=U). 7 is an effective quotient if moreover the
52 62

induced morphism R — U Xy U is an isomorphism; in this case, we will also say
01
that R——=U is an effective equivalence relation.
d2
Remark 4.74. Of course, if a quotient of an equivalence relation exists, then it is
unique up to isomorphism, and it is an epimorphism. In general, however, it need
not exist, and, if it exists, it need not be effective.

Example 4.75. Every equivalence relation R — X x X in Set is effective: it
is straightforward to check that the natural projection X — X/R is an effective
quotient.

Example 4.76. Let X be a set with #(X) > 1. Then it is clear that the equiva-
pri
lence relation X x X —=X (whose quotient in Set is X — {*}) has no quotient

pr2

in the full subcategory of Set having as objects the sets Y with #(Y) > 1.
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Example 4.77. Let A! := Al = SpecK[t] (K a field of characteristic # 2) and
let .: A\ {0} = SpecK]t,t7'] — A! be the inclusion morphism. We consider

5
the equivalence relation R—=A! in AffSch x, where R := A'[J(A'\ {0})
02

and d; (respectively d3) is the morphism induced by ids: and ¢ (respectively —u);
geometrically, R is the disjoint union of the “diagonal” and of the “antidiagonal
minus the origin” in A! x Al = A2,

Algebraically §; = Spec ¢;, where ¢; : K[t] — K[t] xK[t,t!] are the morphisms
of K-Alg defined by ¢;1(t) := (¢,t) and ¢2(t) := (t,—t). We claim that 7 :=
Spect: Al — Al where ¢: K[t] — K[t] is defined by 1(¢) := t2, is a non effective

o1
quotient of R——=A! in AffSch k. Indeed, by Proposition 4.78 below, this

62

corresponds to the fact that the diagram in K-Alg

K[t] —~ K[{]

| |

K[t] — K[t] x K[t,t71]

is cartesian (which is obvious) but not cocartesian (note that K[t] ,®, K]
K[t] x K[t]). It is not difficult to prove that 7 is a non effective quotient of

o1
R—zA" also in Sch .
02

Proposition 4.78. A morphism w: U — V is a quotient (respectively an effective

5
quotient) of the equivalence relation R:lU if and only if the diagram
b2

R-2.U
62l iﬂ'
U—

s

is cocartesian (respectively cartesian and cocartesian).

s
Proof. Indeed, if 7 is a quotient of R4>41>U , then, given morphisms f1, fo: U —
02

W such that fi 0y = f2 002, necessarily f1 = fo := f (as in Proposition 4.71, one
can prove that there exists e: U — R such that §; o e = idy for 1 = 1,2, so that

5
fi=fiodioe= fyodyoe = f3). Therefore, by definition of coker(R:;lU),
1)

2
there exists a unique g: V' — W such that gom = f, which proves that the diagram
is cocartesian. The rest of the proof is clear from the definitions. O
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Example 4.79. Let f: U — W be a morphism in a category C such that U xy U

exists. Then it follows immediately from the definition of fibred product that
pr

UxwU 4>*>1 U is an equivalence relation in C. If it has a quotient 7: U — V,
pr2

then 7 is actually an effective quotient. Indeed, as 7 is a quotient, there exists

a unique g: V — W such that f = gow: U — W. Therefore, given morphisms

hi,ho: Z — U such that w o hy = w o hy, we have also f o hy = f o ho, whence

there exists a unique h: Z — U xw U such that h; = pr; o h for i = 1,2, which

proves that the diagram

Uxw U0

U ™

is cartesian, (i.e., 7 is effective).

Taking into account Proposition 4.8 it is then immediate to prove the following
result.

Proposition 4.80. Let C be a category. Then every equivalence relation R —
F x F in C has effective quotient given by the natural projection F — F/R (where
F/R e C is defined by (F/R)(W) := F(W)/R(W) on objects and in the obvious
way on morphisms). Moreover, given a morphism a: F — G in 6, the natural
morphism F X F — F X F is an effective equivalence relation in 6, with quotient
given by the projection F — im « (in particular, the quotient is « if and only if a
is an epimorphism,).

Remark 4.81. If an equivalence relation R < U x U in some category C has
effective quotient m: U — V, it can happen that m is not the quotient in C.
Indeed, if #’: U — F is the (effective) quotient in C, then there exists a unique
a: F — V such that m = aon’, and effectiveness of the two quotients implies that
« is a monomorphism; in general, however, it is not an isomorphism. Consider
for instance R := {(a,b) € Z x Z|a = b mod n} — Z x Z (where n > 1 is an
integer): it is easy to see that this is an equivalence relation in Grp (and in Ab)
with effective quotient given by the natural projection Z — Z/nZ. Denoting by
Z — F the quotient in EE, for every G € Grp we have F(G) 2 Z(G)/R(G). In
particular (since Homgyp(Z/nZ,Z) = {0}) F(Z/nZ) = {0}, whence F' 2 Z/nZ.

Lemma 4.82. Let (C,7) be a site and let R — F x F be an equivalence relation
in C such that R is a sheaf and F is separated. Then F/R € C is separated, too.

Proof. Given U € C, {U; — U}ier € Cov(U) and &',n' € (F/R)(U) such that
v, = 1'|u, € (F/R)(U;) for every i € I, we have to prove that & = n’. Let
&,n € F(U) be lifts of & and n’. The fact that '|y, = 1’|y, implies that

G=(§

visnlu) € R(U;) € F(U;) x F(U;).
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As clearly Gilv,x,vu; = Cilu,xyu, € R(U; xy Uy) for all 4,5 € I, there exists a
unique ¢ € R(U) such that ¢; = (|y, for every i € I (because R is a sheaf). Since
F is separated, it follows that ¢ = (£, ), whence ¢ =7/. O

Corollary 4.83. Let (C, 1) be a site. Then every equivalence relation R — F x F

in C™~ has effective quotient given by the natural morphism F — F/R friw,
(F/R)®.

Moreover, given a: F' — G in C~, the natural morphism F xg F — F x F
is an effective equivalence relation in C~, with quotient given by the natural mor-
phism F — im « (in particular, the quotient is o if and only if o is an epimorphism
in C~).

Proof. Since F — F/R is the quotient of R < F x F in C, F — (F/R)" is the
quotient in C~ by Corollary 4.55. As pg/p is a monomorphism (because F/R is
separated), the natural morphism F X p/r F' — F' X (p/gye F' is an isomorphism. It

follows that R < F x F is effective in C™ because it is effective in C. The second
statement can be proved in a similar way. O

5
Definition 4.84. Let (C, 7) be a site. An equivalence relation R:;lU in C is
d2

a 7 equivalence relation if §; and do are covering morphisms for 7.

5 Fibred categories

5.1 Fibred categories

We fix a functor p: F — C: we will regard F as a category over C via p. Given a
morphism f: U — V of C and objects &, 1 of F such that p(§) = U and p(n) =V,
we define

Hombf,(f,n) = {¢ € Homp(§,n) | p(¢) = f}.

Moreover, for every object U of C, we will denote by Fy the subcategory of F
having as objects the objects £ of F such that p(§) = U and as morphism the
morphisms ¢ of F such that p(¢) = idy (i.e., Homp,, (£,€') = HomiV (¢, &), and
call it the fibre of F over U.

Definition 5.1. A morphism ¢: £ — n of F (say with p(¢) = f: U — V)
is cartesian (with respect to p) if for every morphism ¢': ¢ — n of F (say with
p(¢’) = f': U’ — V) and for every morphism g: U’ — U of C such that f' = fog,
there exists a unique morphism ) € Homg (€', §) such that ¢’ = ¢ o 9.

Remark 5.2. This definition of cartesian morphism is not the standard one (see
[10, Exp. VI]), which is given by a weaker condition (namely, in the above notation,
one restricts to the case f/ = f and g = idy). Let’s call quasi-cartesian a morphism
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which is cartesian according to the standard definition. Then the notion of quasi-
cartesian morphism can be viewed as a formal generalization of the notion of
cartesian diagram. Indeed, if we write {———U to mean that p(§) = U and call
“commutative” a diagram like

@
§——=1
U*>f Vv

if p(¢) = f, then the fact that ¢ is quasi-cartesian can be expressed by saying that
every “commutative” diagram of continuous arrows

can be completed with a unique dotted arrow which keeps it “commutative”. On
the other hand, ¢ is cartesian if and only if the following stronger condition is
satisfied: every “commutative” diagram of continuous arrows

can be completed with a unique dotted arrow which keeps it “commutative”.
Despite this fact, we use the present definition of cartesian morphism because,
in our opinion, it simplifies statements and proofs of this section, and we really
don’t need the notion of quasi-cartesian morphism. Moreover, we are going to
consider fibred categories, and in a fibred category every quasi-cartesian morphism
is actually cartesian ([10, Exp. VI, Prop. 6.11]).

The following example shows that the relation between cartesian morphisms
and cartesian diagrams is not just formal.
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Example 5.3. Let Mor(C) be the category whose objects are morphisms of C
and whose morphisms, say from h: U — U to k: V — V, are given by pairs of
morphisms of C (f: U — V, f: U — V) such that the diagram

f

- >

S
Tﬁz

<

P

f

commutes (composition of morphisms is defined in the obvious way). We will
regard Mor(C) as a category over C via the “target” functor p: Mor(C) — C
defined by sending an object h: U — U to U and a morphism (f,f) as above
to f. Then a morphism of Mor(C) is cartesian if and only if the corresponding
commutative diagram of C is cartesian (it is obvious by definition that the diagram
is cartesian if and only if the morphism is quasi-cartesian, and it is easy to see
that a quasi-cartesian morphism in Mor(C) is cartesian). Note that the fibre
Mor (C)y over U € C can be identified with C ;.

Remark 5.4. By definition, a morphism ¢: £ — n of F (with p(¢) = f: U —» V)
is cartesian if and only if for every g: U’ — U in C and every & € Fy the
map Hom$ (¢, €) 20, Hom{;og(f’, 7n) is bijective. We will often use this fact in the
following.

Lemma 5.5. Let & 2, n 2, ¢ be morphisms of F with v cartesian. Then ¢ is
cartesian if and only if 1 o ¢ is cartesian.

Proof. Let p(¢) = f: U — V and p(vb) = ¢g: V — W. Now, ¢ (respectively ¥ o ¢)
is cartesian if and only if for every h: U’ — U in C and every &' € Fy the map

Hom (¢/,€) LN H0m£0h(§/7 n) (respectively Homp (€', €) Yoo, Hom%ofc’h(f’7 )) is

bijective. The statement then follows from the fact that the map Hom{:‘c’h(f’ 1) Yo,
Hom%ofoh(g’, ¢) is bijective because 9 is cartesian. O

Lemma 5.6. A morphism ¢ of F is an isomorphism if and only if it is cartesian
and p(¢) is an isomorphism.

Proof. It is clear from the definition that if ¢ is an isomorphism then it is cartesian
(and obviously p(¢) is also an isomorphism). So we can assume that ¢: & — 7
is cartesian and p(¢) = f: U — V is an isomorphism. Then, by definition of
cartesian morphism, there exists a unique ¥ € Hom{; ' (n,€) such that ¢potp = id,,.
As ¢ and ¢ o 1) = id,, are cartesian, by Lemma 5.5 ¢ is cartesian, too. Since also
p(y) = f~! is an isomorphism, by the same argument we get that there exists a
unique ¢’ € H0m£ (&,m) such that ¢ o ¢ =ide. It follows that ¢ = ¢po1po ¢’ = ¢’
is an isomorphism with inverse 1. O
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Corollary 5.7. Let ¢: £ — n and ¢': & — n be cartesian morphisms of F with
p(¢) =p(¢'): U = V. Then the morphism ¢ € Hompg,, (£',€) such that ¢/ = pop
(4 exists unique because ¢ is cartesian) is an isomorphism; in particular, & = ¢’
m FU-

Proof. 1) is cartesian by Lemma 5.5 and p(y)) = idy is an isomorphism. O

Definition 5.8. p: F — C is a fibred category (or F is a fibred category over C)
if for every morphism f: U — V of C and for every object n € Fy,, there is a
cartesian morphism ¢: & — n with p(¢) = f.1°

Example 5.9. Mor(C) is a fibred category over C if and only if C has fibred
products. More generally, if P is a property of morphisms of C which is stable
under base change, then the full subcategory Mor”(C) of Mor(C) (having as
objects the morphisms of C which satisfy P) is a fibred category over C.

~

Example 5.10. By the previous example Mor (C) is always a fibred category over
C. It follows that its full subcategory PSh(C) (having as objects the morphisms
of C with target an object of C) is a fibred category over C. Its fibre over U € C is

G/U, which is equivalent to 6/\[] by Lemma 4.20: for this reason we call PSh(C)
the fibred category of presheaves over C.

Definition 5.11. A functor p: F — C is a category fibred in groupoids (respec-
tively in equivalence relations, respectively in sets) if it is a fibred category and
for every U € C the fibre Fy; is a groupoid (respectively an equivalence relation,
respectively a set).

Example 5.12. Every presheaf F' € C naturally determines a category fibred in
sets p: F — C in the following way:

Ob(F) :={(U,§)|U € C,§ € F(U)}
and, given two objects (U, €) and (V,n),

Homg (U, €), (V7)) := {f € Homc(U, V) | F(f)(n) = &},

whereas p is obviously defined by p(U, &) := U and p(f) := f. The fact that F is
a functor immediately implies that every morphism in F is cartesian, and then it
is obvious that F is a fibred category over C (in sets, as clearly each fibre Fy is
isomorphic to the set F'(U)). Notice that F can be naturally identified with the
category C,p and p: F — C with the forgetful functor C,p — C.

Conversely, to every category fibred in sets p: F — C one can associate a
presheaf F € C, defined on objects by F(U) := Fy and on morphisms as follows:

10In the standard definition of fibred category one requires, in the above notation, that there
exists a quasi-cartesian (in the sense of Remark 5.2) ¢ with the same property, and moreover
that quasi-cartesian morphisms are stable under composition. The fact that the two definitions
are equivalent follows from [10, Exp. VI, Prop. 6.11] and Lemma 5.5.
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given f: U — V in C and n € Fy = F(V), the fact that F is fibred in sets implies
(by Corollary 5.7) that there exists a unique cartesian morphism ¢: £ — n in F
with p(¢) = f, and then we define F(f)(n) := £. It is then easy to check that F'
is indeed a functor.

Proposition 5.13. p: F — C is a category fibred in groupoids if and only if the
following two conditions are satisfied:'!

1. for every morphism f: U — V of C and for every object n of Fy, there
exists ¢: &€ — n in F such that p(p) = f;

2. every morphism of F is cartesian.

Proof. Assuming p: F — C is a category fibred in groupoids, we have only to
prove (2). Given a morphism ¢: & — n of F with p(¢) = f: U — V, we can
take a cartesian morphism ¢': ¢’ — n with p(¢’) = f. Then, by definition there
exists a unique ¢ € Homp,, (£,¢’) such that ¢ = ¢’ 0. As Fy is a groupoid, ¢ is
an isomorphism (and in particular it is cartesian), so that ¢ is also cartesian by
Lemma 5.5.

Conversely, assuming (1) and (2) hold, we have only to prove that every fibre
of F is a groupoid. Now, if ¢: & — 7 is a morphism of Fy;, then ¢ is cartesian
by hypothesis and p(¢) = idy is an isomorphism, whence ¢ is an isomorphism by
Lemma 5.6. O

Corollary 5.14. A fibred category p: F — C is fibred in groupoids if and only if
it satisfies the following condition: a morphism ¢ of F is an isomorphism if and
only if p(¢) is an isomorphism of C.

Proof. If F is fibred in groupoids and ¢ is a morphism of F such that p(¢) is
an isomorphism, then ¢ is cartesian by Proposition 5.13, whence an isomorphism
by Lemma 5.6. Conversely, if the condition is satisfied, then for U € C every
morphism of Fy is obviously an isomorphism. O

Corollary 5.15. Let F be a fibred category over C and let F* be the subcategory
of F having the same objects as ¥ and as morphisms the cartesian morphisms.
Then F is q category fibred in groupoids over C.

Proof. Notice first that F¢* is a subcategory of F by Lemma 5.5. Then it is clear
that the natural functor F** — C satisfies condition (1) of Proposition 5.13, and
as for (2), just observe that every cartesian morphism of F is cartesian also as a
morphism of F¢* (this follows again from Lemma 5.5). O

1 This gives an alternative definition of category fibred in groupoids, which is often found in
the literature when the general definition of fibred category is not given.
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5.2 The 2-category of fibred categories

We fix a base category C; we are going to see that fibred categories over C are
in a natural way the objects of a 2-category (see Section A.2 for the definition of
2-category and notation used).

Definition 5.16. Let p: F — C and p’: F/ — C be two fibred categories. A
morphism of fibred categories over C from F to F’ is a functor P: F — F’ which
sends cartesian morphisms to cartesian morphisms and such that p’o P = p (strict
equality, not just isomorphism of functors). If P,Q: F — F’ are two morphisms
as above, a 2-morphism from P to () is a natural transformation a.: P — () such
that id, * & = id, in Cat (more explicitly, this means that for every ¢ € F,
say with p(§) = U, hence such that P(£),Q(&) € Fy, it is required that «(§) €

Homgy, (P(€), Q(€)), Le. that p/(a()) = idy).

Proposition 5.17. Fibred categories over C form the objects of a 2-category
Fib, with morphisms and 2-morphisms as in the above definition and with com-
position of morphisms and (horizontal and vertical) composition of 2-morphisms
defined as in Cat.

Proof. Straightforward, using the fact that Cat is a 2-category. O

We will denote by Fib} 4 (respectively Fib{"", respectively Fibg’) the full 2-
subcategory of Fibs having as objects categories fibred in groupoids (respectively
in equivalence relations, respectively in sets).

Remark 5.18. Let p: F — C and p’: F/ — C be two fibred categories with
F € Lm%pd. Then a functor P: F — F’ is a morphism of fibred categories if
and only if p’ o P = p (because every morphism of F’ is cartesian by Proposi-
tion 5.13). Moreover, every 2-morphism between two morphisms from F to F’ is
a 2-isomorphism (in other words, Hompjp , (F,F’) is a groupoid). It is also clear
that if ' € Fibg&""" (respectively F/ € Fibg") then Homg;p, (F, F') is an equiv-
alence relation (respectively a set). In particular, we see that Fibg’ is actually an
ordinary category, and it is then easy to prove the following result.

Proposition 5.19. The map F — (C/p — C) (see Evample 5.12) extends to

a functor C - Fib‘gt, which is an equivalence of categories (and whose quasi-
inverse on objects is also described in Example 5.12).

From now on we will therefore identify C with Fi scet; so, for instance, if
F € C, we will often denote again by F' the category fibred in sets C,p — C.

Example 5.20. If {x} is the trivial category (a set with one element), then Fib,,
coincides with Cat. To see this, just observe that in this case (and more generally
when C is a groupoid) a morphism in a fibred category is cartesian if and only if it
is an isomorphism (by Lemma 5.6), and that every functor preserves isomorphisms.
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Notice that, if P € Hompip , (F,F’), then for every U € C the restriction of
P defines a functor Py: Fy — Fy,.

Lemma 5.21. Let p: F — C and p': ¥/ — C be fibred categories and let
P:F — ¥’ be a morphism in Fibe. Then P is faithful (respectively full, respec-
tively essentially surjective) if and only if Py: Fy — Fy; is faithful (respectively
full, respectively essentially surjective) for every U € C.

Proof. Tt is clear that if P is faithful (respectively full), then each Py is faithful
(respectively full), too. Assume conversely that each Py is faithful (respectively
full): since p’oP = p, it is enough to prove that for every f: U — V in C, every & €
Fy and every n € Fy, the natural map ngm: Hom{;(&n) — Hom{w (P(&),P(n))
is injective (respectively surjective). Let ¢: 5 — 1 be a cartesian morphism in F
with p(¢) = f; then in the commutative diagram

idy

Homg,, (£, €) i>HOUIF’U (P(&), P(£))

¢Ol J{P(Gﬁ)o

Hom{;({,n) ?Homﬁ/(P(f),P(n))

3%

the vertical maps are isomorphisms because ¢ and P(¢) are cartesian. As Pging is

injective (respectively surjective) by hypothesis, it follows that Pg y 18 also injective
(respectively surjective).

On the other hand, clearly P is essentially surjective if so is each Py; it thus
remains to prove that, if P is essentially surjective, then for every U € C the
same is true for Py. Given &' € F{;, by hypothesis there exists n € Fy for some
V € C such that P(n) € F/, is isomorphic to ¢ in F'. So, let ¢': ¢ — P(n) be an
isomorphism of F/ and let f := p/(¢'): U — V. Choosing a cartesian morphism
¢: & = nin F with p(¢) = f, we obtain a cartesian morphism P(¢): P(£) — P(n)
with p’(P(¢)) = f. Since also ¢’ is cartesian (because it is an isomorphism), it
follows from Corollary 5.7 that ¢’ = P(&) = Py(§) in Fy,. O

Definition 5.22. A morphism P: F — F' in Fibs is a monomorphism (re-
spectively an epimorphism, respectively an isomorphism) if it is fully faithful
(respectively essentially surjective, respectively an equivalence of categories) (by
Lemma 5.21 this is true if and only if Py is fully faithful (respectively essentially
surjective, respectively an equivalence of categories) for every U € C).

Remark 5.23. The above definitions require some explanations. First of all,
the given definition of isomorphism of fibred categories (which will apply also to
stacks) is the most common in the literature, even if it is not the natural one.
In fact, in view of Proposition 5.24 below, it would be more appropriate to use
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the name equivalence instead of isomorphism (see also Remark A.13). In order
to avoid possible confusion we will usually specify the meaning in which the term
isomorphism is to be intended; in particular, in the (rare) cases in which we have a
real isomorphism of categories we will always say isomorphism of categories instead
of isomorphism (of fibred categories). As for monomorphism and epimorphism,
note first that the notion of fully faithfulness (respectively essential surjectivity)
for functors seems to be the natural generalization of the notion of injectivity
(respectively surjectivity) for maps between sets (at least, it is true that a func-
tor between two sets, which is always faithful, is full if and only if it is injective,
and it is essentially surjective if and only if it is surjective). It would then be
natural (in analogy with the usual definition for categories) to define a morphism
f: U — Vina 2-category C to be a monomorphism (respectively an epimorphism)
if and only if the natural functor fo: Homg (W, U) — Homg (W, V) (respectively
of : Hom¢(V, W) — Homc (U, W)) is fully faithful for every W € C. It is then
easy to see that this general definition of monomorphism coincides with the one
given above for Fibs, but the same is not true for epimorphism. However, we
will use the above definition of epimorphism in Fib~ (which is the obvious gen-
eralization of the one used in [15] for stacks) because it allows to extend formally

many properties from C to Fibs. For instance, a morphism of Fib is an iso-
morphism if and only if it is a monomorphism and an epimorphism. Observe also
that a morphism of C is a monomorphism (respectively an epimorphism, respec-
tively an isomorphism) in C if and only if it is a monomorphism (respectively an
epimorphism, respectively an isomorphism) in Fib.

Proposition 5.24. A morphism P: F — ¥’ of Fibe is an isomorphism if and
only if there exists a morphism Q: F' — F of Fibe together with 2-isomorphisms
(of Fibe) Po @ = idgs and Q o P = idp.

Proof. The other implication being trivial, we can assume that P is an isomor-
phism of fibred categories. For every U € C and every ¢’ € Fy;, since Py: Fy —
U 1s essentially surjective, we can choose Q(¢’) € Fy and an isomorphism
a€): PoQ() = ¢ in F;. For every morphism ¢': & — 1 of F/ (say over
f:U — V in C) there exists a unique Q(¢’) € Hom{;(Q(f’),Q(n’)) which is
mapped to ¢’ by the natural map
Pliery.aumy

Hom{, (P o Q(&'), P o Q(1))
la(ﬁ/)ooa(fl)_l

Hom, (¢,77')

Homp(Q(€), Q')

(which is bijective because P is a monomorphism of Fibs). It is clear that @
is a functor and, in order to show that it is a morphism of Fib, it remains to
check that it preserves cartesian morphisms. Now, in the above notation, if ¢’ is
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cartesian, then also a(n’) o ¢’ o a(¢') ™1 is cartesian (by Lemma 5.5), and then it is
enough to note that a morphism ¢ of F with P(¢) cartesian is cartesian, too (this
is also a consequence of fully faithfulness of P). It is also clear that a: Po@Q — idg-
is a 2-isomorphism of Fibs. Moreover, for every U € C and every & € Fyy, since
PS5 ey - Homr, (Q o P(€),€) = Hompy (P o Qo P(€), P(€)) is bijective because
Py is fully faithful, there exists a unique 3(§): @ o P(§) — £ in Fy such that
P(B(€)) = a(P(£)); it is then easy to see that §: @ o P — idg is a 2-isomorphism
of Fib. O

Remembering that a category equivalent to a groupoid (respectively to an
equivalence relation) is a groupoid (respectively an equivalence relation), we have
therefore the following result.

Corollary 5.25. Fib%gd and Fibg“w are strictly full 2-subcategories of Fibg.

By Lemma A.14 we have also the following characterization of isomorphisms

Corollary 5.26. A morphism P: ¥ — F' of Fibg is an isomorphism if and only
if, for every G € Fibg, the functor Po: Homgip (G, F) — Homg (G, F’)
(respectively oP: Homgip (F/, G) — Homps  (F, G)) is an equivalence of cate-
gories.

Proposition 5.27. F € Fibg is isomorphic to a category fibred in sets if and
only if it is fibred in equivalence relations.

Proof. If P: F — F’ is an isomorphism in Fibs and F’ is fibred in sets, then F is
fibred in equivalence relations because Py: Fy — Fy; is an equivalence for every
U € C (remember that a category is equivalent to a set if and only if it is an
equivalence relation). Conversely, assume that p: F — C is fibred in equivalence
relations. For every U € C let F(U) be the set of equivalence classes of the
equivalence relation Fy; and denote by [¢] € F(U) the equivalence class of £ € Fy.
If f: U — V is a morphism of C, for every n € Fy let ¢: £ — n be a (necessarily
cartesian by Proposition 5.13) morphism in F with p(¢) = f: it is easy to see that
the map F(f): F(V) — F(U) given by [n] — [£] is well defined and that in this
way we get a presheaf on F' € C (which corresponds to the category fibred in sets
C,r — C). It is then clear that the natural functor P: F — C,p (defined on
objects by P(&) := [¢] and on morphisms by P(¢) := p(¢)) is an isomorphism in
Fib. O

Corollary 5.28. The inclusion Cc Fibo induces a lax 2-equivalence between C
and Fibd""".

Definition 5.29. If P: F — F’ is a morphism of Fibg, the image of P is the
(strictly) full subcategory im P of F/ whose objects are those ¢ € F’ which are
isomorphic to P(€) for some ¢ € F.
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Remark 5.30. im P, with the restriction of the projection functor F/ — C, is a
fibred category over C (this follows immediately from the fact that P preserves
cartesian morphisms and that every isomorphism of F’ is cartesian). Therefore
P factors as the composition of an epimorphism and a monomorphism in Fiba
through the natural functors F — im P — F’. In particular, P is a monomor-
phism (respectively an epimorphism) if and only if F — im P is an isomorphism
(respectively im P = F’).

5.3 Fibred categories as lax 2-functors

Let p: F — C be a fibred category. Given f: U — V in C, let’s choose for
every 1 € Fy a cartesian morphism ¢: & — 7 with p(¢) = f (such a morphism
is unique up to a unique isomorphism by Corollary 5.7), and let’s denote it by
ar(n): f*(n) — n. For every morphism ¢: n — 1’ in Fy there exists unique a
morphism f*(1): f*(n) = f*(1') in Fy such that

ag(n)

~

*
~—
=

n') ——=1n
arp(n’)

commutes (because ay(n') is cartesian). It is immediate to verify that in this
way we obtain a functor f*: Fyy — Fpy. Assume now that cartesian morphisms
ayr(n): f*(n) — n have been chosen for every morphism f of C (such a choice is
called a clivage in [10]). We would like to define a 2-functor F': C° — Cat by
setting F(U) := Fy for every object U of C and F(f) := f* for every morphism
f of C. Unfortunately, this does not yield a strict 2-functor in general. Indeed,
while the condition F(idy) = idpuy (i-e., idj; = idg, ) for every U € C is satisfied
if we choose aiq,, (§) = ide for every U € C and every { € Fy (in this case the
clivage is said to be normalized), in general there does not exist a clivage such that
F(go f) = F(f)o F(g) (ie., (go f)* = f* o g*) for every couple of composable
morphisms f and g of C (a normalized clivage with this additional property is
called a scindage in [10]).

Example 5.31. Let p: G — H be a morphism of groups: p (regarded as a
functor between two groupoids with one object) is a fibred category if and only
if it is surjective (as a morphism of groups). It is easy to see that a clivage for p
corresponds to a map (of sets) s: H — G such that pos = idy, and that such a
clivage is a scindage if and only if s is a morphism of groups. So, for instance, a
scindage does not exist if p is the natural projection Z — Z/nZ (n > 1).

However, we are going to see that the choice of a clivage ¢ (which we as-
sume to be normalized for simplicity) on F naturally determines a lax 2-functor
F =Fg,.: C°— Cat (defined as above on objects and on morphisms). Given
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morphisms U LoV 2% W oof C and ¢ € Fy, by Corollary 5.7 there exists unique
an isomorphism ¢y 4(¢): f*(g*(¢)) = (g o f)*(¢) in Fy such that

F(g7(Q) —2 L g
Cf,g(C)l \Lo‘g(g)
(9o Q) ——5 ¢

commutes (ag(¢) o af(g*(¢)) is cartesian by Lemma 5.5). It is easy to see that
the morphisms cf 4({) define an isomorphism cy4: f* 0 g* — (go f)* of functors
Fw — Fy. Since c¢ is normalized, we have ciq,,f = cfia, = idy- for every

morphism f: U — V. One can check moreover that, given three morphisms

ULvsw?xof C, the diagram (in Fun(Fx,Fy))

Cf_’g*idh,*

ffogtoh* ———>(go f)*oh*

idf**Cg,hl lcgof,h

ffo(hog)* Y (hogo f)*
commutes. Therefore (g .y is a lax 2-functor, according to the following defini-
tion.

Definition 5.32. A lax 2-functor F': C° — Cat consists of the data of a cat-
egory F(U) for every object U of C, of a functor F(f): E(V) — FE(U) for

every morphism f: U — V of C, and of an isomorphism of functors cf, =

cqu: F(f)o F(9) = F(go f) for every couple of composable morphisms f and

g of C, such that F(idy) = idp for every U € C, ciq,,r = cfidy = idp(y) for
every morphism f: U — V of C and cyoy,n 0 (cfg *idpn)) = Cf hog© (idp(s) *Cg,n)
if f, g and h are three composable morphisms of C.

Remark 5.33. There exist also more relaxed versions of the notion of lax 2-
functor (as we have defined it, it is often called pseudo-functor, for instance in
[10]). In particular, instead of the equality F(idy) = idp(r), one could require the
existence of an isomorphism of functors ay : F(idy) — idp(yy for every U € C such
that ¢, r = ay xidpsy and cfiq,, = idp(p) * ay for every morphism f: U — V
of C (this is the right definition to use if the clivage is not normalized). An even
more general notion is obtained by allowing the natural transformations cy , (and
ay) not to be isomorphisms.

Conversely, every lax 2-functor F': C° — Cat determines (this time in a
natural way) a fibred category p: F = F(F) — C as follows:

Ob(F) := {(U,§)|U € C,§ € E(U)},
Homg ((U,¢€), (Vin)) :={(f,¢) | f € Homc (U, V), ¢ € Homp (&, £(f)(n))}-
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Given (f,¢) € Homp((U,£), (V,n)) and (g,%) € Homg((V,7), (W,()), we define

(g,'ll)) © (f7¢) = (gof,Cf’g(C) OF(f)(¢) O¢)

It is easy to see that F is a category and that the functor p (obviously defined
by p(U, &) := U on objects and p(f, ¢) := f on morphisms) makes it into a fibred
category. Indeed, for every f: U — V in C and every n € F(V), the morphism
(f,idppyomy): (U, F(f)(n)) — (V,n) is cartesian; from this we see that F is also
naturally endowed with a (normalized) clivage.

We are going to see that the map F — F(F) from lax 2-functors to fibred
categories is inverse (up to isomorphism, in a sense to be specified) of the map
F = Fge (for every choice of a normalized clivage ¢ on F). In fact, not only
strict 2-functors (see Proposition A.21) but also lax 2-functors form the objects
of a (strict) 2-category LaxFun(C°, Cat); its 1-morphisms are given by lax 2-
natural transformations and its 2-morphisms by modifications. If ', G: C° — Cat
are 2-functors, a lax 2-natural transformation a: F — G is given by functors
a(lU): F(U) = G(U) for every U € C together with isomorphisms

as: G(f)ea(V) = a(U) o E(f)
of functors F'(V) — G(U) for every f: U — V in C, such that ayq,, = idg) for
every U € C and, given U Lv % wWin C,
G . F . .
€19 © Qo = (ida(w) * €5 ) 0 (@y *idp(g) o (idas) * )

as morphisms G(f) 0 G(g) e (W) = a(U) o E(f) o E(g). If o, B: I — G are lax
2-natural transformations, a modification €: o — B is given by natural transfor-
mations e(U): a(U) — B(U) for every U € C such that

By o (idgp) *e(V)) = (e(U) xidp(s)) o ap: G(f) o a(V) = B(U) o £(f)

for every f: U — V in C. We leave it to the reader to imagine how compositions
are defined and to check that LaxFun(C?°, Cat) is indeed a 2-category. It is then
boring but not difficult to prove the following result.

Proposition 5.34. The map F — F(g (for F € Fibs and ¢ an arbitrary nor-
malized clivage on F) extends to a (strict) 2-functor Fibs — LaxFun(C°, Cat),
which is a (strict) 2-equivalence; a 2-quasi-inverse is given by the natural 2-functor
LaxFun(C°, Cat) — Fib defined on objects by F — F(F).

This shows that it is essentially the same thing to work with fibred categories
or with lax 2-functors. Although we will stick to fibred categories (which are much
more common in the literature), it will be often useful to endow a fibred category
with a clivage (so implicitly using an associated lax 2-functor). For this reason, we
will usually tacitly assume that a clivage has been chosen on every fibred category
under consideration. So, given f: U — V in C and F € Fib, we will freely use
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expressions like f*(n) (n € Fy) or f*(¢) (¢ € Mor(Fy)); in analogy with the
notation used for presheaf, we will sometimes write 1|y and |y instead of f*(n)
and f*(1), if there can be no doubt about f.

We must also say that in some cases a fibred category is more naturally defined
as the fibred category associated to some lax 2-functor. So it is customary to assign
a fibred category F by specifying the fibres Fy for every U € C and the pullback
functors f* for every f € Mor(C) (which are often the “obvious” ones).

Example 5.35. If C = Sch/g or C = AffSch/g (S a scheme), we can define
Mod: C° — Cat by Mod(U — S) := Mod(U) on objects and Mod(f) := f*
on morphisms (f* denotes the usual pullback functor): notice that, if f and g
are two composable morphisms of C, the natural isomorphisms f* o g* 2 (g o f)*
satisfy the necessary compatibility relations, so that Mod is a lax 2-functor (in
the weaker sense of Remark 5.33, since idj; is in general only isomorphic to the
identity). We will denote by Mod the corresponding fibred category; similarly,
QCoh (respectively QCohAlg, respectively QCohGAlg) will be the fibred cat-
egory whose fibre over (U — S) € C is QCoh(U) (respectively QCohAlg(U),
respectively QCohGAlg(U)).

5.4 Yoneda’s lemma for fibred categories

Let C be a category, F € Fibg a fibred category and U € C an object (which
we will identify with the corresponding category fibred in sets C,y). There is
a natural functor ® = ®p : Hompip (U,F) — Fy defined as follows. If P €
Hompip, (U, F), ®(P) := P(idy) = Py(idy) (notice that Py is a functor U(U) —
Fu); similarly, if o € HomHomFibc(UF)(P, Q) (ie., if a: P — @ is a 2-morphism
of Fibo), ®(a) := a(idy): P(idy) — Q(dy) (a(idy) is a morphism of Fy by
definition of 2-morphism in Fibg).

Conversely, it is easy to see that the choice of a clivage ¢ on F induces a
functor ¥ = Vg ) y: Fy — Homgip (U, F). Indeed, for every £ € Fy we
define the functor ¥(§): C,y — F as follows: if f: V' — U is an object of Cy,
V(&)(f) = f*(§) € Fy, whereas if g: V' — V' is a morphism of C,y (say from
[V =Uto fl: V' = U), ¥(E)(g) € HomL(f*(€), £/ (€)) is defined to be the
morphism (which exists unique because a/ () is cartesian) such that

— (¢
af& ;A

commutes (note that ¥(£)(g) is cartesian by Lemma 5.5, so that (&) is really
a morphism of Fib). Similarly, if ¢: & — & is a morphism of Fy, the natural
transformation W(¢): W(£) — ¥ (') is defined for every object f: V — U of C,y
by U(&)(f) := f*(&): f*(€) = f*(&') (it is clear that V(o) is actually a morphism
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of Homgip, (U, F)). It is then easy to prove the following result, which generalizes
Proposition 4.3.

Proposition 5.36. For every fibred category F € Fibe and every U € C the
functor ®g y: Hompip (U, F) — Fy is an equivalence of categories. Moreover,
Jor every clivage ¢ on F, the functor V(g ) v: Fu — Hommc(U, F) is a quasi-
inverse of Pr .

Remark 5.37. As we do for presheaves, we will usually identify the categories
Fy and Hompgip (U, F), without mentioning the functors ® and ¥. In particular,
every object £ of Fyy will be identified with the morphism ¥ (&) (of course, in this
way the morphism ¢ of Fib- depends on the chosen clivage, but different choices
yield 2-isomorphic morphisms).

5.5 Fibred products of fibred categories

It is not clear a priori how fibred products should be defined in Fibs (or, more
generally, in an arbitrary 2-category). Actually, even in Cat there are (at least)
two different possible definitions of fibred product. The more obvious one is the
following, which we will call strict fibred product and denote by x®: given functors
F;: C; — C (i = 1,2), one can define the category Ci g, x°g, Co (or simply
C; x°c Cz) by

Ob(C1 XSC Cg) = {(U1, UQ) | Uz S Ci,Fl(Ul) = FQ(UQ)}a
Hom((Uy,Uz), (V1,V2)) := {(f1, f2) | fi € Homc, (U;, Vi), Fi(f1) = Fa(f2)}-

(composition of morphisms is obviously defined componentwise). It is clear that
there are natural projection functors Pr;: C; x5c Co — C; and that F; o Pr; =
F5 o Pry (true equality, not just isomorphism of functors). It is also easy to see
that strict fibred product satisfies the following property: for every D € Cat
composition with Pr; and Prs induces an isomorphism of categories

FI,III(D7 C, XSC Cg) — Fun(D, Cl) XSFun(D,C) Fun(D, Cg)

However, such a definition of fibred product in Cat (which can be extended to an
arbitrary 2-category C defining U X%y V' by a similar universal property, namely
requiring that the natural functor

Hom¢ (X,U x*w V) - Homg (X, U) stomg(X_’W) Hom¢(X,V)

be an isomorphism of categories for every X € C) does not yield a satisfactory
notion of fibred product in Fibs. The reasons of this can be understood already
in Cat = Lm{*}: for instance, if Fy is an equivalence of categories (i.e., an iso-
morphism of fibred categories), then Pry: C; X3¢ Co2 — Cs is not an equivalence
of categories in general. However, although we will use a different notion of fibred
product in Fib, strict fibred products will also play a role in the following, as we
are going to explain.
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Lemma 5.38. Let p: F — C be a fibred category and F: C' — C a functor.
Then the projection functor p': F' := C' px°, F — C’ is a fibred category, too.
Moreover, the projection functor F' — F induces an isomorphism of categories
Fy, — Fpwry for every U € C' (in particular, if F is fibred in groupoids or in
equivalence relations or in sets, the same is true for F').

Proof. Given f': U’ — V' in C' (say with F(f') = f: U = V) and ¥ € F},, (by
definition of F’, 77’ must be of the form (V’,n) for some n € Fy/), we have to show
that there exists a cartesian morphism ¢': ¢ — n’ in F/ with p/(¢’) = f'. Tt is
straightforward to check that it is enough to take a cartesian morphism ¢: £ — n
in F with p(¢) = f and set & := (U',€), ¢ := (f',¢). The second statement is
also trivial. O

In the situation of the above lemma, let’s denote ¥’ € Fib, by F*(F). Using
the universal property of strict fibred product and the fact that a morphism (f’, ¢)
of ¥’ is cartesian if and only if ¢ is cartesian in F (as it is immediate to see), it is
then easy to prove the following result.

Proposition 5.39. For every functor F': C' — C the map F — F*(F) extends
to a (strict) 2-functor F*: Fibs — Fibe,, whose restriction to C coincides with
oF: C— C'.

Now we fix as usual our base category C and give the definition of (non strict)
fibred product in Fibs (denoted simply by x). Given morphisms (for i = 1,2)
P;: F' = F in Fibg, we define F := F! p x p, F2 (or simply F! xg F?) as follows:
for every U € C

Ob(Fy) == {(&1,&,A) |& € Fiy, A € Tsomg, (P1(&1), P2(é2))}

and for every morphism f: U — V of C

Homé((£17€27)\)7(77177727/1‘))
= {((;517(;52) | ¢; € Homéi(fi,m),u O P1(¢1) = P2(¢2) © )\}'

It is clear that in this way we obtain a category F together with a functor F — C,
and we have to prove that it is a fibred category. Given f: U — V in C and
(1,12, 1) € Fy, for i = 1,2 we can choose a cartesian morphism ¢;: & — 1
in F? over f. Since Py(¢2) is a cartesian morphism, there exists a unique \ €
Homg,, (P1(&1), P2(&2)) such that the diagram

Py (&) MPl(m)

)\l \LN
Pa(&2) 5= Pa(1r2)
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commutes. Now, A is cartesian by Lemma 5.5 (Pa(¢2) o A = po Py(¢1) is cartesian
again by Lemma 5.5), hence it is an isomorphism by Lemma 5.6. Therefore, by
definition, (§1,&2,A) € Fy and (¢1,¢2) € Homg((&1,82,A), (1,12, 1)), and the

following lemma implies that (¢1,¢2) is cartesian, so that F is actually a fibred
category over C.

Lemma 5.40. A morphism (¢1,¢2) of F = F! xg F2 is cartesian if and only if
o1 is cartesian in F' and ¢ is cartesian in F2.

Proof. Let’s say (¢1,¢2) € Homl((€1,€2, ), (1,72, 1)), and assume first that ¢;
and ¢ are cartesian. Then, given g: U’ — U in C and

(6%, 9%) € HomI® (€}, &, X), (11,12, 1)),

for i = 1,2 there exist unique ¢; € Homi, (&/,&;) such that ¢ = ¢; o ty; it
follows that, in order to prove that (¢1, ¢2) is cartesian, it is enough to show that
(11, 2) € HomZ((£1,€5,N), (1,62, A)), L.e. that Ao Pi(y1) = Pa(y2) o X', Since
(¢1,¢2) and (¢}, ¢h) are morphisms of F,

P1(¢1) Py(¢})
Pi(&) —> Pi(m) =—— Pi(&})

Ai iu lx
Py(&2) o Pa(n2) =~ P2(&)

Pa(¢2) Pz (%)

is a commutative diagram (in F'). Therefore we have

Py(¢2) o Ao Pr(y1) = po Pi(¢1) o Pr(¥n)
= pro Pi(¢y) = Pa(¢y) o N = Pa(¢2) 0 Pa(th2) o N,

which implies A o P;(1)1) = Pa(t)2) o X' because Pa(¢2) is cartesian.

Assume conversely that (¢1,¢o) is cartesian. Let ¢; € Homéi (&,m:) be
cartesian morphisms for ¢ = 1,2: we already know that there exists unique
A € Isomp,, (P1(&1), P2(€2)) such that (¢1,¢2) € Homé((fl,gg,)\), (m1,m2, 1)), and
(¢1,p2) is cartesian by the already proved implication. Then by Corollary 5.7
there exists unique (¢1,19) € IsomFU((&,fg,/\), (£1,&5,))) such that (¢q,¢s) =
(é1,$2) o (1,1); this means that (for i = 1,2) 1; is an isomorphism such that
¢; = ¢; 0 1);, so that ¢; is cartesian by Lemma 5.5. O

It follows that for s = 1,2 the natural functor Pr;: F — F! (defined on objects
by (&1,&2,A) = & and on morphisms by (¢1, ¢2) — ¢;) is a morphism of Fibg. It
is also clear that setting for every (£1,&,A) € F

Y(&1, 82, A) = A Pro Pri(&,82,A) = Pi(&) — Pa(&2) = Py o Pra(&1,62,\)
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defines a (tautological) natural transformation v: P; o Pry — P o Pry, which is
obviously a 2-isomorphism of Fibs. In other words, there is a 2-commutative
diagram in Fiba

Pr
F! xp F2 — F!

P'r‘gl 5 lpl (5.1)
F? /F

— =
P>

Remark 5.41. It is clear by construction that each fibre (F! xgpF?);; is isomorphic
(as a category) to F}; xp, F# (fibred product in Cat = Fibg,y). It follows that if
F! and F? are fibred in groupoids or in equivalence relations or in sets, the same
is true for F! xg F2; notice also that in this case F* xp F? is isomorphic (as a
category) to F! xpeare F2. Tt is easy to see that if F!, F? and F are fibred in sets
(so that they can be identified with presheaves), then this new definition of fibred
product coincides (up to isomorphism) with the usual one in C.

Remark 5.42. Writing C for the trivial fibred category id: C — C (it corre-
sponds to the terminal object of C and it is terminal also in Fibe, in the sense
that for every fibred category p: F — C the category Homgip, (F, C) is a set with
only one element, namely p), then F! xc F? (which can be naturally identified
with F! x3c F?) will be denoted simply by F! x F? (from what we are going to
say in general about fibred products, it will be clear that this is the right notion
of product in Fibe).

Now we want to study the properties of the fibred product F' xg F2. We start
by observing that for every G € Fibg the fibred product (in Cat)

HOIH&C (G7 Fl) XHomLibc (G,F) Hommc (G, FQ)

is a category whose objects can be naturally identified with 2-commutative dia-
grams in Fibg of the form

G—>F!

i zif |

Notice moreover that given a 2-commutative diagrams in Fibg of the form

P/
F/ oty Fl

P;l N lpl (5.2)
F? 7% F

Y
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for every G € Fib( there is a naturally induced functor

Homme (G, F/) — HomFibc (G, Fl) XHommc (G,F) HomLibc (G7 F2)

defined on objects by @ — (P] o Q, P50 Q,axidg) and on morphisms by 3 —
(idp; x B,idp; x B). It is then straightforward to prove the following result.

Lemma 5.43. For every G € Fibe the natural functor (induced by (5.1))

Hommc (G, F1 XF Fz) — HomFibc (G, Fl) XHomLibc (G,F) Hom@c (G7 F2)

is an isomorphism of categories. Its inverse is the natural functor defined on
objects by sending

to Q:NG — F! xg F2, where Q(£) := (Q1(€), Q2(£), B(€)) for every object & of G
and Q(9) = (Q1(6), Q2(6)) for every morphism. ¢ of G.

Definition 5.44. Assume that (5.2) is a 2-commutative diagram in Fibs. Then
the diagram is 2-cartesian if the naturally induced functor

Homg;p (G, F’) - Hompip, (G, F) X Homgin, (G.F) Homg;,  (G,F?) (5.3)
is an equivalence of categories for every G € Fib.

For later use, we give here also the generalization to fibred categories of the
notion of cocartesian diagram, which can be expressed in terms of fibred products.
Observe that given the 2-commutative diagram (5.2) for every G € Fib there is
a naturally induced functor

HOHI@C (F, G) — Hom@C (Fl, G) XHomLibc (F',G) Hom@c (F2, G) (54)

defined on objects by @ — (Q o P1,Q o P»,idg * @) and on morphisms by §
(B*idp,, B *idp,). Again, it is useful to observe that the objects of the category
on the right-hand side of (5.4) can be naturally identified with 2-commutative
diagrams in Fibg of the form

/ Pl/ 1
F——F



Lectures on algebraic stacks 87

Definition 5.45. Assume that (5.2) is a 2-commutative diagram in a full 2-
subcategory F of Fibe. Then the diagram is 2-cocartesian (in F) if the naturally
induced functor (5.4) is an equivalence of categories for every G € F.

Remark 5.46. Of course, if a 2-commutative diagram in F is 2-cocartesian in
Fibg, then it is 2-cocartesian in F, too, but the converse is false in general (even
in the cases of interest to us, like F = Fib%’ d,Fibfﬁ”’“’, Fib:s" or the 2-category
of (pre)stacks, which we will introduce later). We didn’t need to give a similar
definition for 2-cartesian diagrams because all the relevant 2-subcategories of Fibo
are closed under fibred products.

Remark 5.47. Since Hompi,  (F,G) is a set if G is fibred in sets, it is clear
that the notion of 2-cocartesianity in Fibg" coincides with the usual notion of
cocartesianity in C.

Returning to fibred products and 2-cartesian diagrams, we observe that a
diagram like (5.2) induces (by the isomorphism of Lemma 5.43 for G = F’) a
morphism which we denote by (P}, Py;a): F' — F! xg F2. Moreover, in analogy
with the notation used in ordinary categories, for every morphism P: F' — F
of Fibg we will denote by Ap := (idg/,idp/;idp): F/ — F' xg F’ the diagonal
morphism; similarly, for every fibred category p: F — C, we set Agp :=A,: F —
F xF.

Proposition 5.48. The 2-commutative diagram (5.2) is 2-cartesian if and only
if the corresponding morphism (P], Py;a): F' — F! xg F? is an isomorphism of
Fibg.

Proof. Tt is easy to check that for every G € Fibg the functor (5.3) coincides
(under the isomorphism of Lemma 5.43) with the functor

(P{, Pj,)o: Hompip_ (G, F’) = Hompip (G, F' xp F?),

and then the statement follows from Corollary 5.26. O

Keeping the same notation used for cartesian diagrams, we will often use the
symbol [J to denote 2-cartesian diagrams.

Definition 5.49. A property P of morphisms of Fib is stable under base change
if for every 2-cartesian diagram

FF——F
P’\L D/lp
G —5% G

such that P satisfies P, then P’ satisfies P, too.
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Remark 5.50. If a property P of morphisms of Fib is stable under base change
and P,P': F — G are morphisms which are 2-isomorphic, then P satisfies P if
and only if P’ satisfies P. Indeed, if a: P — P’ is a 2-isomorphism, there is clearly
a 2-cartesian diagram

H—F

P

e

HG
id

D<—'ﬂ

Lemma 5.51. Let o;: P, — Q; (fori=1,2) be 2-isomorphisms and let

F — s> F! F/'— s F!

l O iPl l O lQl
F2 H/F F2 J>F
Py Q2

be 2-cartesian diagrams in Fibo. Then F' = F” in Fib.

Proof. 1t is immediate to see that the functor F* p, x p, F? — F! 5, x o, F? defined
on objects by (£1,&,\) = (€1, &2, an(&2) o Ao ey (1)) and which is the identity
on morphisms is an isomorphism of Fibs (and also an isomorphism of categories).
The statement then follows from Proposition 5.48. O

Lemma 5.52. If the 2-commutative diagram (5.2) is 2-cartesian and P;: F! — F
is an isomorphism (of Fibg), then Py: ' — F2 is an isomorphism, too.

Proof. By Proposition 5.48 it is enough to prove that the projection functor
Pro: F=F!xpF2 = F2isan isomorphism of Fib, i.e. that (Pra)y: Fu — F%]
is an equivalence of categories for every U € C. (Prqo)y is fully faithful: given
(1,62, 0), (€}, &5, N) € Fy and ¢y: & — & in F?,, there exists unique ¢;: & — &
in Ff; such that (¢1,¢2) € Homg, ((&1,€2,2), (€1,€5, '), i.e. such that P(¢1) =
N7 o Py(¢ha) o A (because (Py)y is fully faithful). (PTQ)U is essentially surjec-
tive (actually even surjective on objects) given & € F, since (Pp)y is essen-
tially surjective, there exists & € Fj; and A € Isomy, (Pi(£1), P2(€2)), whence
(51752, ) S FU and Pr2(£17€2, ) = 52. O

Lemma 5.53. Given a 2-commutative diagram in Fibg
G’ —G?——=G!

S
FsTKFz%q
2 1

O Ry



Lectures on algebraic stacks 89

such that the square on the right is 2-cartesian, then the square on the left is
2-cartesian if and only if the composition

Q3 Q10Q2 Gl

RS\L a// l
F3 4411
PioPs>

Ry

(where " := (idp, x /) o (a *idg,)) is 2-cartesian.

Proof. The square on the left (respectively the composition square) is 2-cartesian
if and only if the natural functor

Fy: Homgp  (H,G*) — Hompip, (H, G?) X Hompi, (H.F?) Homgib (H, F?)
(respectively
Fi: Homgp  (H,G*) — Hompip (H, G') X Homgpin,, (H.F) Hompib (H, F?))

is an equivalence of categories for every H € Fib. It is easy to see that, setting
C; := Hompib, (H,F’) and D; := Hompgip, (H, G'), there is a natural commu-
tative diagram in Cat

P e
D; x¢, C3 —— (D1 x¢, C2) Xc, C3

D1 XCy Cg.

D3

G, being induced by the natural functor Dy — D4 X, Co (which is an equivalence
because the square on the right is cartesian), is easily seen to be an equivalence.
Therefore, in order to prove that Fy is an equivalence if and only if F} is, it is
enough to check that the natural functor H is an equivalence, which is straight-
forward. O

5.6 Representability for fibred categories

We fix as usual the base category C. We are going to see that the notion of
representability (both of objects and of morphisms) can be naturally extended

from C to Fib.

Definition 5.54. F € Fib is representable if it is isomorphic (in Fibs) to some
U € C (i.e., to the fibred category C,; — C).

Remark 5.55. Since C is a full 2-subcategory of Fibg, F € C is representable
as a fibred category if and only if it is representable as a presheaf. Notice that if
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F € Fibg is representable, then (by Proposition 5.27) F is fibred in equivalence
relations, but not necessarily in sets. On the other hand, the lax 2-equivalence
of Corollary 5.28 restricts to a lax 2-equivalence between C and the strictly full
2-subcategory of Fibs whose objects are representable fibred categories.

Definition 5.56. A morphism P: F — G of Fib is representable if for every
morphism @: H — G, where H is a representable fibred category, the fibred
product F px g H is representable, too.

Remark 5.57. Using Lemma 5.52 and Lemma 5.53 it is easy to see that P as
above is representable if and only if the condition of the definition is satisfied for
every morphism @: V' — G, where V' € C. Notice that in this case there is always
(by Proposition 5.48) a 2-cartesian diagram

U——F

| o)

V—G
Q

with U € C (the morphism f of C is obviously unique up to composition with
an isomorphism U’ — U of C). It is also clear that for morphisms of C this new
definition of representability coincides with the old one.

The following result is again an immediate consequence of Lemma 5.53.

Proposition 5.58. For morphisms of Fib, the property of being representable
is stable under composition and base change.

Definition 5.59. Let P be a property of morphisms of C which is stable under
base change. We will say that a representable morphism P: F — G of Fibs sat-
isfies P if for every V' € C and every morphism @: V — G the induced morphism
U=FpxqV — V of C satisfies P.

Remark 5.60. In the hypotheses of the above definition, it is clear that a rep-
resentable morphism of C satisfies P in C if and only if it satisfies P in Fibc.
Moreover, it follows from Proposition 5.58 and Lemma 5.53 that, for representable
morphisms of Fibg, the property P remains stable under base change (and also
under composition, if P is stable under composition for morphisms of C).

We are going to see that also the criterion for representability of the diagonal
extends to fibred categories. Before, however, we need to prove a result, which
was obvious in the case of presheaves. Given morphisms F;: U; — F of Fibg
with U; € C (for i = 1,2), recall that by definition there is a natural 2-cartesian
diagram

P’I‘1
Ui p,xp, Up ——=U;

Przi O ~ lP1
U, /F

—_—=
Py



Lectures on algebraic stacks 91

and observe that Uy p, xp, Us € C by Remark 5.41.

Lemma 5.61. In the above notation, the 2-commutative diagram of Fibe

Ui p,xp, Us ﬂ) F
(Prl,PTQ)i (ylAF
U; x Uy FxF

P1 X P>
is 2-cartesian.

Proof. Setting G := F A X (p, x p,)(U1 X Uz), by Proposition 5.48 we have to show
that the morphism

R := (Py o Pry,(Pry,Pry); (id,v)): Uy pyxp, Us = G

is an isomorphism of Fibg, i.e., that Ry : (Ur p, xp, U2)w — Gw is an equiva-
lence of categories for every W € C. Now, by definition of fibred product,

(Ul P X P, UQ)W = {(f15f27>\) | f’i S Uz(W)aA S IsomFW(P1(f1),P2(f2))}
(it is just a set, since Uy p, X p, Us € 6), whereas

Ob(Gw) = {(¢, 91,92, p1, 12) | ¢ € Fyy, g € Uiy(W), pi € Isomwy, (¢, Pi(g:))}

and

HomGW ((C: 91,92, U1, /-L2)7 (C/a giv gé? /J'/lv ﬂIQ))
B {w € Homp,, (¢,¢) | i = w0 6} if gi = ]

0 otherwise

(notice that the last set contains only the isomorphism ,u’l_l opy if g; = g} and
-1 -1 . . . .

Wy T oup = py o ug, and is empty otherwise, so that Gy is an equivalence

relation, as expected). It is then very easy to see that Ry, which is defined by

(f1, f2,A) = (P1(f1), f1, fo,idp,(5,), A), is an equivalence of categories. O

Using Lemma 5.61 the proof of the following proposition is the same as that
of Proposition 4.14, except that, of course, cartesian diagrams are replaced by
2-cartesian diagrams and Lemma 5.53 must be used instead of Lemma A.1.

Proposition 5.62. Assume that C has fibred products and finite products. Given
F € Fibg, the diagonal morphism Ag: F — F X F of Fibg s representable if
and only if every morphism U — F of Fibg (with U € C) is representable. In
this case, moreover, Ay satisfies a property P of morphisms of C which is stable
under base change if for allU € C and all £1,&2: U — F the natural morphism of
representable presheaves U ¢, x¢, U = U x U satisfies P.
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Remark 5.63. As (by Proposition 5.36) every morphism U — F is 2-isomorphic
to one defined by an object of Fy7, by Lemma 5.51 we can reformulate the above
result by saying that A is representable if and only if for all U,V € C, all £ € Fyy
and all n € Fy the presheaf U ¢x, V is representable. We are going to see how
presheaves of this form can be described.

Definition 5.64. Given F € Fib, U € C and &, & € Fy, we define the presheaf
Homy (§1,&2) € C,y as follows: for every object f: V — U of C )y

Homy (€1,82)(f) := Homp,, (f*(&1), f*(€2))
and for every morphism g € Homg ,,(f: V = U, f': V! = U)

Homy (&1,&)(g): Homp, (f" (&), f7 (&) = Homp,, (f*(&1), f*(&2))
¢ g5 (€2) 0 g (@) 0 cg pr(61)7"

~

(we are using the functorial isomorphism ¢, : g* o f'* = (f' 0 g)* = f*).

We also denote by Zsomy(£1,&2) € 6/\U the subpresheaf of Homy (&1,£€2)
defined by

Zsomy (£1,&2)(f: V = U) :=Isomr, (f*(&1), f*(&2))-

Remark 5.65. The above definition depends on the clivage, but it is easy to see
that different clivages yield isomorphic presheaves. It is also clear that if §; = &/
in Fy, then Homy (§1,&2) = Homy (€1, &%) and Zsomy (&1,&2) = Zsomy (€7, E5).

Lemma 5.66. Given F € Fibe, U € C and &,& € Fy, let m: I — U be the

morphism of C corresponding to Tsomy(€1,&2) € 6/\U (under the equivalence of
Lemma 4.20). Then there is a natural 2-cartesian diagram in Fibg

I

U
where, for every (f,¢) € I(V) (with f € U(V) and ¢ € Isomp,, (f*(&1), f*(€2))),
P(f,¢) = f*(&1) € Fv and a(f, ¢) := (ids-(¢,), ¢)-

Moreover, given V€ C such that U xV € C, £ € Fy andn € Fy, the natural
morphism U ¢x, V. — U x V of C corresponds to Zsomyxv (pri(§),prs(n)) €

Cuxv-

Proof. Similar to that of Lemma 5.61. O

_ P F

O
4
—=FxF
(&1,62)

Ar

)

Corollary 5.67. Given F € Fibs, Arp: F — F x F is representable (and sat-
isfies a property P of morphisms of C which is stable under base change) if and
only if the presheaf Tsomy (&1,&2) is representable (and the structure morphism
Tsomy(&1,&2) = U satisfies P) for allU € C and all &,&; € Fy.
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5.7 Categories fibred in groupoids and groupoids in a category

The notions of group and equivalence relation in a category can be naturally
generalized to a notion of groupoid in a category (recall that groups are just
groupoids with one object and equivalence relations are groupoids with only trivial
automorphisms). Assuming for simplicity that the category has fibred products,
we will define it in the style of the characterizations given in Proposition 4.66 and
Proposition 4.71 for groups and equivalence relations. The following definition
should then be clear, if one observes that a groupoid D is completely described by
the two sets Ob(D), Mor(D) and by the five maps

s: Mor(D) — Ob(D), t: Mor(D) — Ob(D),  Ob(D) — Mor(D),
(f:U=>V)=U (fU=>V)=V U — idy
Mor(D) — Mor(D), Mor(D) ;x+ Mor(D) — Mor(D)
freft (g: VoW, f:U—=V)—gof

(subject to some suitable compatibilities, expressing the fact that D is really a
groupoid).

Definition 5.68. Let C be a category with fibred products. A groupoid in C
is given by two objects U (“objects”) and V' (“morphisms”) and five morphisms
s:V = U (“source”), t: V — U (“target”), e: U — V (“identity”), i: V — V
(“inverse”) and m: V ¢ x; V — V (“composition”) of C such that soe = toe = idy,
s=toi,t=s0i,s0m=sopry, tom =topry (where pr;: V ¢x;V — V are the
natural projections) and the following diagrams commute:

VSXtV
(icy7 J{mwd) '
V— V <— %4

id id

(id,3) (i,id)
V—V x; V<=—">V
2 t im ls;
U—rsVe——"U
idy xm
Vixi Vexy V—=V x; V
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A groupoid in C as in the above definition will be usually denoted simply by

t
V—=U.

Remark 5.69. If C has also a terminal object *, a group G in C defines a groupoid
—=x in C (with e, i and m as in Proposition 4.66). Similarly, it is easy to see
s
that an equivalence relation R:I;U in C is a groupoid in C (again, with e, ¢
O
and m as in Proposition 4.71).

Example 5.70. Assuming C has also a terminal object %, let 0: U x G — U be
an action in C, and denote by eg: * = G, ig: G — G and mg: G x G — G
the identity, inverse and multiplication morphisms. Then it is straightforward to

pr1
check that g naturally determines a groupoid U x G—=U in C with
0

e=(id,egox*y): U —U x G,
i=(0igopre): UxG— U X G,
m=1idy Xmg: UXxGxG=Z({U XxG)yXpr,(UxG) = U xG.

t .
Assume now that Fy = (F1——=Fp) is a groupoid in C. Then it is clear that
S

H(U)
(for U € C) [F,]y; := Fo(U) = (F1(U)—=Fy(U)) is a groupoid in Set (i.e.,
s(U)

an ordinary groupoid) and that for every morphism f: U — V of C the maps
Fo(f): Ob([F,];,) — Ob([F.]iy) and Fi(f): Mor([Fe]i,) — Mor([F,];;) define a
functor f*: [Fo]i, — [Fely. IfU LV 4 W are two morphisms of C, the fact that
Fi(gof) = F;(f)oF;(g) implies that (gof)* = f*og*: [F,]}, — [Feli; (true equality,
not just isomorphism of functors); similarly, for every U € C we have id}; = id Ry, -
This means that the groupoids [F,];; together with the functors f* define a (strict)
2-functor C° — Gpd, whose corresponding category fibred in groupoids (naturally

t
endowed with a scindage) is denoted by [F,| = [Fi—=F,] € Lm%}jd.

Remark 5.71. Conversely, it is easy to see that if F € Fib{ 4 admits a scindage,
then it is of the form [F,]" for some groupoid in C (with Fy(U) = Ob(Fy) and
F1(U) =Mor(Fy) for every U € C). However, we will not need this fact.

The natural functors 7y, : Fo(U) — [F,]y; (defined to be the identity on objects
and in the unique possible way on morphisms) clearly determine a morphism
n': Fy — [F,] of Fib¥ 4 which is obviously an epimorphism. Notice also that
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there is a natural 2-commutative diagram in Fib®’ d

F1*S>F0

|k .

Fo—= R
where the tautological 2-isomorphism + is defined for all U € C and all £ € Fy(U)
by
V(&) =& 70 5(8) = s(U)(§) = t(U)(§) = 7" o (&)

¢ ~
Proposition 5.72. If F, = (F1—=XF5) is a groupoid in C, then the 2-commu-
S

tative diagram in Fibgd (5.5) is 2-cartesian and 2-cocartesian in Fibg.

Proof. 1t follows immediately from the definitions that not only the diagram is
2-cartesian, but the morphism (s,¢;v): F1 — Fy Xp,» Fo is an isomorphism of
categories and not just of fibred categories (they are both categories fibred in sets).
Similarly, it turns out that for every F € Fib, setting

H:= Homﬂc (Fo,F) XHomLibc (F1,F) Hom@c (Fo, F),

the naturally induced functor H: Hompjp ([Fe]', F) — H (defined on objects
by H(P) := (Pon',Pon’,idp x+)) is an isomorphism of categories (and not
just an equivalence, as it is required in the definition of 2-cocartesian diagram).
Indeed, given an object (Py, Py,a) € H (a: PLos =5 Py ot is a 2-isomorphism,
so that, for every U € C and every ¢ € F1(U), a(¢): Pi(s(¢)) = Pa(t(¢)) is an
isomorphism of Fyr), we can naturally define an object P € Hompip_ ([Fe]’, F)
as follows. For every U € C the functor Py: [F,];; = Fo(U) — Fy is defined
on objects by P(§) := Py(§) for every £ € Fy(U) and on morphisms by P(¢) :=
aleot(d))~toa(p) for every ¢ € Fy(U). It is then easy to see that the functors
Py yield a morphism P: [F,] — F and that the mapping (P, P», @) — P extends
to a functor H — Hompyp ([Fe]’, F), which is the inverse of H. O

The above result can be regarded as a generalization of the first part of Propo-
sition 4.80 (if the groupoid F, is an equivalence relation, then [F,]’, which is fibred
in equivalence relations, is isomorphic to the quotient presheaf of Fy and (5.5) can
be identified with the corresponding cartesian and cocartesian diagram in 6), and
we are going to see that also the second part can be generalized in a similar way.

Given a morphism P: Fy — F in Fibs with Fjy € C, let Fy := Fy xg Fj and
consider the natural 2-cartesian diagram in Fibg
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pr . ~
We claim that there is a natural groupoid F = (F} :1>>F0) in C. In fact, F} € C
pr2

by Remark 5.41 and it is easy to check that the axioms of groupoids are satisfied
by the morphisms
e .= Ap: Fy— Fl,
i:= (pri,pro;y 1) Py — B,
m = prizs: FO XF F() XF FO = Flprzxprl Fl — Fl = FO XF FO

(where prys is the projection onto the first and third factors). By Proposi-
tion 5.72 the 2-commutative diagram (5.6) induces a morphism (well defined up to
2-isomorphism) P’: [F,]' — F such that (denoting by 7’': Fy — [F,]’ the natural

morphism) P’ on’ = P: Fy — F (actually the proof of Proposition 5.72 implies
that there exists a unique P’ such that P'on’ = P, but we will not need this fact).

Lemma 5.73. With the above notation, for every U € C and every &,n € Fo(U) =
Ob([F.]yy) the functor Pl;: [Fo|y; — Fu induces a bijection

Hom/g,}, (€,1) = Isomg,, (P'(€), P'(n)).

In particular, P' is a monomorphism of Fibe if F € Fib*’(]jpd.

Proof. Immediate from the definitions. O

Corollary 5.74. If P: Fy — F is a morphism in Ffibégd with Fy € 6, then the
pr

induced morphism P': [F,]' := [Fy XF Fo:;lFo]’ — F yields an isomorphism
pr2

[Fo] 2im P in Fibg; in particular, [Fe]' = F if and only if P is an epimorphism
in Fibe.

Proof. Since im P = im P’ (because 7': Fy — [F.]’ is an epimorphism), it follows
from Remark 5.30. O

6 Stacks

6.1 Prestacks and stacks

We fix a site (C, 7). In the following, given a covering {U; — U};er € Cov(U) =
Cov™ (U), for all 4, j, k € I we will write U; ; instead of U; xy U; and U, j 1, instead
of [Jz XU Uj XU Uk

Definition 6.1. Given U € C, U = {U; = U}ie; € Cov(U) and F € Fibg (on
which we assume, as usual, that a clivage has been chosen), a descent datum (in F)
relative to U consists of a collection of objects & € Fy, (for ¢ € I) together with
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isomorphisms ¢; ;: ;|u, ; = &ilu,,, of Fy, ; (for i,j € I), such that the diagram
in FU

i,k
FiklU; ;o

(&c qu) Ui ik (574 Ulk) Ui jk

14 13

£k|Umv,k €i|Ui,j,k

13 13

(£k|Uj,k) Ui jk (gilUi,j) Uik
biklU; 5 IR

(€j|Uj,k) Ui ik ?gj Uijk ~ < (5] Ui,j) Ui, jk

commutes for all i, j,k € T (the unnamed arrows are the natural isomorphisms).

A descent datum ({&}, {¢:;})ijer relative to U as above is effective if there
exists an object ¢ € Fy together with isomorphisms ;: &y, — & of Fy, (for
i € I), such that the diagram

d)i,j

§j|Ui,j €i|Ui,j

wj|Ui,jT T"/’ilUi,j

Eluv.; —==¢lv,; << Elv)lu.,

(where again the unnamed arrows are the natural isomorphisms) commutes for all
i,7 € 1.

Remark 6.2. It is customary to formulate the above definition in a less precise but
simpler way: if one pretends that all the natural isomorphisms are just identities,
we see that ({&}, {¢:;})ijer is a descent datum if and only if it satisfies the
cocycle condition

Gik

Uijk — ¢)i,j Uik © ¢j7k Uik * Ek Usjx = 51 Ui jk

for all 4, j, k € I, and it is effective if and only if there exist £ € Fyy and ;: €|y, —
& in Fy, such that ¢; ; = ¥;|u, , o (¥j|u,,)~" for all 4,5 € I. We will often make
this abuse of notation in the following.

Definition 6.3. A fibred category F € Fibg is a prestack (for 7) if for all U € C

and all £;,&> € Fy the presheaf Homy (€1,82) € C/y is a sheaf. F is a stack (for
7) if it is a prestack and moreover, for every U € C and every U € Cov(U), every
descent datum relative to U is effective.
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Remark 6.4. By Remark 5.65 the definition of prestack is independent of the
choice of the clivage, and it is easy to see that the same is true for the definition
of stack.

Remark 6.5. A (pre)stack F € Fib"épd is called a (pre)stack of groupoids, whereas
an arbitrary (pre)stack is also called a (pre)stack of categories. Sometimes in the
literature the word (pre)stack is reserved to (pre)stacks of groupoids.

Example 6.6. The fibred category Mor(Sch ) € Fibg,y, . (S a scheme) defined
in Example 5.9 is a stack for Zar: the fact that morphisms of schemes can be glued
clearly implies that it is a prestack, and using the fact that also schemes can be
glued, it is easy to see that it is actually a stack. Indeed, let U = {U; — U}ier €
Cov?*"(U) (where we can always assume that each U; is an open subscheme of
U) and let ({p;: X; — Ui}, {fi,j})ijer be a descent datum relative to U (the
pi are morphisms of Sch,g and f; ;: V;; = pj*l(Um-) = Vo= pzfl(Ui_’j) are
isomorphisms of Sch y, | ); note that the cocycle condition applied when i = j = k
implies that f;; = id and then the same condition applied when ¢ = k implies
that f;;, = Z.le for all ¢,7 € I. Therefore the schemes X; can be glued along
the open subschemes V; ; (for ¢ # j € I) using the isomorphisms f; ;, and we
get a scheme X together with an open cover {V;};c; of X and isomorphisms
gi: Vi = X, such that g;(V; N'V;) = Vi; and fi; = gilvinv, o (g5lvinv,) " for
all 3,7 € I. The fact that the f;; are morphisms of Sch,y, ; implies that the
morphisms p; := p; o g;: V; = U satisty pj|v,nv, = pjlv,ny; for all 4,5 € I, hence
there exists a unique p € Homsen, 4 (X, U) such that ply, = p; for every i € I.
Then the object p: X — U together with the isomorphisms g; shows that the
descent datum is effective.

We will see later that Mor(Sch,g) is a prestack (but not a stack) also for

Jppf.

Example 6.7. Similarly, using the fact that sheaves (and morphisms of sheaves)
can be glued (see [11, II, exer. 1.22]), it is easy to prove that the fibred categories
Mod, QCoh € Lmsch/s defined in Example 5.35 are stacks for Zar. We will see
later that QCoh is a stack also for fppf.

We will denote by PStc ) (respectively St ,)), or simply by PStc (re-
spectively St) the full 2-subcategory of Fibs whose objects are prestacks (re-
spectively stacks) for 7. Similarly, PstZ (respectively StZ?) will be the full

2-subcategory of Fibg 4 whose objects are prestacks (respectively stacks).

We are going to see that prestacks and stacks are the natural generalizations
to fibred categories of the notions of separated presheaf and of sheaf on a site.'? In
order to do that, it is useful to give an alternative characterization of (pre)stacks,
which generalizes that of Remark 4.31 for separated presheaves and sheaves. Given

12We are using the terminology which is more common in the literature. However, it must
be said that (more coherently) some authors use the term prestack for fibred category and call
separated prestack what we have defined to be a prestack.
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U = {U; = Ulier € Cov(U) and F € Fibg, we define a category Fy (called
the category of descent data in F relative to U), whose objects are descent data
relative to Y and whose morphisms are defined as follows. A morphism in Fy,

from ({&§:}, {#ij})ijer to ({&},{¢} ;})ijer is given by a collection of morphisms
¥; € Homp,, (&,¢;) (for i € I) such that the diagram

bij

Ui, > gi

& Ui

ijUi’j\L lwnuid

&ilu; ——&ilui;
¢i,j
commutes for all 4,j € I. There is a natural functor A, = \}: Fy — Fy, defined
on objects by & — ({£|u, },{0:,;})i,jer (where 6; ; denotes the natural isomorphism
(§|Uj)|Ui,j = g‘Ui,j = (€ Ui) Ui,j) and on morphisms by ’(/) — {'(/}|Ui}i61-

Remark 6.8. If F is fibred in groupoids (respectively in equivalence relations,
respectively in sets), then each category Fy, is a groupoid (respectively an equiva-
lence relation, respectively a set). In particular, if F' € CcC Fib, it is clear that
Fy can be identified with the set F'(U) defined in Remark 4.31, and that in this
way the new definition of A}, coincides with the old one.

Proposition 6.9. F € Fib is a prestack (respectively a stack) if and only if the
functor N : Fy — Fy is fully faithful (respectively an equivalence of categories)
for every U € C and every U € Cov(U). In particular, a presheaf F € Cisa
prestack (respectively a stack) if and only if it is separated (respectively a sheaf).

Proof. As it is obvious by definition that ), is essentially surjective if and only if
every descent datum relative to U is effective, it is clear that it is enough to prove
that X\, is fully faithful if and only if the natural sequence of sets

pr
Hompg,, (¢, n)HH*?l)K
pro

(where H :=[],¢; Homp,, Elu,,nlu,) and K = Hj,kel HomFUj,k Elu,.>mlu,.)) is
exact for every &,n € Fy. Indeed, it is easy to see that Homg,, (A, (§), Ay (1)), as

pr
a subset of H, coincides with ker(HN:;lK).
pra

Taking into account Remark 6.8, the last statement follows from the fact that
a map between two sets is a fully faithful functor (respectively an equivalence) if
and only if it is injective (respectively bijective). O

As in the case of presheaves, we are going to see that the functors A\, =
)\5: Fy — Fy admit generalizations to functors Ay, ,, = )\5/’“: Fy — Fy for
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U< Uu' e COV(U) Indeed, ifU = {fz'5 U, — U}qjej, Uu = {f{, U{/ — U}ilep and
gir: U, = Uy (i € I') are such that f], = fi) o gir, we can define a functor
M yu{9ir}) s Fy — Foo by

(L&} A9ii Diger = ({97 (Giin) s Abian.ain v, Dirgrer

on objects (and in the obvious way on morphisms). It is easy to see that if
i+ Uj, = Uy (i" € I') are other morphisms such that fj, = f;;/) © gi, then the
functors Ay 1, ({gi}) and Ay, 1 ({Gi}) are naturally isomorphic, so that a functor
Myt Fu — Fyo is well defined up to isomorphism. It is then also clear that
there are natural isomorphisms Ay 1y = Ay 1y © Agr g U < U <U"” in Cov(U)
and Ay, ;, = idF,, and that, under the natural equivalence between Fy and F 1,
>‘u, (idu} coincides with A;;. It is not difficult to prove the following results.

Lemma 6.10. IfF € Fibg is a prestack (respectively a stack), then for allU € C
and alld,U" € Cov(U) withU <U', the functor Ny 1,2 Fu — Fo is fully faithful
(respectively an equivalence).

Corollary 6.11. Assume that (for every U € C) Cov'(U) C Cov(U) is a subset
such that for every U € Cov(U) there exists U' € Cov'(U) withUd <U'. If F € C
is such that Nj, is fully faithful (respectively an equivalence) for every U € C and
every U' € Cov'(U), then F is a prestack (respectively a stack).

Proof. Using Corollary 4.33 it is easy to see that the presheaf Homy (£1,&2) is a
sheaf for all U € C and all &,& € Fy (ie., F is a prestack). Moreover, given
U € Cov(U), let U' € Cov'(U) be such that U < U'; since Ay 4, is fully faithful
by Lemma 6.10, it is clear that A, is an equivalence if Ay, = Ay 0 Ay Is an
equivalence. O

Example 6.12. The same argument of Example 4.36 shows that St gen m) =
St (sch, e -

Lemma 6.13. A morphism f: U — V of C induces functors fy;: Fy — Fpeyp
for every V € Cov (V) such that there are natural isomorphisms A .y pey, 0 f3) =
fyroAyy if V<V € Cov(V).

Lemma 6.14. Every morphism P: F — F' of Fibs induces functors Py: Fy —
Fj, for every U € C and every U € Cov(U) such that there are natural iso-
morphisms )‘E:M oPy = Py o AE,,M ifU < U € Cov(U). Moreover, if P is a
monomorphism (respectively an epimorphism, respectively an isomorphism), then
each Py is fully faithful (respectively essentially surjective, respectively an equiva-
lence).

Corollary 6.15. PSt~ and St are strictly full 2-subcategories of Fib.
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Proof. If P: F — F' is an isomorphism of Fib, then for every U € C and every
U € Cov(U) the 2-commutative diagram of Cat

Ay
FU E—— Fu

g /i”“
Fy, —>Fy
AM

(where Py and Py are equivalences) implies that \f is fully faithful (respectively
an equivalence) if and only if )\El is fully faithful (respectively an equivalence). [

Corollary 6.16. If F € Fibg is a (pre)stack, then F' is a (pre)stack (of
groupoids).

Proof. Just observe that the inclusion functor F»* C F is a morphism of Fibg
and that it induces an identification of F{@* (respectively Fi'") with the subcat-
egory of Fy (respectively Fy/) having the same objects and whose morphisms are
the isomorphisms. O

Remark 6.17. Of course, if F°'* is a (pre)stack, then F need not be a (pre)stack.
However, it is clear that if F is a prestack and F»* is a stack, then F is a stack,
too.

Proposition 6.18. IfF* — F (for 1 = 1,2) are morphisms in PStq (respectively
in Stg), then F! xp F2 € PSto (respectively Stg), too.

Proof. Setting F:=F! xp F2, we have to prove that the functor )\5: Fu — Fy is
fully faithful (respectively an equivalence) for every U € C and every U € Cov(U).
Now, by definition Fy; is isomorphic to F}; xp, F%, and it is easy to see that Fy,
is naturally equivalent to F}, xg, F7. With these identification we can regard
)\E as a functor F,lj XFy F?] — Fé, X Fy, FZ%, and in this way (pretending that the
natural isomorphisms of Lemma 6.14 are all identities) it is defined on objects by
(&1,8,a) — (/\51 (fl),)\ZEQ (é2), Af (@) (and similarly on morphisms). Then it is
clear from the definition of fibred product (in Cat) that )\E is fully faithful if so
are )\51, )\52 and )\5. If moreover )\51 and )\52 are essentially surjective, then
the same is true for AE (even if AE is not): given (¢},&},a’) € FY, xp, F% there
exist (for i = 1,2) & € Fi; such that & = )\Ei (&) and the fact that Af is fully
faithful implies that there exists a unique a such that (&1, &, ) € F, x¥,, F%] and

(€, &, ") 2 NE(&1, 6, Q). 0

We are going to extend from sheaves to stacks also the results of Proposi-
tion 4.41 and Proposition 4.44.
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Proposition 6.19. Let F': C' — C be a functor as in Proposition 4.41. Then the
2-functor F*: Fibe — Fibe (defined in Proposition 5.39) restricts to 2-functors
F*: PSt(Cﬂ_) — Pst(c/7F*(T)) and F*: &(C,T) — &(C/,F*(T))

Proof. Just observe that, given F € Fibs, U € C' and U = {f;: U; — U}ier €
CovI”" (D(U) (hence, by definition, F(U) := {F(f)}ies € Cov™ (F(U))), F*(F)y is
naturally isomorphic to F gy (by Lemma 5.38), and similarly it is easy to see that
F*(F)y is naturally isomorphic to F @) and that in this way )\5*(1?) F*(F)y —
F* (F)u is identified with AE(U): FF(U) — FF(Z/I)' O]

Proposition 6.20. Let C' C C be the inclusion of a full subcategory with the
property that, if V.— U and W — U are morphisms of C' such that V xy W exists
i C, then V xy W is isomorphic to an object of C', and assume that T satisfies the
following property: for everyU € C there exists a covering {U; — U}ier € Cov(U)
such that U; € C' for every i € I. Then the natural restriction (strict) 2-functor
St(c ;) = St 5y 15 a laz 2-equivalence.

Proof. We give just a sketch of the proof, which is similar (but with more technical
complications) to that of Proposition 4.44. With the same notation used there,
we will write —|c for the restriction 2-functor and we will denote (for U € C) by
Cov'(U) the subset of Cov(U) given by those coverings {U; — U };cr such that
U; € C' for every i € I.

St — St is 2-fully faithful: given morphisms P,@Q: F — G of Sty and a
2-morphism o': P|cr — Q| of Ste/, we have to show that there exists a unique
2-morphism «: P — @ such that o’ = a|c/. Now, for every U € C let’s choose
{U; — U}ier € Cov'(U). Setting (for every & € Fyy) & := £y, it is easy to see
that the morphisms (of Gy,) o/(&): P(&) = P(&)|u, — Q(€)|u, = Q(&;) are such
that o' (&§)|v, ; = o/(&5)|v, ; for all 4,5 € I. Therefore (since Homy (P(£), Q(§)) is
a sheaf because G is a prestack) there exists a unique a(§) € Homg,, (P(§), Q(§))
such that «(€)|y, = o/(&;) for every ¢ € I. Then one can check without difficulties
that «(&) is well defined and that «: P — @Q is a 2-morphism (and obviously it is
the unique such that o/ = a|¢).

Ste — St is essentially full: given F, G € St and P': Flor — Gl in
Stes, we have to prove that there exists P: F — G such that P|cr & P’ in
Homg;_, (F|c/; G|cr). Choosing again (for U € C) a covering {U; — U}ier €
Cov'(U), we define (for ¢ € Fy) P(€) € Gy as follows. Setting 1, := P'(¢|v,) €
Gy,, we claim that there exists a natural isomorphism ; ;: n;|u, ; — nilu, ; for
all 4,5 € I: indeed, if {V; — U;j}ijer € Cov'(U;;), the fact that G is a
prestack implies that there exists a unique ¥; ; € ISOIHGUi_]. (njlu..;»milv, ;) such
that 4; j|v; is the natural isomorphism 7;|v, = P’(&|v;) = 7i|v,. Then it should
be clear that ({n;},{wi ;})ijer is a descent datum in G relative to U, so that
(since G is a stack) there exists (unique up to isomorphism) n € Gy such that
({nits {iD)iser = A5 (n). Then one can check that there is a natural way to
define a functor P: F — G which is given on objects by P(£) := n, and that P is
a morphism of St such that P|cr & P'.
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Stc — St is essentially surjective: given F/ € St/, we have to find F € St
such that F|cr = F/. First, for every U € C and every U = {U; = Ulies €
Cov'(U) we can define a category Fj, as follows. Given objects &; € Fy, , for
all 4,j € I the presheaf G} ; € C//Ui,j’ defined on objects by G; (V — U, ;) :=
Isomp;, (§;]v, &ilv) is a sheaf (this follows easily from the fact that F” is a prestack),
whence (by Proposition 4.44) there exists (unique up to isomorphism) G;; €
(Cy, )~ such that &} ; = G j|c/, and we define Jg, ¢, := G (idy, ;) (notice that,
in case U; j € C', this set is bijective to Isomp,  (&;]v, ;,&ilv; ;). Then the objects

of Fy, are collections of the form ({&;}, {¢i ;})ijer where & € Fyr, éij € Je, e,
and the ¢; ; satisfy the cocycle condition “¢;r|v, ., = ¢ijlv, ;. © ¢jklu, .~ (it
should be clear how to give a precise meaning to this expression); morphisms in
Fy, from ({&},{¢ij})ijer to ({1}, {47 ;})ijer are of course given by collections

of morphisms t; € Homp; (&;,&}) which are compatible (in the obvious sense)

i

with the ¢; ; and ¢§7j. One can prove that, up to equivalence, the category Fy,
is independent of the choice of Y € Cov/(U) and that the map U — Fj, can
be extended to a lax 2-functor C° — Cat, whose corresponding fibred category
F € Fib is really a stack such that F|cr = F. O

Corollary 6.21. Let S be a scheme and let T be one of the pretopologies Zar, ét,
sm or fppf on Sch,g. Then the natural 2-functors

&(sch/s,ﬂ - &(QSch/S,T) - &(Aﬂ‘Sch/s,T)

are lax 2-equivalences.

6.2 Stack associated to a fibred category

We are going to see that the construction of separated presheaf (respectively sheaf)
associated to a presheaf described in Section 4.3 can be generalized to a construc-
tion of prestack (respectively stack) associated to a fibred category, with similar
universal properties.

We fix a site (C, 7). For every fibred category F € Fibg, the prestack asso-
ciated to F, denoted by F* = F*7 € PSte = LSt(CJ), is defined as follows. For
every U € C the fibre F}, has Ob(F{;) := Ob(Fy) (so that Ob(F*) = Ob(F)) and
for all &1,& € Fy

Homg: (§1,€2) = Homy (&1, £2)" (dv).

For every morphism f: U — V of C one can define a functor f*: F}, — Fy,, which
is the same as f*: Fyy — Fy on objects and which is given on morphism by the
restriction map

Homy (n1,m2)* (idv) — Homy (1, m2)* (f) = Homy (f* (1), £ (n2))" (idv)
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(the latter natural identification is clear from the definition of associated sheaf). It
is then easy to see that the categories F{; together with the functors f* naturally
extend to a lax 2-functor C° — Cat, and that the corresponding fibred category F*
is really a prestack. It is also clear that the natural functors Fy — F{; (given by the
identity on objects and by the maps pyom,, (¢, ,¢,)(idy) on morphisms) determine
a morphism or: F — F° in Fib, and it is not difficult to prove the following
result.

Proposition 6.22. For every F € Fibs and every G € PSto the natural functor
oop: Hompst (F*, G) = Homgsp (F*, G) — Hompyp (F, G)

is an equivalence of categories. Moreover, for every F € Fibe the morphism
or: F — F?° is an epimorphism in Fibe, and it is an isomorphism if and only if
F € PSt.

Similarly, for every F € Fibs the stack associated to F, denoted by F¢ =
F? € Stg = St(c, .y, is defined as follows. For every U € C the fibre F{; has

Ob(F{,) = {(U, &) |U € Cov(U),§ € F; }

and for all (U1, &1), (Ua, &2) € Ob(FY;), choosing U € Cov(U) such that Uy, Us < U,

HOHIF?J ((uh 51), (u27 52)) = HomF; ()‘5,51/{1 (51)7 /\ll;,sbtg (§2))

(note that, by Lemma 6.10, this definition is independent, up to natural bijection,
of the choice of the common refinement U of Uy and Us, so that, defining compo-
sition of morphisms in Fy; in the obvious way, F{; is really a category). Again, it
is easy to check (using Lemma 6.13) that every morphism f: U — V of C induces
a functor f*: F{, — F{; (defined on objects by (V,n) — (f*V, f;(n))), and that
the data of the categories F{; and of the functors f* extend to a lax 2-functor
C° — Cat, such that the corresponding fibred category F¢ is really a stack. It
is evident by definition that (F*)® = F*. It is also clear that the natural (fully
faithful) functors Fy, = F?i ) F}, determine a monomorphism F* — F? in
Fibo, which, composed with the epimorphism og: F — F?, yields a morphism
pr: F — F? and one can prove the following result.

Proposition 6.23. For every F € Fibe and every G € St the natural functor
opp: Homg;  (F*, G) = Homgip, (F*, G) — Homgip_ (F, G)

is an equivalence of categories. Moreover, for every F € Fibe the morphism
pr: F — F* of Fibe is a monomorphism if and only if F € PSt, and it is an
isomorphism if and only if F € Stc.

Remark 6.24. It follows easily from the definitions that if F € Fib( is fibred
in groupoids (respectively in equivalence relations), then F* and F® are fibred in
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groupoids (respectively in equivalence relations), too. On the other hand, if F is
fibred in sets (say F corresponds to F € C), then F* and F need not be fibred
in sets; however, by Proposition 6.22 and Proposition 6.23 (taking into account
Proposition 6.9), there are induced morphisms F* — F'* and F* — F%, which are
immediately seen to be isomorphisms of Fib.

Lemma 6.25. Let P: F — G be a monomorphism of Fib. If G is a prestack,
then F is a prestack, too. If G is a stack, then an induced morphism P': F* — G
such that P'o pg = P (by Proposition 6.23 P’ exists unique up to 2-isomorphism)
is also a monomorphism of Fibe.

Proof. Straightforward from the definitions. O

In particular, if P: F — G is a morphism of St, a morphism Q: (im P)* —
G (induced by the natural monomorphism im P C G) is a monomorphism of
Fibg, so that imP := imQ C G is a stack (it is isomorphic to (im P)* by
Remark 5.30) which will be called the image of P in Ste. It is clear that for

every U € C an object ¢ € Gy is in (1,rvn P)y if and only if there exists a covering
{U; = U}ier € Cov(U) such that ¢|y, € (im P)y, for every i € I.

Definition 6.26. A morphism P: F — F’ of St is a monomorphism (respec-
tively an isomorphism) in St if and only if it is a monomorphism (respectively
an isomorphism) in Fibs. P is an epimorphism in St if and only if im P = F’.

Lemma 6.27. A morphism of St is an isomorphism if and only if it is a
monomorphism and an epimorphism.

Proof. Completely similar to that of Corollary 4.58. O

Remark 6.28. Every morphism P: F — G of St factors as the composition of
the epimorphism (of Sts) F — im P and of the monomorphism im P C G.

Lemma 6.29. Every representable covering morphism of Stq is an epimorphism.

Proof. Similar to that of Corollary 4.58, replacing the cartesian diagram by a
2-cartesian diagram and equalities by isomorphisms. O

6.3 The stack of sheaves

Let (C, 7) be a site. We will denote by Sh(C, 1) (or simply by Sh(C)) the full sub-
category of PSh(C) (the category of presheaves over C defined in Example 5.10)

whose objects are those morphisms a: F — U of C (with U € C) such that

the presheaf G, € 6-/7] corresponding to a € C su (under the equivalence of
Lemma 4.20) is a sheaf (for 7). We claim that Sh(C) is a fibred category over C
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(which we will call the fibred category of sheaves over C, since each fibre Sh(C)y
is naturally equivalent to (C,7)™). Indeed, given a cartesian diagram in C

F——sF

4

U ——=U
f

(with f in C), and denoting by G, € 6/\U and G € (T/; the presheaves
corresponding to « and o/, it is easy to see that G, is defined on objects by
Gar(g) = Galf o g) for every g € C/yv (and in the obvious way on morphisms).
Then it is clear that G is a sheaf if G, is a sheaf, and this means that Sh(C) is
a fibred category.

Remark 6.30. If the pretopology 7 is subcanonical (i.e., if C C C~), then (by
Proposition 4.42) a morphism F' — U of C (with U € C) is an object of Sh(C) if
and only if F' € C~; in this case Sh(C)y is just Cy.

Proposition 6.31. For every site (C,T) the fibred category Sh(C, 1) is a stack
for T (the stack of sheaves over C).

Proof. We have to prove that for every covering U = {p;: U; = U}icr € Cov(U)
the natural functor \,,: Sh(C)y — Sh(C), is an equivalence. We first show that
Ay is fully faithful: given two objects a: F' — U and o: F' — U of Sh(C)y and
denoting (foré,j € I) by o;: F; := FxyU; - U; and by o ;: F; j :=FxgU; j —
U, ; the morphisms induced by a (and defining similarly o) and a;,j), we have
to prove that given morphisms ¢; € HomSh(C)U (v, 0f) = Homa/ (e, af) such

that ¢;|v, , = ¢jlu,; € Homc/ (i, ;) for alld, j € I, there exists unique ¢ €
Homg e (ar, @) such that ¢|y, = d)z foreveryi € I. Let G € (C,y)~, Gi € (Cjy,)~
and G; j € (Cy, ;)™ be the sheaves corresponding to a, a; and a; ; (and define
similarly G', G} and G} ;), and let ¢; € Hom(C/Ui)N(Gi,G;) be the morphisms
corresponding to ¢;: then ¢i|y, ; = vjlu,,; € Hom(c/ui.j)N(Gi,j, G; ;) for all i, j €
I and we have to prove that there exists a unique ¢ € Hom(c/U)~(G,G’) such
that |y, = ¢; for every i € I. Given an object f: V — U of C,y, consider the
cartesian diagrams (for ¢,j € I)

Vij——Vi——V

e

Uij*>U1*>U

<

(6.1)

and recall that G;(f;) = G(pi© f;) and G j(fi,;) = G(pi,j© fi,j) (Where p;; == p;o
pry?), and similarly for G'. Given € € G(f), let & :=&|p,0r, € G(pio fi) = Gi(fi)
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and & = ¢i(fi)(&) € Gi(fi) = G'(pio fi). As clearly &y, jor; = ilpisofis
for all i,j € I, there exists a unique & € G'(f) such that & = &'|,05, for every
i € I (because G’ is a sheaf). It is then straightforward to see that, defining
o(f): G(f) — G'(f) by £ = &', we obtain a morphism ¢ € Hom(c,,)~(G,G")
which satisfies |y, = @; for every @ € I, and that ¢ is unique with this property.

It remains to prove that ), is essentially surjective, i.e. that every descent
datum relative to U is effective. Now, a descent datum relative to U is given by
objects a;: F; — U; of Sh(C)y,
of Sh(C)y, , satisfying the cocycle condition ¢;

) »J
Us e ©Piklu

@54,k

i,j Ui jx — ¢i7j (fOI‘
i,j,k € I) Denoting by G; € (Cy,)~ the sheaves corresponding to a; and by
it - the isomorphisms corresponding to ¢; ;, it is clear that also
the gow- satlsfy the cocyle condition and that, in order to prove that the descent
datum is effective, we have to show that there exists a sheaf G € (C,y7)™ together
with isomorphisms v¢;: Gly, — G; such that ¢;; = ¥;|u, , o (¥;]u, )" for all
i,j € I. For every object object f: V — U of C,y, using the notation of the
above diagram (6.1), we define

G(P) = Ker([es G = = s s i o )

where, for every & = (&)ier € [1,c; Gi(fi),

af(§) = (§lpniroy, )iker;
b7 (&) := (2jk(Fik) (Cklppikog, ))iker

(regarding ¢, x(fjx) as a map Gi(pry" o fix) = G;(pr{" o fix)). It f: V/ = U
is another object of C,yy and g € Homg,, (', f) (i.e., g: V' — V is such that
fog = f"), then, defining f/ similarly to f; and denoting by g;: V/ — V; the
morphisms induced by g, it is easy to see that the map

[Icieo: T1Gits) = T GitsD

i€l icl iel

restricts to a map G(g): G(f) — G(f’), and that in this way we obtain a presheaf
G € 6\U We claim that actually G € (C,y)™~. Indeed, given {V; — V}iep €

COV(V) let f,: Vi = U and f}, ;,: V) ;, — U be the compositions of f Wlth the
natural morphlsms V!, — V and V, j+ —V, and define (for (i,j € I and i',j el
i and fl (respectlvely fi and f] ) from f}, (respectively from f, /)

i',i g N
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as f; and f; ; are defined from f. Then in the natural commutative diagram

a

G(f) Hie[ Gz(fz) Hj,kej Gj(fj,k)

by
\L l [Tier ar, l/

Hi’e]’ G(le’) Hi'ep,ie[ Gi(fi/’,i) — Hi'eI',j,keI Gj(fi/’,j,k)

u e

Hj’,k’e[’ G(f]/",k’) > Hj’,k/el’, iel Gi(fjl‘/,k',i)

(where fj 1, := pri*of; 1 and Fhrgn = pT{’kOfi/,’j’k) the rows are exact by definition
of GG, the column in the middle is exact and the map on the right is injective
(because each G; is a sheaf), which implies that the column on the left is exact,
too, so that GG is a sheaf. To conclude, for every | € I we can define a natural
morphism 9;: Gi — G|y, in (C,y,)™ as follows. Given an object h: W — U of
Cu,, let hi: W xy, Ui — Uy, be the induced morphisms for ¢ € I. Then it is
easy to see that the map

Yi(h): Gi(h) = Glu,(h) = G(pioh) € [ Gilpry” o i)

icl
n = (ia(hi) (], 0i0p,))ier

is well defined (this follows from the fact that the ¢; ; satisfy the cocycle condition)
and bijective (because (G is a sheaf) and that, setting ¥ := (¥)~!, we have

WYi; = d}z Ui, j © (% Ui,j)_l for all Za] el O

Definition 6.32. Let P be a property of morphisms of C which is stable under
base change. Then P satisfies descent (respectively effective descent) for 7 if the
fibred category Mor"(C) (defined in Example 5.9) is a prestack (respectively a
stack) for 7.

Corollary 6.33. Assume that T is a subcanonical pretopology on a category C.
Then a property P of morphisms of C which is stable under base change always
satisfies descent for T (in particular, Mor(C) is a prestack), and it satisfies effec-
tive descent for T if and only if the following holds: if a: F' — U is a morphism of
C~ with U € C and {U; — U};er € Cov(U) is a covering such that for everyi € T
the sheaf F; := F xy U; is representable and the induced morphism «;: F; — U;
satisfies P, then F is representable and o satisfies P, too. Moreover, if P satis-
fies effective descent, then it is local on the codomain, and the viceversa holds if
Mor(C) is a stack.

Proof. The fibred category Mor" (C) is a prestack by Lemma 6.25 (observe that
it is a full subcategory of the prestack Sh(C) by Remark 6.30). If the condition
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is satisfied then MorP(C) is a stack: a descent datum & = ({a;}, {¢i;}ijer
in Morf(C) relative to a covering U = {U; — U}ier € Cov(U) is effective as
a descent datum in Sh(C) (because Sh(C) is a stack), so that there exists a
morphism «: F — U in C~ such that & = )\Zh(c)(a); now, the hypothesis im-
plies that « is isomorphic to an object of Mor® (C), whence & is effective also in
Mor”(C). Assume conversely that Mor"(C) is a stack, let U be as above and
let a: F — U in C~ be such that F; is representable and «; satisfies P for ev-
ery ¢ € I. Then )\Zh(c)(a) € Sh(C)y is isomorphic to an object & € MorP(C)y.
Since Mor" (C) is a stack, there exists f € Morf (C)y (f is a morphism of C with
target U and which satisfies P) such that & = Ayorp(c)(f) = )\Zh(c)(f). Therefore
)\Zh(c)(a) = /\E,h(c)(f)7 which implies (as )\Zh(c) is an equivalence) that o & f in
Sh(C)y = C/NU, and this precisely says that F' is representable and « satisfies P.
The last statement is then clear. O

6.4 Stacks of groupoids and quotient stacks

We fix as usual a site (C, 7).

Lemma 6.34. Let Fy = (F :t;FO) be a groupoid in C such that Fy is a sheaf

and Fy is separated. Then [F,]" € Fib%pd is a prestack.

Proof. Given U € C, {U; — U}ier € Cov(U) and &, € Fy(U) = Ob([F,]y;), we
have to prove that the natural sequence of sets

pry
Ui) —_— K
pray

Homp,); (§,1) — H := [L;c, Homig,y;, (§lv:sn

(where K = [[; 1c; Hom[Fo]/Ujk(£|Uj,k’n|Uj,k)) is exact. If ¢ := (¢)ier € H
(by definition, ¢; € Fy(U;) is such that s(U;)(¢:) = &u, and t(U;)(¢:) = nlu,)
is such that pr,(¢) = pry(¢), then (since Fy is a sheaf) there exists a unique
¢ € F1(U) such that ¢|y, = ¢; for every ¢ € I, and it remains to show that ¢ €
Homyg,y; (§,7) € F1(U) (L.e., that s(U)(¢) = £ and t(U)(¢) = 1). As s(U)(¢)|v, =
s(Ui)(¢:) = &lu, € Fo(Us) and ¢(U)(¢)|v, = t(Ui)(¢i) = nlu, € Fo(Us) for every
1 € I, this follows from the fact that Fp is separated. O

In particular, if F, is a groupoid in C™~, we will denote by [F,] the associated
stack [F,]'* (recall that, by Proposition 6.23, the natural morphism pyg,) : [Fi]" —
[Fo] is a monomorphism of Fibs). We have then the following result, which
generalizes Corollary 4.83.

t
Corollary 6.35. Let Fy = (Fi1——=Fy) be a groupoid in C~. Then the natural



110 A. Canonaco
2-commutative diagram in St d

)2 *S>F0

Fo —=[Fy]
(where, in the notation of (5.5), ™ := pip, o’ and 7 :=id,
and 2-cocartesian in Ste.
Moreover, if P: Fy — F is a morphism in &%pd with Fy € C~, then the

ke ¥7V) 18 2-cartesian
L

~ pr
induced morphism P: [Fy] := [Fy XF Fo:liFo] — F yields an isomorphism
pr2

~

[Fo] & im P in St in particular, [Fo] =2 F if and only if P is an epimorphism in
Ste.

Proof. Taking into account Proposition 5.72, the diagram is 2-cocartesian by the
property of associated stack, and it is 2-cartesian because p(r,); is a monomor-
phism. The second statement can be proved similarly from Corollary 5.74. O

Now we want to give an alternative description of the stacks of the form
pri
[F x G?F], where ¢: F' X G — F is an action in C~. Before we do that,

however, we need to recall the notion of torsor on a site (see Definition A.28 for
the usual definition of torsor on a topological space).

In the following, given F' € C~, we will denote by F|y the object of 6/\(]
corresponding to pro: F' X U — U under the natural equivalence between 6—/;

and G/U; recall that it is defined on object by F|y(V — U) = F(V) and that
Fly € (C,y)™ (see the discussion before Remark 6.30).

Definition 6.36. Let G be a group in C~. A G-pseudo-torsor is a sheaf H € C™
together with an action (in C~) gg: H x G — H such that for every U € C either
H(U) is empty or og(U) is free and transitive.

A morphism between two G-pseudo-torsors H and H' is a G-equivariant mor-
phism of sheaves a: H — H’ (i.e., « € Homc~(H, H') is such that a o oy =
on' o (a x idg)); this clearly defines a category G-PTor of G-pseudo-torsors.

A G-pseudo-torsor is trivial if it is isomorphic (in G-PTor) to G with action
given by multiplication G x G — G.

Note that, if H is a G-pseudo-torsor as above, then H|y is a G|y-pseudo-torsor
for every U € C (with action gg|v).

Definition 6.37. If U € C and G is a group in (C )™, a G-pseudo-torsor H is a
G-torsorif it is locally trivial, i.e. if there exists a covering {U; — U}ier € Cov(U)
such that H|y, is a trivial G|y,-pseudo-torsor for every ¢ € I (in particular, trivial
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pseudo-torsors are torsors). A morphism of G-torsors is just a morphism of G-
pseudo-torsors; G-Tor will be the full subcategory of G-PTor whose objects are
G-torsors.

Remark 6.38. It is not difficult to prove that in the definition of G-torsor the
hypothesis that H is a G-pseudo-torsor could be replaced by the weaker assumption
that H is just a sheaf with an action of G: namely, if (H, oy) is locally trivial
(again, in the sense that there exists {U; — U},e; € Cov(U) such that H
G|u,-equivariantly isomorphic to G
G-pseudo-torsor (hence a G-torsor).

It is also easy to see that, if (C,7) = (Open(X), std) (X a topological space),
then the above definition is equivalent to Definition A.28.

U; is
y, for every i € I), then it is necessarily a

Lemma 6.39. G-Tor is a groupoid for every U € C and every group G in (C 7)™ .

Proof. Tt is clear by definition that, if & € Homg_pror(H, H'), then a(f) is bijec-
tive for every f € C,y such that H(f) # 0. It is thus enough to prove that if
H € G-Tor and f: V — U is such that H'(f) # 0, then H(f) # 0, too. Since H
is a G-torsor, there exists U = {U; — U},er € Cov(U) such that H|y, is a trivial
G|y,-torsor for every i € I, and this implies that f*U = {V; 2 V}icr € Cov(V)
is such that H(f;) # 0 for every i € I (where f; := fopr;: V; = U). Choose
¢ € H'(f) and set & = |y, € H'(f;): by what we said before it follows
that there exists a unique & € H(f;) such that & = a(f;)(&) for every i € I.
Since &y, = &y, (where fi; = fi x5 fj: Vij — U) for all i,j € I (because
ol fi)&lyr,) = &, = alfij)(&ly,)) and H is a sheaf, there exists a unique
€ € H(f) such that & = £|y, for every i € I, and this shows that H(f) #0. O

Given an action F' x G — F in C~ we can now define a category fibred in
groupoids [F/G] € Fib&" as follows. For every U € C the objects of the fibre
[F'/G]u are the pairs (H,¢) where H is a G|y-torsor and ¢: H — F|y is a Gly-
equivariant morphism in (C,y7)™, whereas

Hom[F/G]U((H7 (p)’ (H/a 90/)) = {O[ € HomGh}—TOI‘(Hv H/) |(pl ca = (p}

Defining (for every morphism f: U — V of C) the functor f*: [F/G]y — [F/Glu
in the obvious way, it is clear that we really obtain a fibred category [F/G], and
Lemma 6.39 implies that each fibre [F'/G]y is a groupoid.

Proposition 6.40. [F/G] € &gcpd (it is called the quotient stack of F' by G) for
every action FF x G — F in C™.

Proof. Fix a covering U = {U; — U};e; € Cov(U).

[F/G] is a prestack: given two objects (H,p), (H',¢') € [F/G]y and mor-
phisms «; € Homr,c), ((H, ¢)|v,, (H',¢")|v;) such that aslu, ; = ajlu, ; for all
i,j € I, by Proposition 6.31 there exists a unique a: H — H' in (C,y)~ such
that a|y, = a; for all i € I, and it is easy to see that « is G|y-equivariant and
@' oa = ¢, so that actually o € Homp, g, ((H, @), (H',¢')).
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[F/G] is a stack: given objects (H;, ;) € [F/G]y, and isomorphisms

Q- (Hj7 ng)|Ui,j = (Hi’ (pi)|qu.j

of [F/Gly, , such that a;ilu, ;, = aijlu,,,. © ajklu,,, forall i,j,k € I, again
by Proposition 6.31 there exist H € (C,;)~ and isomorphisms ;: H|y, = H;
of (Cy,)~ such that o;; = Bilu,, o (Bjlu,,) " for all 4,j € I. Setting g; :=
Bt oom, o (Bi xid): Hly, x Gly, = H|u,, it is clear that g;|u, , = oj|uv,, for all
i,j € I, whence there exists a unique or: H x G|y — H in (C,y)~ such that
om|u, = o; for all i € I, and it is easy to see that oy is an action which makes
H into a G|y-torsor (and obviously each §; is G|y,-equivariant). Similarly, the
morphisms ¢} := ¢; o f;: H|y, = F|u, satisfy ¢i|v,; = ¢jlv,, for all i,j € I,
so that there exists a unique ¢ € Hom (g, )~ (H, F|y) such that o[y, = ¢; for all
i € I, and one can easily check that ¢ is G|y-equivariant (hence (H, ) € [F/G|u)
and that 3; € Homr,q),, ((H, ¢)|u;, (H;, ¢;)) for every i € I. O

Example 6.41. When F' = x (the terminal object of 6, which is always a sheaf),
the quotient stack [*/G] is denoted by BG and is called the classifying stack of G
(each fibre BGy can be identified with G|y-Tor).

We can now prove that for every action ¢: F' x G — F in C”~ the quotient

pr
stack [F/G] is naturally isomorphic to [F X G:1>>F ]. Observe first that there
0

is a natural morphism Q: F — [F/G] in St%* such that Qu: F(U) — [F/Gly is
given by £ — (Glu, pe), where the G|y-equivariant morphism g : G|y — Fy is
defined for every object f: V — U of C,y by
ee(f): Glu(f) = G(V) = F(V) = Flu(f)-
g = e(V)(f7(6),9)

It is also clear that there is a natural 2-commutative diagram in St%’ d

where (for every U € C and every (§,g) € (F' x G)(U)) the morphism

B(€,9): Qoo(§,9) = (Glu,¢oe.g) = Qopri(€,9) = (Glu, ¢e)

of [F/G]y is given by the G|y-equivariant morphism G|y — G|y induced by left
multiplication by g (more precisely, for every object f: V — U of C,y the map
Glu(f) =G(V) = G(V) is given by h — f*(g)h).
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Proposition 6.42. The diagram (6.2) induces a morphism
pr1
P: [F,]:=[F x G—xF] — [F/G]
o

(such that P o = Q, where w: F — [F,] is the natural morphism), which is an
isomorphism in &“g’d; therefore (6.2) is 2-cartesian and 2-cocartesian in Ste.

Proof. The morphism P such that P orm = @Q exists by the first part of Corol-
lary 6.35; similarly, there is an induced morphism P’: [F,]' — [F/G] such that
P'or’ 2 Q (and clearly P' = Popg,}:), by Proposition 5.72. Taking into account
that P[;: [Folyy — [F/G]u is defined as @ on objects and as 5 on morphisms, it is
not difficult to prove that P’ is a monomorphism, whence also P is a monomor-
phism by Lemma 6.25. Moreover, im @ = [F/G] (this follows easily from the fact
that torsors are locally trivial), which clearly implies that P is an epimorphism in
St, hence an isomorphism by Lemma 6.27. [

7 Faithfully flat descent

7.1 Descent for modules

Given a morphism of rings ¢: A — B, there is a natural complex of A-modules
N d°=¢ dt d?
Co=—>02A—>B-—B®aB—>BRaBosB— -

with C% = B®4" and d' := E;ZO(—I)jeéq B®at — RO+ where the mor-
phisms of A-algebras e/: B¥4" — B®4(+1) are defined by

b1 @ ®@b) i =b1 @ Qb ®L®bjp1 @ @b
(it is straightforward to check that C3 is really a complex).

Proposition 7.1. If ¢: A — B is a faithfully flat morphism of rings, then the
complex CF defined above is exact. More generally, for every A-module M, the
complex of A-modules C§ @4 M is also ezact.

Proof. Given a morphism of rings : A — A’ let B’ := A'®4 B and let ¢/: A’ —
B’ be the induced morphism of rings. If M is an A-module, then, denoting by
M’ the A’-module A’ ® 4 M, there is a natural isomorphism of complexes of A’-
modules A’ ® 4 Co@aM=Ch @4 M " (this follows easily from the associativity of
tensor product). Thus, by Lemma 3.77, in order to prove that C3 ®@a M is exact,
it is enough to show that C, ®a M " is exact for some faithfully flat morphism
1: A — A'. In particular, we can take 1) = ¢: A — B, and in this case ¢': B —
B ®4 B is the map given by b — b ® 1; notice that there is a morphism of rings
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u: B®a B — B (defined by p(b ® ') := bb') such that po ¢’ = idpg. Therefore,
we can assume without loss of generality that ¢: A — B satisfies the following
property: there exists a morphism of rings o: B — A such that o0 o ¢ =id4. We
are going to show that with this additional hypothesis the complex qu is actually
homotopic to 0 (hence, for every A-module M, C$®aM is also homotopic to 0, and

in particular exact). Indeed, the morphisms of A-modules k’: B®4? — B®a(i—1)
defined by k*(b; @ - - ‘@b;) == 0(b1)b2® -+ @Db; are such that i ok = k'tloel,,
for 0 < j <iand k'™t o€} = idge,i. It follows that

k1+1odz+dz 1 k‘ Z( ]k7,+1oe +Z ] i— 1 _
7=0

=k oel + Z(—l)j(eé_l ok — k"o e;_,_l) =idgeai,

which shows that €3 is homotopic to 0. O

Corollary 7.2. If ¢: A — B is a faithfully flat morphism of rings and M, M’ are
two A-modules, then there is an exact sequence of A-modules'3

0 — Homu (M, M) 2% Homp (B ®4 M', B @A M) —
61 —61
BLLERELIN Hompg,5(B®4 B®a M' B4y B®4y M).
Proof. The given sequence can be naturally identified with the sequence

(¢®idnr)o

O—>H0mA(M/,M) HomA(M’,B®AM)

(d*®idas)o ,
—>I{OIDA(]\4,B®AB®AZ\l)7
. . ~ d®Ridar dt ®id pr
which is exact because 0 - M 2 AQu M —— B M —— BRIu B4 M
is exact by Proposition 7.1 and Hom 4 (M’ —) is left exact. O

Given a morphism of rings ¢: A — B, besides the morphisms eé introduced
before, we define morphisms e;: B — BaB® 4B fori = 0,1,2 by ¢(b) := bo1®1,
(b)) =161, () :=101®b; for j =0,1 and j' =0,1,2, we have

e oe} = § (012N} 1fy < j:
€0, 1,20 {57+ iE7 ="

Observe that for every N € B-Mod there are canonical isomorphisms of (B® 4 B)-
modules e}, (N) := (B ®a B) a®pN = B ®a N (given by (b1 ® by) @ n +—

13We are using the canonical identifications e(l)* O s X 5y X e%* 0 ¢x, where s: A - B®y B
is the structure morphism.



Lectures on algebraic stacks 115

b1 ® (ban)) and e}, (N) = N ® 4 B, and similarly there are canonical isomorphisms
of (B®4 B®4 B)-modules €y, (N) 2 N®y B4 B, €1,(N)=2B®sN®y B and
€2+(N) = B®4 B®4 N. With these identifications (and taking into account that,
if €2, 0ej = ¢, then there is a canonical isomorphism €3, (e} (N)) = €;,(N)),
a morphism a: N ®4 B - B®y N of (B ®4 B)-Mod induces morphisms of

(B®a B®4 B)-Mod
eg*(a): BRAN®RsB—B®sB®yN,

2 (a): N©4 B4 B— B®sB®4 N,
e2.(a): N®a B@a B - B4 N@aB

(e?*(a) is given by idg on the (j + 1)*® term and by a on the other two terms).

Remark 7.3. It is immediate to see that for every M € A-Mod the natural
isomorphism of (B ®4 B)-modules ay;: ¢«(M)®4 B = B®4 ¢.(M) (defined by
bem)Rb — b (b @m), where b@m € ¢.(M) = B4 M) satisfies the cocycle
condition e? (apr) = €3, (anr) o €3, (anr).

Proposition 7.4. In the above notation, if ¢: A — B is a faithfully flat morphism
of rings, N is a B-module and a: N @4 B = B ®4 N is an isomorphism of
B ® 4 B-modules such that

el (@) =, (a)oes,(0): N®aB®aB = BoaB®aN

then M :={m € N|a(m®1) =1®&m} C N is an A-submodule and the natural
map p: ¢ (M) = B®a M — N (defined by b @ m +— bm) is an isomorphism of
B-modules such that

¢(M) @4 B> B@ 4 ¢.(M)

u®idl lid@u

N@sB——>B®aN

is a commutative diagram of B ® » B-modules.

Proof. 1t is obvious that M is an A-submodule of N and p is a morphism of B-
modules. Moreover, since « is a morphism of (B ® 4 B)-modules, for all m € M
and all b, b’ € B we have

(idop)oay((bem)®b) =(deou)(be (B @m)) =be (b'm) =
=Beb)(1em)= bV )a(me1) =a((bm)®@b) = aoc(p®id)((bem)®b')
(hence the diagram commutes). Note that so far we have not used the hypotheses

that ¢ is faithfully flat and that « is an isomorphism which satisfies the cocycle
condition: they are needed only to prove that u is an isomorphism. Denoting by
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ey(N): N - B®a N and ei(N): N - N ®4 B the maps defined, respectively,
by n+— 1®n and n+— n® 1, and setting v := e} (V) faoel(N) N%B@AN
by definition there is an exact sequence of A-modules 0 = M 5 N > B@a N
(where ¢ is the natural inclusion). Then in the diagram

0— > (M) 2Me,B P2 N, B2 Bo, Nos B

#\L zla zieg*(a)

00— NZ2AQQN—BR4 N —BR4B®a N
$RidN d'®idy

1®idp

the rows are exact (the first because ¢ is flat and the second by Proposition 7.1).
Therefore (since o and €3, («) are isomorphisms) g will be an isomorphism by the
five lemma, provided the diagram is commutative. Now, it is immediate to see
that the square on the left is commutative, and as for the square on the right, it
is enough to observe (remembering that d* = e} — e} and v = e}(N) — aoe}(NV))
that (e} @ idy)oa =€Z,(a)o (e}(N)®idg) and

(e ®idy) o = e% (a ) o (el(N)®idp)
= e, (a) o€, (a) o (e1(N) @idp) = e, (a) o (o ef(N)) @ idp).
O

7.2 Descent for schemes and for quasi-coherent sheaves
We fix a base scheme S # () .

Lemma 7.5. Given U € Sch)g and U = {g;: W; — U}jes € Cov/?PI(U), there
exists V = {f;: Vi = Ulier € CovPP(U) such that for every i € I there eists
a local isomorphism hi: Vi — Wy (for some j(i) € J) with fi = gjuy o hi (in
particular, U < V) and f; is the composition of a faithfully flat morphism of finite
presentation of affine schemes f!: V; — U; and of an open immersion U; — U.

Proof. Since each g; is open by Proposition 3.81 and U = Ujejimgj, it is easy
to see that there exists {U; C U}ies € CovZ®(U) such that, for every i € I,
U; is affine and U; C img;;) for some j(i) € J. Now, for every x € U; let
W, € Wj(;) be an open affine subscheme such that z € g;(; )(Ww) CU;: as U;
is quasi-compact, there exist z1,...,x, € U; such that U; = |J}_ 1956 Way).
Setting V; := [[_, Wa,, it is then clear that the morphism f;: V; — U; induced
by the restrictions of g;(;) has the required properties. O

Proposition 7.6. If F € msm/s is a prestack (respectively a stack) for Zar
such that for every faithfully flat morphism of finite presentation of affine schemes
f:V = U the functor )\?f}: Fu — Fypy s fully faithful (respectively an equiva-
lence), then F is a prestack (respectively a stack) for fppf, too. In particular, if
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F e @g is a separated presheaf (respectively a sheaf) for Zar such that for every
f as above the map /\ff}: F(U) — F({f}) is injective (respectively bijective), then
F is separated (respectively a sheaf) for fppf, too.

Proof. Taking into account Corollary 6.11 and Lemma 7.5, it is enough to prove
that AY is fully faithful (respectively an equivalence) for every U € Sch/g and
every V = {fi: Vi = U}ier € Cov/?P/(U) such that each f; is the composition of
a faithfully flat morphism of finite presentation of affine schemes f/: V; — U; and
of an open immersion U; < U.

Ay is fully faithful: given &,&' € Fy and ¢ € Hompg, (A),(£),A,(£)), we
have to prove that there exists a unique ¢ € Homp,, (£,£’) such that ¢ = A,(¢).
Now, by definition, ¢ is given by morphisms ¢; € Homg,, (§|v;,{'lv;) such that
pri(¢:) =pri(v;) € Homp, Elvixuv;» €' lVixgv,) foralld, j € 1. In particular,
for every i € I we have pri(¢;) = pr3(¢;) € Homp, . (€lvixyvi, & lvixpvi); as
A (i 18 fully faithful (and taking into account that V; xyV; = V;xy, V;), this implies
that there exists a unique ¢; € Homr,, ({|u,, ¢'|u,) such that ; = ¢;|v,. For every
open affine subset U’ C U ; the natural morphism W’ := (V; xy V;) xp, , U — U’
is faithfully flat and of finite presentation, so that (by the same argument used in
the proof of Lemma 7.5) there exists a morphism V' — W' with V' affine such that
the induced morphism V/ — U’ is also faithfully flat and of finite presentation.
As ¢ilv: = @]y (because ¢;|lwr = Yilwr = ¥jlwr = ¢;|lw), this implies that
¢ilur = ¢jlur. Therefore, since F is a prestack for Zar, we have ¢;|v, ; = ¢;|u, ,
for all 4, j € I, whence there exists a unique ¢ € Homg,, (£,£’) such that ¢; = d|y,
for every i € I. Then ¢ = A,(¢) and ¢ is clearly unique with this property.

It remains to show that A, is essentially surjective if F is a stack for Zar
and A,y is an equivalence for every i € I. Given n = ({m:}. {wi Dijer € Fy

(n: € Fy, and 9 52 njlvixpv; S V,xyV; are isomorphisms of Fy, «,, v, satisfying
the cocycle condition), for every i € I (since A {7y 1s an equivalence) there exists

(unique up to isomorphism) §; € Fy, together with an isomorphism 3;: &y, — n;
in Fy, such that ¢; ; = pri(8;) oprs(8;)~". For all i, j € I we define ¢} ; to be the
isomorphism of Fy, x,,v, which makes the diagram

"y

ij
Vixpv; —>&i

&)
ﬁjViXUVji lﬁilvix(,vj

nj

VixuVj

VixuVj NilVixuV;

—_—
wi,j
commute (in particular, ;;, = id). As {V; xy V; — U;;} € Cov/PI(U; ;)
and as we already know that F is a prestack for fppf, there exists a unique
Qﬁi,ji £j|Ui,j — 52 Us,j in FU;,,,‘ such that d)z{’j = ¢i,j|V7i><UVj (in particular, ¢i7i = ld)
It is immediate to see that the ¢, ; satisfy the cocycle condition, so that (since F
is a stack for Zar) there exists (unique up to isomorphism) & € Fy together with
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isomorphisms «;: &|y, — & in Fy, such that ¢; ; = aily, ; © (OZj|U,-,,j)71- Setting
vi i= Bi o ailvi: €]y, — n; in Fy,, we have for all 4,5 € T

Yilvixov; © (Vilvixov,) ™ = Bilvixov, 0 @ilvix v, © (@lvixov,) T o (Bilvixgv,) ™

= 6 !

VixuV; © (Bjlvixuv;) ™

= Bilvixuv; 0 Wi j o Bilvixpv,) ™" =i

VixuV; © @i

and this precisely says that A,,(§) = 7. O

Remark 7.7. Using Lemma 7.5 it is also easy to see that a property P of objects
of Sch g is local for fppfif it is local for Zar and the following holds: if U" — U is a
faithfully flat morphism of finite presentation of affine schemes, then U satisfies P if
and only if U’ satisfies P. Similarly, one can show that a property P of morphisms
of Sch 5 is local on the codomain (respectively domain) for fppfif it is local on the
codomain (respectively domain) for Zar and the following holds: given a cartesian
diagram
X —X

q e )

U/?U

(respectively given morphisms U’ Lusx ) of Sch g such that f is a faithfully
flat morphism of finite presentation of affine schemes, then g satisfies P if and only
if ¢’ (respectively g o f) satisfies P. The same is true if fppf is replaced by sm
(respectively ét) and f is assumed smooth (respectively étale) and surjective.

Theorem 7.8. On Schg the fppf pretopology is subcanonical.

Proof. By Corollary 4.43 we can assume S = Spec Z and, since we know that Zaris
subcanonical on Sch (see Example 4.40), by Proposition 7.6 it is enough to prove
the following: if ¢: A — B is a faithfully flat morphism of finite presentation of
rings, then, setting f := Spec¢: V := Spec B — U := Spec A, the sequence of sets

o opr1
Homgen (U, Z2) _or Homgen (V, Z) —= Homgen(V x¢ V, Z2)
opra

is exact for every Z € Sch. Note that this follows from Proposition 7.1 if Z =
Spec C' is affine, as in this case the above sequence can be identified with the
sequence

1

Hompgng(C, A) _ey Hompng(C, B) *% Hompng (C, B ®4a B),
elo
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which is exact because the sequence of rings ALB:;?B ®4a B is exact (as
€1
a sequence of sets). Passing to the general case, we first show that of is injec-
tive. Indeed, given ¢1,g2: U — Z such that g; o f = g3 o f, we clearly have
lg1] = |g2|, since f is surjective. For every € U let W C Z be an open affine
neighbourhood of g1 (z) = g2(x); as |g1] is continuous, there exists a € A such that
r € D(a) = Spec A, and |g1|(D(a)) = |g2|(D(a)) € W (hence g;|p(q) can be re-
garded as morphisms D(a) — W). Moreover, f~(D(a)) = D(¢(a)) = Spec By(q)
and f|p(e(a)): D(¢(a)) — D(a) (which is also a faithfully flat morphism of finite
presentation of affine schemes) is such that g1]p(a) © fIp(s(a)) = 921D(a) © flD(6(a))>
so that g1|p(a) = 92|D(a) by the already proved case, and clearly it follows that
g1 = g2. It remains to show that, given h: V' — Z such that hopr; = hoprs, there
exists g: U — Z such that h = go f, and (as we have already proved uniqueness)
it is enough to prove that for every z € U there is an open neighbourhood U’ C U
of  and a morphism ¢': U" — Z such that g’ o |1y = hlg-1wr). So, given
x € U, we choose y € f~1(x) and an open affine neighbourhood W C Z of h(y).
Since f(h~'(W)) is open in U by Proposition 3.81, there exists a € A such that
x € D(a) C f(h=Y(W)). We claim that f=(D(a)) = D(¢(a)) € h~1(W): indeed,
given y' € D(¢(a)), there exists y” € h™1(W) such that f(y”) = f(v') (because
f(y") € D(a) C f(h~1(W))), whence there exists § € V x ¢V such that pri(j) = 3/
and pro(g) = y”; it follows that h(y') = h(pri(9)) = h(pr2(9)) = h(y") € W, ie.
y' € h='(W). Therefore h|p(s(a)) can be regarded as a morphism D(¢(a)) — W,
so that (by the already proved case, applied to the faithfully flat morphism of finite
presentation of affine schemes f[p4(a)): D(¢(a)) — D(a)) there exists a unique
g/I D(a) — Z such that g/ o f‘D((ﬁ(a)) = h|D(¢(a))~ O

Thus, taking into account Example 4.36,
Sch,s C (Schyg, fppf)™ € (Sch, g, sm)™ = (Schg, ét)~ C (Sch,g, Zar)™
and we are going to give examples which show that all the inclusions are strict.

Example 7.9. Let P = Pg € S/ch\/s be the presheaf defined on objects by
P(U) := {X C |U|} (all subsets of |U|) and on morphisms by P(f)(X) :=
|f|71(X): then P is a non representable sheaf for fppf.

We first prove that P € (Schyg, fppf)~. Given a covering {f;: Us — U}ics €
CovPP/(U7) and X; € P(U;) (i.e., Xi C |U;]) such that |pr|~1(X;) = |pra| 1 (X;) C
Ui ;| for all i,5 € I, let X :=,c;|fi|(X;) C |U|. We claim that |f;|~}(X) = X;
for every i € I: as it is obvious that X; C |f;|~}(X), we have only to prove that
Ifil71(X) C X;. So fixi € I and x; € |fi|71(X); then fi(z;) € X, so that, by
definition of X, there exist j € I and z; € X, such that f;(z;) = f;(x;). Therefore
there exists y € U, ; such that pri(y) = z; and prao(y) = x;, which implies that
y € |pr2|71(X;) = |pr1]71(X;), whence x; = pri(y) € X;. In order to conclude
that P is a sheaf it is then enough to observe that X € P(U) is unique with the
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property that |f;|71(X) = X; for every i € I (i.e., that P is separated): this follows
immediately from the fact that |U| = |J;c; im|f;| (notice that we did not use any
hypothesis on the morphisms f;, but only the “surjectivity” of the covering).

It remains to prove that P = Pg is not representable. So we assume on the
contrary that Pg is representable: since then clearly Ps: is also representable for
every scheme S’ such that Homgen(S’,S) # 0, we can reduce to the case S =
SpecK (K a field). By Corollary 4.6 there exist U € Sch g and A C |U| such that
for every V' € Sch i and every X C |V, there exists a unique f € Homsgen , (V,U)
such that X = |f|7!(A). As for any extension of fields K C K’ the set P(SpecK’)
has 2 elements, it is clear that |U| consists of exactly 2 points (both with residue
field K), say |U| = {u1,u2}. Then A is either open or closed (if {u;} is not open,
then U is affine, hence {u;} is closed because a ring has at least one maximal
ideal), and we get a contradiction taking V' such that not all subsets of |V| are
either open or closed (e.g., V = SpecK]t]).

Example 7.10. Given a subcanonical pretopology 7 on Sch,g and a morphism
f+ X =Y of Sch/g, we define Fy . € (Sch/g, 7)™ to be the subpresheaf of the
sheaf Y given by the morphisms which locally (for 7) factor through f: explicitly,
g: U =Y isin Fy - (U) if and only if there exist {p;: U; = U}icr € Cov(U) and
morphisms h;: U; — X such that gop; = f oh; for every i € I (using the axioms
of pretopology, it is very easy to see that Fy , is really a sheaf).

Now, let f: X := SpecK’ — Y := SpecK be a morphism of Sch,g corre-
sponding to a finite separable non trivial extension of fields K C K’ (there is
always such a morphism: you can take s € S, K := x(s)(z") and K’ := k(s)(x),
where n > 1 is not a multiple of the characteristic of k(s)). Then Fy zqr is a
sheaf for Zar but not for ét Indeed, idy € Y (Y)) is clearly not in Fy z,-(Y), but
Y (f)(idy) = f € Ff zar(X) C Y(X) and {f} € Cov¥(Y) (by Remark 3.117).

On the other hand, let K := x(s) for some s € S and let A := K[t]/(¢?). Then
the morphism f: X — Y of Sch,g induced by the natural morphism of rings
¢: A — B := Alz]/(2* — t) is such that Fy ¢ is a sheaf for ét but not for fppf.
As before, since {f} € Covfppf(Y), it is enough to show that idy ¢ Fy «(Y). So,
assume on the contrary that idy € Fy ¢(Y): then there is a morphism ¢g: X' —
X such that f' ;= fog: X’ — Y is étale and surjective. Hence the induced
morphism f': X’ := X’ xy SpecK — SpecK is also étale and surjective, so that
(by Remark 3.117) there is an open subset U SpecK C X’ such that flg is
induced by idg. As |X’| 22 |X’|, the open subscheme U C X’ inducing U on X’
has exactly one point (hence is affine) and f’|y is induced by an étale morphism
of rings ¢': A — B’, where ¢/ = 1) o ¢ for some p: B — B’. Now, B’ is a free
A-module because it is flat and, since B’ ® 4 K = K, we conclude that ¢’ is an
isomorphism, which is impossible because t is not a square in A.

By Corollary 6.33 we have also the following result.

Corollary 7.11. Mor(Sch/g) € PSt(SCh/Sme and every property of morphisms
of Sch g which is stable under base change satisfies descent for fppf.
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Theorem 7.12. In the notation of Example 5.35, QCoh € &(Sch/s,fppf)-

Proof. As we already know that QCoh € St(gep, . zar) (see Example 6.7), by
Proposition 7.6 it is enough to prove that for every faithfully flat morphism of

finite presentation of rings ¢: A — B the functor )\?SS:C}’ ) is an equivalence. Now,

taking into account the natural equivalence (for every ring C) between C-Mod
and QCoh(Spec C), Corollary 7.2 implies that A (Spec 6} is fully faithful and Propo-
sition 7.4 that it is essentially surjective. O

Remark 7.13. In the above proof we did not use the hypothesis ¢ of finite

presentation, so that )\?f(f')h is an equivalence if f is a faithfully flat morphism of
affine schemes (and then it would be easy to prove that, more generally, it is an
equivalence if f is a faithfully flat and quasi-compact morphism of schemes). On
the other hand, in the proof of Theorem 7.8, in order to show that A% £y s bijective
for every Z € Sch, we used the hypothesis that the faithfully flat morphism of
affine schemes f: V — U was of finite presentation (namely, we used the fact that
such a morphism is open). However, it can be proved (see [10, Exp. VIII, Cor.
5.3]) that actually /\{Zf} is bijective for every Z € Sch and every faithfully flat
morphism of affine schemes f: V' — U (and more generally when f is a faithfully
flat and quasi-compact morphism of schemes), using the fact that in this case U
has the quotient topology induced by the surjective map f (see [10, Exp. VIII, Cor.
4.3]). Nevertheless, it is not true that the maps )\{Zf} are bijective and the functor

)\?fc}f‘)h is an equivalence for every faithfully flat morphism of schemes f (for this

reason we use the fppf pretopology instead of the faithfully flat pretopology fp,
defined by {f;: U; — Ul}ier € Cov?(U) if and only if |U| = (J;, im|f;| and f; is
flat for every i € I).14

Example 7.14. Let X := Hpespccz SpecZ, € Sch and denote by f: X — SpecZ
the (unique) morphism, which is clearly faithfully flat (but neither locally of finite
presentation nor quasi-compact). Then the scheme Z obtained by gluing the
schemes SpecZ, (p € SpecZ) along the open subschemes {(0)} C SpecZ, (each
of them can be naturally identified with Spec Q) is such that /\{Z ol is not bijective
(i.e., the sequence

° opr
Homsen (Spec Z, Z) —2= Homsen (X, Z) ——= Homsen (X x X, Z)
opra
is not exact). Indeed, the morphism ¢g: X — Z induced by the natural mor-
phisms i,: SpecZ, — Z satisfies g o pry = g o pry (this follows from the fact
that if p,q € SpecZ and p # q, then Z, ®z Zq = Q), but there is no morphism

4What we have just said suggests that it should be possible to replace the hypothesis “locally
of finite presentation” with “quasi-compact”. Actually this is true, but, in order to do that in a
reasonably simple way, one has to use topologies instead of pretopologies (see Example B.27).
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h: SpecZ — Z such that ho f = g. Suppose on the contrary there is such a mor-
phism h: necessarily h(p) = ip(pZp) for every p € SpecZ, but then h would not
be continuous ({(0)} = ip({(0)}) C Z is open, but A= 1({(0)}) = {(0)} C SpecZ is
not open). This implies that the fp pretopology on Sch (defined in Remark 7.13)
is not subcanonical, and also that Z ¢ (AffSch, fp)~ (in the example, just replace
the covering {f} with {SpecZ, — SpecZ}pespecz € Covfp(Spec Z)). However,
fp is subcanonical on AffSch: this was shown in the first part of the proof of
Theorem 7.8 (the case Z affine, where the hypothesis ¢ of finite presentation was
not used).

Corollary 7.15. In the notation of Example 5.35, QCohAlg, QCohGAlg <
ﬁ(SCh/s»fppf)‘

Proof. We prove only that F := QCohAlg < &(sch /5 fopf)? since the other case

QCohGAlg can be dealt with in a completely similar way. Notice first that ob-
jects of Fy = QCohAlg(U) (U € Schg) can be identified with triples (F, ,€),
where F € QCoh(U) and p: F ® F — F (“multiplication”) and €: Oy — F
(“identity”) are morphisms of QCoh(U) satisfying a list of axioms (like asso-
ciativity and commutativity of multiplication, ...), which can all be expressed
by requiring the commutativity of some diagrams in QCoh(U) (in the style of
Proposition 4.66 for group structure). In this way morphisms of Fy; are given by

HOHIFU((]:,,u,e),(f/,,u/,e/))
= {a € Homqconw)(F, F') |aop=p o (a®@a),ace =€}

and, if f: V' — U is a morphism of Sch g, the pullback functor f*: Fyy — Fy can
be defined in the obvious way (since there are natural isomorphisms f*(Op) = Oy
and f*(FQF) = f*(F)® f*(F)). Now, for every covering U = {U; — U}ics €
Covfppf(U), we have to prove that \f;: Fy — Fyy is an equivalence.

AF is fully faithful: as AFC°" is fully faithful, given F = (F,p,e), F' =
(F',i,€) € Fy and

B € Homg,, (A5 (F), N (F')) C Hommu()\gc‘)h (F), A\ZCR(Fy),

there exists a unique o € Homgqconw)(F,F’) such that § = )\Scc’h(a)7 and
it is straightforward to check that aop = /' o (a ® o) and avoe = € (i.e,
o € Homp., (F, 7))

AF is essentially surjective: given (Fy, Bi;)ijer € Fu (with Fy = (Fi, pis €:)),
there exist 7 € QCoh(U) and «;: Fly, — F; in QCoh(U;) such that £;; =
ailv,, o (ajlu, )~ for all 4,5 € T (because (Fy, Bij)ijer € QCohy, and A o™ is

essentially surjective). Again using the fact that /\SCOh is fully faithful, and setting

pho=a;topio (i ®ay): Flu, @ Flu, — Flu, and € == a; ' o ¢;: Oy, — Flu,,
it is clear that there exist unique p: F ® F — F and e: Oy — F in QCoh(U)
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such that p; = ply, and €, = €|y, for every @ € I, and then it is casy to_prove that
F = (F,p¢€) € Fy and that the ; give an isomorphism N (F) =5 (F;, Bij)ijer
in Fu. O]

7.3 Properties of effective descent

Proposition 7.16. For morphisms of Sch,g the property of being affine satisfies
effective descent for fppf.

Proof. We have to prove that Aff := Mor”(Sch/g) € St (seh 5. fppp: Where P is
the property of being affine. This follows immediately from Corollary 7.15, as
Affy is naturally equivalent to QCohAlg(U)° (by Proposition 3.38) for every
U e SCh/S. L]

Lemma 7.17. Let O € @ be the the subpresheaf of P (see Example 7.9)
defined on objects by O(U) := {X C |U| open} (all open subsets of |U|). Then O
is a sheaf for fppf.

Proof. Since O is a subpresheaf of the sheaf P, it is enough to show that if
{fi: Ui = Ulser € CovP(U) and X C |U| is such that X, := |f;|"1(X) C |U;| is
open for every i € I, then X is open in [U|. This is true because X = (J,;|fil(X;)
and each | f;|(X;) is open by Proposition 3.81. O

Proposition 7.18. For morphisms of Sch,g the properties of being an open im-
mersion and a closed immersion satisfy effective descent for fppf.

Proof. By Corollary 6.33 we have to prove the following: if F' — U is a morphism
of (Sch,g, fppf)~ with U € Sch,g and {U; — U}ier € Cov/PP/(U) is a covering
such that F'xyU; 2 V; € Schg and the induced morphism f;: V; — U; is an open
(respectively closed) immersion for every i € I, then =2V € Sch g and V' — U
is an open (respectively closed) immersion. If the f; are open immersions, then
X; = im|f;| C |U;| are open subsets such that X;|y, , = Xj|y, ; for all i,j € I,
whence (by Lemma 7.17) there exists a unique X C |U]| such ‘that Xy, = Xi
for every ¢ € I. On the other hand, if the f; are closed immersions, then the
corresponding quasi-coherent ideals Z; of Oy, are such that L‘|Uw, = Zjlu, ; for
all 4,5 € I, whence (by Theorem 7.12) there exists a unique Z € QCoh(U) such
that Z|y, = Z; for every ¢ € I, and it is easy to see that Z is in a natural way an
ideal of Op. It is then clear that the open (respectively closed) immersion V — U
corresponding to X (respectively 7) has the required property. O

Lemma 7.19. For morphisms of Sch,g the property of being quasi-compact is
local on the codomain for fppf.

Proof. Since (by Proposition 3.4) it is a property stable under base change and
local on the codomain for Zar, by Remark 7.7 it is enough to prove that given a
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cartesian diagram in Sch,g

U——=U
f

such that f is a faithfully flat morphism of finite presentation of affine schemes and
g’ is quasi-compact, then ¢ is quasi-compact, too. Now, X' = ¢ _1(U ") is quasi-
compact, so that X = h(X’) is also quasi-compact, and the conclusion follows
from Lemma 3.5. O

Although the property of being (quasi)projective is certainly not of effective
descent for fppf (it is not even local on the codomain for Zar, see Example 3.70),
we are going to see that a stack for fppfis obtained if one considers morphisms
together with a relatively ample invertible sheaf.

Given U € Sch/g, we define Ay to be the category whose object are pairs
(¢: X — U, L) where ¢ is a morphism of Sch,g and L is a g-ample Ox-module
(recall that then ¢ is quasi-compact and quasi-separated by Remark 3.45) and
whose morphisms are given by

Homa, ((¢: X = U,L),(¢: X' = U, L))
={(s: X > X a: (L) = L)|d os=q}
(composition of morphisms is of course defined by (¢, 8) o (s, @) := (tos,ao0s*(8)),

using as usual the canonical identification s*ot* = (fos)*). A morphism f: V — U
of Sch g induces a natural functor f*: Ay — Ay, defined on objects by

(X = U,L)— (pro: X xg V = V,pri(L))
(pri(L) is pro-ample by Proposition 3.47), and as usual it is easy to see that in
this way we obtain a fibred category A € Fibgg, s

Proposition 7.20. In the above notation, A € St(scn ¢ fppp)-

Proof. Using the fact that Mor(Sch,s) and QCoh are prestacks (by Corol-
lary 7.11 and Theorem 7.12), it is very easy to see that A € PSt(SCh/S,fppf)'

Then, given U € Sch;g and U = {U; — Ulier € Cov/PP/(U), we have to
show that \}: Ay — Ay is essentially surjective. For every descent datum
{(gi: Xi = U, L)} {(si, i)} )ijer € Ay, for all i,j € I we have a com-
mutative diagram with cartesian squares

X<7X XUU XXUUZ]‘HX

Uj Uz




Lectures on algebraic stacks 125

and with this notation «; j: (pri o s;;)*(£:) — pry*(L;). By Proposition 3.46
Ri = @,>0¢.(LS") € QCohGAlg(U;) and g; factors as the composition of
an open immersion f; := Proj g, 2, X; = Proj R; and of the structure mor-
phism pg,: ProjR; — U;. By Proposition 3.74 for all 4,5 € I there are natural
isomorphisms

pry(Ry) = P prs (45, (£5M) = @D a), (prb" (£;)%") =
n>0 n>0
= B d). ((rh 050,) (L)) = @ pri (4:.(£5) = pri(Ry)
n>0 n>0

(the middle one being induced by «; J) and it is straightforward to check that

the resulting isomorphisms 3; ;: pry(R;) — pri(R;) of QCohGAlg(U; ;) satisfy
the cocycle condition. Thus (by Corollary 7.15) there exist R € QCohGAlg(U)
and isomorphisms 7;: R|y, — R; of QCohGAlg(U;) such that 3;; = v,
(vilu,,) "t for all i,j € I. Setting P := Proj R and P; := P xy U; (note that
{P, = PY;c; € Cov/PP/(P)), each ~; induces an isomorphism 7; : P = Proj R; of
Schy;, (by Proposition 3.41), hence an open immersion fi = 'yz ofi: X; — P
The isomorphisms

~ Si,j
Sijt Xj X p; Pi’j = X]' Xu; Ui’j — X; XU, Ui’j = X; X p; Pi,j

of Sch,p,  are easily seen to satisfy the cocycle condition, and this implies (by
Proposition 7.18) that there exist an open immersion f: X < P and isomor-
phisms ;: X xp P, = X, of Sch,p, such that 5;; = t;|p, ; o (tj\piwj)fl for all

i,j € I. Then the induced isomorphisms t;: X xy Ui 2 X xp P, % X, of Schyy,
., © (tjlu,,)~! for all 4,j € I. Note that ¢ :== pro f: X = U
is quasi- compact by Lemma 7.19 (the projection pro = ¢; ot;: X xy U; — U; is
quasi-compact for every ¢ € I) and quasi-separated (because pg and f are quasi-
separated), and that U’ := {g; := pri o ti_lz X; = Xtier € Covfppf(X). More-
over, the isomorphisms &; ; : = .., induced by «; ; (under the natural
isomorphisms X; ; = X; xy, U; ;) satisfy the cocycle condition, so that (by The-

orem 7.12) there exists £ € QCoh(X) such that A2 (L) = ({£:}, {@i;})ijer
So it remains to prove that £ is a g-ample invertible Ox-module (because then
clearly Ay (q, £) = ({(gi, L)}, {(s0.4> i j) Piger)-

Now, for every x € X there exist ¢ € I and x; € X; such that g;(x;) = =z,
hence, for every open beighbourhood V; of z;, ¢} := gilv,: Vi = V = ¢;(V;) is
faithfully flat locally of finite presentation and V is an open neighbourhood of x
(by Proposition 3.81). Choosing V; such that £;]y, = Oy, , we have then g!* (L]y) =
Oy, which implies that L]y = Oy (again by Theorem 7.12), i.e. L is invertible.
Now, note that R = @, ¢:«(L®") € QCohGAlg(U) by Corollary 7.15, since
their pullbacks to each U; are isomorphic to R; (this can be seen again using
Proposition 3.74). In order to show that £ is g-ample, by Proposition 3.46 it is
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enough to prove that P(yp, ) = X and that the natural morphism Proj ¢, o: X —
Proj R is an open immersion. Indeed, using Proposition 3.41 it is easy to see that
9; H(P(pq.c)) = P(pg;.c;) = Xi and that there is a cartesian diagram

X, —"—Plpgc) ¢ X

fil O i”Proj Pq.L

Proj Ri —— Proj R
for every i € I, which clearly implies that P(pq ) = X and Proj o, c = f. O

Corollary 7.21. For morphisms of Sch,g the property of being quasi-affine sat-
isfies effective descent for fppf.

Proof. We have to prove that F := MorP(Sch,g) € St(sch, 5. fpp: Where P is
the property of being quasi-affine; by Corollary 7.11 we already know that F is a
prestack. Using Proposition 3.50 it is easy to see that there is a natural morphism
of fibred categories P: F — A, defined on objects by (p: X — U) — (p,Ox).
Now, we have to show that for every U € Sch,g and every U € Cov/PPI(U7) the
functor )\ZE: Fy — Fy is essentially surjective. Given £ € Fy, let (p: X = U, L) €
Ay be such that M} (p, £) = Py(€): it is then clear that (by Theorem 7.12) £ = Oy
(so that p is quasi-affine, again by Proposition 3.50) and that A} (p) = €. O

Remark 7.22. The above result could be proved also directly, without using
Proposition 7.20 (but with a similar technique of proof). Indeed, since (by Propo-
sition 3.50) a quasi-compact morphism of Sch,g is quasi-affine if and only if the
natural morphism X — Spec f«(Ox) is an open immersion, one can use the fact
that QCohAlg is a stack (and, again, that the property of being an open immer-
sion satisfies effective descent and the property of being quasi-compact is local on
the codomain). We leave the details to the reader.

7.4 Local properties

Proposition 7.23. The following properties of morphisms of Sch,gs are stable
under base change and local on the codomain for fppf: open immersion, closed im-
mersion, affine, quasi-affine, quasi-compact, separated, quasi-separated, (locally)
of finite type (and with fibres of dimension n), (locally) of finite presentation,
finite, (locally) quasi-finite, surjective, universally injective, universally open, uni-
versally closed, proper, (faithfully) flat, unramified, smooth (of relative dimension
n), étale, with geometrically connected or geometrically irreducible or geometrically

reduced fibres.

Proof. The case of geometrically connected or geometrically irreducible or geomet-
rically reduced fibres follows from the fact that, if K is a field, then X € Sch g
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is geometrically connected (respectively geometrically irreducible, respectively ge-
ometrically reduced) if and only if X Xgpeck SpecK’ is connected (respectively
irreducible, respectively reduced) for some algebraically closed extension K’ of
K (see [9, Prop. 4.5.1. and Prop. 4.6.1]). Similarly, once we have proved the
statement for locally of finite type, the case of m-dimensional fibres will follow
from the fact that, if X — SpecK is a morphism locally of finite type, then
dim X = dim(X Xgpeck SpecK’) for every field extension K’ of K (by [9, Cor.
4.14. and Cor. 5.2.2]). We already know that all the other properties are stable
under base change and local on the codomain for Zar. Recall also that we have
already treated open or closed immersions (in Proposition 7.18), affine (in Propo-
sition 7.16), quasi-affine (in Corollary 7.21) and quasi-compact (in Lemma 7.19).
Then separated and quasi-separated follow from Lemma 4.50, since a morphism f
of Schyg is separated (respectively quasi-separated) if and only if A is a closed
immersion (respectively quasi-compact). Let P be one of the remaining properties:
by Remark 7.7 it is enough to show that, if

X o x

d s ]

UI?U

is a cartesian diagram in Sch/g such that f is a faithfully flat morphism locally
of finite presentation and ¢’ satisfies P, then g satisfies P, too.

As for surjective, universally injective, universally open and universally closed,
it is clearly enough to prove that, if ¢’ is surjective, or injective, or open or closed,
then the same is true for g. As f is surjective, it is very easy to see that if ¢
is surjective (respectively injective), then g is surjective (respectively injective).
Since moreover f is open (by Proposition 3.81), it is clear that W C |U] is open
(respectively closed) if and only if |f|~1(W) C |U’| is open (respectively closed).
Thus, if ¢’ is open (respectively closed) and Z C | X| is open (respectively closed),
then the same is true for |g|(Z), as |f|71(lg|(Z)) = |¢'|(|h|71(Z)) is clearly open
(respectively closed).

For the rest of the proof we assume (always by Remark 7.7) that U and U’
are affine. Notice moreover that (except for finite) we are only left with properties
local on the domain for Zar (those which are not, namely of finite type, of finite
presentation, quasi-finite, proper and faithfully flat, are combinations of properties
which either are local on the domain for Zar or have already been proved), so that
in any case we can assume that X (hence also X') is affine, too. Let ¢: A — A,
Y: A— Bandv': A’ — B’ := A’®4 B be morphisms of rings inducing f, g and ¢’
(then ¢ is faithfully flat and of finite presentation). As for locally of finite type or
presentation, one has to show that ¢ is of finite type (respectively presentation) if
¥’ is of finite type (respectively presentation), which is done in [9, Lemme 2.7.1.1].
Similarly, in the finite case, we need to show that 1) is finite if ¢’ is finite. More
generally, M € A-Mod is finitely generated if M’ := A’ @4 M € A’-Mod is
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finitely generated: indeed, it is easy to see that there exist z1,...,2, € M such
that M’ = (1 ® x1,...,1 ® x,), and then the morphism «a: A™ — M defined by
the z; is surjective by Lemma 3.77 (A’ ® 4 « is surjective by hypothesis), whence
M = (x1,...,2,). If ¢’ is locally quasi-finite, then ¢ is locally quasi-finite by
Remark 3.56: we have to prove that, given an extension of fields K C K’ and a
finitely generated K-algebra C', then dimg C' < oo if dimg/ (K’ @k C') < oo, which
is obvious. As for flat, we have to prove that ¢ is flat if ¢’ is flat; given an
exact sequence of A-modules M*, B'®4 M®* = B'®@p (B®4 M*) is exact because
Y'op: A — B’ is flat, whence B®4 M*® is exact by Lemma 3.77 (note that B — B’
is faithfully flat). If ¢’ is smooth, then g is smooth by [17, Prop. 4.6], and it is
clear that relative dimension is preserved (being the rank of the sheaf of relative
differentials); in particular, if ¢’ is étale (i.e., smooth of relative dimension 0), then
g is étale. Finally, in the unramified case, by Proposition 3.115 we can look at the
fibres and then it is enough to observe that a morphism with target Spec K (being
always flat) by Proposition 3.125 is unramified if and only if it is étale. O

Remark 7.24. The above result implies that the property of being finite also
satisfies effective descent for fppf, since the same is true for the property of being
affine (by Proposition 7.16) and a finite morphism is affine.

Remark 7.25. We do not know if the property of being an immersion is local on
the codomain for fppf (or if it even satisfies effective descent, as stated in [14]):
this is claimed in [15], but referring to [9, Prop. 2.7.1], where it is proved only for
quasi-compact immersion (which is then also a property of effective descent for
fopf, as a quasi-compact immersion is quasi-affine).

Example 7.26. Let F := MorP(Sch/g) € Lmsch/s, where P is the property of
being proper, smooth and with fibres which are geometrically irreducible curves
of genus g (for some g > 2). Then F is a stack for fppf, and (by Corollary 6.16)
the same is true for My := F'* which is called the moduli stack of (smooth)
curves of genus g. Using the fact that, if p: X — U is an object of F, then Qx,¢s
is a p-ample invertible O x-module (since Q?}?U is p-very ample for n > 3 by [4,
Cor. to Thm. 1.2], this follows from Proposition 3.61), and remembering that the
sheaf of relative differentials is preserved under base change, the proof is similar
to that of Corollary 7.21. Indeed, F is a prestack, there is a morphism of fibred
categories P: F — A defined on objects by (p: X — U) — (p,Qx,v), and in

the same way it follows that, given U € Cov/PP/(U) and ¢ € Fy, there exists a

morphism p: X — U such that )\S{/IOT(SCh/S)(p) = £, To conclude, we have only to

show that p satisfies P: by Proposition 7.23 p is proper, smooth and its fibres are
geometrically irreducible curves, and then it is obvious that they are of genus g.

Proposition 7.27. The following properties of objects of Sch,g are local for sm:
locally noetherian (it is local also for fppf), normal, reduced, regular.

Proof. We prove here only the case of locally notherian; for the other properties,
see [9, Prop. 17.5.7 and Prop. 17.5.8]. By Remark 7.7 we have to prove that if
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¢: A — B is a faithfully flat morphism of finite presentation of rings, then A is
noetherian if and only if B is noetherian. The other implication being clear, we
can assume that B is noetherian. If I; C I5 C --- is an ascending chain of ideals
in A, then, since ¢ is flat, each J; := B®4 I; is an ideal of B and J; C J, C ---
is an ascending chain in B. As B is noetherian, this implies that there exists
n € N such that J, = J,, for every m > n. Therefore, for m > n we have
0=17Jn/Jn 2 B®a (In/I,), whence I, = I, (by Lemma 3.77), which proves
that A is noetherian. O

Proposition 7.28. The following properties of morphisms of Sch,g are local on
the domain for ét: universally open, locally of finite type, locally of finite presen-
tation, flat (these are local also for fppf), smooth (it is local also for sm), locally
quasi-finite, unramified, smooth of relative dimension n, étale.

Proof. Since each property P in the above list is local on the domain for Zar,

by Remark 7.7 we have to prove the following: given morphisms U’ Lusx
of Sch,g with f flat of finite presentation (or smooth, or étale, according to the
cases) and surjective of affine schemes, g satisfies P if and only if g o f satisfies P.
As P is local on the codomain for Zar, we can assume that also X is affine, and as
(except for smooth of relative dimension n, which will be clear, however) f satisfies
P (f is open, hence universally open, by Proposition 3.81, and an étale morphism
is locally quasi-finite by Proposition 3.125) and P is stable under composition,
it is enough to show that g satisfies P if g o f does. If g o f is open then g is
also open (if V' C U is open, then g(V) = (go f)(f~1(V)) is open), and this
implies that g is universally open if so is g o f. In the case of locally of finite type
or presentation, we have to prove that a morphism of rings A — B is of finite
type (respectively presentation) if there exists a faithfully flat morphism of finite
presentation B — B’ such that A — B’ is of finite type (respectively presentation),
which is done in [9, Cor. 11.3.17]. As for flat, in the same situation, we have to
show that A — B is flat if A — B’ is flat, which we have already done in the proof
of Proposition 7.23. The smooth case follows from [9, Cor. 17.7.7] and smooth of
relative dimension n (in particular, étale) is then clear; again as in the proof of
Proposition 7.23, unramified can be reduced to étale by looking at the fibres. So
it remains to consider locally quasi-finite: by Remark 3.56 it is enough to prove
that if C is a finitely generated K-algebra (K a field) and C' — C’ is a faithfully
flat morphism such that dimg C’ < oo, then dimg C’ < oo, which follows from the
fact that C — C’ is injective by Proposition 7.1. O

8 Algebraic spaces

8.1 Algebraic spaces and étale equivalence relations

We fix a base quasi-separated scheme S. Observe that (by Corollary 3.12) an
object U — S of Sch,g is in QSch,g (i.e., U is a quasi-separated scheme) if and
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only if it is quasi-separated (as a morphism of schemes). Following [15] we will
denote by Sp,s the category (QSch,g, ét)~, and call its objects spaces over S (or
S-spaces, or simply spaces).

Remark 8.1. Since ¢t is a subcanonical pretopology (by Theorem 7.8), Sp,g is
naturally equivalent to (QSch, ét)/NS by Proposition 4.42, so that Sp,s can be
really identified with the quotient category of Sp := Sp,z over S. Notice also
that (by Corollary 4.45) Sp /g is naturally equivalent to (AffSch/g, éf)~ and to
(Schyg, ét)™; hence we could as well use AffSch,g (as in [15]) or Sch,g as base
category. Thus in Sp,g there are several possible notions of representability, and

we give the following definition (corresponding to representability in Qch s),
reserving another meaning to the term representable (see Definition 8.23).

Definition 8.2. An S-space F' is schematic if there exists U € QSch/g such
that F* = U in Sp,s. A morphism a: F' — G of Sp,g is schematic if for every
V € QSch/g and every n € G(V') the S-space F', X, V' is schematic.

Recall from Proposition 4.11 and Remark 4.13 that for morphisms of Sp,g
the property of being schematic is stable under composition and base change, and
that properties of morphisms of QSch,s which are stable under base change can
be naturally extended to schematic morphisms of Sp,s.

Remark 8.3. A morphism of Sp g is schematic if the condition of the definition
is satisfied for every V' € AffSchg. Indeed, taking into account that Mor(Sch,g)
is a stack for Zar (see Example 6.6) and that for morphisms of Sch/g the prop-
erty of being quasi-separated is local on the codomain for Zar, this follows from
Corollary 6.33.

Definition 8.4. X € Sp/g is an algebraic space over S (or an S-algebraic space,
or simply an algebraic space) if the following conditions are satisfied:

1. Ax: X — X x X is schematic and quasi-compact;

2. there exist U € QSch,g and a morphism 7: U — X of Sp,g (necessarily
schematic, by Proposition 4.14) which is étale and surjective.

We will denote by AlgSp,s the full subcategory of Sp,s whose objects are
algebraic spaces; it is clearly a strictly full subcategory.

Remark 8.5. Obviously a scheme is an algebraic space if and only if it is quasi-
separated. In particular, QSch,s can be identified with a full subcategory of

AlgSpys.

Remark 8.6. Let’s call a morphism a: F' — G of Sp,g weakly schematic if for
every V € Sch,g and every n € G(V) the S-space F',x, V is a scheme. As in
Remark 8.3, it is enough to check the above condition for V' € AffSch,g, whence
every schematic morphism is weakly schematic (of course, the converse is false).
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It is easy to see that one obtains an equivalent definition of algebraic space if
schematic is replaced by weakly schematic and U is assumed to be an object of
Sch /g instead of QSch,g. Indeed, Ax is schematic if it is weakly schematic:
since Ay is a monomorphism, for every morphism V' — X x X with V' € QSch g
the induced morphism W := V xxyxx X — V is also a monomorphism, hence
quasi-separated by Example 3.9, and then W € QSch,gs. Moreover, for every
U € Sch/g there exists an étale and surjective morphism f: U’ — U with U’
quasi-separated (we can clearly take U’ to be a disjoint union of affine schemes),
so that mo f: U’ — X is étale and surjective, if the same is true for .

Lemma 8.7. Let P be a property of morphisms of schemes which is stable un-
der base change and local on the codomain for ét. If f: X — Y is a schematic
morphism of AlgSp s and there exists a schematic, étale and surjective morphism
V =Y (withV schematic) such that the projection g: U := X xy V — V satisfies
P, then f satisfies P.

Proof. Given a morphism V' — Y with V' schematic, we have to prove that the
projection ¢': U' := X xy V' — V’/ satisfies P. Setting V" := V xy V' and
U"” := X xy V" there is a natural commutative diagram with cartesian squares

U%U”HU/

el o Js

Ve V"5V

(all terms of which are schematic). As g satisfies P by hypothesis, the same is true
for ¢” (because P is stable under base change), and then also for ¢’ (because P is
local on the codomain for ét and pry is étale and surjective). O

Lemma 8.8. Let a: F' — G and 3: Y — G be morphisms of Sp,s such that
« is an epimorphism and Y is an algebraic space. Then there is a commutative
diagram in Sp, g

V—->Y

|

F——G
[e3
such that V' is schematic and w is (schematic) étale and surjective.

Proof. Up to composing 8 with a schematic, étale and surjective morphism U — Y
with U schematic, we can assume Y € QSch,g. As 8 € G(Y) = (ima)(Y)
(by Proposition 4.57), there exists {V; — Y };er € Cov®(Y) such that each S|y,
factors through . Then the induced morphism 7: V := [[,.; Vi — Y is étale and
surjective and S o 7 factors through a. O
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Proposition 8.9. The category AlgSp s has coproducts and fibred products (and
then also finite products, since it has a terminal object, namely S) and the inclusion
functors QSch,5 C AlgSp,s C Sp,s preserve them.

Proof. Given U; € QSch/g (i € I), U := [, U; represents the coproduct also in
Sp,s (actually even in (QSch,g, Zar)™): this follows from the fact that, setting
U = {U; — Ulier € Cov?(U), Nj: FU) = FU) = [[,c; F(U;) for every
S-space F, since U; xy U; = 0 if i # j and F(0) has exactly one element (to
see this, consider the empty covering of (}), whereas U; xy U; = U;. To conclude
the proof about coproducts, we have to show that, given X; € AlgSp,s (i € I),
X = [l;c; Xi € Spyg is an algebraic space: it is very easy to see that Ax is
schematic and quasi-compact and that, if U; — X; (with U; € QSch,g) are étale
and surjective, then the induced morphism [[,.; U; — X is étale and surjective.

As for fibred products, since we already know (by Proposition 4.8 and Propo-
sition 4.54) that the inclusion functor QSch,s C Sp,g preserves them, it is
enough to prove that, given morphisms f;: X; — X of AlgSp,g (for i = 1,2),
X1 Xx X2 € Sp/g is an algebraic space. Now, the diagram

X, f1 X f2 X,

Axli Axl lm

XixXi—XxX<=—Xsx Xy
fixfi fax f2

obviously commutes, and so Ax, x . x,, which can be identified with
AXl X szl X1 xx X9 — (X1 X Xl) X(XxX) (X2 X Xg),

is schematic and quasi-compact by Lemma A.6. Moreover, given a schematic, étale
and surjective morphism 7: U — X with U schematic (7 is then an epimorphism
of Sp,g by Corollary 4.60), by Lemma 8.8 there exists a commutative diagram

U14>U<;U2

| F

X1 HX%XQ
f1 f2

such that U; is schematic and 7; is étale and surjective for i = 1,2. Then Uy xyUs €
QSch,s and 7 x my: Uy Xy Uz — X1 X x X is étale and surjective, again by
Lemma A.6. O

Remark 8.10. If X is an algebraic space and 7: U — X (with U schematic)
is étale and surjective, then, in particular, X x X is also an algebraic space and
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mxm:UxU— X x X is étale and surjective. Since there is a cartesian diagram

UXXU X

| s le

UXUW-XXX,

by Lemma 8.7 Ax satisfies a property P of morphisms of schemes which is stable
under base change and local on the codomain for ét if (and only if) § satisfies
P. So, taking into account Proposition 7.23, we see that Ay is locally of finite
type (9 is locally of finite type by Proposition 3.27, since pri 0 d: U xx U — U
is étale), hence of finite type (it is quasi-compact by hypothesis); then (§ being
clearly a monomorphism) we obtain that Ax is also quasi-finite, separated and
quasi-affine by Proposition 3.58 and unramified by Example 3.91. More generally,
if f: X — Y is a morphism of AlgSp,g, then Ay: X — X Xy X satisfies all
the above properties (in particular, it is schematic and quasi-compact): indeed, if
P is one of them, as for morphisms of AlgSp,s the property of having diagonal
which satisfies P is stable under composition and base change by Lemma A.4, Ay
satisfies P by Lemma A.5, since Ax satisfies P and the same is true for Aa,
(which is an isomorphism by Lemma A.2). With this argument it is also easy to
see that (as expected) AlgSp,s can be really identified with the quotient category
of AlgSp := AlgSpz over S.

Theorem 8.11. If X € AlgSp,g and n: U — X (with U € QSch/g) is

(schematic) étale and surjective, then the natural morphism
52(51752>2UXXU—>U><U

is quasi-compact and it defines an étale equivalence relation in QSch,g with quo-
tient w in Sp/s.

Conversely, if 6 = (01,02): R — U x U is an étale equivalence relation in
QSch,g such that § is quasi-compact and with quotient m: U — X in Sp,g, then
X € AlgSp/g, 7 is (schematic) étale and surjective, and R=U xx U.

Proof. If X is an algebraic space and 7 is étale and surjective, then §; and d
are étale and surjective in QSch,g (hence the equivalence relation is étale) and
7 is an epimorphism of Sp,s by Corollary 4.60, so that 7 is a quotient of J by
Corollary 4.83. Moreover, § is quasi-compact by Remark 8.10.

Conversely, we observe that ¢ is quasi-affine (by the same argument of Re-
mark 8.10), and we are going to see that also Ay is schematic and quasi-affine.
To this purpose it suffices to prove (by Proposition 4.14) that, given morphisms
f:V—=Xand g: W — X with V,IW € QSch/g, V xx W is schematic and the
natural morphism 679 = (679, 609): V xx W — V x W is quasi-affine; notice
moreover that 7 will be étale and surjective, provided we show that 5{ T VxxU —
V is étale and surjective for every f as above. First we assume that g =7n: U — X
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and that f factors through =, say f = mo f’ for some f': V — U; then there is a
natural commutative diagram with cartesian squares

Vxx U vt — v

lulml,ﬂ

Note that U xx U = R (by Corollary 4.83) and §™™ can be identified with ¢, so
that V x x U is schematic, 67" is quasi-affine and 5{’” is étale and surjective by
base change. For arbitrary f (and always ¢ = 7) by Lemma 8.8 we can find a
commutative diagram

(N 7

L)

such that V' is schematic and p is étale and surjective. Again, there is a natural
commutative diagram with cartesian squares

Vixy ULy s v

| e )

VXXU?VXUHV

By the already proved case (f op factors through 7) V/ x x U is schematic, 6"
is quasi-affine and 5{ °P'T g étale and surjective. Since the property of being quasi-
affine satisfies effective descent for ét (by Corollary 7.21), it follows from Corol-
lary 6.33 that V xx U is schematic and 6™ is quasi-affine; then (5{’” is étale
and surjective because the property of being étale and surjective is local on the
codomain for ét (by Proposition 7.23). The general case can be dealt with in a
similar way (first when g factors through 7 and then for arbitrary g). O

Remark 8.12. With the same proof one can show that, more generally, a quo-
tient in Sp,g of an étale equivalence relation 6: R — U x U in Sch/g with ¢
quasi-compact is also an algebraic space (according to the equivalent definition of
Remark 8.6).

Corollary 8.13. X € Sp,s is an algebraic space if and only if there exists a
schematic, étale and surjective morphism m: U — X with U schematic and such
that the natural morphism (of QSch;g) 0: U xx U — U x U is quasi-compact.
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Proof. 1If m satisfies the hypothesis, then it is an epimorphism of Sp,s by Corol-
lary 4.60, hence it is a quotient of § (which is an étale equivalence relation in
QSch,5) by Corollary 4.83; thus X is an algebraic space. The other implication
is clear, since ¢ is quasi-compact by Remark 8.10. O

Example 8.14. Let 6: R — A! x A! be as in Example 4.77 (we are assuming that
there exists s € S such that the characteristic of k(s) is not 2): it is clearly an étale
equivalence relation in QSch/g such that J is quasi-compact. It follows that, if
m: Al = X is a quotient in Sp/s, then X is an algebraic space (by Theorem 8.11)
which is not a scheme (Ax is not an immersion because §, which is obtained from
Ax by the base change m X m, is not an immersion).

8.2 Extension to algebraic spaces of some properties of schemes

Definition 8.15. A morphism f: X — Y of AlgSp,g is separated (respectively
locally separated) it Ay: X — X xy X (which is a schematic morphism by Re-
mark 8.10) is a closed immersion (respectively an immersion). X € AlgSp,g is
(locally) separated if the structure morphism X — S is (locally) separated.

Remark 8.16. Of course, every morphism f of algebraic spaces is quasi-separated,
in the sense that (again by Remark 8.10) Ay is always quasi-compact (although
not necessarily an immersion). Every scheme is locally separated and X as in
Example 8.14 is an example of an algebraic space which is not locally separated.
There exist also separated algebraic spaces which are not schematic (for examples,
see the introduction of [14]).

Definition 8.17. Let P be a property of schemes which is local for ét (e.g., one
of those of Proposition 7.27). Then X € AlgSp,s satisfies P if there exists a
schematic, étale and surjective morphism U — X such that U € QSch g satisfies
P.

Remark 8.18. If X satisfies P and U’ — X (with U’ schematic) is étale and
surjective, then U’ satisfies P: this follows from the fact that U” := U xx U’ is
schematic and the projections U” — U and U” — U’ are étale and surjective. In
particular, the new definition coincides with the usual one if X € QSch/g.

Definition 8.19. Let P be a property of morphisms of schemes which is local on
the domain and on the codomain for ét (e.g., one of those of Proposition 7.28)
or the property of being surjective.!> Then a morphism f: X — Y of AlgSp,s

15This property (which is not even local on the domain for Zar) is usually (e.g., in [14] and
[15]) considered to be local on the domain for ét (and also for fppf), since it clearly satisfies the
condition of the definition for coverings consisting of a single morphism (which is what is needed
here).
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satisfies P if there exists a commutative diagram with cartesian square in AlgSp s

U—"sX— X
V —Y

such that g is a morphism of QSch,g which satisfies P and 7 and 7 are étale and
surjective.

Remark 8.20. If f satisfies P and

UL XX

N ek

VIH/Y

is another commutative diagram with cartesian square in AlgSp,g such that g’
is a morphism of QSch,g and 7" and 7’ are étale and surjective, then g’ satisfies
P: this can be easily proved using the fact that, if f is a morphism of QSch,g,
then f satisfies P if and only if g (or ¢’) does (which implies, taking into account
Lemma 8.7, that the new definition coincides with the usual one for schematic
morphisms). It is also easy to see that, if P is stable under base change (and
composition) for morphisms of QSch/g, then P remains stable under base change
(and composition) for morphisms of AlgSp, .

Then we can extend in a natural way to AlgSp,s the pretopologies ét, sm
and fppf. Namely, if 7 is one of them, by definition {f;: X; = X}ier € Cov’ (X)
if and only if the induced morphism [],.; X; — X is surjective and moreover for
every i € I the following holds: f; is étale if 7 = ét; f; is smooth if 7 = sm; f; is
flat and locally of finite presentation if 7 = fppf.

Remark 8.21. If P is a property of schemes which is local for 7, then its extension
to objects of AlgSp /g is again local for 7. Similarly, if P is a property of morphisms
of schemes which is local on the domain and on the codomain for 7, then its
extension to morphisms of AlgSp,s is again local on the domain and on the
codomain for 7.

Remark 8.22. The natural functor (AlgSp,g,7)~ — (QSch/g, 7)™ is an equiv-
alence of categories by Proposition 4.44 (and, similarly, the natural 2-functor
St(algsp,s.r) = St(Qseh,s,r) IS @ lax 2-equivalence by Proposition 6.20). In par-
ticular, Sp,s can be identified with (AlgSp,g, ét)~, which justifies the following

definition (corresponding to representability in AES?/ 5)-
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Definition 8.23. An S-space F' is representable if it is an algebraic space. A
morphism a: F' — G of Sp,s is representable if for every morphism 7: Y — G
with Y € AlgSp,g the S-space F', x, Y is representable.

Remark 8.24. By Proposition 8.9 every morphism of AlgSp, s is representable.

Lemma 8.25. Given a cartesian diagram in Sp,s

Y —F

Lo

U?X,

such that U, X,Y € AlgSp,s and 7 is ¢tale and surjective, then F € AlgSp/g,
too.

Proof. Up to composing m with an étale and surjective morphism U’ — U such
that U’ € QSch/g, we can assume that U € QSch,g (hence 7 is schematic).
Let V' — Y be an étale and surjective morphism with V' € QSch/g: since the
induced morphism V — F' is schematic, étale and surjective, by Corollary 8.13 it
is enough to show that the natural morphism (of QSch/g) V xpV — V x V is
quasi-compact. The natural commutative diagram with cartesian squares

VXpV—VxxV——=VxV

| o d e ]

YXpY —Y xXx Y —=Y xY

| o]

X —Xx X
Ax

implies that it suffices to prove that « is schematic and quasi-compact (remember
that, by definition, Ax has the same property, which is stable under composi-
tion and base change). Now, denoting by 8: Y xpY — U xx U the natural
morphism, by Lemma A.3 « can be identified with Ag, which is schematic and
quasi-compact by Remark 8.10 (note that Y xp Y =2 Y Xy X is an algebraic space
by Proposition 8.9). O

Corollary 8.26. A morphism F — G of Sps is representable if F' xg U €
AlgSp,s for every morphism U — G with U € AffSch,g. In particular, every
schematic morphism is representable.

Proof. Given a morphism X — G with X € AlgSp,s, we have to prove that
F' .= F xg X is an algebraic space. Clearly there exists an étale and surjective

morphism U — X such that U = [],.; U; with U; € AffSch,g for every i € I.
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Now, it is easy to see (using Proposition 4.54) that F' xx U = [],.;(F xg Uy),
which is an algebraic space by Proposition 8.9; then F” is an algebraic space by
Lemma 8.25. O

Corollary 8.27. Mor(AlgSp,s) € &(Algsp/&ét) and every property of mor-
phisms of AlgSp,s which is stable under base change and local on the codomain
for ét is of effective descent for ét (hence also for sm, by Example 6.12).

Proof. By Corollary 6.33 it is enough to prove the following: if F¥ — X is a
morphism of Sp,g with X € AlgSp,g and there exists {U; — X }ier € Cov¥ (X)
such that F' x x U; is an algebraic space for every i« € I, then F' is an algebraic
space, too. Now, the natural morphism U := [, ; U; — X is étale and surjective
and (as before) F' xx U = [[,.;(F xx U;) € AlgSp,g, so that the conclusion
follows again from Lemma 8.25. O

Definition 8.28. Let P be a property of morphisms of schemes which satisfies
effective descent for ét (e.g., affine, quasi-affine, finite, open or closed or quasi-
compact immersion). Then a morphism f: X — Y of AlgSp g satisfies P if it is
schematic and satisfies P.

Remark 8.29. If 7 is one of fppf, sm or ét and P is a property of morphisms of
schemes which satisfies effective descent for 7, it is easy to see that the extension
of P to morphisms of AlgSp /g satisfies effective descent for 7, too.

Definition 8.30. X € AlgSp,s is quasi-compact if there exists an étale and
surjective morphism U — X with U € QSch /g quasi-compact. X is noetherian if
it is locally noetherian and quasi-compact.

Remark 8.31. Since a continuous map of topological spaces sends quasi-compact
subsets to quasi-compact subsets, it is clear that for objects of QSch,g the new
definitions coincide with the usual ones.

Lemma 8.32. If f: X — X' is a surjective morphism of AlgSp,s with X quasi-
compact, then X' is quasi-compact, too.

Proof. Let m: U — X and 7': U’ — X' be étale and surjective morphisms with
U,U" € QSch,g and U quasi-compact. Consider the cartesian diagram

and observe that V' is schematic and p is étale and surjective. As p is open and U is
quasi-compact, it is easy to see that there exists V/ C V open and quasi-compact
such that ply- is again surjective. Since |g|(|]V’|) C |U’| is quasi-compact, there
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exists U” C U’ open and quasi-compact such that |g|(|]V’]) C |U”| (we can take
U” to be a finite union of open affine subsets), and then it is clear that 7'|y~ is
étale and surjective. O

Definition 8.33. A morphism X — Y of AlgSp,s is quasi-compact if for every
morphism V' — Y with Y € QSch,s quasi-compact, the algebraic space X xy V
is quasi-compact.

Remark 8.34. If X — Y is quasi-compact, then X xy Y’ is quasi-compact for
every morphism Y’ — Y of AlgSp,s with Y’ quasi-compact: this follows easily
from Lemma 8.32. Then it is immediate to see that for morphisms of AlgSp,s
the property of being quasi-compact is stable under composition and base change.
It is also clear that the new definition coincides with the usual one for schematic
morphisms.

Proposition 8.35. For morphisms of AlgSp,g the property of being quasi-com-
pact is local on the codomain for fppf.

Proof. Tt is clearly enough to prove the following: if

X ——X

1o

Y —=Y
g

is a cartesian diagram in AlgSp,s with f’ quasi-compact and g faithfully flat (i.e.,
flat and surjective) and locally of finite presentation, then f is quasi-compact.
Given a morphism h: V' — Y with V' € QSch,g quasi-compact, we can find a
commutative diagram

vy

J )

YI?Y

such that g is a faithfully flat morphism locally of finite presentation of QSch g
(just take the diagram corresponding to an étale and surjective morphism V' —
Y’ xy V with V' € QSch/g). As g is open and V is quasi-compact, there exists
V" C V' open and quasi-compact such that |y~ is again surjective.

Now, X xy V" = X’ xy, V" is quasi-compact by hypothesis, so that X xy V
is quasi-compact by Lemma 8.32 (the natural morphism X xy V" — X xy V is
surjective because V" — V is). O

Definition 8.36. A morphism of algebraic spaces is of finite type (respectively of
finite presentation, respectively quasi-finite) if it is locally of finite type (respec-
tively locally of finite presentation, respectively locally quasi-finite) and quasi-
compact.
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Remark 8.37. By Remark 8.21 and Proposition 8.35 all the above defined prop-
erties are stable under composition and base change and are local on the codomain
for fppf. It is easy to see that the same is true also for the already defined properties
of being separated, locally separated and surjective.

Lemma 8.38. In AlgSp,s every monomorphism (locally of finite type) is sepa-
rated (and unramified) and every unramified morphism is locally quasi-finite.

Proof. An unramified morphism of algebraic spaces is locally quasi-finite because
the same is true for morphisms of schemes (by Remark 3.117) and both properties
are local on the domain and on the codomain for é¢. On the other hand, since a
monomorphism is separated (its diagonal is an isomorphism by Lemma A.2) and
the property of being locally of finite type is also local on the domain and on
the codomain for ét, it is clearly enough to prove the following: given morphisms

UD X 5V of AlgSp,s with U,V € QSch/g and such that 7 is étale and
surjective and ¢ is a monomorphism, then ior is formally unramified. By definition,

given a commutative diagram
g
q f
g

W/ LH w
with W € AffSch,s and ¢ a closed immersion defined by a nilpotent ideal of
Ow, we have to show that g = §g. Asmog =mog: W — X (because i is a

monomorphism), there is a commutative diagram in QSch g

UxxyU—2"1 Uy

(9,9)
A
, (9:9)
W - Ww.

Then (g,9) = (g, g) because pr; is étale. O

Proposition 8.39. Every quasi-finite and separated morphism of AlgSp,s is
quasi-affine. In particular, a monomorphism of finite type of AlgSp,s is quasi-

affine.

Proof. The first statement is proved in [15, Thm. A.2], and then the second follows
from Lemma 8.38. O

Proposition 8.40. If § = (61,02): R — X x X is an étale equivalence relation
in AlgSp,s such that 0 is quasi-compact and with quotient m: X — Y in Sp/g,
then' Y € AlgSp,s and 7 is étale and surjective.
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Proof. Let 7': U — X be an étale and surjective morphism with U € QSchg.
As m and 7 (by Corollary 4.60) are epimorphisms of Sp,g, the same is true for
mon': U — Y, which is therefore (by Corollary 4.83) a quotient in Sp,g of the
equivalence relation 6’ = (87,65): R’ := U xy U — U x U. Note that there is a
cartesian diagram in Sp,g

R/

d e

UxU——XxX

’ ’
™ X7

(hence R’ is an algebraic space). Now, ¢ is locally of finite type by Lemma A.5
(01 = pr1 o6 is étale and A, is of finite type by Remark 8.10), and then it
is a monomorphism (by Proposition 4.71) of finite type, hence quasi-affine by
Proposition 8.39. Thus ¢’ is also quasi-affine (in particular schematic), so that R’
is schematic. Moreover, ] and ¢} are étale and surjective (they are obtained from
01 and o by the base change 7’: U — X)), and then the conclusion follows from
Theorem 8.11. O

Remark 8.41. It can be proved that every algebraic space is a sheaf also for fppf
(see [15, Thm. A.4]) and that the above result can be generalized as follows. If
0: R — X x X is an fppf equivalence relation in AlgSp /s such that ¢ is quasi-
compact and with quotient 7: X — Y in (QSch/g, fppf)~, then Y € AlgSp,g
(see [15, Cor. 10.4]).

Corollary 8.42. If X — Y is a representable, étale and surjective morphism of
Sp,s such that X is an algebraic space and the natural morphism (of AlgSp,s)
X xy X = X x X 1is quasi-compact, then Y 1is an algebraic space, too.

Proof. Completely similar to that of Corollary 8.13 (using Proposition 8.40 instead
of Theorem 8.11). O

Many more notions and results of scheme theory can be extended to algebraic
spaces. Here we are going to say something only about a few of them; a rather
detailed (although not always correct) treatment of the subject is provided by [14].

Definition 8.43. A point of X € AlgSp/s is an equivalence class of morphisms
SpecK — X of AlgSp /s (where K is a field) under the equivalence relation which
identifies two such morphisms SpecK; — X (for ¢ = 1,2) if and only if there is
a common field extension K of K; and Ky such that the two induced morphisms
Spec K — X are equal.

A geometric point of X is a morphism SpecK — X of AlgSp,g, where K is
an algebraically closed field.

Remark 8.44. In [14] a point of X is defined to be an isomorphism class (in the
obvious sense) of monomorphisms Spec K — X. The two definitions are equivalent
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because every morphism Spec K — X factors through a monomorphism Spec K’ —
X (see [14, II, Prop. 6.2]).

Denoting by | X| the set of points of an algebraic space X, it is clear that every
morphism f: X — Y of AlgSp,s induces (by composition) a map |f|: |[X| —
|Y|. Then there is a natural way to define a topology on |X|, namely the open
(respectively closed) subsets of |X| are those of the form im|i| for some open
(respectively closed) immersion i: X’ — X. It is easy to see that in this way |f]| is
continuous for every f € Mor(AlgSp,s), so that we obtain a functor AlgSp,s —
Top (whose restriction to QSch/g clearly coincides with the usual one, up to
isomorphism).

Remark 8.45. For every algebraic space X the topological space |X| can be
naturally endowed with a sheaf of rings O x| as follows. Consider the presheaf of
rings O: QSch?S — Rng defined on objects by U — Oy (U). Since (as a presheaf
of sets) O = Ay, it can be extended to a sheaf (for ét) of rings on AlgSp/s,
denoted again by O. Then, given U C | X| open (say U = im|i|, where i: X' — X
is an open immersion), we set O)x|(U) := O(X’). One can prove that Ox| = Ox
if X is scheme and that in this way we obtain a functor AlgSp,s — LRngSp/s,
which is however neither faithful nor full (unlike its restriction to QSch,g, which
coincides with the usual one, up to isomorphism). It must be said that there is
another way (which we are not going to explain here) to endow an algebraic space
X with a structure sheaf of rings Ox.

Definition 8.46. A morphism f: X — Y of AlgSp g is open (respectively closed)
if |f] is open (respectively closed). f is proper if it is of finite type, separated and
universally closed.

Remark 8.47. It can be proved that the new definition of universally open mor-
phism coincides with the old one, and that the same is true for universally closed
schematic morphism. For morphisms of AlgSp,s the property of being univer-
sally closed (hence also the property of being proper, by Remark 8.37) is stable
under composition and base change and is local on the codomain for fppf.

9 Algebraic stacks

9.1 Algebraic and Deligne-Mumford stacks

We fix as usual a base quasi-separated scheme S. We will denote by St g the

2-category &?gdsch/s o) and call its objects stacks over S (or S-stacks, or simply

stacks); note that (taking into account Example 6.12) St g = &?gdsch /5,5m) and
that it can be identified with St%2¢ Stord by Remark 8.22.

S2(AlgSp,s.ét) — S(AlgSps,sm)
Generalizing the terminology used for spaces, we give the following definition.
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Definition 9.1. An S-space F is representable (respectively schematic) if there
exists X € AlgSp,s (respectively X € QSch/g) such that F = X in St 5. A
morphism P: F — G of St 4 is representable (respectively schematic) if for every
morphism @: H — G with H representable (respectively schematic) the S-stack
F px g H is representable (respectively schematic).

Recall from Proposition 5.58 and Remark 5.60 that for morphisms of St g the
properties of being representable and schematic are stable under composition and
base change, and that properties of morphisms of AlgSp, g (respectively QSchg)
which are stable under base change can be extended to representable (respectively
schematic) morphisms of St ¢ (such extension coincides with the usual one in case
of morphisms of Sp,g).

Remark 9.2. A morphism F — G of St /s is representable or schematic if F xq U
has the same property for every morphism U — G with U € AffSch,g. Indeed,
if this condition is satisfied, then it is very easy to see that F xg H is fibred in
equivalence relations if the same is true for H, hence F xg H is isomorphic to
a space if H is representable; then the conclusion follows from Remark 8.3 and
Corollary 8.26. Therefore, also in St /s every schematic morphism is representable.

Definition 9.3. X € St g is an algebraic stack over S (or an S-algebraic stack,
or simply an algebraic stack) if the following conditions are satisfied:

1. Ax: X — X x X is representable, quasi-compact and separated;

2. there exist X € AlgSp,s and a morphism II: X — X of St g (necessarily
representable, by Proposition 5.62) which is smooth and surjective (such a
morphism is called an atlas or a presentation of X).

An algebraic stack X is a Deligne-Mumford stack if it admits an étale atlas.'®

We will denote by AlgSt /s the full 2-subcategory of St g whose objects are
algebraic stacks; it is easy to see that it is a strictly full 2-subcategory.

Remark 9.4. By Corollary 5.67 condition (1) of the above definition is equivalent
to the following: for all U € AlgSp,g (as usual, one can actually restrict to
U € AffSchg) and all £;,&> € Xy the presheaf Zsomy (§1,&2) (which is a space
because X is a prestack of groupoids) is an algebraic space and the structure
morphism Zsomy (§1,&2) — U is quasi-compact and separated.

The following results generalize Lemma 8.7 and Lemma 8.8, and can be proved
in a similar way.

Lemma 9.5. Let P be a property of morphisms of algebraic spaces which is sta-
ble under base change and local on the codomain for ét (hence also for sm, by
Remark 4.49). If P: X = Y is a representable morphism of AlgSt/S and there

exists an atlas Y — Y such that the projection morphism X Xy Y — Y satisfies
P, then P satisfies P.

16The name comes from [4]. Algebraic stacks are also called Artin stacks (from [1]).
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Lemma 9.6. Let P: F — G and Q: Y — G be morphisms of&/s such that P is
an epimorphism and Y is an algebraic (respectively Deligne-Mumford) stack. Then
there exist an atlas (respectively an étale atlas) I1:' Y — Y and a 2-commutative
diagram in St g

EERLIN Vg

Z,

—=G.
P

Q

<X

Proposition 9.7. Given morphisms X; — X (fori=1,2) of S-algebraic (respec-
tively Deligne-Mumford) stacks, the S-stack X1 xx Xq is algebraic (respectively
Deligne-Mumford).

Proof. Using Lemma 9.6 instead of Lemma 8.8, it is easy to adapt the proof of
Proposition 8.9 (of course, one has to generalize Lemma A.6 to Fibg). O

Remark 9.8. If X is an algebraic stack and II: X — X is an atlas, then, in
particular, X x X is also an algebraic stack and IT x IT: X x X — X x X is an
atlas. Since there is a 2-cartesian diagram in AlgSt /s

X xx X X
Pl D/le
X xX—XxX,
TIxII

by Lemma 9.5 Ax satisfies a property P of morphisms of AlgSp,s which is stable
under base change and local on the codomain for é¢ if (and only if) P (which is a
morphism of algebraic spaces) satisfies P. So (taking into account Remark 8.21)
Ax is locally of finite type (hence of finite type, since it is quasi-compact by
hypothesis), and even unramified if X is a Deligne-Mumford stack (in which case in
the above diagram II can be assumed to be also étale). Indeed, prioP: X xx X —
X is locally of finite type (and even unramified if II is étale) because II has the same
property and A,,, is in any case unramified by Remark 8.10, so that the conclusion
follows as usual from Lemma A.5. Notice that, if X is Deligne-Mumford, then (by
Lemma 8.38 and Proposition 8.39) Ax is also quasi-finite and quasi-affine, hence
schematic. As in Remark 8.10 for algebraic spaces, it is then easy to deduce that,
more generally, if P: X — Y is a morphism of AlgSp /g, then Ap is representable,
of finite type and separated (and even unramified, quasi-finite and quasi-affine if
X and Y are Deligne-Mumford).

Remark 9.9. By what we have just proved X € St ;g is a Deligne-Mumford
stack if and only if Ax is schematic, quasi-compact and separated and there exists
U € QSch/g and a (schematic) étale and surjective morphism U — X (for this
last fact, it is enough to compose an étale atlas X — X with an étale and surjective
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morphism U — X with U € QSch/g). Thus we see that Deligne-Mumford stacks
can be defined without involving algebraic spaces.

Example 9.10. By Remark 8.10 and Remark 9.9 F' € Sp s is a Deligne-Mumford
stack if and only if it is an algebraic space. Actually it is also true that F' is an
algebraic space if it is an algebraic stack: as in this case Ap is unramified (by
Lemma 8.38), this is a consequence of the following result.

Proposition 9.11. X € AlgSt/S is Deligne-Mumford if and only if Ax is un-
ramified.

Proof. See [15, Thm. 8.1]. O

Theorem 9.12. If X € St g is algebraic (respectively Deligne-Mumford) and
II: X — X is an atlas (respectively an étale atlas), then

pri,pro: X' =X xx X =+ X
are smooth (respectively étale) and surjective morphisms of AlgSps,

(pri,pra2): X' — X x X

pr1
is quasi-compact and separated and X = [X'—=X] € Stg.
pr2

p1
Conversely, if X'——=2X is a groupoid in AlgSp,s such that py and py are
p2
smooth (respectively étale) and surjective and (p1,p2): X' — X x X is quasi-
p1
compact and separated, then X := [X'—=X] € &/S is algebraic (respectively
D2

Deligne-Mumford), the natural morphism I1: X — X is an atlas (respectively an

étale atlas) and X' =2 X xx X.

Proof. If X is an algebraic stack and II is smooth (respectively étale) and sur-
pri

jective, then the same is true for pr; and prg; moreover, X & [X'—=X] by
pr2

Corollary 6.35 (II is an epimorphism of St,s by Lemma 6.29) and (pri,pro) is

quasi-compact and separated by Remark 9.8.

Conversely, note that X’ = X xx X by Corollary 6.35. Then the proof is
completely similar to that of Theorem 8.11, using Proposition 5.62 instead of
Proposition 4.14 and Lemma 9.6 instead of Lemma 8.8, and taking into account
that for morphisms of algebraic spaces the properties of being smooth, étale, sur-
jective, quasi-compact and separated are local on the codomain (hence of effective
descent by Corollary 8.27) for sm. O

Remark 9.13. It can be proved that every algebraic stack is a stack also for
fopf (see [15, Cor. 10.7]) and that the second part of Theorem 9.12 admits the



146 A. Canonaco

P

following generalization. If X’ *%X is a groupoid in AlgSp,s such that p; and
D2

po are faithfully flat and locally of finite presentation and (p1,p2): X' — X x X is

p1
. gpd . .
quasi-compact and separated, then [X'—=X] € &(QSch/S, fppy) 1S A0 algebraic

P2
stack (see [15, Cor. 10.6]). These results are consequences of a theorem by Artin,
which says that X € St7? d is an algebraic stack if Ax is representable,

(QSch/ s, fppf)
quasi-compact and separated and there exist X € AlgSp,s and a (representable)

faithfully flat morphism locally of finite presentation X — X (see [15, Thm. 10.1]).

Corollary 9.14. X € St g is an algebraic (respectively Deligne-Mumford) stack
if and only if there exists a representable, smooth (respectively étale) and surjec-
tive morphism II: X — X with X an algebraic space and such that the natural
morphism (of AlgSp,g) (pri,pr2): X' :== X xx X — X x X is quasi-compact
and separated.

Proof. If 11 satisfies the hypothesis, then by Lemma 6.29 it is an epimorphism
pr

of St/g, so that X = [X’:>>1X] by Corollary 6.35; then X is an algebraic
pr2

(respectively Deligne-Mumford) stack (pr; and pry are smooth (respectively étale)
and surjective because II is). The other implication is clear, since (pri,prs) is
quasi-compact and separated by Remark 9.8. O

Example 9.15. Let ¢: X x G — X be an action in AlgSp,g such that G — §
is smooth (respectively étale), separated and quasi-compact. Then the quotient
stack [X/@G] is algebraic (respectively Deligne-Mumford) and the natural morphism
X — [X/G] is an atlas (respectively an étale atlas). Indeed, pri: X x G — X
is clearly smooth (respectively étale) and surjective, and then the same is true
for p = pryoi (here i: X x G — X x G is the “inverse” morphism, which is an
isomorphism because obviously i? = id). Moreover, (pri,0): X x G — X x X
is separated and quasi-compact by Lemma A.5, since the same is true for pry =
pry o (pr1,0) (denoting by pri: X x X — X the projection) by hypothesis and
for A~ by Remark 8.10. Then the conclusion follows from Theorem 9.12 (taking
into account Proposition 6.42).

If G — S is not étale, then X — [X/G] is not étale, but [X/G] can be
Deligne-Mumford just the same (for instance, if the action is free, then [X/G] is a
space, hence an algebraic space by Example 9.10): to be precise, [X/G] is Deligne-
Mumford if and only if the stabilizers of the geometric points of X are finite and
reduced (if K is an algebraically closed field, the stabilizer of the geometric point
z: SpecK — X is Gy := (X X G) (pry,0) X (2,2) SPec K). Indeed, [X/G] is Deligne-
Mumford if and only if Arx, is unramified (by Proposition 9.11), if and only if
(pri,0): X x G — X x X is unramified (by Remark 9.8). Using Proposition 3.115
and the fact that the property of being unramified is local on the domain and
on the codomain for ét, it is easy to see that (pri,e) is unramified if and only
if I(z1,22) = (X X Q) (pry,0) X (21,20) SPeCK — SpecK is unramified for every
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morphism (z1,z2): SpecK — X x X (where K is an algebraically closed field).
Since either I(z1,x2) = Gy, = Gy, (if 21,22 € X(SpecK) are in the same orbit for
the action of G(SpecK)) or I(x1,z2) = 0 (otherwise), we see that this is the case if
and only if G, — SpecK is unramified for every geometric point z: SpecK — X.
Now, by Remark 3.117 it is clear that if G, — SpecK is unramified, then G, is
finite (meaning G, — SpecK if finite) and reduced. Conversely, if G, is finite
and reduced, then G, = Spec A for some finite K-algebra A; as A is artinian and
reduced, it is isomorphic to a finite product of fields, each isomorphic to K (being
a finite extension of K = K), so that G, — SpecK is unramified.

Example 9.16. It can be proved that M, (the moduli stack of curves of genus
g, defined in Example 7.26) is a Deligne-Mumford stack (see [4]).

9.2 Extension to algebraic stacks of some properties of algebraic spaces

Definition 9.17. A morphism P: X — Y of AlgSt/s

X xy X (which is representable, of finite type and separated by Remark 9.8)
is univerally closed (hence proper). X € AlgSt /s is separated if the structure

is separated if Ap: X —

morphism X — S is separated.

Remark 9.18. This definition coincides with the usual one for representable mor-
phisms: this follows from the fact that every proper monomorphism of schemes is
a closed immersion (by [9, Cor. 18.12.6]). Clearly for morphisms of AlgSt /s the

property of being separated is stable under composition and base change.

Definition 9.19. Let P be a property of algebraic spaces which is local for sm
(respectively for ét). Then an S-algebraic (respectively Deligne-Mumford) stack
X satisfies P if there exists an atlas (respectively an étale atlas) X — X such that
X satisfies P.

Remark 9.20. The same argument of Remark 8.18 shows that, if X satisfies P
and X’ — X is an atlas (respectively an étale atlas), then X’ satisfies P (hence
the new definition coincides with the usual one if X € AlgSp/g).

Definition 9.21. Let P be a property of morphisms of algebraic spaces which is
local on the domain and on the codomain for sm (respectively for ét) or the prop-
erty of being surjective. Then a morphism of S-algebraic (respectively Deligne-
Mumford) stacks P: X — Y satisfies P if there exists a 2-commutative diagram
with 2-cartesian square in AlgSt

/s
Xi>X—>X
Xl D/lp

such that II and II are atlas (respectively étale atlas) and f satisfies P.
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Remark 9.22. As in Remark 8.20 it is easy to see that, if P satisfies P and

X’LX'HX

X l D/lP

Y — %Y
H/

is another 2-commutative diagram with 2-cartesian square in AlgSt /s such that

II' and II' are atlas (respectively étale atlas), then f’ satisfies P. Moreover, the
new definition coincides with the usual one for representable morphisms and, if P
is stable under base change (and composition) for morphisms of AlgSp /g, then
P remains stable under base change (and composition) for morphisms of algebraic
(respectively Deligne-Mumford) stacks.

Definition 9.23. X € AlgSt/S is quasi-compact if there exists an atlas X — X
with X quasi-compact. A morphism X — Y of AlgSt/S is quasi-compact if for

every morphism V' — Y with V' € QSch/g quasi-compact, the algebraic stack
X xvy V is quasi-compact.

Remark 9.24. Using Lemma 8.32 it is easy to see that these new definitions
coincide with the usual ones for algebraic spaces and for representable morphisms
of algebraic stacks. Moreover, with a similar proof one can show more generally
that, if X — X’ is a surjective morphism of AlgSt/S with X quasi-compact, then
X'’ is quasi-compact, too. It follows that, if X — Y is a quasi-compact morphism
of AlgSt e then X xvy Y’ is quasi-compact for every morphism of algebraic

stacks Y’ — Y with Y’ quasi-compact; from this we obtain that for morphisms
of AlgSt /s the property of being quasi-compact is stable under composition and

base change.

Definition 9.25. An algebraic stack is noetherian if it is locally noetherian and
quasi-compact.

A morphism of algebraic stacks is of finite type (respectively of finite presen-
tation, respectively quasi-finite) if it is locally of finite type (respectively locally of
finite presentation, respectively locally quasi-finite) and quasi-compact.

Remark 9.26. By Remark 9.22 and Remark 9.24 the above defined properties of
morphisms of AlgSt /5 are stable under composition and base change.

Definition 9.27. A point of X € AlgSt /s is an equivalence class of morphisms
SpecK — X of AlgSt/S (
identifies two such morphisms SpecK; — X (for i = 1,2) if and only if there is

a common field extension K of K; and Ky such that the two induced morphisms
Spec K — X are 2-isomorphic.

where K is a field) under the equivalence relation which
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Denoting by |X]| the set of points of an algebraic stack X, every morphism
P:X =Y of AlgSt/S induces a map |P|: |X| — [Y|. Then there is a natural

way to define a topology on |X]|, namely the open (respectively closed) subsets of
|X| are those of the form im|I| for some representable open (respectively closed)
immersion I: X’ — X. It is easy to see that in this way | P| is continuous for every
Pe Mor(AlgSt/S) and that the restrictions of these new definitions to AlgSp /g

coincide with the old ones.

Definition 9.28. A morphism P: X — Y of AlgSt/s is open (respectively closed)
if | P| is open (respectively closed). P is proper if it is of finite type, separated and
universally closed.

Remark 9.29. As usual, one can check that these new definitions are compatible
with the old ones and that for morphisms of AlgSt /s the property of being univer-

sally closed (hence also the property of being proper) is stable under composition
and base change.

A Auxiliary results
A.1 Some categorical lemmas
We fix a category C with fibred products.

Lemma A.1. Given a commutative diagram in C

U/ fH’ V/ L Wl

UHV?W

such that the square on the right is cartesian, then the square on the left is cartesian
if and only if the composition

L

U——W
gof

s cartesian.

Proof. Easy exercise on the definition of cartesian diagram. Notice also that, in
view of Example 5.3, this is a particular case of Lemma 5.5. O
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Lemma A.2. Let f: U =V be a morphism of C. Then Ay: U = U xy U is a
monomorphism, and it is an isomorphism if and only if f is a monomorphism.

Proof. Tt is clear that the map Homg(W,U) Are, Homc(W,U xy U) is always
injective (hence Ay is a monomorphism), and it is bijective for every W € C if and
only if f is a monomorphism. The conclusion then follows from Yoneda’s lemma
(see Corollary 4.4). O

Lemma A.3. FEvery cartesian diagram in C

induces a commutative diagram with cartesian squares (p and p' denoting the nat-
ural morphisms)

/Af' ’ ;P /
Vi —— V' xgp V ——=U

| o s |

VTVXUVT‘U

Moreover, Apxp, can be identified with id x id: V' xgp V! = V' xy V.

Proof. As for the first statement, by Lemma A.1 it is enough to prove that the
square on the right is cartesian, which is straightforward. Then, applying what we
have just proved to the cartesian diagram on the right, and taking into account
that in any case there is a natural commutative diagram with cartesian squares

idxid
VI XU/ V/HV/ XUV/HVXUV

P P

U’ U xy U’ U

g

(again by Lemma A.1, it is enough to check that for the square on the right, which
is straightforward), we conclude that (V' </ V') Xy« vy (V! X V) 2 V! xg V!
and that (with this identification) Ay coincides with id x id. O

Lemma A.4. Let P and P’ be properties of morphisms of C such that f € Mor(C)
satisfies P’ if and only if Ay satisfies P. If P is stable under base change (and
composition), then also P’ is stable under base change (and composition).
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Proof. The fact that P’ is stable under base change follows immediately from
Lemma A.3. In order to prove that P’ is also stable under composition if the same

is true for P, it is enough to observe that, if U ER V 4 W are morphisms of C,
then in the commutative diagram

Ay i
UHUXVUHUXWU

/| |<s

\%4 VXWV

Ag

(where ¢ and p are the natural morphisms) the square is cartesian and Ay =
ioAy. O

Lemma A.5. Let P be a property of morphisms of C which is stable under com-

position and base change. If U Lv S w are morphisms of C such that g o f
and Ag: V. =V xw V satisfy P, then f satisfies P, too.

Proof. Since f factors as

U ! v

UXWV

it is enough to show that pro and (id, f) satisfy P. As go f and Ay satisfy P, the
cartesian diagrams

T id,
UxwV 22V v g v
i . l fl - lmd
U———W V—VxyV
gof Ag
imply that pro and (id, f) satisfy P, too. O

Lemma A.6. Let P be a property of morphisms of C which is stable under com-
position and base change. Given a commutative diagram in C

U——W~<~—-V

I )

U/HW/%V/

such that f, g and h satisfy P, then f x g: U xyw V — U’ xy V' satisfies P, too.
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Proof. Just notice that there are natural cartesian diagrams

UxwV——W Uxy V——U U xwV——V
idxidl O ih fxidl O lf ingl o J{g
Uxw V——msW U xw V—7=U U xw VN —=V’

and that f x g = (id x g) o (f x id) o (id x id). O

A.2 2-categories and 2-functors

This sections contains what is needed in the paper about (strict) 2-categories and
2-functors. A more thorough treatment can be found, for instance, in [3] or [13].

Definition A.7. A (strict) 2-category C is given by:

e aset Ob(C) of objects of C (as in the case of categories, we will usually write
U € C instead of U € Ob(C) if U is an object of C);

e a set 1-Mor(C) (or simply Mor(C)) of 1-morphisms (or simply morphisms)
of C, each having a source and a target given by objects of C (for U,V €
C, the set of morphisms with source U and target V will be denoted by
1-Hom¢ (U, V), or simply by Homc (U, V));

e a set 2-Mor(C) of 2-morphisms of C, each having a source and a target
given by l-morphisms of C with same source and target (for U,V € C and
f,9 € Homg (U, V), the set of 2-morphisms with source f and target g will
be denoted by 2-Homc¢(f, 9));

together with:
e composition of 1-morphisms, i.e. for all U, V,;W € C, a map
Homg (U, V) x Homg (V, W) — Homcg (U, W);
(fr9)=gof

o vertical composition of 2-morphisms, i.e. for all U,V € C and all f,g,h €
Homc¢ (U, V), a map

2-Homc(f, g) x 2-Homg (g, h) — 2-Homg(f, h);
(,v) = vop

e horizontal composition of 2-morphisms, i.e. for all U, VW € C, all f,g €
Homg (U, V) and all h, k € Homg(V, W), a map

2—H0mg(f, g) X 2—Homg(h, k) — 2—H0mg(h of,kog);
(1 v) = vHp
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such that the following axioms are satisfied:

1. composition of 1-morphisms is associative and for every U € C there is an
identity morphism idy (i.e., the objects and 1-morphisms of C, together with
composition of 1-morphisms, form an ordinary category, called the underly-
ing category of C);

2. vertical composition of 2-morphisms is associative and there is an identity
2-morphism idy for every f € 1-Mor(C);

3. horizontal composition of 2-morphisms is associative, idg x idy = idgoy if f
and ¢ are two composable morphisms and idijq, * 4 = p = p*idiq,, if p is a
2-morphisms between two 1-morphisms with same source U and same target
Vi

4. horizontal and vertical composition are compatible, meaning that, given
U1,Uz,Us € C, fi,gi,hi € Home(Us, Uiy1), pi € 2-Home(fi, i) and v; €
2-Homc(gi, h;) for ¢ = 1,2, there is the equality

(v2 0 p2) *x (v1opy) = (va*vy) o (e x py) € 2-Home(f2 0 f1,he o hy).

Remark A.8. In a diagram in a 2-category we will represent a 2-morphism with
a double arrow =-. For instance, the situation of the last axiom would look as
follows:

f1 f2

MM U

Remark A.9. Given objects U,V of a 2-category C, we can define a category
Homc (U, V) by setting

Ob(Homc(U,V)) := Homg(U, V)
HomHomg(U,V) (f7 g) = 2—H0mg(f, g)
for all f,g € Homg (U, V) (composition of morphisms in Homg (U, V) is of course
given by vertical composition of 2-morphisms in C): then axiom (2) precisely says

that Homc (U, V) is indeed a category. Setting for brevity Cy v := Hom¢ (U, V),
the other axioms also imply that for all U, V, W € C there is a functor

Fovw: Cuv x Cyw — Cyw
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(defined on objects by composition of morphisms in C and on morphisms by hor-
izontal composition of 2-morphisms) such that for all U, V, W, X € C the diagram

idXFV.W,X
Cuv X Cyw x Cw,x Cuv xCyx
Fy v,w Xidl \LFU,V,X
Cuw x Cw,x = Cu.x
U,W, X

commutes (meaning equality, not just isomorphism of functors) and, denoting (for
every category D and for every T € D) by Kr: {*} — D the functor which sends
x to T, the diagrams

Cuu x Cuy Cuv xCyy
F j2
KideidT y ide;dvT y
{x} x Cyy ——Cuyv Cuv x{+} ——Cuyv

also commute (the horizontal maps are the natural isomorphisms).

Conversely, it is easy to prove that the data of a set of objects Ob(C) and,
for all U, V,WW € Ob(C), of a category Cy v, of an object idy € Cypy and of a
functor Fyv,w: Cy,v x Cy,w — Cy,w such that the above diagrams commute,
determine a 2-category C with the given set of objects, with Homg (U, V) = Cy,y
and with composition of morphisms and horizontal composition of 2-morphisms
induced by the functors Fy v w.

Example A.10. Every ordinary category C naturally defines a 2-category (which
we will denote again by C), with the same objects and morphisms (and also the
same composition of morphisms, of course), and having as 2-morphisms only the
identities idy for f € Mor(C). When necessary, we will regard every category as
a 2-category in this way. Conversely, it is clear that every 2-category having only
the identities as 2-morphisms comes from a category as above. Therefore, we will
say that such a 2-category is a category.

Example A.11. The prototype of 2-category is Cat (the 2-category of all cate-
gories): its objects are categories, its morphisms are functors and its 2-morphisms
are natural transformations of functors. As composition of functors and vertical
composition of natural transformations are the obvious ones, we only recall how
horizontal composition of natural transformations is defined. Given a diagram in
Cat
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the natural transformation
B*a € 2-Homgat (H o F, K 0 G) = Hompyn(c,g)(H o F, K 0 G)

is defined as follows. For every U € C the diagram in E

HFW) —D gGw))
B(F(U))l lﬂ(G(U))
K(F(U) —m K(GI(U))

commutes (because f is a natural transformation), and we define

(Bra)(U) :=B(G(U)) o H((U)) = K(a(U)) o B(F(U))
€ Homg((H o F)(U), (K o G)(U)).

It is easy to see (using the fact that also « is a natural transformation) that S x «
is indeed a natural transformation and then that Cat actually satisfies the axioms
of 2-category. Notice that Homcat(C, D) = Fun(C, D).

Definition A.12. A 2-morphism in a 2-category is a 2-isomorphism if it is in-
vertible with respect to vertical composition of 2-morphisms.

Remark A.13. As for l-morphisms, it would be natural (in analogy with the
standard definitions for Cat) to call a morphism f: U — V in a 2-category an
isomorphism (respectively an equivalence) if it is invertible with respect to compo-
sition of morphisms (respectively, if there exists a morphism g: V' — U together
with 2-isomorphisms f o g = idy and go f = idy). However, we will use these
definitions only in this appendix, because essentially the only 2-categories we are
interested in are given by families of fibred categories, and for them another ter-
minology will be used (see Definition 5.22 and Remark 5.23).

Lemma A.14. A morphism f: U — V in a 2-category C is an equivalence if and
only if the natural functor

Homc (U, f): Homg(U',U) — Homg (U, V)

(defined on objects by g — f o g and on morphisms by a — idy x o, and often
denoted simply by fo) is an equivalence of categories for every U' € C. Similarly,
f is an equivalence if and only if the natural functor

Homc(f,V’'): Homg(V, V') — Homg (U, V')

(defined on objects by g — g o f and on morphisms by a — a xidy, and often
denoted simply by of ) is an equivalence of categories for every V' € C.
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Proof. If f is an equivalence, say g: V' — U is such that go f 2 idy and fog = idy,
then for every U’ € C the functor Homg(U', ¢g): Homg (U, V) — Homc(U',U)
is a quasi-inverse of Homc (U’, f) (because

Homg(U’, g) o Homg (U, f) = Homg(U', g o f) = Homg (U, idy) = idhome (7,0

and similarly Homg (U, f) o Homg (U, 9) = idtome (v7,v))-

Assume conversely that Homg (U’, f) is an equivalence of categories for every
U’ € C: taking U’ =V, we see that there exists g: V — U such that fog = idy.
Since both Homg (U’, f) and

HOng(UI, f) o HOIIIQ(U/, g) - HomQ(U/a fo g) = idHomg(U’,V)

are equivalences of categories, it follows that Homg(U’, g) is an equivalence for
every U’ € C, too. Therefore, by the same argument, there exists f: U — V such
that go f/ = idy. Since f = fogo f' = f/, we have also go f = idy, which proves
that f is an equivalence.

The proof of the second statement is completely similar. O

In a 2-category the usual notion of commutative diagram (where one requires
equality of the compositions of morphisms obtained following all possible “paths”
between two objects) is often too restrictive, and it is usually more useful to con-
sider the weaker notion of 2-commutative diagram (where equalities are replaced
by 2-isomorphisms). So, for instance, we will say that the diagram

Uv—2sv

’“l /l

is 2-commutative if u: fog — hok is a 2-isomorphism.

Definition A.15. A 2-subcategory C' of a 2-category C is given by subsets of
objects, 1-morphisms and 2-morphisms of C, which form a 2-category with com-
positions (of 1-morphisms and 2-morphisms) defined as in C. A 2-subcategory
C' C Cis full if Homg/ (U, V) = Homg (U, V) for all U,V € C'. C' is a strictly
full 2-subcategory of C if it is full and every object of C equivalent to an object
of C'isin C'.

Example A.16. We will denote by Gpd the (strictly) full 2-subcategory of Cat
whose objects are groupoids. Notice that the (not strictly) full 2-subcategory of
Cat whose objects are sets can be identified with Set.

Definition A.17. Let C and D be 2-categories. A (strict) 2-functor F: C — D
is given by maps Ob(C) — Ob(D), 1-Mor(C) — 1-Mor(D) and 2-Mor(C) —
2-Mor(D) which are compatible with sources and targets and which preserve com-
positions and identities (in particular, F' induces an ordinary functor between the
underlying categories of C and D, which is called the underlying functor of F).
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Definition A.18. Let F,G: C — D be 2-functors. A (strict) 2-natural transfor-
mation a: F — G is given by morphisms (of D) a(U): F(U) — G(U) for every
U € C such that the following conditions are satisfied:

1. if f: U — V is a morphism of C,
a(V)o E(f)=G(f)ea(U): FU) = G(V)

(in particular, o induces an ordinary natural transformation between the
underlying functors of F and G);

2. if p: f — g is a 2-morphism of C (with f,g: U — V),

idg(v) *E(M) ( ) * lda(U
ca(V)o E(f) = G(f) ca(U) = a(V) 0 E(g) = G(g) c a(U).

Definition A.19. Let I',G: C — D be 2-functors and «, 3: ' — G 2-natural
transformations. A modification e¢: a — (3 is given by 2-morphisms (of D)

e(U): a(U) = B(U)

for every U € C such that

(V) xidp() = idg(s) * (U)
a(V)o E(f) = G(f) o a(U) = B(V) o E(f) = G(f) o BU).

for every morphism f: U — V of C.

Remark A.20. The above definitions suggest that there should be a notion of
3-category such that 2-categories form a 3-category. This is actually true, but
fortunately we will not need it. For our purposes it is enough to point out the
following fact, whose proof is straightforward.

Proposition A.21. Let C and D be 2-categories. 2-functors from C to D form
the objects of a 2-category Fun(C, D), with morphisms given by 2-natural trans-
formations and 2-morphisms by modifications (compositions of morphisms and
2-morphisms are induced by those of D).

Definition A.22. A 2-functor F': C — D is 2-faithful (respectively 2-full, respec-
tively essentially full) if for all U,V € C the induced functor

Homg (U, V) — Homp (E(U), E(V))

is faithful (respectively full, respectively essentially surjective). F is essentially
surjective if every object V' of D is equivalent to F(U) for some object U of C.
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Definition A.23. A 2-functor F': C — D is a (strict) 2-equivalence if there exists
a 2-functor G: D — C (called a 2-quasi-inverse of F') such that Go F is equivalent
to idg in Fun(C,C) and F o G is equivalent to idp in Fun(D, D).

A 2-functor is a lax 2-equivalence if it is 2-fully faithful, essentially full and
essentially surjective.

Remark A.24. Of course a strict 2-equivalence is also a lax one, but the converse
is false in general. In order to explain the latter definition we have to say that there
are also (various) notions of lax 2-category, of lax 2-functor (between strict or lax
2-categories) and of lax 2-natural transformation (between strict or lax 2-functors),
which we are not going to define in general, since we will use only lax 2-functors in a
particular case, so that we give in section Section 5.3 the definitions we need. Here
it is enough to say that in each case the main difference is that some equalities
between 1-morphisms are replaced by 2-(iso)morphisms. So, for instance, in a
lax 2-category composition of 1-morphisms, instead of being associative, is only
associative up to 2-(iso)morphisms (subject to suitable compatibilities). One can
prove that the above definition of lax 2-equivalence corresponds to the natural one
to use when dealing with lax 2-functors (between strict 2-categories).

A.3 Miscellaneous results
Lemma A.25. Given a commutative diagram of rings

¢

A——B
b
o ¥
C—=CJ1

(where T C C is an ideal such that 12 = 0), the diagram

C—=CJ1

is also commutative if and only zf1/; —: B—ICC isan A-derivation, where I
is viewed as a B-module via 1" (the fact that 12 = 0 implies that I is in a natural
way a C/I-module).

Proof. Exercise, or see [17, Prop. 2.8]. O
Lemma A.26. Let A — A’ be a morphism of rings and I C A’ an ideal. Then

di,/A is left invertible (i.e., the sequence

dy,
0— 1/ =5 Quopn @ar (A')T) = Qarjryja — 0
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is exact and splits) if and only if there is a morphism of A-algebras ¢: A'/T —
A' /1% such that wo ¢ =id /1 (where w: A’'/I* — A'/1 is the projection,).

Proof. [17, lemma 2.16]. O

Lemma A.27. Let B be a ring and f: M — N a morphism of B-modules with M
finitely generated and N projective. For every q € Spec B the following conditions
are equivalent:

1. fq: Mq — Nq is left invertible;
2. there exists b € B\ q such that fy: My — Ny is left invertible;

3. there exist x1,...,Tm € M and @1,...om € BY := Homp(N, B) (for some
m € N) such that (x1,...,Tm)q = Mg and det(gpi(f(xj)))lgi’jgm ¢q.

Proof. [9, Chap. 0, Cor. 19.1.12]. O

Definition A.28. Let X be a topological space, G a sheaf of groups and P a
sheaf of sets on X. Assume that o: P x G — P is an action of G on P (i.e., ¢
is a morphism of sheaves such that o(U) is an action of G(U) on P(U) for every
open subset U of X). (P, o) (or simply P, by abuse of notation) is a pseudo-torsor
under G (or a G-pseudo-torsor) if for every U C X open either P(U) = 0 or o(U)
is free and transitive. P is a torsor under G (or a G-torsor) if moreover there exists
a base {U,; }icr of the topology of X such that P(U;) # 0 for every i € I.

A morphism of (pseudo)torsors is just a morphism of sheaves which is com-
patible with the actions (in the obvious sense).

A G-torsor is trivial if it is isomorphic to G with action G x G — G given by
multiplication.

Proposition A.29. Let X be a topological space and G a sheaf of groups on X.
There is a natural bijection between the set of isomorphism classes of G-torsors on
X and HY(X,G) (such that the class of trivial G-torsors corresponds to 0).

Proof. [9, 16.5.15]. O

Lemma A.30. Let X be a ringed space and F,G € Mod(X). If F is of fi-
nite presentation, then the natural morphism of Ox ,-modules Homx (F,G)y —
Homoy , (Fz, Gz) is an isomorphism. If moreover X is a scheme and G is quasi-
coherent, then Homx (F,G) is quasi-coherent, too.

Proof. The question being local, we can assume that there is an exact sequence
0% — 0% — F — 0 for some n,m € N. Applying Homx (—,G) yields the exact
sequence

0 = Homx (F,G) = Homx(OF,G) = G™ — Homx (O%,G) = G,
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so that, if G € QCoh(X) and X is a scheme, Homx (F,G) € QCoh(X) because
kernel of a morphism in the abelian category QCoh(X). As for the first statement,
from the same sequence we also get a commutative diagram

0——=Homx(F,G)x

|

O*)Homox,x (‘FT’ gr)*)Homox,x (O?(,zv gﬂ?)*)Homox,m (OQ,W g”ﬂ)

Homx (0%, G),

Homx (O%,G),

with exact rows. Since the vertical maps in the middle and on the right are
clearly isomorphisms, it follows from the five lemma that the map on the left is
an isomorphism, too. O

Corollary A.31. Let X be a ringed space and F an Ox-module of finite presen-
tation. If x € X 1s such that F, = O% , for some n € N, then there is an open
neighbourhood U of = such that F|y = OF.

Proof. For G,’H € Mod(X) let ¢g 3,: Homx (G, H), — Homo, , (G, H.) be the
natural map, and fix an isomorphism a: 7, = O% . Surjectivity of ¢z oy and
¢or 7 implies that there exist a € Homy (Fly,0F) and o' € Homy (Oy,, Flv)
(for some open neighbourhood V' of ) such that ¢ 7 oy (o) = a and oy 7(a),) =
a™'. As pon on((@od),) = idoy , and ¢F 7((a' 0 @);) = idz,, injectivity of
oy oy and ¢r F implies that there is an open neighbourhood z € U C V' such
that (a0 o)y = idoy and (o' o a)|ly = idF), (hence aly: Fly — Of is an
isomorphism). O

B Some complements

B.1 Limits

In this section we give the definition and main properties of limits; more details
and proofs can be found in [2] or in many books on category theory, like [16].

Having fixed two categories I (the “index” category) and C (the category
where we want to take limits), for every U € C we will denote by Ky € Fun(I, C)
the constant functor sending each object of I to U and each morphism of I to idy;
similarly, if f: U — V is a morphism of C, K; € Hompun,c)(Kv, Kv) will be
the natural transformation defined by K;(X) = f for every X € L.

Definition B.1. Let H: I — C be a functor. The diregt\limit (or inductive limit,
or colimit) of H is the functor hng € Fun(C, Set) = C° defined on every object
U of C by

(hi{l H)(U) := Hompyn(,c)(H, Kv)
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and on every morphism f: U — V of C by
(lim H)(f): Hompun(r,c)(H, Kv) = Hompun,c)(H, Kv).
a— Kyoa

The inverse limit (or projective limit, or limit) of H is the functor lim H €
—

Fun(C°, Set) = C defined on every object U of C by
(1(31 H)(U) = HomFun(I,C)(KUa H)

and on every morphism f: U — V of C by
(lim H)(f): Hompun(r,c)(Kv, H) = Hompun,c)(Ku, H)-
a—ao Ky

In case lim H (as a presheaf on C°) or lim H (as a presheaf on C) is repre-
— —

sentable (in both cases, by an object of C, since Ob(C°) = Ob(C)), we will call
the corresponding limit representable, or we will say that the limit exists (in C).

Remark B.2. Using Corollary 4.6 we see that lim H is representable (similar
considerations hold, of course, also for lim H) if ;nd only if there is an object
of C, necessarily unique up to isomorphis_rr)l and usually denoted again by lim H,
together with a natural transformation «:: K](i_m Hn — H which satisfies the folfo—wing

universal property: for every V € C and every 8: Ky — H, there exists a unique
f:V —=lim H in C such that 8 = a0 Kj.
—

Example B.3. If the index category I is just a set I (so that H: I — C is

completely determined by the set of objects {U; := H(i)}icr), then, by definition

of natural transformation, lim H is representable if and only if there is an object
—

lim H € C together with morphisms p;: lim H — U; (for i € I) satisfying the
— —

following property: given morphisms f;: V' — U; (for ¢ € I), there exists a unique
f+V — lim H such that f; = p; o f for every ¢ € I. In other words, lim H is
— —

representable if and only if ], ; U; exists in C, and in this case lim H = [],_; U;.
—

il
In a similar way, one can see that lim H is representable if and only if [[;.; Us
—

exists in C, and that in this case h_H)lH = [[;c; Ui Tt is also easy to prove that
existence of (co)kernels and fibred (co)products corresponds to representability of
some suitable (co)limits. Specifically, if we represent a category using dots for
objects and arrows for non identity morphisms, when I = (- = -) representable
(co)limits yield (co)kernels, whereas when I = (- — - < ) (respectively I =
(- < - — -)) representable inverse (respectively direct) limits yield fibred products
(respectively coproducts).
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Example B.4. The usual notion of limit over a filtered set is also a particular
case of Definition B.1. In fact, every preordered set (I, <) determines a category I
with Ob(I) := I and such that Homy (i, j) contains exactly one morphism if ¢ < j
and is empty otherwise (conversely, every category such that there is at most one
morphism between any two objects comes from a preordered set in this way).

Definition B.5. A limit is finite if the index category I is such that Ob(I) and
Mor(I) are finite sets.

Proposition B.6. All (finite) (co)limits are representable in a category C if and
only if all (finite) (co)products and either (co)kernels or fibred (co)products exist
in C.

Corollary B.7. All (direct and inverse) limits are representable in Set.

Definition B.8. Let I and C be categories such that lim H (respectively lim H)
— —

is representable for every functor H: I — C. Then a functor F': C — D pre-
serves (or commutes with) direct (respectively inverse) limits from I if for every
functor H: I — C, denoting by a: H — Kjim g (respectively a: Kiimpg — H) a

representation of lim H (respectively lim H),
— —
idpxa: FoH = FoKjmyg = KF(limH)

(respectively
idp*xa: FoKjinmg = KF(limH) — FOH)

represents lim(F o H) (respectively lim(F o H)).
— —
The result of Proposition 4.8 can be generalized as follows.

Proposition B.9. For every category C, all limits are representable in the cal-
egory of presheaves C, and they can be computed “componentwise”, in the sense
that for every U € C the functor Homg (U, —): C — Set (which sends F' € C to
F(U)) commutes with all limits.

Moreover, the functor h: C — C preserves all inverse limits which are repre-
sentable in C.

Definition B.10. A functor F': C — D is left (respectively right) exact if all
finite inverse (respectively direct) limits are representable in C and F preserves
them. F' is exact if it is both left and right exact.

Remark B.11. In the particular case of an additive functor between two abelian
categories F': A — B, this general notion of (left/right) exactness coincides with
the usual one. Indeed, notice first that all finite limits are representable in A by
Proposition B.6; moreover, I preserves finite products and coproducts because it
is additive. Therefore, the same argument of Proposition B.6 implies that F' is
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left exact (completely analogous considerations can be made for right exactness)
if and only if it preserves kernels (of double arrows). Now, for an additive functor
this is equivalent to preserving kernels of single arrows, which can be reformulated
by saying that F' preserves exact sequences of the form 0 - X — Y — Z, and
this is easily seen to be equivalent to the fact that for every short exact sequence
0-X—>Y—>Z—-0inA 0— F(X)— F(Y)— F(Z) is exact in B (the usual
definition of left exactness).

Proposition B.12. If a functor F: C — D is a left (respectively right) adjoint,
then it preserves all representable direct (respectively inverse) limits. In partic-
ular, if all finite direct (respectively inverse) limits exist in C, then F is right
(respectively left) exact.

B.2 Grothendieck topologies

All proofs of the results stated in this section can be found in [2].

Definition B.13. Let U be an object of some category C. A sieve of U is a
subfunctor of U: more precisely, a sieve of U is an equivalence class of monomor-
phisms R < U of C (under the equivalence relation (:: R — U) ~ (V/: R — U)
if and only if there is an isomorphism a: R = R’ such that ¢ = ./ o a); by abuse
of notation, we will denote such a sieve simply by R.

Remark B.14. The set S(U) of sieves of U € C is ordered by R < R’ if and only
if R C R, and it is stable under unions and intersections. Notice also that, since
the property of being a monomorphism is stable under base change, if R € S(U),
then R xy V € S(V) for every morphism V' — U of C.

Definition B.15. A (Grothendieck) topology T on a category C consists of the
datum, for each object U of C, of a subset J(U) = JT(U) C S(U) (whose elements
are called covering sieves of U for T), such that the following axioms are satisfied.

T1 If U € Cand R € J(U), then R xy V € J(V) for every morphism V — U.

T2 If U € C and R, R’ € S(U) are such that R € J(U) and R’ xy V € J(V) for
every V € C and every morphism V' — U which is in R(V) C U(V), then
R’ € J(U), too.

T3 U € J(U) for every object U of C.

Definition B.16. A siteis a couple (C,T), where T is a topology on the category
C.

Remark B.17. Let (C,T) be a site and U an object of C. If R € J(U) and
R C R € S(U), then R" € J(U), too (this follows from T2, since, for every
morphism V — U in R(V), R xy V=R xy V € J(V) by T1). Note also that,
if Ry, Ry € J(U), then Ry N Ry € J(U), too (again, this follows from T2 applied
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to R = R; and R’ = Ry N Ry, since, for every morphism V. — U in R;(V),
(RiNRy) Xy V = Ry xyV € J(V) by T1); this implies that (J(U), <) is a filtered
set.

Definition B.18. Let T and T’ be two topologies on a category C. We will say
that T’ is finer than T (and write T < T’) if JT(U) C JT (U) for every U € C.

Example B.19. On every category C the chaotic (respectively discrete) topology
is defined by J(U) := {U} (respectively J(U) := S(U)) for every U € C; clearly it
is the least fine (respectively the finest) topology on C.

If {T;}ier is a family of topologies on C, it is obvious that the intersection
T := Mg Ti (defined by JT(U) := M;c; J7(U) for every U € C) is again a
topology (it is the finest topology among those which are less fine than each T;).

Definition B.20. Let U be an object of a category C. Given a family U =
{fi: Ui = U}ier € Tar(U), the sieve Ry € S(U) generated by U is defined by

Ry(V):={geU(V)|3iel, Ig; € U;(V) such that g = f; 0¢9;}

for every V € C (and in the obvious way on morphisms).
If T is a topology on C, U € Tar(U) is a covering family for T if Ry, € JT(U).

Definition B.21. Given a category C and, for U € C, a subset Cov(U) of Tar(U),
the topology generated by {Cov(U)}yec is the intersection of all the topologies T
such that all the elements of each Cov(U) are covering families for T.

Remark B.22. This definition applies in particular when Cov(U) = Cov™ (U) for
some pretopology 7 on C. In this case the topology generated by a pretopology is
usually given the same name (so, for instance, the topologies Zar, ét, sm and fppf
on Sch are those generated by the corresponding pretopologies).

In general, the topologies generated by arbitrary collections of covering families
can be complicated to describe, but for those generated by pretopologies we have
the following result.

Proposition B.23. Let T be the topology generated by a pretopology T on C.
Then R € S(U) is in JY(U) if and only if there exists U € Cov™ (U) such that
Ry CR.

Corollary B.24. Let T, 7/ be two pretopologies on C and let T, T’ be the topologies
they generate. If for every U € C and every U € Cov' (U) there exists U' €

COVTI(U) such that U <U’, then T < T'.

Example B.25. The argument used in Example 4.36 implies that sm = ét as
topologies on Sch.
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The above example shows that different pretopologies can generate the same
topology on a category. However, in general not every topology is generated by
some pretopology, but the following result shows that this is true if the category
has fibred products.

Proposition B.26. Let (C,T) be a site and assume that C has fibred products.
Then Cov™ (U) := {U € Tar(U) | Ry € JT(U)} for U € C defines a pretopology T
on C, and the topology generated by T is T.

Nevertheless, even when the category has fibred products, in some cases it
is simpler to describe a topology as the one generated by collections of covering
families which do not form a pretopology.

Example B.27. On Sch the fpge (faithfully flat and quasi-compact) topology is
generated by {Cov(U)}yesch, where

Cov(U) := Cov?™(U)U{f: V — U | f faithfully flat and quasi-compact}.

We claim that fppf < fpgc (we will see later that they are not equal): by Lemma 7.5,
it is enough to prove that Ry € J4¢(U) if V = {f;: V; = U}ics € Tar(U) is such
that, for every ¢ € I, f; is the composition of a faithfully flat morphism of affine
schemes f/: V; — U; and of an open immersion U; C U. Now, for every i € I and
every morphism U’ — U;, we have Ry xy U’ = Ry xy, U’ € Jpac(U") by T1
(recall that f; is quasi-compact, so that Ry £y € J/Pe¢(U;) by definition), whence
Ry € J/P9¢(U) by T2 applied to R = {U; C U}ies € Cov?*"(U) and R’ = Ry.

Definition B.28. Let (C,T) be asite. A presheaf F' € Cis separated (respectively
a sheaf) for T if for every U € C and every R € JT(U) the natural map

F(U) =2 Homg(U, F) — Homg(R, F) := F(R)
is injective (respectively bijective).

As usual, if (C,T) is a site, we will denote by (C,T)™ (or simply by C™) the
full subcategory of C whose objects are the sheaves for T.

Definition B.29. A topos is a category which is equivalent to (C,T)™ for some
site (C, T).

Proposition B.30. Let {Fy}rex be a family of presheaves on C. Then the finest
topology T with the property that Fy, is separated (respectively a sheaf) for every
k € K is defined as follows. For every U € C the set of covering sieves JT(U) is
formed by those R € S(U) such that for every morphism V. — U of C the natural
map F,(V) = Fr(R xy V) is injective (respectively bijective) for every k € K.

Corollary B.31. For topologies generated by pretopologies, the definitions of sep-
arated presheaf and of sheaf given in Definition B.28 and in Definition 4.30 coin-
cide.
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Proof. Let 7 be a pretopology on C, and let T be the topology generated by
7. First we claim that F' € C is separated (respectively a sheaf) according to
Definition B.28 if and only if for every U € C and every U € Cov” (U) the natural
map F(U) — F(Ry) is injective (respectively bijective). The other implication
being trivial, we can assume that F satisfies this condition. Let {Fy}rex be
the family of presheaves on C consisting of all separated presheaves (respectively
sheaves) for T together with F. Then by Proposition B.30 there is a topology
T’ on C such that F' is separated (respectively a sheaf) for T/ and whose set
of covering sieves JT (U) (for U € C) is formed by those R € S(U) such that
for every morphism V' — U of C the natural map Fy(V) — Fip(R xy V) is
injective (respectively bijective) for every k € K. Since clearly Ry € JT (U)
for every U € Cov™(U), Remark B.17 implies that JT(U) C JT'(U) for every
U € C. Therefore T < T’, and the claim follows. To conclude, in view of
Remark 4.31, it is enough to prove that for every U € Cov” (U) there is a natural
isomorphism F(U) = F(Ry). Assume U = {f;: Uy — Ulicr: then to every
§ = (&)ier € F(U) C ;e F'(U;) we can associate { € F(Ry) = Homg(Ry, F)
defined as follows. Given V € C and g € Ry (V) C U(V), by definition of Ry
there exist i € I and g; € U;(V') such that g = f; o g;. It is then easy to see that
the map

E(V): Ry(V) — F(V)
g g; (&)

is well defined, that € is a natural transformation and that the map F(U) — F(Ry)
defined by & — £ is bijective. O

Remark B.32. One can extend Definition B.28 to a definition of (pre)stack on
an arbitrary site. Namely, F € Fibg is a prestack (respectively a stack) for T if
for every U € C and every R € JT(U) the natural functor

Hommc (U7 F) — HOIH@C (R, F)

is fully faithful (respectively an equivalence). Although we are not going to do it
here, much of what we are going to say about sheaves in general can be naturally
extended also to stacks. In particular, adapting the proof of Corollary B.31, it can
be shown that the new definition of (pre)stack coincides with the usual one if the
topology is generated by a pretopology.

Corollary B.33. On every category there exists a unique topology which is the
finest among those with the property that all representable presheaves are sheaves.
Such a topology is called canonical and is denoted by can.

Extending the definition given for pretopologies in Definition 4.37, we will say
that a topology T is subcanonical if T < can.
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Definition B.34. Let (C,T) and (C’, T”) be two sites. A functor F': C' — C is

continuous if the natural functor oF: C — C’ restricts to a functor oF': C~ —
c'~.

Definition B.35. Let (C,T) be a site and let F': C' — C be a functor. Then the
topology induced by F on C’ is the finest topology on C’ with the property that F
is a continuous functor (notice that such a topology exists by Proposition B.30).

Remark B.36. The above definition is compatible with the notion of induced
pretopology introduced in Proposition 4.41.

Example B.37. The fpgc topology on Sch/g is subcanonical and most of the
results of faithfully flat descent theory stated for fppf actually hold also for fpgc
(see Remark 7.13). The inclusions Sch,g C (Sch/g, fpgc)™~ C (Schyg, fopf)™
are strict (in particular, fpgc # fppf). Indeed, the non representable presheaf
P of Example 7.9 is clearly a sheaf also for fpge, whereas, in the notation of
Example 7.10, it is easy to see that Ff s,,r is a sheaf for fppf but not for fpgc
if f is the morphism of Sch,g induced by a non finite extension of fields (e.g.,
k(s) C k(s)(t) for some s € S).

Proposition 4.44 admits the following generalization.

Proposition B.38. Let C' C C be the inclusion of a full subcategory, let T
be a pretopology on C and endow C’ with the induced pretopology. If for every
U € C there exists a covering family (for T) {U; — U}icr such that U; € C' for
every i € I, then the natural restriction functor C~ — C'™ is an equivalence of
categories. The viceversa holds if T is subcanonical.

Let (C,T) be a site: we are going to see how the sheaf associated to a presheaf
is defined in general. Given F' € C, for every U € C we set L(F)(U) := lim F(R),
—

where the limit is taken over the filtered set JT(U). It is easy to see that this
extends naturally to a functor L(F) € C, that there is a natural morphism

er: F — L(F) in (Aj, and that in this way we obtain a functor L: C - C to-
gether with a natural transformation e: idg — L.

Proposition B.39. 1. L(F) is a separated presheaf for every F € 6;

2. FeCis separated if and only if ep: F — L(F) is a monomorphism of 6,
and in this case L(F) is a sheaf;

3. FeC is sheaf if and only if ep: F — L(F) is an isomorphism of 6;
4. L: C — Cis left exact.

It is then clear that F* := L(L(F)) € C™ (it is called the sheaf associated to
F); we also set pr := e(p) 0 €p: F' — F®. One can prove that these definitions
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of F* and of pp coincide (up to isomorphism) with those given in Section 4.3
for pretopologies (see Remark 4.53) and that Proposition 4.52 remains true in
general. Also the other results stated in Section 4.3 (like Proposition 4.57 and
Corollary 4.58) are true for arbitrary sites, while Proposition 4.54 admits the
following generalization.

Proposition B.40. Let (C,T) be a site. Then all (direct and inverse) limits
are representable in C~ = (C,T)~. Moreover, the inclusion functor C~ C C

preserves inverse limits, whereas —*: C — C~ preserves direct limits and finite
inverse limits (in particular, it is exact).

Remark B.41. By Proposition B.12 the fact that C~ C C (respectively —*: C—
C™) preserves inverse (respectively direct) limits is a formal consequence of Propo-
sition 4.52. The fact that —¢ also preserves finite inverse limits follows from
Proposition B.39.

Corollary B.42. All inverse limits in C~ can be computed as in EAJ, whereas
all direct limits in C~ can be computed by first computing them in C and then

applying —*.
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