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The local weak solution of the wave equation

Giai Giang Vo* and Toai Quang Ton

Abstract. This article deals with the local existence of weak solutions for a wave equation with

a nonlinear integral equation at the boundary.

1 Introduction
In this paper, we investigate the following one-dimentional wave equation
et — g + (s (), (@) )ue = f @t u, [u®)), [u0)]), (L.1)
associated with mixed boundary conditions
u(1,t) =0, (1.2)
uy(0,t) = g(t) + h(u(&1,t)) + /Ot k(t —s,u(&1,8), ..., u(én, s))ds, (1.3)
and initial conditions
u(z,0) = up(x), u(z,0) =uy1(z), (x,t) € (0,1) x (0,7), (1.4)

where &1, &2, ..., En are constants such that 0 = & < & < - < &y < 1 and
f, g, h, k, 1, up, up are given functions satisfying conditions specified later. See
below for some typical works.

J. Poschel [12] showed the existence of quasi-periodic solutions for the nonlin-
ear wave equation

n
Ut — Ugpy = Z Kjqu_l, (15)
j=1
on the finite z-interval [0, 7] with Dirichlet boundary conditions
u(0,t) =u(m,t) =0, t € R, (1.6)

where K7 <0, Ko #0, K3, ..., K, are constants.
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In [6], M. Li considered the existence and uniqueness of weak solutions for the
Emden-Fowler type wave equation

tzutt — Ugy = |u|P—2u’ (17)
subject to zero boundary values and initial values
U:(.’E, 1) = UO(x)a U,t(l', 1) = ul(x)7 (.’L‘,t) € (aab) X (LT)v (18)

where p > 2 is a constant and wg, u; are given functions.
F. Ficken and B. Fleishman [4] established the global existence and stability
of solutions for the following wave equation

Ugp — Uy + pty = Ku + hu® +1, (1.9)

where K, h, [, pu are given constants.
M. Santos [15] considered the decay rate of the solutions of the following
problem

Ut — p(t)ull =0, (1'10)
u(0,t) =0, (1.11)

u(1,t) / k(t — s)p(s)ug(1,s)ds =0, (1.12)
w(z,0) = up(x), u(z,0)=uy(x), (1.13)

with k, p, ug, u; are given functions. Also, we see that the boundary (1.12) is
equivalent to

— p(t)ux(1,t) = g(t) + hu(1,t) + lus(1,1) +/tE(t— s)u(l, s)ds, (1.14)
0
where
{g(t): ,1;:(((]1;;{;() h=E0 = s (1.15)
k(0)k(t) + [5 K'(t — s)k(s)ds = k'(1).

Moreover, authors in [8] constructed the asymptotic formula for the solutions
of the following wave equation

Uy — Ugq + PUL :Ku+f(x,t), (1'16)

u(1,t) =0, (1.17)

uz(0,t) = g(t) + hu(0,t) + lut (0, ) + /t E(t — s)u(0, s)ds, (1.18)
0

w(z,0) = up(x), u(z,0)=uy(x), (1.19)

in which K, h, I, u are constants and f, g, k, ug, u; are given functions.
Our paper can be regarded as the relative extension and improvement of the
corresponding results of [1,3,6 —9,11,13,15 — 22].
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2 Preliminaries

Firstly, we denote by (-,-) and ||| respectively the scalar product and the norm
in L2(0,1).
Let u( ), u (t) = uy(t) = u(t), u”(t) = up(t) = i(t), ux(t) and u.,(t) denote
u(z,t), 2 iz, t), & 8t2 ¥(x,t), gq; (x,t) and g2 5.5 (x,t) respectively.
Also, we define a closed subspace of the Sobolev space H'(0,1) below

W ={veH(0,1) =0}, (2.1)

with the following scalar product and norm
(1,0 = (tasve) and Jully = |- (2.2)

Then the following lemmas are well-known.

Lemma 2.1. The embedding W — C°([0,1]) is compact and
||U||00([0,1]) < vlly < HU”Hl(o,l) < \@H'UHW7 YoeW. (2.3)

Lemma 2.2. The embedding H*(0,1) — C°([0,1]) is compact and

2 2 1 2
||v||co([0’1]) <ellvg]|” + (1 + s) |v||*, Yo € H*(0,1), & > 0. (2.4)
Furthermore, we have the following results.
Lemma 2.3 (see [18]). Let k € N and pj = (2§ —1)%, j = 1,k. Then
‘Z fmu] <1+f Ve € R (2.5)
j=

Lemma 2.4. Let (a,b,¢;, k) € R®* x N and p; = (2 —1)3, j = 1,k. Then
b K 2 K 2
/a (Zj_l ¢ sin(ms)) ds < 2(|a| + |b| + 2)/0 (Zj_l ¢; sin(,ujs)) ds, (2.6)
b & 2 1 k 2
/a (Zj_l ¢ cos(ujs)> ds < 2(|a| + |b] + 2)/0 (Zj_l ¢ Cos(uj5)> ds.

(2.7)

1

The proof of this lemma is not difficult, so we omit the details.

Lemma 2.5 (Integral inequality of Gronwall type [10]). Suppose that oo € C*(]0,T])
and B, v € CY([0,T)), B is a nonnegative function. Moreover, if

/ B(s)v(s)ds, Vit € [0, T, (2.8)

then

o(t) < a(0) exp </0t6(s)d5) /exp (/g d7> (s)ds, Vt € [0,T]. (2.9)
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3 Local weak solution

Now we make the following assumptions:
(A1) (ug,ur) € (WNH?0,1)) x W,

(A2) pe CHRY), feC?([0,1] x Ry x R x R?),
(A3) g € W2L(R,), h € C%(R), k € C*(Ry x RY),
(As)

Ay) f, g, h, ug satisfy the following compatibility conditions:

F(50,u0, [Juo |, ua[|*) = wox(0) = g(0) + h(uo(0)) = 0.
Let T, > 0 be a fixed constant, for each p > 0, T € (0,7%] , we put

c(p

P 1) = I fllez(o,11x 10,7 ¢ [ pop) x[0,6212)
c(9) = llgllw=, 1([0,7.])> € c(p,h) = Hh||c2([_,,7p])a

c(p, k) = ||kHC2(O,T*]><[7p,p]N)? c(p, p) = ||M||cl([o,T*]x[o,p2]2)>
and
W(p,T)={ve L>0,T;W) : v, € L=(0,T; W),
vy € L°(0,T; L2(0,1)), v(&,-) € H*(0,T), with 91| oo (0, 7:7)

||Ut||Loo(0TW HvttHLoo(OTLZ(o 1)) s (&, ')||H2(0,T) <pi=1,N},
We(p, T) = {v e W(p, ).veLOO(o,T;WmH2(0,1))}.

Then we have the following theorem.

Theorem 3.1. Let (A1)-(A4) hold. Then there exist constants p, T > 0 and a
recurrent sequence {vy,} C Wi(p,T) (vo = ug) satisfying the following variational
problem

(Vi (), @) + (Vima (t), @) + Wi (t)(0)
+ b () (W (1), ©) = (fm (1), ), Vo € W, (3.1)
Um (O) = Uo, U;”(O) = Uy,

where

pm () = a(t, [[om—1 (1)) o) i
Jm(z,t) = f(z,t,vm-1(1), H'Um 1(1)] 2 || ;n—l(t)H )

wm(t) = ( ) + h(vm 1 517 + fO Savm—l(glas)a s 7’Um—1(€NaS))d5'
(3.2)

Proof of Theorem 3.1. The proof is based on the strong induction and Galerkin
method. Indeed, it is not difficult to see that Theorem 3.1 holds for m = 1.
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Suppose that it holds for 2,...,m — 1 (m > 2). Now we show below that the
theorem also holds for m.
Step 1. Galerkin approximation. We use an orthonormal basis of W as follows

T oj=12... (33

pi(2) = \[2/(1+ 1) cos(puga), gy = (2] — 1)

Put v )(t) = Zf 1w(k) (t)¢;, where the functions w(k])( ) satisfy the following
system of differential equations

<7.}7(7k)(t)7§0]> <mx 90]90> Wi (

+ tom(®) (3P0, 05) = (Fm (8,05}, 5 =TF, (3.4)
k k
v (0) = zlamso =ug, O (0) = ) b0 = ua.
Jj= j=1
Consequently
{ B () + 2w () = = (D) (8) + =i [ (), 05) = wm (D25 (0)]
(k) _ (k) - (k) (k)
mj(o)_a’mj’ wm]( )_bm]a j_lvk

(3.5)
Put p;(t) = sin(u,t)/p;, we deduce that

WB0)() = 5s;pj<>+bmp]<> / p3(t = )it () (5)ds

@ 0) /ds/ pi(t—8)k(s =1, 0m—1(&1,7), ..., vm-1(&n, T))dT
3

b [t =) ) ) ds
- 25 | sttt + atollds, =T

(3.6)
By the Banach fixed-point theorem, we easily deduce from the assumptions of
Theorem 3.1 that the system (3.6) has a unique solution (wf,’f{ (t),... ,wf:,)c(t)) on
the interval [0, 7] (see [2]).
Step 2. A priori estimates. This step includes two stages below.
Stage 1. A priori estimates 1. On account of (3.6), thus ol (&, t) can be rewrit-
ten as follows

o (&, 1) = gW (1) — z/t ) (t = 8)wn, (s)ds, (3.7)
0
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where
k
a1 =" ei(€)all) p; () + 05 pi (1))
=1
Jk t
~S @»/pxrwmm<>%<Ms
j=1
k t
j=1
k
kP (t) = 3 cos(ui&)ps(1), i =T,N.
p=
Put S(k = H (k) H + Hv na ’ 2, we get the following lemma.

Lemma 3.2. We have
Z/ ‘g dS<TC*(p,f)+C*( )+C* P 1 / S(k)

where
c(p, 1) = 6NTL (T + 4)c (p, ),
cx(u) = 12N(T, + 4)(fJuoe||* + [lur|[*),
ce(p, f) = 38NTL(4p” + p + 1) (p, f).

Proof of Lemma 3.2. We define
k k k k
bl (1) =al) (1) + D) (1) + 1) (1),

where

aB(1) = 3 3(0) cos(uy&) B cos(uyt) — ryal) sin(u;t)],

»;(0) Hj

Therefore

/‘gml ‘ds<3 /‘I(k) ds—ZI

Ie{a,b,c}

1
(k) b (k)
bmg( ) Z Pj (0) €os /”ngl fo Cos :uj (t - S))lu’m( ) m_/ (S)dsa

k —
i (0) =2 3 <l J3 B (s) ) ds, i = TN

7

(3.10)

(3.11)

(3.12)

(3.13)
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We will estimate each term on the right-hand side of this inequality.
First integral. We remark that

{%%W@F%WW_ﬂMM@+@)H%Wﬁ&» (314
2cos(juj€:) sin(pst) = sin (s (¢ + &) + syt (£ = &))-

Hence it follows from (3.14) and Lemma 2.4 that

2

e ()
[ o006 costuso) — el sntuzs)) | ds
i j=1
2 (3.15)

3 t—&;
S
2
—&i j

< 6(T, + 26 + 2)||uoe — ua |-

3
L(t) < 3

k
3 (0) () cos(pys) — pyal) sin(uzs)) | ds

hE

1

Second integral. From (3.12)2 and the assumption (As), which implies that
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Using the Fubini theorem and Lemma 2.4, it follows from (3.16) that

I(t) <

2

*(py // Z% cos(p(s — 7+ &) (r)| dsdr

2

+ Tc (ps 1 // Zgoj Yeos(pj(s — 7 —&))w (k)(r) dsdr

3. ¢
=5Tec (p,u)/
0

3 t
+ 5T (p, ) /
2 0

< 6T(T + 2 +2)c*(p,

2

S *)
/ > 0;(0) cos(u;z)in /(7)| dz | dr
i j:1
2
t—7—& | K
/ Zgoj cos(pjz) (k;(T) dz | dr
—&i

[l

t
<OT.(T. + 26+ 2(pup) [ S (s
0

Third integral. Thanks to (3.12)3 and Lemma 2.3, we deduce that

2ol < |
.

I

I
=2(1r

>H.4>

) |f] (z, )| drds

|2, 8)| dads

/ sm (it —s+&+z
Hj

/‘ S st =5 + &~ )
Hj

zk:sin,uj (t—s—&+x)

i=1 Hi
koo
Zsm it —s—§& —x))
j=1 K
¢
) [ s

| (@, 5)| dxds

| (@, 5)| dxds

(3.17)

(3.18)
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In addition

@) < [D2f (@5, 01 (), [om 1 (5) 1 [ (5)] )
+|Daf (@t vm-r(5). Noms (P, | s D) [0 (5)]
2| Daf (@, 01 (), [0m1 )2, [0 a [ [0ha ()] om 1 (5)]

2| Ds £ (@t om1 () Nom 1 (5) 2, [0 () )] [ ()] o )
< (49" + p+1)elp, f).

(3.19)
From (3.18), (3.19), we arrive at
t k 2 4 2
L(t) = 3/ (cgng@’ ds < 6(1 + ﬂ) T2(4p% + p+ 1)22(p, f). (3.20)
0
From (3.13), (3.15), (3.17) and (3.20), we obtain Lemma 3.2.
This completes the proof of Lemma 3.2. O

Remark 3.3. Lemma 8 in [18] is a special case of Lemma 3.2, with p = 0,
flx, t,u,v,w) = fi(z,u), k(t,v1,...,o5) = k1(t)ka(v1, ..., vn), where f1, ki, ko
are given functions.

With the help of Lemma 3.2, we obtain the following lemma.

Lemma 3.4. We have

XN:/t )ﬁ(k)@‘ s)rds < Tewp, [, 9, hy k) e (w)+ea(p, 1) /t S(k)(s)ds (3.21)
P 0 m 9 = * %k yJ Iy * 3k *% Y o im ’ .

where

C(p, 1) = 12NTW (T + 4)c*(p, )
Coe(u) = 24N (T + 4)(fJuoe|* + ua 1), (3.22)
Co(py 19, hy k) = TSN (2p + D (T + 1)*e9) + X je 54y <o 1))

Proof of Lemma 3.4. By (3.2)3, we obtain the estimate

wi, ()] < 19" ()] + |7 (Vm—1 (&1, 1))] [or,—1 (€1, 1)
+ \k(O, ’Um,1<fl,t), RN Um,1(£N7t))|

t 3.23
+/ ‘le(t—S,’Um_l(ﬁl,s),...,’Um_l(fN,S)”dS ( )
0

< |g'(®)] + pelp, h) + (T. + De(p, k).
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Using (3.7), (3.23) and Lemma 2.3, which leads to
t
89(6.0)] = 9820 = 240 0000 =2 [ KO (e = syt (s)ds

< 9552(t)\+2(1+i) /Ot |w), (5)] ds (3.24)

< |an) (t)\ +5[e(g) + Tupe(p, h) + (T + D)e(p, k)]

Combining (3.24) and Lemma 3.2, we get Lemma 3.4. O

Next, we replace ¢; in (3.4); by o (t). Then integrating from 0 to t, we get
after some calculations

S0 < S0 + T, 1)+ el + 1] [ 560
=2 [ 19(o) + bl (€05l (0. 5)ds
0

t S
_2/0 @ﬁf)(07s)ds/0 k(s = To0m—1(E1,7)s - oo, Um—1 (&N, 7))dT (3.25)

= [[ur[* + l[uga|* + Tc* (p, f)
t
2o +1) [ S+ 1) + I0).
0
Thanks to Lemma 3.4, we obtain the estimates for I(t) and J(¢) as follows:
t
10) = =2 [ lg(s) + om0, 9)J5f2 (0. 5)ds
0
t 2
< / ‘o;f)(o, s)‘ ds + 2¢2(g) + 2Tc2(p, h) (3.26)
0
t
< 2T (9, £,9:1K) 4 263(0) + ) +ennlp) [ SE(s)ds,
0
t s
J(t) = —2/ »k) (0, s)ds/ k(s — T, 0m_1(61,7), - s Um—1(En, T))dT
0 0
¢ 2
< / )@5,’:%0, s)‘ ds +T3c(p, k) (3.27)
0
t
< Tlean(p, £,9, 1, k) + T2 (p, k)] + can () + can(p, 1) / Sil(s)ds.
0
Combining (3.25)-(3.27) shows that

t
Sty < Td,(p, f, 9, h, k) + du(u) + du (p, 1) / SP(s)ds,  (3.28)
0
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where

d.(p, 1) =
de(u) = [24N(Tx + 4) + 1 ([|uoa|* + [Ju1]|*) +2¢*(g), (3.29)

p1) = 24NTo (T, + 4)c*(p, p) + 2¢(p, p) + 2,
d«(p, .9, b k) = 150N (2p + T + 2)*[e(g) + X e .5y €05 5) + 1%

By Lemma 2.5 and Lemma 3.4, we obtain

S(’“)( t) < d. (p,T £r9:hk, 1),

(3.30)
Efo ‘ dSSC**(U)+d**(p7T7f7gvhaka/J’)v

where

dus(p, T, fr 9,0k, 1) = Tean(p, fr 9,0, k) + Tean(p, w)di(p, T, f, 9, hy Ky ).
(3.31)

Stage 2. A priori estimates 2. Put S(k) = H (k) H +' (k) H . We need

the following lemma.

{d*m T, f,9.h,k, 1) = [Td.(p, [, g, b, k) + du ()] exp(Td. (p, 1)),

Lemma 3.5. We have
Z/ ‘g ds<Tc (p, f,9,h, k, 1) + " (u) + c*(p, / ngrz Yds, (3.32)

where

*(U) = 8N(T* + 4)||u0zz + Uiy — M*u1||2;
“(p, 1) = 16NTL(T. + 4)(4p* + 1)%c*(p, ),
“(p, f,9, bk, ) = 200N (p, f) (20 + 1)3(T, + T 1)? (3.33)

. 2
c(g) + ZKU’WH c(p,j) + 1%

Q0 O

Proof of Lemma 3.5. On account of (3.11), we deduce that

i) = ol 6) + 8L ) + A 1) + 8% (1), i =T N, (3.34)
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where
k
k k .
o (1) = =3 0 (0)15b%) cos(py&:) sin(u;t)
j=1
k
k
" 0 (0)[u2al%) + pn (0)6%)] cos(p;€:) cos(ut),
j=1
(k) u () . (k)
B () = — Zl ©;(0) cos(p;&:) fo cos(p; (T — 8)) (W, j + Hmy, ;) (s)ds,
J:
k
k cos(pu;&;) sin(p;
’yv(nz)(t) =2 ) ¢Fjlz0§ ) L/j ) <f7/n(70)790]>7
J:
k
k cos(p;&q t sin(p; (t—s)
o) () = 2 30 cosliea) (R U=D) (g1 (. ) o)) ds.
]:

(3.35)
By the inequality (o + 8+ +0)? < 4(a? + 2 +~2 +62), Vo, 8,7, € R, we get

/ ‘g(k) ds <4 Z /
0

Je{a,8,7,6}

4
2
J®)( )‘ ds =S Jj(1). (3.36)
G=

Put f = i (0) = (0, |Juol|?, u1]/?). Similarly as in Lemma 3.2, we get

2
t+&; k
k k
ne <2 [ 30000 0b sinlue) + (alt) + b)) cosss)) | ds
i j=1
2
e *) )
w2 Z% () sin(s) + (205 + b5 cos(ss)) | ds

S 8(T* + 251\/ + 2)||u01r + Uy — ,U,*’U,1||2,
(3.37)

t 2
Tat) < 16T.(T. + 26 +2) ooy | [[i89)] a
2 ’ , (3.38)
+IGT(T. + 26 +2) ooz | [0 s

2 2
J3(t) < 16T(1 + i) £ )01y < 16T(1 + j) (4p* + p+1)%(p, ),
(3.39)

J()<16< )/(/ 172 (-, ||L1(01)d7>2ds. (3.40)
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Furthermore, we remark that

0 (O < [ Drptt, Jom-1 ()1, [r, 2 O]

+2[Dantt fomaG)Is [erua ) o o O

2| Dapt o P, o1 (5))| [l ] |1 (5)]

< (4p° + 1)c(p, 1),

Using Lemma 2.1, we obtain from (3.38) and (3.41) that
t
aft) < 10T.(T. + 26w + 204 + 1) [ ([0 + s 0)]) as
0
t
< 16TL(T, + 2x +2)(49% + 1)23(p, )/ U9 (s)ds.

’ (3.42)

Similarly, we get
@ < [ [0hma (O] + 2 (0 (0 o1 ()] + 2 (v (8 v ())])°
ot )]+ 2] o (5)]] + 2 (V1 (£, v (£))
2o ) + 2 (1 (8,01 ()] el )
< clp, 1) |20 (0, Uy ()] + [0 2 (O] + (497 + p+ 1) + 62

(3.43)

Also, we differentiate the equations (3.1); (for m — 1) with respect to ¢, then
(

(om_1(8),0) + (V) <Pz>+wm 1()(0) + pry 1 (8) (vp 1 (1), )
+ fm—1(t) <v£;71(t),so> = (fm-1(1),0), YV € W.
1

Take ¢ = v/, _;(¢) in (3.44), then from (3 9), (3.23), (3.41) and Lemma 2.1, it is
not difficult to show that

(Wl (8), vy )] < ([ V01 )] + s ()] [0h—1(0,1)]
+ |t ( ||}v’ O+ 1 )] (01 (1), 0,1 (8)))]
+‘<fm 1(5 1), vp,— 1(t)>|
SP(\Q()|+PC(Pah) (T + 1) (p, k))

+ p(4p* + p+ Delp, ) + p*(4p° + 2)c(p, 1) + p°.

(3.44)

(3.45)
Hence it follows from (3.40), (3.43) and (3.45) that

Ja(t) < 100TT(p, [)12p(40” + p + D)elp, f)
+2p(T e(g) + pelp, h) + (T + 1) (p, k) (3.46)
+ 20240 + 2)c(p, 1) + (4p° + p+ 1)2 + 80> + p]°.
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Combining (3.36), (3.37), (3.39), (3.42) and (3.46), we get Lemma 3.5. O
Next Lemma 3.5, we have the following result.

Lemma 3.6. We have

Z/ ’ Uy, (&iy 8 ’ ds < Tc**(p, f, g, h, k, 1) + ¢ (u) + ¢ (p, / 58 (s)
(3.47)

where

() = 16N (T, + 4) | uoze + 1z — patia |,

* _ 4 4 12
(p: f.9: 1k ) = 5ON (2 + DT+ 1)*2e(9) + > (o))

+ 800N (p, f)(20+ V)3 (T + T, 1) [elg) + 2 c(p,4) + 21

o O O
* *

j€{h.k,u}
(3.48)

Proof of Lemma 8.6. Using Lemma 2.1, we get from (3.2)3 that

it (8)] = |g" (t) + B (Vg1 (61,)) [l (1, )]
+ h/(vm—l(gl’ t))vxm—l(gla t) + le(o’ Um—l(fla t)’ oo 7vm—1(§N7 t))

N
+ Z Di+1k(07 vm—1(§17 t)v (R 7’Um—1(§Na t))v;n—l(gi’ t)

t
4 / D2R(t— 5, 0m1(E1,8), s vt (€ 8))ds
0

<|g" () + clp, h)(|vp, 1 (&1, 8)| + p*) + (p+ Ts + L)c(p, k).

(3.49)
Therefore
t
/0 it ()] ds < llg” | s oz, + Tulp + T + 1)c(p, )
(3.50)

+c(p,h \FHU 1(&150) HL2 0T)+p2T)
9) + pVTu(pV/Ti + Delp, h) + Tu(p + To + 1)c(p, k).

By Lemma 2.3 and the assumption (A4), we deduce from (3.7)and (3.50) that
¢

[#9(6,0] = |20 — 2K - ) — 2 [ KO s)ut (s
0

3w 0] +2 (1+:) !, (0)] + 2 <1+;‘;> /Ot W (s)]ds (351)

G0 + 542¢(9) + (o + VAT + 1[elp, ) + clp, )]}

IN

IN
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Thus, using (3.51) and Lemma 3.5, we have Lemma 3.6. O

Remark 3.7. Due to the proof of Lemma 3.6, we obtain the estimates for the
sequences {u}}(&,-)}, ¢ = 0, N in the proof of Theorem 5 of [18] as follows:

t
/ (&5, 9)[2ds < Cr, Ve € [0,T], i = 0., (3.52)
0

where Cr is a positive constant independent of m.

By Lemma 3.6, we can estimate the terms Séf,z( t) and Zz 1 fo ‘ (k) (&, s) ‘
Indeed, we differentiate the equations (3.4); with respect to ¢, then

(500 01) + (82(0), 932) + Wi (D)5 (0

+M;n(t)< B (1), >+um( )<i}n’f)(t),¢j> () s) (3.53)

We multiply the j** equation of (3.53) by ok )( t), then summing up with respect
to j and integrating with respect to the time variable from 0 to t, we get

S (1) < 58 (0) + 2¢(p, 1 /52m ds+2/ ()1 (288 (5), 040 (5) Y s
#2 [ (060 s 2 [l (100,500

t 4
= fJusal? + 2¢(p, ) / S8 (s)ds + 3 K5 (1)
j=1

(3.54)
Now we estimate the following terms in the right-hand side of (3.54) as follows.

2
Estimating K (t) = va,f)(O) H . Using (3.4); and the compatibility condition (Ay4),

then

2
[0 = (oae = 1 ©)ur,550)) < lfutze = (s} |53 O (3.55)
Consequently
K1 (t) < 2lluowall” + 24230, [uoll, ur ) | (3.50)

Estimating K»(t) = ZfOt |en, (3)] ’<U£§)(S),U1(jf)(3)>‘d8 Thanks to Lemma 2.1 and
(3.41), which yields that

0 <2 [ o806 81260 s < (a2 + e [ 5250
(3.57)
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Estimating K3(t) = 2 fh( ',(,’f) s) )ds. We deduce from (3.19) that
0
/ S ($)ds + T(4p* + p+ 1) (p, f). (3.58)

Estimating Ky (t) = —2 [J w/, (s)itn’ (0, 5)ds. From (3.23) and Lemma 3.5, then

Ky(t) < /t W’ (s)[*ds + /t ’i}ﬁ)’f)(o,s))st

** . - 3.59
(oo / SO ()ds + () + T{™ (o, frg. ko) )
(T + T Yelg) + pelps b) + (T, + Delp, KP).
Therefore, from (3.54) and (3.56)- (3.59), we arrive at
t
SE6) < Td*(p, £, by b 1) + d* () + d*(p, ) / SO (s,  (3.60)
0

where

d ( ) = 16N( + 4)||U0a:m + Uly — ;U'*'U/1||27

+ 20w |” + l[uae | * + 204(0, ol ua |*)lfua ]|,
d*(p, p) = B2NT (T, +4)(4p* + 1)*[e(p, p) + 1* + 1, (3.61)
d*(p, £, g, h, k, 1) = 1600N[c*(p, f) +1](2p + 1)*(Tx + 1)*

X (LT el + D o elpnd) + 11

By Lemma 2.5 and Lemma 3.6, we obtain from (3.60) that

Sa 1) < d*(p,T £.9:hs ks ),
o . (3.62)
5 i 60)"ds < et + 07 0T gk

where

a*(p,T, f,g,h. k,p) = [Td*(p, f, g, h, ki, ) + d*(w)] exp(T'd" (p, ),
d*(p, T, f,g,h, k,p) = Tc™(p, f,9, b, k, 1) + Tc** (p, w)d*(p, T’ f, g, h e, ).
(3.63)
Choose p? = (d* +d.)(u) + 1. So, from (3.22), (3.29), (3.31), (3.48), (3.61), (3.63)
and the assumption (As), (As), we have

(3.64)

111’101 (d** + d**)(pv Ta fag7ha k:#) = Oa
A (@ +d) (o, T, f,g,h k, p) = (d" + ds)(u).
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Consequently, there exists a positive constant 7' < min {1, 7.} such that
(d* + d* + d** + d**)(pa Ta fa gv ha k7 .U’) S ,027 Vt S [Oa T] (365)

Finally, we deduce from (3.30), (3.62) and (3.65) that

S® ) + +Z/ (‘ k) (¢, 5) +’v(k) 6 )’2>d8§p2’ (3.66)

Vt € [0,T]. Therefore o e Wi(p,T), Vk,m € N.
Step 3. Limiting process. Thanks to (3.66), we can extract a subsequence of

sequence {vﬁn)} still labeled by the same notation, such that

o v, weakly* in L (0,T; H'(0,1)),
TORN vl weakly* in  L°°(0,T; H'(0,1)),
(’“) o weakly* in L (0, T; L2(0, 1)), (3:67)
““’(gz, D > om(&,) weakly in H2(0,T), i=1,N,

as k — oo, and v, € W(p,T).
Using the compactness of the imbedding H?(0,7) < C([0,7]) and the lemma of
J.L. Lions [5], then (3.67) leads to the existence of a subsequence still denoted by

{vr(,’f) }, such that

(k)

U — Up, strongly in L?((0,1) x (0,T)) and a.e. in (0,1) x (0,7,
o strongly in L2((0,1) x (0,7)) and a.e. in (0,1) x (0,7,
vﬁ,}f)(fi, ) = v (&, ) strongly in C1([0,T]), i =1, N.

(3.68)
Passing to the limit in (3.4) by (3.67)1,3 and (3.68), we obtain that v,, satisfies
the problem (3.1), (3.2) for m.
On the other hand, it is not difficut to show that

Umaz = Vpy + fin (D)0, — frn (2, 1) € L0, T; L*(0,1)). (3.69)
Accordingly v, € W,(p,T). Theorem 3.1 is proved. O

Remark 3.8. Theorem 3.1 gives no conclusion of the existence of a recurrent
sequence {v;,} C Wi(p,T) when the term u,; in the equation (1.1) is replaced by
the nonlinear term o (uz).

Applying Theorem 3.1, we obtain the existence and uniqueness theorem of
weak solutions for the problem (1.1)-(1.4) below.

Theorem 3.9. Let (A1)-(A4) hold. Then there exist positive constants p and T
such that the problem (1.1)-(1.4) has a unique weak solution v € W, (p,T).
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Remark 3.10. By Theorem 3.9, the problem (1.1)-(1.4) has a unique weak solu-
tion v satisfying

v e L=(0,T; W N H2(0,1)) N C°(0, T; W) N C1(0, T; L*(0, 1)),
v' € L=(0,T; W), v € L®(0,T; L2(0,1)), v(&, ) € H2(0,T), i =1, N.

In addition, we can see that the solution v € H?((0,1)x(0,T))NL>(0,T; H2(0,1)).
Thus the solution v is almost classical which is rather natural since the initial data
(uo, u1) ¢ C([0,1]) x C*([0,1]).

Proof of Theorem 3.9. We devide it into two steps.

Step 1. FEuzistence of weak solutions. From the proof of Theorem 3.1, it is not
difficult to show that there exists a sequence {v,,} satisfying the problem (3.1),
(3.2) and the following inequalities

[0, (DI + [vma O + [ (01 + [V ()] < o2, (3.70)
t
| (&P + (&) + it Yas <2 @)

vVt € [0,T], i =1, N, with the positive constants p and T satisfy (3.65).
Thus, we can extract from {v,,} a subsequence, still denoted {v,,}, such that

U —> U weakly* in L°°(0,T; H'(0,1)),

vl — v weakly* in  L>°(0,T; L?(0,1))

UV —> ¥ strongly in L?((0,1) x (0,T)), (3.72)
v, = strongly in L2((0,1) x (0,7)),

vm (&, ) = v(&,+) strongly in C1([0,77]), i =1, N,
and v € W(p,T). Also, we note that
2
s (6) = (e, o, 1 0))|

< 2pc(p. ) (I 0m = )OI + [0, — D)
[Fsa (@) = £, 0, @I, o' @)1

< 2p+ Delp, f) (|(0m = 0) @) + [[(vm = 0) (O] + | (v, =)D
‘k(tavm(glat)a s avm(fNat))

_k(tv ’U(flv t)a s 7U(£N7 t))| < C(p, k) Zi:l
Hence it follows from (3.72)3_5 and (3.73) that

 —

(3.73)

N

[(vm = v)(& D).

Fnst) = £, (@) [/ O2) - strongly in 2((0,1) x (0,T)),
o (8) = (s o), 10/ (D)%) strongly in L*(0,T),
Wiy, — W strongly in C°([0,T7),

(3.74)
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where

w(t) = g(t) + h(v(&1, 1) /kt—sv&, DrervlEnas)ds. (3.75)

Passing to the limit in (3.1); by (3.72)1,2.4 and (3.74), we see that v satisfies the
following equation

(0" (£), 9) + (valt), 02) + w(t)eo(O) + e @I, [0 1) o', )
= (fCtv @I IO, ), Yo €W, (3.76)
o(@,0) = uo(w), vz, >—ul<x>

Similarly as in (3.69), we have v,, € L>(0,T;L?(0,1)). Thus v € Wi (p,T).

The existence of weak solutions is proved.

Step 2. Uniqueness of weak solutions. Let vy, vy € W, (p,T) be two weak solutions
of the problem (1.1)-(1.4). Then v = v; — vy is a weak solution of the following
problem

(0"(8), @) + (v(t), o) + (w1 = w2) ()p(0) + pa(t) (v'(5), 0)

+ (= p2)(t) (3 (5), ) = ((fr = f2) (1), ), Vo €W, (3.77)
v(x,0) = v'(x,0) =0,

where
pa(t) = pt, los ()17, [lof ()1%),
filz, 1) = f(z,t,0i(t), [[vi(t )||2 ;@)1 (3.78)
w;(t) = h(v; (&1, 1) —|—f0 $,0i(€1,8), .., vi(€n, 8))ds, i = 1,2.

Taking ¢ = v’ in (3.77); and then integrating both sides of it from 0 to ¢, we get

S(t) = —2/0 (1(s)0"(s) + (1 = p2)(s)v3(s),0(5)) ds

2/ (fr = f2)(, ), (s )>d8—2/ Z h(wi(&r, ))ds
_2/ /0 121 (s_T’Ui(glﬂ')a-«~,’Ui(§N,T))dT
= L1 (t) + Lo(t) + Ls(t) + La(t),
(3.79)

in which S(t) = [[v'()]|* + [lve()]|-
We easily estimate the integrals on the right-hand side of (3.79) as follows.
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Li(t) <2 / ()] 10'(5) 2ds + 20 / (i — p2)(s)| ' (3)]] dis

< 2¢(p, ) / [0/ ()]s + 20%c(p, ) / (o) I1? + 31/ (5)]*) ds

< 2(35% + elp.p) [ Slapds,
Lo(t) <2 / 1 = £2)Co )] 10/l ds
< 2(2p+ elp, ) / @l + 1 () [/ (5)]] ds

<4(2p+ 1)c(p, f)/O S(s)ds.

On the other hand, using integration by parts, we get

1

Ls(t) = —UQ(O,t)/O B ((ve + 7v)(0,t))dr

t 1
2 " / /
+/0 v=(0, s)ds/o A ((vg + 7v)(0, 8))(7v] + (1 — 7)v5)(0, s)dT

< c(p,h) (vZ(O,t) + p/ot S(s)ds) ,

La(t) < 2S(t) + 2N2T2(p, k) + N(T + 3)e(p, k)] /O ' S(s)ds.

N | =

In addition, from Lemma 2.2, we get
v?(0,t) <eSt) + (1+e HT /Ot S(s)ds, Ve > 0.
Hence it follows from (3.82) and (3.84) that
La(t) < eclp, W)S(E) + [(1 + )T + ple(p, h) /0 " 5(s)ds.
Choosing 4ec(p, h) < 1, we get from (3.79)-(3.81), (3.83) and (3.85) that

S(t) < 4c(p. T, f.h, ko 1) / ' S(s)ds,

where
c(p,T,e, fhk,pw) =42p+ L)clp, f) + [(L 4+ )T + ple(p, h)
+2N?Tc(p, k) + N(T + 3)c(p, k) +2(3p% + 1)e(p, ).

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)
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Using the Gronwall inequality, we obtain S(t) = 0, i.e. v = vs.
This completes the proof of Theorem 3.9. O

Remark 3.11. (i) In the special case of u = 0, f(z,t,u,v,w) = fi(x,u) and
k(t,v1,...,on5) = k1(t)ka(v1,...,vN), in which f1, k1, ko are given functions, we
get some results as in [18].

(ii) If we replace the term w; in the equation (1.1) by the nonlinear term p(u;),
then we have no conclusion about the existence of weak solutions of the problem
(1.1)-(1.4). This is an open problem.
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