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Sobolev solutions of parabolic equation in a complete
Riemannian manifold

Eric Amar

Abstract. We study Sobolev estimates for the solutions of parabolic equations acting on a vector
bundle, in a complete Riemannian manifold M. The idea is to introduce geometric weights on
M. We get global Sobolev estimates with these weights. As applications, we find and improve
“classical results”, i.e. results without weights. As an example we get Sobolev estimates for the
solutions of the heat equation on p-forms when the manifold has “weak bounded geometry” of

order 1.
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1. Introduction

The study of L" estimates for the solutions of parabolic equations in a complete
Riemannian manifold started long time ago. For the case of the heat equation, a
basic work was done by R.S. Strichartz [17]. In particular he proved that the heat
kernel is a contraction on the space of functions in L" (M) for 1 < r < cc.

Let (M, g) be a complete Riemannian manifold and let G := (H, 7, M) be a
complex C™ vector bundle over M of rank N with fiber H. Let A be an elliptic
operator of order m acting on sections of G to themselves. Our aim here is to get
Sobolev estimates on the solutions of the parabolic equation Du := dyu — Au = w,
where u, w are sections of G over M.

Opposite to the usual way to do, see for instance the book by Grigor’yan [10]
and the references therein or the paper by [15], we do not use estimates on the
kernel associated to the semi group of the differential operator on the manifold.

We shall follow another natural path to proceed: first we use known result in
R™ to get precise local estimates on M, then we globalise them. The advantage
of this way is that, for instance when dealing with the heat equation, we need no
assumptions on the heat kernel.

To present the ideas in a simple way, we first restrict ourselves to the basic
case of the heat equation Du := dyu+ Au = w, where A := dd* + d*d is the Hodge
laplacian and u,w belong to the vector bundle of differential p-forms.

We introduce (m, €)-admissible balls B, ¢(z) in (M, g). These balls are the ones
defined in the work of Hebey and Herzlich [13] but without asking for the har-
monicity of the local coordinates. Then we use a Theorem by Haller-Dintelmann,
Heck and Hieber [11, Corollary 3.2, p. 5] done in R", to get precise local results
on these (m, ¢)-admissible balls.

For = in M, the radius R,, .(z) of the admissible ball B,, .(x) tells us how far
from the Euclidean geometry of R™ the manifold (M, g) is near the point x, and so
it not surprising that our geometric weights are functions of these radius. Finally
we use an adapted Vitali covering to globalise the local results we got.

Let WZ’f’T (M, w) be the space of p-forms on M belonging in the Sobolev space
Wkr(M,w) with the weight w. The same way L, (M, w) is the space of p-forms
on M belonging in the Lebesgue space L™ (M, w) with the weight w. This gives us
the following theorem, written here in the case of the heat equation:

Theorem 1.1. Let M be a connected complete n-dimensional C*> Riemannian
manifold without boundary. Let Du := Oyu + Au be the heat operator acting on
the bundle AP(M) of p-forms on M. Let:

R(x) = Ra (), wi(x) := R(a:)”s, wo(z) == R(x)™, ws(z) := R(z)"”,
where 8,7, are explicit constants. Then, for any a > 0, r > 2, we have:

Vw € L"([0,T + of, Lj,(M,ws3)) N L™([0,T + a], L3(M)),
Ju e L([0,T], W2 (M, ws)) :: Du = w,
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with
”atu”LT([O,T],L;(M,wl)) + Hu||L"’([O,T],W5’T(M,wg))
< Cl||W||Lr([0,T+a],L;(M,w3)) + 02||w||L7‘([O,T+o¢],LI%(M))'

In the case of functions instead of p-forms we have the same estimates but with
R(x) = Ry (x) and the weights:
wy(z) == R(x)"™, wy(z) := R(x)", ws(x) := R(z)"™"".

Because our admissible radius Ry, (x) is smaller than one, to forget the
weights, i.e. to get “classical estimates”, it suffices to have Vo € M, R, (z) >
§ > 0. In order to get this, we shall use a nice theorem by Hebey and Herzlich [13,
Corollary, p. 7] which warranties us that the radius of our admissible balls is
uniformly bounded below.

We introduce a weakened notion of bounded geometry: in the classical defini-
tion we replace the curvature tensor by the Ricci one:

Definition 1.2. A Riemannian manifold M has k-order weak bounded geom-
etry if:

e the injectivity radius r;,;(x) at * € M is bounded below by some constant
0 > 0 for any x € M,

e for 0 < j < k, the covariant derivatives V7 R, of the Ricci curvature tensor
are bounded in L (M) norm.

Using this notion we get the following theorem, written here in the case of the
heat equation:

Theorem 1.3. Let M be a connected complete n-dimensional C* Riemannian
manifold without boundary. Let Du := Oyu+ Au be the heat operator acting on the
bundle AP (M) of p-forms on M. Suppose moreover that (M, g) has 1 order weak
bounded geometry. Then

Vwe L'([0,T +al, Ly(M)) N L"([0,T + o], L2(M)),

Jue L7([0,T], W} (M)) :: Du = w,
with:

10¢wll L 0,77, L 0y [0,T],W"" (M)

< Cl||w||LT([O,T+a],L;(M)) + c2||w||LT([0,T+o¢],L12,(M))'

In the case of functions instead of p-forms we have the same estimates just sup-
posing that (M, g) has 0 order weak bounded geometry.

Our method extends to the study of general parabolic equation of order m
acting on metric vector bundles. But even in the special case of the heat equation
acting on p-forms, it gives some new insights. Let us compare with 3 papers using
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the heat kernel method. These papers give estimates on the solutions of the heat
equation Du = w for u(t, z) with ¢t € [0,T] fixed. On the other hand the solutions
I get are in L"([0,T], W7 (M)).

e Comparing with the result of Strichartz [17] on functions, he has no condition
at all to get u(t,-) € L"(M) for w(t,-) € L"(M)NL?*(M) for any r € [1, 00]. Here we
get u € L"([0,T], W™ (M)) forw € L ([0, T+a], L"(M))NL" ([0, T+«a], L?*(M)),
at the price that (M, g) has 0 order weak bounded geometry.

Moreover, by Theorem 8.7 in [2], the Sobolev embeddings are true in that case,
hence u € W2"(M) = u € L¥(M) with 1 = 1 — 2 "and the result is improved
also in the Lebesgue scale.

e The work by [15], also using the kernel associated to the semi group of the
differential operator acting on metric vector bundles, contains a wide range of
precise results, among them Sobolev estimates for the solutions of the parabolic
equation. This is done under geometrical hypotheses on the manifold, essentially:
bounded geometry of any order.

Here we allow the order m of the parabolic equation to be greater than 2 and
we need only that (M, g) has m — 1 order weak bounded geometry to get Sobolev
estimates, but the price is that we have our solutions in L"([0, 7], W;™"(M)), not
in W) (M), for any t € [0,T].

e Comparing to the result in [14, Theorem 1.2], the hypotheses they have are
directly on the kernel and on the manifold: the heat kernel must satisfy a Gaussian
upper bound, M must satisfy a volume doubling condition, plus another condition
on the negative part of the Ricci curvature. They get Lebesgue estimates on p-
forms u(t,-) € L,(M) for w(t,-) € Ly(M). Here again we need that (M, g) has
1 order weak bounded geometry to get Sobolev estimates, which are better than
Lebesgue estimates, but in L"([0, T], W;™"(M)).

The proofs here are, of course, completely different than the proofs using ker-
nels.

I thank the referee for his incisive question leading to Remark 5.5.

2. Notation, definitions and main results

2.1. Admissible balls

Definition 2.1. Let (M, g) be a Riemannian manifold and = € M. We shall say
that the geodesic ball B(z, R) is (m, €)-admissible if there is a chart (B(x, R), ¢)
such that, with e € (0,1):

1. (1 —€)dij < gij < (1+¢€)d;; in B(x, R) as bilinear forms,

2. Z R sup ij=1,...,n, y€Bu(R) |8Bgzj(y)’ <e.
1<|B|<m

We shall denote A,,(¢) the set of (m, €)-admissible balls.

Definition 2.2. Let x € M, we set R'(x) =sup {R > 0:: B(z,R) € A,,(e)}. We
shall say that R.(z) := min (1, R'(2)/2) is the (m, ¢)-admissible radius at z.
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Remark 2.3. Let x,y € M. Suppose that R'(z) > dy(x,y), where dgy(z,y) is
the Riemannian distance between x and y. Consider the ball B(y, p) of center y
and radius p := R'(x) — dg(x,y). This ball is contained in B(z, R'(z)) hence, by
definition of R’'(x), we have that all the points in B(y, p) verify the conditions
1) and 2) so, by definition of R'(y), we have that R'(y) > R'(z) — dg4(x,y). If
R'(z) < dg4(z,y) this is also true because R'(y) > 0. Exchanging = and y we get
that |R (y) — R (x)| < dy(z,y).

Hence R'(z) is 1-lipschitzian so it is continuous. So the e-admissible radius
R.(x) is continuous.

Remark 2.4. Because an admissible ball B(z, R.(x)) is geodesic, we get that
the injectivity radius 7;,;(x) always verifies rin;(z) > Re(z).

Lemma 2.5 (Slow variation of the admissible radius). Let (M, g) be a Riemannian
manifold. With R(x) = Rc(x) = the e-admissible radius at v € M, for every
y € B(z, R(x)) we have R(x)/2 < R(y) < 2R(z).

Proof. Let x,y € M and d(z,y) the Riemannian distance on (M,g). Let y €
B(z,R(z)) then d(z,y) < R(z) and suppose first that R(z) > R(y). Then, be-
cause R(z) = R'(x)/2, we get y € B(x, R'(x)/2) hence we have B(y, R'(x)/2) C
B(z, R'(z)). But by the definition of R'(z), the ball B(x, R'(z)) is admissible and
this implies that the ball B(y, R'(x)/2) is also admissible for exactly the same con-
stants and the same chart; this implies that R'(y) > R'(z)/2 hence R(y) > R(z)/2,
so R(z) > R(y) > R(x)/2. If R(z) < R(y) then

d(z,y) < R(z) = d(z,y) < R(y) = = € B(y, R'(y)/2)
= B(z, R'(y)/2) C B(y, R'(y)) -

Hence the same way as above we get R(y) > R(x) > R(y)/2 = R(y) < 2R(x). So
in any case we proved that

Yy e B(x,R(z)), R(z)/2 < R(y) < 2R(z).

2.2. Vector bundle

Let (M,g) be a complete Riemannian manifold and let G := (H, 7, M) be a
complex C™ vector bundle over M of rank N with fiber H. Suppose moreover that
G has a smooth scalar product (, ) and a metric connection V¥ : C°(M,G) —
C®(M,G ® T*M), ie. verifying d(u,v) = (Vu,v) 4 (u, VEv), where d is the
exterior derivative on M acting on the scalar product (u,v). See [18, Section 13].

Lemma 2.6. The e-admissible balls B(x, R.(z)) trivialise the bundle G.

Proof. Because if B(z,R) is a e-admissible ball, we have by Remark 2.4 that
R < rinj(x). Then, one can choose a local frame field for G on B(z, R) by radial
parallel translation, as done in [18, Section 13, p.86-87], see also [15, p. 4, eq.
(1.3)]. This means that the e-admissible ball also trivialises the bundle G. O
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If 0j := 0/0x; in a coordinate system on, say B(zo, R), and with a local frame
{ea}a=1,.. n, we have, for a smooth sections of G, u = u®e, with the Einstein
summation convention. We set:

Vo,u = (9;u® + uﬁI‘g]fo‘)ea,

the Christoffel coefficients ngia being defined by Ve = Fg’,aea. We shall make
the following hypothesis on the connection on G, for B(xq, R]) € A (e):

(CMT) Va € B(zg,R), VE< m,

OFTITG (@) < C(n, Gre) Y sup i1, [07gi(2)],
|BI<k

the constant C' depending only on n, e and G but not on B(xg, R) € A, (e).

This hypothesis is natural:

Lemma 2.7. The hypothesis (CMT) is true for the Levi-Civita connection on
M.

Proof. Let Ffj be the Christoffel coefficients of the Levi-Civita connection on the
tangent bundle TM. We have

i _ L a (09, 09 O
ki g (8;vf dzk ozt )’ 2.1)

Now on B(zg,R) € Ay, (€), we have (1 —€)d;; < gij < (1 + €)d;; as bilinear
forms. Hence

oW

Va € B(wo, R), |T};(@)|<s(1—¢" Z SUP i j=1,...n, |07 gij(2)],

1Bl=1

in a coordinates chart on B(zg, ). We have the same with (2.1) for the derivatives
of I'y;. O

Remark 2.8. If the hypothesis (CMT) is true for two vector bundles on M, then
an easy computation gives that it is true for the tensor product of the two bundles
over M. In particular (CMT) is true for tensor bundles over M. It is also true for
the sub-bundle of p-forms on M.

2.3. Sobolev spaces for sections of G with weight

We have seen that VE: C*°(M,G) — C>(M,G®T*M). On the tensor product of
two Hilbert spaces we put the canonical scalar product (u®w, v@u) = (u,v)(w, ),
with u ® w € G ® T*M, and completed by linearity to all elements of the tensor
product. On T*M we have the Levi-Civita connection V| which is of course a
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metric one, and on G we have the metric connection V& so we define a connection
on the tensor product G @ T*M:

VEOT M (4 0 ) = (Vo) @ w + u @ (VI M)
by asking that this connection be a derivation. We get easily that
VERT'M . (M, G @ T*M) — C®(M,G @ (T*M)®?)
is still a metric connection , i.e.
du®@w,v®p) = (VT My ow), v @p)+ (uew, VT My o).

We define by iteration Viu = V(Vj*'lu) on the section u of G and the associ-
ated pointwise scalar product (V/u(z), V/v(x)) which is defined on G ® (T M)®”,
with again the metric connection

d(Viu, VIv)(z) = (VI u, Vo) (2) + (Viu, V) (z).

Let w be a weight on M, i.e. a positive measurable function on M. If £ € N
and r > 1 are given, we denote by Cé’T(M, w) the space of smooth sections of
G w € C*®(M) such that |ij| € L"(M,w) for j = 0,...,k with the pointwise
modulus associated to the pointwise scalar product. Hence

Cé’T(M,w) = {w eCEF (M), ¥j=0,...,k, /M |ij|r (2)w(z)dv(x) < oo} ,

with dv the volume measure on (M, g).
Now we have, see M. Cantor [3, Definition 1 & 2, p. 240] for the case without
weight:

Definition 2.9. The Sobolev space Wg" (M, w) is the completion of C55" (M, w)
with respect to the norm:

el oy = Z ([ 9t waao) 7

The usual case is when w = 1. Then we write simply W& (M).
A vector bundle G verifying the following two hypotheses will be called adapted:
e the vector bundle G is equipped with a metric connection;
e the Christoffel symbols Fgf‘ of the connection are controlled by the metric
tensor (CMT) g:

(CMT) Vz € B(zo,R), VkE< m,
ak—lrgj“(m) < C(n,G,e¢) Z SUp ;. j1,....n, |0°gi5(2)],
|BI<k

the constant C' depending only on n, ¢ and G but not on the admissible ball
B(zo, R) € Ay, (e).



124 E. Amar

2.4. Parabolic operator

We suppose that Du := dyu — Aw is parabolic in R™ in the sense of [11]:

e A is a system of differential operators of the form A = Z‘ al<m a,,0%, where
0= —i(dr,...,0,) and a, € L=®(R", CN*N).

e Ais (C,0)-elliptic; this means that there exist constants 6 € [0, 7) and C > 0,
such that the principal part Ax(z,&) := E|a\:m ao&” of the symbol of A satisfies
the following conditions:

o(Ay(z,€) C Sp and ||Ap(z, &)~ < M for all £ € R, |¢] =1,

for almost all z € R™. Here Sy denotes the sector in the complex plane defined
by Sp := {X € C\{0} :: Jarg)A| < 0} and the spectrum of an N xN-matrix M is
denoted by o(M).

e Because we work only with the usual Lebesgue spaces, we take for the domain
of A, D(A) := W™ (RN,

We shall use the following [11, Corollary 3.2, p. 5]:

Theorem 2.10. Letn >2, 1 <r,s < oo, 6 € (0,7) and C > 0. Assume that
A=) 01<m a(2)0% ds a (C, 0)-elliptic operator in L, (R™)N with coefficients a,
satisfying:
a) a € L®(R";CN*N) N VMO(R™; CN*N) for |a| = m,
b) an € L= R™;CV*N) for |a| < m.
Suppose that Du := Oyu — Au = w, u(z,0) =0, and assume now that 0 < 7,
then there exist constants M, > 0 such that, with J := [0, oo,

||atuHLs(J7Lr(Rn)N) + H(M + A)U| L#(J, LT (R")N) < MHWHLS(J’LT(R'H,)N)~

Moreover the solution u is unique verifying this estimate.

2.5. Global assumptions

We shall made the following global assumption on the operator A in the Rieman-
nian manifold M in all the sequel of this work.

Definition 2.11. We say that the operator A is (C, )-elliptic of order m acting
on sections of G in the Riemannian manifold (M, g), if for any chart (U, ) on
(M, g) which trivializes G, i.e. G, the image of G, is the trivial bundle o(U)xRY
in p(U), we have, with A, the image of the operator A:

o A, is a system of differential operators of the form A, = Z\a|§m an0%,
where 0 = —i(91,...,0,) and a, € L=(p(U), CV*N), with:

a) aq € L=(p(U); CN*NMY NV MO(o(U); CN*N) for |a| = m,

b) an € L®(p(U); CN*N) for |a| < m.

e A, is (C,0)-elliptic; this means that there exist constants 6 € [0,7) and
C > 0, such that the principal part Ax(z,§) = Z\a|:m aa&” of the symbol of A
satisfies the following conditions:

0(Ay(z,8)) C Sy and ||A#(z,§)*1” < M for all £ e R™, [£| =1,
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for almost all z € ¢(U)™. And all the bounds being independent of the chart
U, ).

We shall also need the following “threshold hypothesis”.

(THL2) For any w € L*([0,T], L%(M)) there is a u € L*([0,T], L%(M)) such
that Du = w with the estimate:

[[ul

oo r1,g0m) S 1Wllnso,71,02 (ar))-

This hypothesis is natural in the sense that it is true for the heat equation.

2.6. Main results

We shall use the following notation.

2mr

Definition 2.12. Forr>2, meN, m>1,let k := ["(T_m—‘ and define:

o if k=0, f(r,m) ::m—l—g—

)

e

e if k> 1, 5= p(r,m):= min (m—i—g— %, 5m); v =~(r,m) = (4k + 2)m;
0 =0(r,m) = (4k + 1)m.

Define also:
o ifk=0, f' =F(r,m)=m+— "
2 r
: . n o on
e if k=1, = F(rm) = min (m+ 5~ 2, dm); 5 = '(r;m) = (4m —

r
Dk +2m; 6 =8 (r,m) = (dm — 1)k + m.
We are in position to state the first main result of this work.

Theorem 2.13. Let M be a connected complete n-dimensional C™ Riemannian
manifold without boundary. Let G := (H,m, M) be a complex C™ adapted vector
bundle over M. Suppose Du := dyu — Au, where A is (C,0)-elliptic of order m
acting on sections of G with < 7/2 in (M, g). Moreover suppose we have (THL2).
Let r > 2 and:

R(xz) = Rpe(z), wi(z):= R(x)™, wa(z) = R(x)™, ws(z):= R(z)"?,
with 8,7, as in Definition 2.12. Then, for any o > 0, r > 2, we have:

Vwe L"([0,T + a], L (M, w3)) N L7([0, T + a, L (M)),
Jue L"([0,T]), W5""(M)) :: Du = w,

with



126 E. Amar

||8tuHLr([O,T],LE(M,wl)) + HUHLr([o,T],Wg»"(M,W))
< Cl||W||LT‘([O,T+a],L5(JVI,w3)) + 02||w||L7‘([O,T+a],L2G(M))'
In the case of functions instead of sections of G we have the same estimates
but with R(x) = Ry—1.(x) and the weights:
wy(z) = R(x)™", wa(z):=R(x)", wsz):=Rx)".

To find and improve “classical results”, i.e. results without weights, we use a
Theorem by Hebey and Herzlich [13, Corollary, p. 7] which warranties us that the
radius of our “admissible balls” is uniformly bounded below.

This gives the second main result of this work.

Theorem 2.14. Suppose that A is a (C,0)-elliptic operator of order m acting on
sections of the adapted vector bundle G := (H,m, M) in the complete Riemannian
manifold (M, g), with 8 < w/2. Consider the parabolic equation Du = Oyu — Au
also acting on sections of G. Suppose moreover that (M, g) has (m—1) order weak
bounded geometry and (THL2) is true. Let r > 2 then

VYwe L™([0,T + o], Li;(M)) N L™([0,T + o], LE(M)),
Ju e L"([0,T), W5"(M)) :: Du = w,
with:
HatuHLT([O,T],LTc(M)) + HUHLT([O,T],WZ;"”T(M))
< 01||w||Lr([o,T+a],Lg(M)) + C2||W||Lr([0,T+a],L2G(M))~
In the case of functions instead of sections of G we have the same estimates just

supposing that (M, g) has (m — 2) order weak bounded geometry.

3. Local results

3.1. Local results in R™

The following result follows the lines of [1, Theorem 3.5]:

Theorem 3.1. Let A be an operator of order m on G in the complete Riemannian
manifold M. Suppose that A is elliptic and with C*(M) smooth coefficients. Then,
for any x € M and any ball B := B(x, R) such that B(x, R) is a basis of a chart
of M around x and trivialises the bundle G, with the ball B' := B(x, R/2), we
have:

Hu”Wén,T(Bl) S Cl||AUHL7G(B) + CQR?m”u”LE(B)'

Moreover the constants are independent of the radius R of the ball B.
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We shall use Theorem 3.1 in the proof of the following precise interior regu-
larity theorem in the case of R™. The point here is that we need to have a clear
dependence in the radius R.

Theorem 3.2. Suppose that A is a system of differential operators (C,0)-elliptic
with 8 < /2, operating in R™, and suppose u is any solution of the parabolic
equation Du = Oyu — Au = w in a ball B(0, R) with w € L*([0,T + «], L"(B)N)
and u € L*([0,T + a], L"(B)M).

Consider the ball B! := B(0, R/2). We have, with o > 0, T > 0 and r,s in
(1,00):

10e ()l L+ (10,17, (B1)~) + Il
< a1 D(u)]|

Le([0,T),Wwm™.r(B1)N)

Lo(o.m+al, . ()N) T 2Rl Lo 0 140, 1m (BN -

the constants c; being independent of R.

Proof. Let x € D(B) such that x(z) = 1 for x € B. To ease the notation, let us set
L(s,r) := L*(J,L"(R™)Y). Because A is (C,6)-elliptic we can use the uniqueness
in Theorem 2.10 to get that v := xu is the unique solution of D(v) = D(xu)
verifying, with ¢; independent of B,

||8t(XU)HL(s,T) + H(/’l/ + A)(XU)HL(S,T) < ClllD(XU)HL(S,T) :

Because
1+ A) ) sy = TAC Loy — 22060 6
we have:
10006 Loy + IAC) ) < DO oy + B O ey ()

We shall now use the estimates given by the ellipticity of A. For t fixed, we
have, by Theorem 3.1:

||Xu||wmm(Rn)N < CQHA(XU)”LT(R”)N + C3R_m||XU||L'r(Rn)N

where co, c3 are independent of R.
So we get, integrating in ¢ and setting W (s,r) := L*(J, W™ (R™)V),

HXU‘”W(s,r) S CQHA(XU)”L(&T‘) + 03R7m||XUHL(s,r)'
Hence
10 (X g5,y + XUl 5,y < N0 5y F 2l A 5,y T3 BT XU 5,09 -
Putting this in (3.1) we get with ¢4 := max(1, ¢z):

10 0an) | oIt sy < cact DO o eattll )| e es Bl -
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So with new constants depending on ¢y, ca, ¢3 and p only and with R < 1, we get
||8t(XU’)||L(s,T) + HXU’”W(S,T) < c;.||D(Xu)HL(s,r) + C/QR_mHXu”L(s,T)' (32)

Now we want to control [|D(xu)llf s, by [D(u)l1 - We have, because x
does not depend on t:

D(xu) = x0iu — xAu+ E = xDu+ E (3.3)

with B := yAu — A(xu). The point is that E contains only derivatives of the j
component of u of order strictly less than in the j** component of u in Du. So we
have, fixing ¢,

1Bl g ey < 10X o lIXttll 1. @y < B™HIXU v oy
®") ®") ®")

because |0, < R
We can use the “Peter-Paul” inequality [9, Theorem 7.28, p. 173] (see also [19,
Theorem 6.18, (g) p. 232] for the case r = 2).
3C >0, Ve > 0 [[xullypm-rr@nyn < €llXxtllypmrgnyn + Ce_m+1|‘xu||LT(R71)N7

with C independent of R of course. We choose e = R/2 and we get

-1 1 —m+1
||E||Lr(Rn)N <R ”XUHWW—LT(R")N < §HXU||Wm,r(]Rn)N +cR ||Xu||LT(]R")N'
Integrating the s power for ¢ in J we get

_ 1 —m
||E||L(s,r) <R 1||XU\ Lo (g Wm—1r(®r)N) S §HXU’||W(5,T‘) +cR +1HX”||L(S,T‘)’

Hence putting it in (3.3), we get:
1 —m—+1
DOz 5,y < IXP @5,y + XUl () + B Ixullr,s,m)-
Now using (3.2) we have, because R < 1= R~™T1 < R=™

1 —m
||at(Xu)||L(S,r) + iHXUHW(S,r) < Cl”XDu”L(s,T) + @R ||XU||L(S,7~)-

Because x = 1 in B! and x > 0 we get

10 (w)]

Lo YN Tl pe g wmr gy SN0 Loy + XUl s0)-

And, because xy < 1 with compact support in B, we deduce

cllxDull, 5,7 +ea R xull, sr) S c1l|Dul 1 J,LT(B)N +ea R [ xul| s J,LT(B)N)*
(s,7) (s,7) (J,L™(B)N) (J,L™(B)N)
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So finally:

10 ()

(BYYN) (YY)

(B)N) + CQRim”Xu“LS(J,LT(B)N)’

with new constants still not depending on B hence nor on R.

Up to now we have J = [0,00); to get a finite interval we just multiply u by a
function ¥ (t) with compact support in [0,7 4+ «) such that 0 < ¢ < 1, ¥(t) =
for t € [0,T] and, using that 0;(vYu) = ¥'u + Opu implies

Hat(d)u) (B! (J,L™(BY)N) (BL)N)
we get:
s(J,LT(B1)N) s(J,Lm(BY)N) + ||¢U||L9(me T (BL)N)
< c1HD(1/Ju) c(rrpyny TR (B)N)-

But, because 9 depends only on ¢, D(u) = ¢'u + ¥ Du we have

ID(@u)ll s

vy + 1Y

(LT (B)N) = (B)V):
So we deduce

V0l s g, 1r (1)) + WUl a1y

(myvy T (L4 e[y’

Now we have that |¢'| < C and R <1 so we end with:

Byv) TR

(BN

[0ul

Ls([0,T],L7(BY)N) S([0,T), W (B1)N)
S Cl||Du||Ls([O’T+a]7LT(B)N) + CQR ||u||LS([O,T+o<],LT(B)N)7

the new constants now depend on « (and ) but still not on B hence not on R.
The proof is complete. O

3.2. Sobolev comparison estimates

The following two lemmas are quite well known, hence I omit the proofs.

Lemma 3.3. Let B(z, R) be a (m,€)-admissible ball in M and ¢: B(z, R) — R"
be the admissible chart relative to B(xz, R). Set v := p*u, then, for m > 1:

Vue Wg"" (B(z, R)), ||“HW’" (B(x,R)) = cR™ Hv||Wm,T(Lp(B(x7R)))a

and, with Be(0,t) the Euclidean ball in R™ centered at 0 and of radius t,

[0l (B.0,0-0) Ry < B [l (5w, ry)-
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We also have, for m = 0:
Vu € Lg(B(z, R)), ||UHL5(B(I,R)) <1+ CE)||U||L""(<p(B(z,R)))7
and
lollr (8. 0,0-0 Ry < 1+ COlullLr Bz, Ry

The constants ¢, C being independent of B.

In the case of a function u on M, we have better results. Let B(x,R) be a
(m — 1,€)-admissible ball in M and ¢: B(xz,R) — R™ be the admissible chart
relative to B(xz, R). Set v :=wo . then, form > 1:

Yu e W™ (B(z, R)), ||u||Wm=7‘(B(x,R)) < CRl_m||U||Wm=r(<p(3(m,3)))’

and
ol (5. 0,0-0m) < B ™" [ullwm.r (B2, r))-

We also have, for m = 0:
Vu € L"(B(z, R)), HUHLg(B(x,R)) <@+ C€)||”||Lr(<p(B(x,R))),

and
1Vl (5. 0,0-er)y < 1+ COllullr (B, r))-
The constants ¢, C being independent of B.

Lemma 3.4 (Sobolev embedding). Let B(x, R) is a (m,€)-admissible ball in M
and ¢: B(x, R) — R™ be the admissible chart relative to B(x, R). We have the
Sobolev inequality, for m > 1:

m _ . 1 1 m
Vu € WG 7p(‘B(.’I]7_R))7 ||uHL8(B(ZE,R/2)) S CR 27n||u||wg'p(B(z’R)) wzth ; = ;—E.

In the special case of functions, with B(z, R) a (m—1,€)-admissible ball in M,
we have, for m > 1:

Vu € W™P(B(z, R)), HUHLT(B(;L-,R/Q)) < CRI*QmHU”Wm,p(B(w,R))-
The constant ¢ being independent of u and of the ball B(x, R).

3.3. The main local estimates

We shall use the following notation to ease the writing:

Definition 3.5. For ;s > 1, a > 0 fixed and m,k € N, m > 2, we set:
L(r,k) == L*([0,T + /2], L, (B¥)) and W (r, k) := L*([0, T + o/2%], W5 (B¥)),

where B := B(x, R) is a ball in the Riemann manifold (M, g) and B* := B(x, R/2*).
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The following theorem follows by standard techniques but is needed for the
sequel.

Theorem 3.6. Suppose that A is a (C,0)-elliptic operator of order m acting on
sections of the vector bundle G := (H, 7, M) in the complete Riemannian manifold
(M, g), with 8 < w/2, and consider the parabolic equation Du = Oyu — Au also
acting on sections of G and verifying Du € L*([0, T+a], Li,(B)) and u € L*([0, T+
o, LE:(B).

Let B := B(x, R) be a (m,€)-admissible ball and set B' := B(x, R/2). Then,
with r, s in (1,00), we have:

10cull s o, 7+ay21,z51y) T BNl L (0, 74ay21,wrm (1)

< c3||Dul

L#([0,T+a],.L7,(B)) T ca R [|ul L=([0,T+a],L%,(B))"
In the case of functions we get, with this time B € Ap,_1(¢),

[0ul

L*([0,T+a/2),L5,(BY) T R™H|u

< c3||Dul

Le([0,T+a/2],We"" (BY))

L=([0,T+a], L, (B)) T ca R [|ul Le([0,T+a],L7,(B))"

The constants c3, ¢4 are independent of u and of B.

Proof. The ball B being admissible, there is a diffeomorphism ¢: B — R™ such
that G trivialises on B. L.e. we have, for any section u over B:

7 YB) = BxH, u— (m(u), xp(u)).

So the local representation of the section w is: u, := x, 0uo o L

We shall apply Theorem 3.2 with a slight change in 7" and « to the images of
A? G7 u7

(*) HatucpuL(r,l) + ||U¢HW(T1) < Cl”(Du)g@”L(r,o) + CQR;m”uga”L(r’o),

where Ay, By, R, u, are the images by ¢ of A, B, R, u and the image of G is the
trivial bundle ¢(B)xRY in R™. The constants ¢, cz being independent of B,,.
First, because of the condition (1 —€)d;; < ¢;; < (14 €)d;; in the definition of
the e-admissible ball, we have that R, ~ R.
Now we use the Sobolev comparison estimates given by Lemma 3.3 to get:

19l 31y < (14 CONOrugll Lr (1))

because (Oyu), = Oru,. We also have:
RmH“”w&"’T(Bl) < C||u<pHWm,r(<p(Bl))'

The constants ¢, C being independent of B. Integrating the s-power with respect
to t, we get for the left hand side of (x)

18sull Ly, 1y + B 1ullyy 1y < CUIBtll L, 1) + 1l r,1))-
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Now, still by Lemma 3.3
||(DU)¢HU(B¢)N <@+ CG)HD“HLg(B)
and
ltgll e, yx < (1 +COllully (5)-
Again integrating the s-power with respect to ¢, we get for the right hand side of
(%)
Cl”(Du)w”L(T’o) + C2R;m||u<p”L(r,o) < CBHDUHL(r,o) + C4R_m||u||L(r,0)'
Hence replacing in (*) we get, with new constants:
”atu“L(r,l) + RmHuHW(r,l) < CBHD“HL(T,O) + C4R_mHu”L(r,0)'

The constants c3, ¢4 are still independent of u and of B but depend on T and a.
In the case of functions, using Lemma 3.3, we get with this time B € A,,,_1(¢),

HatuHL(r,l) + Rm_l”“”w(r,l) < CBHDUHL(r,o) + C4R_m||“||L(r,0)'
The proof is complete. O

The following corollary, the LIR inequality, is at the heart of the method we
use. The induction step works because of the gain in regularity we get by this
corollary.

Corollary 3.7 (The LIR inequality). Suppose that A is a (C,0)-elliptic operator
of order m acting on sections of the adapted vector bundle G := (H, 7, M) in the
complete Riemannian manifold (M, g), with 8 < 7/2, and consider the parabolic
equation Du = Oyu — Au also acting on sections of G.

Let B := B(x, R) be a (m, €)-admissible ball and set B* := B(x, R/2%). Then,
with r,s in (1,00), and o > 0, we have:

R"L||8tu||LS([0,T+a/2’°+1],Lg(B’““)) + RQmHu”LS([O,T+a/2k+1],Wé"’T(Bk+1))

< esR™||Dul

Le([0,T+a/2%],LE,(BF)) T callul L ([0,T+a/2%], LT, (B*))"
With the notation of Definition 3.5 this gives:
R™|0¢ull y pog 1) + B2 Nullyy (pgory < esB™IDull gy + callell -

In the case of functions instead of sections of G, we have, with B(x,R) €

Am—1(€)7
R™)|0ull s (0,74 ajor 1), L (mr1y) + B2 ul

< csR™||Du

Ls([0,T4+a/2],Wm."(Bk+1))

Ls([0,T+a/2k],L7(B*)) T callul Ls([0,T+a/2F],L" (Bk))"

The constants cs3, cy being independent of u and B, but depend on T and «, hence
on k.

Proof. We apply Theorem 3.6 to B**! C B instead of B C B and with a/2*
instead of «. O
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3.4. The induction

Remark 3.8. The idea under this method is the following one.
If we have a u € L*([0, T, LZ(B)) :: Du = w then the LIR, Corollary 3.7, gives

essentially that w € L*([0,T], W5 "(B)). By applying the Sobolev embedding,
1 1
Lemma 3.4, we get w € L*([0,T], Lg(B)) :: Du = w, with — = — — m
T p on
But if w € L*([0,T],L&(B)) then a new application of the LIR gives u €
L*([0,T], W (B)). So we have a strict increase of the regularity of u. We can

repeat the process up to reach the best regularity of the data w.
The following lemma is essentially computational.

Lemma 3.9 (Induction). Provided that:

TH(F) R 0gull g oy + R Nl ey < c1(B)R™ [l 0 2 (R) [l 2,0 -
We get
R 0gull 7 goszy + B tllyy 7 42)
ITH(k+1) u
< cr(k+ )R*™ wl| . 0) + c2(k + D[ull (2,0
1 1 1
with SR L (k+ l)ﬂ7 T = min(ri41,7), and for sections of G
Th+1 Tk n 2 n

with B € Ay (€),
di+1 = 3m + by; bpyr1 =4dm + by; ag41 = min(ak, 3m + bk)7

and
c1(k+1) = ca(k) + cea(k)er(k); ca(k +1) = cea(k)ca (k).

And for functions with B € Ap,—1(€),
diy1 =3m —1+0bx; bpy1=4m —1+0bx; apr1 zmin(ak,Sm—1+bk),

and
c1(k+1) =c3(k) + cea(k)er(k);  ca(k + 1) = cea(k)ea(k).

Proof. We have, by the Sobolev embedding, Lemma 3.4, with 7 := ri41, p =1k
1 m

[[u(t, .)||L;k+1(Bk+1) < eR™2™Jut, ')HWg”‘k(Bk)
hence, integrating,

[l R™2" |l

Lo (10T +a /2441 L+ (BR+1)) S € L ([0,T+a /28], Wik (BR))-
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With the notation of Definition 3.5 this gives:

||UHL(rk+1,k+1) < CR_2mHu||W(rk.,k)' (3.4)

But by TH(k)

R ||UHW(T;C,k) < ci(k)R™ ||W||L(r,o) + CQ(k)||uHL(2,O)‘
SO

||u||L(rk+1,k+1) < CR_ZnLlluHW(Tk,k)

< cey (k)R™2mHar=0 HWHL(T-,O) + cep (k)R ||U||L(2,0)'

Now the LIR inequality, Corollary 3.7, with 7 = min(r, r**1), gives:
Rm||atu||L(7—7k+2) + RzmHU”W(T,HQ) < C3Rm||Du||L(T,k+1) + C4||U||L(T,k+1)~
hence
Rm||atUHL(T,k+2) + RQm”u”W(T,M_Q) < C3Rm||Du||L(T,k+1)

+ cyceq (k) R™2mFan—be [wll 10y + cacea (k)R™2m=0x lull £(2,0)

because ||uHL(T,k+1) < Hu||L(Tk+1,k+1)'
But 7 <7, [0,7 + /251 C [0,T + o], B¥*2 C B, so we get

HDUHL(r,k+1) < HDUHL(’I‘,O) = HWHL(T,O)'
Hence
R™|0ull (7 g0y + R2m||u||W(T,k+2)

< (esR™ + cacer (k)R |wl| L, ) + cacea (k) RT2 2 ([ 1 .0)-
So, multiplying by R?>™*%  we get:

RAmbe Hatu||L(7—,k+2) + RAm b, ||u||W(T,k+2)

< (cgRP™ P 4 C4CCl(k)Rak)HWHL(T,o) + 04002(]‘3)““”1:(2,0)-

Hence with

di41 =3m+bg; bry1 =4dm+by;  agy1 = min(a;w 3m + bk),

and
ci(k+1)=c3( k) +cca(k)er(k);  ca(k+1) = ceq(k)ea(k),
we get
R 0gull 7 oy + B lully (7 pi0
TH(k+1)

< ek + DR wl 1.0y + c2(k + Dllull 1 2.0)-
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In the case of functions, applying again Corollary 3.7, with

diy1 =2m — 1+ bg; b1 =3m — 24 by; agq1 = min(ak72m -1 +bk),

and
c1(k+1) = e3(k) + cea(k)er(k); ca(k+1) = ceq(k)ea(k),
we get
Hk11) Rt ||atUHL(T,k+2) + RV ||UHW(T,1¢+2)
+1 u
< a(k + DR wl o) + c2(k + Dllull L 2,0)-
The proof is complete. O

Lemma 3.10. Let B = B(z, R) be a e-admissible ball in M. We have, for w €
L*([0,T + o], Lz(B)) with r > 2:

||W||Ls ([0,T+0], 2(B)) < c(n,e)Rz27 ([0,T+a],L"(B))>
with ¢ depending only on n and €.

Proof. Let w € L*([0,T + o, L,(B)). Because r > 2 and B is relatively compact,

we have w € L*([0,T + «, L%/(B)). Because ‘%" is a probability measure on B,

where |B| is the volume of the ball B, we get

(/.0 2de|> < ([ e |B|)>w’

11
(M L2y < 1BI* "

Integrating on ¢, we get

hence

w(t, )L (s)

[lw]

11
La((0.T+a],L2(B)) < |B|? (B))*
Now on the manifold M, for B, := B(x, R) a e-admissible ball, we get
Vy € By, (1— e)n < |detg(y)| < (1 + e)n,

hence we have, comparing the Lebesgue measure in R™ with the volume measure
in M,

Vo e M, (1—¢)"?v, R" < Vol(B(z, R.(z))) < (1+ ¢)"?v,R",

so, on the manifold M, we have

(B) = c(n, ) RE ™7 |lwl

Ls([0,T+a],L7(B))

with ¢ depending only on n and e. O
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For t > 0 define k := [t] € N the integral part by excess, i.e.. t <k < t+ 1.
Now set k := [M—‘ then k is the smallest integer such that, with i =1_mk

2mr 2 n
we have r, > r.

Proposition 3.11. Letr > 2. Let B := B(z, R) be a (m, €)-admissible ball and set
B¥*t1 .= B(z,27F"1R). Then for any o > 0 we have the estimates, using (3,7,
from Definition 2.12:

R(SHatuHLS([O,T],Lgk(B’C+1)) + R7||“||Ls([o,T],Wg”*”€(Bk+1))

< e1(k)R? ||

Le(o.7+a], L5,y T 2Rl s 0,74 0], 22,(8))

and the constants c¢1(k), ca(k) being independent of B € Ay, (€).
In the case of functions instead of sections of G we have the same estimates
but with B € A,,—1(€) and using 3',7',8" from Definition 2.12 instead of 3,7, 6.

Proof. Take B := B(x,R), B* := B(x,27%R). By the LIR inequality, Corol-
lary 3.7, we get, with 7 = 2:

R™0vul| 1) + RzmHU”W(g,l) < c3(0)R™[| Dul| 5 0) + ca(0)[ull 2,0)-

Now using Lemma 3.10, we get [[wl|;5q) < c(n,e)R%_%HwHL(nO). Putting it
above with Du = w, we get:

n

R™|0pul[ 1.1y + R*™lullyy 0.1y < e3(0)e(n, R™RE T Wl g0y + ca(O)[[ull 12,0

Hence we have the induction hypothesis at level £ = 0,

TH(0) RdOHatu”L(z,l) + RbOHUHW(gJ) < Cl(O)RGOHWHL(r,o) + CZ(O)HU”L(Z,o)a

with dg =m, by = 2m, ag =m + % ~ " and ¢1(0) = e(n, €)c3(0), c2(0) = c4(0).
r
So applying the induction Lemma 3.9, we get

R ||8t“HL(T,2) + RV ||U||W(T,2) < ¢ (1)R™ HWHL(r,O) + C2(UHU||L(2,0)~

with % =3 — 2 7:=min(ry,r), and
d1 = 3m+b0, b1 = 4m+b0, a; = min(a0,3m+bo),
hence
. n o n
dy = 5m; by = 6m; a; = min(m + 5 —,5m),
r
and

c1(k+1) = c3(k) + cea(k)er (k); ca(k+ 1) = ceq(k)ea(k).

By induction, we get

b, = 4mk + 2m; d = 4mk + m,
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and n o n n o n
ag=m+—-——, VYk>1, a =min(m+ - — —, bm).
2 r 2 r

e if ry >r =7 =r and we get:
R HatUHL(r,z) + R HU”W(T,Q) <ci(1)R™ HWHL(r,O) + 02(1)HU||L(2,0)-

And we are done.
e if 7 = r; < 7, by the induction Lemma 3.9, after k steps, we get with
1 1 mk

a3 T, Ti= min(rg,r):

ak:min(qung, 5m>, b = (4k +2)m;  di = (4k + 1)m.
r

Then
TH (k) deHatu||L(T,k+1)+Rbk||u||W(7—7k+1) < a(B)R™||wl 10y +c2(F)[ull 12,0,

Hence if r, > r we are done as above, if not we repeat the process. Because

% = % — ™k after a finite number k = {w)—‘ of steps we have rp, > r and we
k n mnr

get, with B* := B(z, R/2%):
deHatuHL(rk,de) + Rbk||u||w(rk,k+1) < c1 (k)R ||WHL(T70) + CZ(k)Hu”L(z,o)-
Replacing the values of L(r, k) and W (r, k):

R ||0yul

Lo ([0,T+a/2++1], L7k (BF+1)) + RY ||u| L3([0,T+a/2%+1],Wa Tk (BR+1))
< ci(k)R™ ||W||Ls([o,T+a},Lg(B)) + C2(k)HU||L5([0,T+Q],L2G(B))~
With ¢;(k) depending on €, n, m, o, k and not on B. Because:

(|0l

pe(o,re i) S 10l e oz vayzenny o (e

and

lul Lo (0,71, W " (BR+1)) S lul Lo ([0,T+a /21, W™ (BR+1))>

this proves the proposition for sections of G.

In the case of functions instead of sections of G we have the same estimates but
with B € Ap_1(€) and: Vk > 1, ap = min(m+%5 -2, 4m—1), by = k(4m—1)+2m,
dr, = m + k(4m — 1), and the constants c¢;(k), ca(k) being independent of B €
Ap—1(€). This justifies the notation in Definition 2.12. The proof is complete. [

4. Vitali covering

The following is a well known lemma, see for instance [8, section 1.5.1].
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Lemma 4.1. Let F be a collection of balls {B(x,r(x))} in a metric space, with
VB(z,r(z)) € F, 0 < r(x) < R. There exists a disjoint subcollection G of F with
the following properties: every ball B in F intersects a ball C' in G and B C 5C.

Fix € > 0 and let Vo € M, r(x) := Rc(z)/5, where R.(x) is the admissible
radius at z, we built a Vitali covering with the collection F := {B(z,7())}zenm-
The previous lemma gives a disjoint subcollection G such that every ball B in F
intersects a ball C' in G and we have B C 5C. We set

D(e) :={x € M :: B(z,r(z)) € G} and C, := {B(x, 5r(x)), x € D(e)} :

we shall call C. a e-admissible covering of (M, g).

More generally let k£ € N and consider the collection Fy(¢) := {B(x, rx(z)) }uenm
where, for x € M, ri(z) := 27%R.(x)/5n, still where R (z) is the admissible e-
radius at x. The integer n > 1 will be chosen later. The previous lemma gives
a disjoint subcollection Gy (€) such that every ball B in Fj(e) intersects a ball C
in Gi(e) and we have B C 5C. We set Di(c) := {& € M :: B(z,ri(z)) € Gr(e)}
and Ci(€) := {B(z,5rk(x)), © € Dr(e)}: we shall call Ci(e) a (k,€)-admissible
covering of (M, g). We have the lemma:

Lemma 4.2. Let B(x,5r1(x)) € Cr(e) then B%(x, R(x)) with R(x) := 28 x5y ()
1s still a e-admissible ball.

Moreover we have that all the balls BY(z) :== B%(x,2 7 R(x)), j =0,1,..., k
are also e-admissible balls and {B’(x), x € Dk(e)}, for j =0,...,k, is a covering
of M.

Proof. Take x € Dy, (€) then we have that the geodesic ball B®(z, R(z)) = B(x, R./n)
is e-admissible and because 2~ RE/n < R, for n > 1, we get that B(z, R(x)) is
also e-admissible. The same for B’(z) = B°(x,2~ JR( )) because 277 R(x) <
IR, (x) 1.

The fact that {B*(x), z € Di(€)} is a covering of M is just the Vitali lemma
and, because j < k = BJ(x) D B*(x), we get that {B’(x), x € Di(e)} is also a
covering of M. O

Then we have:

Proposition 4.3. Let (M,g) be a Riemannian manifold, then the overlap of a

(k, €)-admissible covering Ci(€) is less than T = 8%;;2(100) i.e., Vx € M,

x € B(y,5ri(y)) where B(y,rx(y)) € Gi(e) for at most T such balls.
Moreover we have

vf e L (M), Z/ ()] dvy(2) < TUF | s any

jJEN (25,75 (z5))

Proof. Let B := B(xj,ri(x;)) € Gi(e) and suppose that € ﬂ;zl B(z;,5r%(z5)).
Then we have Vj =1,...,1, d(z,z;) < 5ri(x;). Hence

d(zj, zm) < d(zj,2) + d(@, ) < 5(rp(z;) + 18 (T0)) < 2ik(Re(xj) + Re(wm))/n-



Sobolev solutions of parabolic equation in a complete Riemannian manifold 139

Suppose that ri(x;) > r(zy) then ,, € B(x;,10r(x;)) C B(z;, Re(x;)) because
107y () = 10x27*R(x;)/n < R(z;) because now on we choose 1 = 10. Then,
by the slow variation of the e-radius Lemma 2.5, we have R.(x;) < 2R.(zy). If
rip(xj) < ri(@m) then, the same way, 2R.(z;) > Re(zm). Hence in any case we

1
have §R5(mm) < Re(zj) < 2Rc(m).
So d(xj,2m) < 27"x3R.(x;)/10 hence Ym = 1,...,1,

B(xm, rk(Tm)) C B(zj, 27¥x3R(x;)/10 + 27" R (2,,)/10)
C B(x;, 27"x5R(x;)/10)

because Re(2,,) < 2Rc(x;). The balls in Gi(e) being disjoint, we get, setting
B, = B(xm, rk( m)),

Z Vol(B,,) < Vol(B(zj,2 ¥ x5R(x;)/n) = Vol(B(z;, 5r1(x;)).

The Lebesgue measure read in the chart ¢ and the canonical measure dv, on
B(z, Rc(x)) are equivalent; precisely because of condition 1) in the admissible ball
definition, we get that (1 — €)™ < |detg| < (1 + ¢€)", and the measure dv, read
in the chart ¢ is dvgy = +/|detg;;|d§, where d¢ is the Lebesgue measure in R”. In
particular:

Ve € M, Vol(B(z, R(z))) < (1+ €)™ ?v,R",

where v, is the Euclidean volume of the unit ball in R®. Now because R¢(z;) is
the admissible radius and 57 (z;) = 27¥x5R(2,)/10 < R.(z), because n = 10,

Vol(B(z;, 571 (7)) < 5™(1 4 €)™ 2v,75 ()™
On the other hand we have also

Vol(Byn) > vn(1 — €)1 ()" > va(1 — €)™V 227 My ()",

hence l
> (=27 ()" <5 (1+ €)™ Pri(a;)",
j=1
so finally
oL+

which means that T < 8+3;2 (100)™. Saying that any x € M belongs to at most
T balls of the covering {B;} means that > . y1p; () < T, and this implies easily

that:

vf e Li(M), Z/ )] dvg(@) < 71 1 any

jeN
The proof is complete. O
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Corollary 4.4. Let (M,g) be a Riemannian manifold. Consider the (k,e)-
admissible covering Cy(€). Then the overlap of the associated covering by the balls

. 1+ ¢)/2 " on
{B(z, Re(x)/n) }zeDy () verifies Ty < Ele%”ﬂ(loo) x 2"k

Proof. We start the proof exactly the same way as above. Let B; :=B(z;, Re(x;)/n),
xj € Dy(€) and suppose that z € ﬂ§:1 B(zj, Re(x;)/n). Then we have, as above:

Vm =1,....1, B@um, Re(w)) C Blay,3R.(x;)/n+Re(wm)/n) C Blay, 5Re(x;)/n).

The balls in G (¢) being disjoint, we get, setting By, := B(Zm, mx(Tm)),
Z Vol(B,,) < Vol(B(z;,5R.(x;)/n) = Vol(B(z, 5x2"r(x;)).

Exactly as above, we get because of the factor 2%,

(14 e)™/?

kyn

hence the result. O

5. The threshold

We shall need the following “threshold hypothesis”.

(THL2) For any w € L*([0,T),L%(M)) there is a u € L*([0,T], LZ(M)) such
that Du = w with the estimate:

[[ul

L=([0,T],LE (M) ~ (M) -

5.1. The case of the heat equation

We have, see for instance [16]:

Theorem 5.1 (Hodge decomposition). For M a compact C* smooth Riemannian
manifold, there exists a complete orthonormal basis {@g, 1, ¢2,...} of p-forms
in L*(M) consisting of eigenforms of A with @; having eigenvalue \; satisfying
0< <A <o =00 For every j we have varphi; € C{,’O(M) and

oo

p(@,y,1) =Y e Npi(x) @ p;(y)

7=0
is the heat kernel for p-forms on M.

As an easy corollary we get the threshold hypothesis (THL2) because:



Sobolev solutions of parabolic equation in a complete Riemannian manifold 141

Corollary 5.2. Let M be a compact C*° smooth Riemannian manifold. Let, for
t >0, w(t,z) € LZ(M) then we have that the kernel ®,(x,y,t) gives a solution u
of the heat equation Du := dyu — Au = w, u(0,2) =0, such that ¥Vt > 0, u(t,z) €
L2(M) and we have the estimate:

t
2 2
Ve2 0, fultlizan <t | lo(rEndr
0

Proof. We have the solution:

t
u(t, x) :/ / O, (x,y,t — T)w(T,y)dydr.
0 JMm
Because w € LZ(M), we have
. 2 2
w(z,t) = wi(t)p; () with > Juw; (8)]* = [|w(t, Mz (ar):
JEN jeN
So we get
t
u(t, ) :/ Ze"\j(t_T)wj(T)goj(x)dT,
0 jeN
hence, by Cauchy-Schwarz inequality,

t
Mgy = 30| | ey

jeN

2

1— —2);t t
<> S N mran
J 0
)\j>0
Let A1 be the first non zero eigenvalue for the laplacian, we get for every
—2X;t
J > 1, Yp(2At) = (17627&” < t because ¥(s) := 1 —e™* — s < 0; take the
derivative ¢'(s) := e”*—1 < 0 because s > 0 and ¢/(0) = 0 imply Vs > 0, ¥(s) < 0.
With s = 2);¢ we get the result. So

t t
ve 0.T], fult. igan <t 3 [ P dr <t [ ot ligondr, 61
A; >0

which ends the proof of the corollary. O

For M complete non compact, we can use a sequence Ny of increasing compact
sub manifolds with smooth boundary. To each of them we associate its boundary-
less double to get the estimate (5.1) which gives the result for M because the
constant, t, is independent of k. So we get

Theorem 5.3. Let M be a connected complete C*° Riemannian manifold. Let,
fort > 0, w(t,z) € L;(M). Then we have a solution uw of the heat equation
Du := Oyu — Au = w, u(z,0) = 0, such that Vt > 0, u(t,z) € LZ(M) with the
estimate: .
2 2
Vo0, ult ) <t [ Il

Clearly this result implies the hypothesis (THL2).
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5.2. A more general case

Let G be an adapted vector bundle on M. If A is an essentially positive operator
on the sections of G, then we have that the semi-group e *4 is a contraction on
the L? sections of G. This means

Vuw(t,) € LE(M), v(t,z;s) == e *Aw(t,-) € LZ (M)

with |Ju(t, - S)||L2G(M) < w(, -)Hch(M). We shall make the extra hypothesis that

tA

the kernel ®¢ (¢, z,y) of the semi-group e ' is smooth i.e. ®¢(t, z,y) is C* in all

variables for ¢ > 0 and
otais) = [ (st o).
M
If all these assumptions are fulfilled, we shall say that (A, G) is a well adapted

couple.

Theorem 5.4. Let (A,G) be a well adapted couple. Then we have, for any
w(t,-) € L% (M), that there is a global solution u(t,-) € L% (M) of the parabolic
equation Oyu — Au = w, u(x,0) = 0, with:

t
lu(t, Yl < / (s, | padls.

Proof. Let, for the semi-group e *4, v(t,x;s) be the canonical solution of the
homogeneous parabolic equation with w in C*° (M) with compact support, starting
at time s:

Vi>s, VYeeM, v(txzs) = / Da(s,z,y)w(t,y)do(y).
M

This means
Vt>s, VYeeM, Ow(t,zs)— Av(t,z;s) =0;

and
Vee M, v(s,xz;s)=uw(s,x).

Now, as for instance in [7, Theorem 2] for the Laplacian in R”, we set:

u(t,x) := /Otv(t,:c;s)ds.

The hypothesis of regularity of the semi-group we made and the fact that w is
C*®(M) with compact support, allows us to differentiate under the integral sign.
We get:

¢ ¢
0w = v(t, x;t) + / O (t, x;s)ds and Au = / Av(t, x; s)ds.
0 0
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So:
¢
Ou — Au = v(t, z;t) + / [0 — Avlds = v(t, z;t) = w(t, x).
0

Hence u(t, ) is a solution of the inhomogeneous equation d;u — Au = w(t, x).
)

Now suppose that V¢t > 0, ||w(t, -)||Lé(M) < 400, and w(t, ) is in C>°(M) with

compact support. Because the semi-group e *4 is bounded on L2, we get

vt 8)l L2 < Cllw(s, )|l Lz
hence

t
lu(t, 2 < / (s, )| ods.

It remains to use the density of elements in C& (M) with compact support in
L% (M) to end the proof of the theorem. O

Clearly this result implies the hypothesis (THL2).

Remark 5.5. If G = AP(M), the bundle of p-forms on M, and A = A the Hodge
Laplacian on M, then we know that the heat semi-group (e*m)tzo on the manifold
is a contraction on L% (M), because A is essentially positive on p-forms, see [17,
Theorem 2.4] and [14, p. 2]. In the case of functions, i.e. p = 0, we know that the
kernel ®(t,z,y) exists and has the right properties, see [4, Theorem 4, p. 188].
I suspect that this is also true in the case of p-forms with p > 1, but I find no
reference for it, so I give the Theorem 5.3.

6. Global results

We want to globalise Theorem 3.6 by use of our Vitali coverings.

Lemma 6.1. We have for any section f: M — G and 7 € (1,00), with w(z):=
R.(z)"" and B(z) := B(z, R,(v)/10), B*(z) := B(z,27*R.(x)/10), that:

VT2 L s an )= D Re@ I lyir (i
€Dy (¢)

and:

VT2 L It anwy = D Re@ It (-
€Dy (€)

Proof. Let x € Dy(¢), this implies that B*(z) := B(z,2 ¥ R.(x)/10) € C(e).
e First we start with | = 0. We shall deal with the function |f]. We have,
because C(¢€) is a covering of M and with Vy € B(z), R(y) := R. (y)

TS / @ w@dv@) < 3 /B (4)" du(y).

€Dy (€)
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We have, by Lemma 2.5, Vy € B, R(y) < 2R(z), then

3 / Ry dv(y) < S 2R / F@) dv(y)

€Dy (€) €Dy (€) Bk (x)
<27 N R@) NG (55 )
€Dy (€)
Hence

11 ) <277 Y R@) N7 (0

€Dy (€)

To get the converse inequality we still use Lemma 2.5: Vy € B, R(x) < 2R(y)
so we get:

> R [ wraw= X[ ReTI@ d).
2€Dy(€) B (x) z€Dy (€) k(x)
Now we use the fact that the overlap of Ci(e€) is bounded by T
3 / W7 W o) < 27T | RO 1@ o) = 27T
€Dy (€)

So

> BT s < 2Tt
z€Dy(e)

We already know that {B :: B* € Ci(€)} is a covering of M with a bounded
overlap by Corollary 4.4, so we follow exactly the same lines to prove:

vr 21 1z = Z R(@) "l Ly, (2

€Dy (€)

e Now let [ > 1. We apply the case [ = 0 to the covariant derivatives of f.

V21 IV = 2 BRIV s

€Dy (€)

Because || fl|y,- = [[fll,- +- -+ Hvlf|

we get

LT
Lel|™ ~ T Le||™
vr > 1, HV fHWgT(M,w) - Z R(x)? HV wag*(B(z))'
€Dy (€)
The proof is complete. O
Theorem 6.2. Suppose that A is a (C,0)-elliptic operator of order m acting on

sections of the adapted vector bundle G := (H,w, M) in the complete Riemannian
manifold (M, g), with 0 < w/2, and consider the parabolic equation Du = dyu— Au
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also acting on sections ofG Let R(z) = Ry (x) be the (m,¢€) radius at the point
x € M. Set wi(z) := R(z)°, wa(z) := R(z)7, ws(x) := R(x)?, with the notation
in Definition 2.12. We have:

10cull Lo o, 79, L, (M0 )y + Il Lo, 20, w0 (1,02
< Cl||Du||Lr([o,T+a],Lg(M,w3)) + C2||u||LT([O,T+a],L%(M))'

In the case of functions instead of sections of G we have the same estimates but
with R(z) = Rp—1,.(z) and:

wi(@) = R@)", wa(a) = R@)", ws(x) = R(x)".
Proof. Once again we shall use the notation, for k > 1,
L(s,r,k) == L*([0, T, Lg(B*)); W (s, r,k) == L*([0, T), Wg""(B"))
and for k = 0,
L(s,r,0) := L*([0,T + o), L(B));  W(s,r,0) := L*([0,T + o], W5""(B)).

With this notation, the Proposition 3.11 gives, for r > 2 and k := { 5
mr

s
ROOull p gy i1y + BNl (s irny < RN o0y + C2lltell s .0)-
Because rp, > r we get
§
R Hatu||L(s,r,k+1) + R’YHUHW(S,T‘,]C-Fl) < ClRB”w”L(s,r,O) + C2||U||L(s,2,o)'
So for s = r we get
5
RoOvull oy o1y + B0l ryrgny < ClRB”w”L(r,r,O) +ellull o0 (6.1)

Because
at+b<c+d=a +b" <A + Bd"

with constants A, B depending on r only, the inequality (6.1) can be read with a
slight change of the constants:

rd r T r T r r
R0l eny + B Nl gy < 1BV Rl ) + eallullL .09

By use of Lemma 6.1 with [ =0, 7 =r, wy(z) := R(z)™,

HatUHLT (M, wy) = Z R(z)ér||5tu|\28(3k+1(x));
x€Dg+1(e€)
hence integrating in ¢t € [0, 7] we get:

||atu|‘zr([0,T],Lg(M,wl)) = Z R(x)’ ||atu||y (0,77, Lz, (BE+1(z)) -
2EDk41(€)
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The same way, with | =m, 7 =r, wa(z) := R(z)"",
”u‘|27‘([O,T],Wg""'(M,wg)) = Z R(x)w||“||TLT([o,T],Wg”"(BHl(m)))
€DK 41
with 1 =0, 7 =7, ws(z) :== R(x)"”,
19l Zr (fo. 7+ e, L, (M )) ™ > R(I)ﬁr”UJHZT([O,T-Q—Q],LE(B(JC)))
TEDy 41

and with [ =0, 7 =r,

el o, 401,22, (1)) = > el 0,7+l 22, (B (o)) -
TED) 41

So, putting this in Theorem 3.6, we get, with wi(z) := R(x)™, wy(x) =
R(2)™, w3(z) := R(z)"”,
||3tu||Lr([O,T],Lg(M,wl)) + ”UHLT([O,T],Wg"T(M,wg))
< Cl(k)”Du”Lr([o,T+a],ch(M7w3)) + 02(k)||UHLT([0,T+Q],L2&(M))-

The results, for functions instead of sections of G, follow the same lines and we
have the same estimates but with R(z) = Ry,—1,¢(z) and the weights:

wi(z) = R(@)™, wy(x):=R)", ws(z):=R(x)".
The proof is complete. O

Remark 6.3. The weights w;(z) depend on r but also on m and n via 3,7 and
0 given by the Definition 2.12.

Corollary 6.4. Let M be a connected complete n-dimensional C™ Riemannian
manifold without boundary. Let G := (H,m, M) be a complex C™ adapted vector
bundle over M. Suppose Du := Oyu — Au, where A is (C,0)-elliptic of order m
acting on sections of G with 0 < 7/2. Moreover suppose we have (THL2). Let
r > 2 and:

R(z) = Rmc(2), wi(x):=R(x)™, wa(x):=R(z)", ws(x):=R(zx)"”,
with the notation in Definition 2.12. Then, for any o > 0, v > 2, we have:
W € L([0,T + o], Ly (M, ws)) 0 L (0, + a], L2, (M)),
Jue L"([0,T], W5""(M)) :: Du = w,
with
||3tuHLr([o,T],Lg(M,wl)) + Hu”LT([QT],W&”’T(M,wz))
< allwlloro,r4at, Lz, (vaws)) T 29l Lrfo,7401,22, (1))

In the case of functions instead of sections of G we have the same estimates
but with R(x) = Ry,—1.(x) and the weights:
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/

wy(z) = R(x)"™, wa(x) := R(z)", ws(x) := R(z)"".

Proof. By the threshold hypothesis (THL2), because w € L"([0,T + o], L%(M))
there is a u € L"([0,T], L%(M)) such that Du = w and:

1ull L0, 7100,22,(0)) S N9l e 0, 1401,22, (1)) (6.2)
Hence, using Theorem 6.2, we get that the same u verifies:
Hatu”LT([O,T],LE(M,wl)) + ||UHLr([o,T],Wg”'(M,wz))
< Cl(k)”Du||LT([O,T+a],L8(M,w3)) + CQ(k)HUHLT([O,TJra],LQG(M))'
So replacing Du by w and using (6.2) we get

10ul

Lr((o.7), L Mywn)) T 1l e o,y wimm (g )

< Cl||W||Lr([o,T+a],Lg(M,w3)) + cof|w L ([0,T+a],L% (M)
The results for functions instead of sections of G, follow the same lines and we
have the same estimates but with R(x) = R;,—1,(x) and the weights:

wi(z) = R(x)™, wy(x):=R)", ws(z):=R(x)".
The proof is complete. O

If we are more interested in L" — L? estimates, we can use the Sobolev embed-
ding Theorem with weights [2], valid here, which gives:

Theorem 6.5. Let (M,g) be a complete Riemannian manifold. Let w(x) =

R(z)* and w' := R(x)" with v := s(2+ /7). Then Wi (M,w) is embedded in
1 1 —k

WS (M, '), with = = = — (m = k)
ERE n

> 0 and:

Vu e W™ (M, w), - [[ullyss arwny < Cllullwm e (arw)-

(m —

1 1 k 1
So,withg: )>Oandk:Owegetg:

r

nr
= .S = R(z)" = v’ := R(z)" with:
5= —— o w(x) (z) w (z)” wi

b b 1 2r+b
V:2+:>V—myz2+:>u(—m>: T =v(in—m)=n(2r+b)
s T n r roomn T

2r+b

and finally v = M So we get:



148 E. Amar

Corollary 6.6. Let M be a complete Riemannian manifold of class C™ without
boundary. Moreover suppose we have (THL2). Then, on an adapted vector bundle

G, withv = n(2r+v) and wa(x) := R(x)™ and also s = .
n—m n—rm
Vw € L7([0,T + a], L (M, w3)) N L"([0, T + o, LE(M)),
Ju € L"([0,T), LE(M)) :: Du = w,
such that:

||5tUHLr([o,T],Lg(M,wl)) + \|U||Lr([o,T],Lg(M,w4))
< allwllro,r4a1, Lz, (vrws)) T 29l L 0,7401,22, (1))

with wy () := R(x)™, wz(x) := R(x)™?, wy(x) := R(x)™.
In the case of functions instead of sections of G we have the same estimates
but with R(x) = Ry—1,¢(z) and

wy(z) = R(x)™, ws(x):=R(x)™?, ws(zx):= Rx)"™.

6.1. The heat equation

We shall consider the heat equation, Du := dyu + Au = w, with A := dd* + d*d
the Hodge laplacian. Here we change the sign to use the standard notation with
A essentially positive.

In this section we shall only consider the vector bundle of p-forms on the
Riemannian manifold M. We denote Ly (M) the space of p-forms in L"(M). The
same for Wé”(M ), the Sobolev spaces of p-forms on M.

We get that A, the Hodge laplacian, is a (C,#)-elliptic operator on the p-
forms in a complete Riemannian manifold, for any 6 > 0, because its spectrum is
contained in R, and

Voee M, V¢ € T;(M)v |§91| =1,

|A(z, &) 7| < C.

By Theorem 5.3 we also have that the (THL2) hypothesis is true in this case,
so we can apply Corollary 6.4 to get:

Theorem 6.7. Let M be a connected complete n-dimensional C?> Riemannian
manifold without boundary. Let Du := Oyu + Au be the heat operator acting on
the bundle AP(M) of p-forms on M. Let:

R(z) = Rae(x), wi(z):= R(ac)"s, we(x) := R(x)™, ws(z):= R(I‘)T’B7

with the notation in Definition 2.12 with m = 2. Then, for any a > 0, r > 2, we
have:

Vw € L"([0,T + of, Lj,(M,ws3)) N L™([0,T + a], L3(M)),
Ju € L7([0,T],W2"(M)) : Du = w,
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with
”atu”L’“([O,T],L;(M,wl)) + HU||Lv~([0,T],w,?vT(M,w2))
< el pr(po,r1al, Lo T 219l Le(o, 1100, L2 (a0

In the case of functions i.e. p = 0, we have the same estimates but with
R(x) = Ry (z) and

wy(z) == R(x)™, wy(z):=R(x)™, ws(z):=Rx)".

7. Classical estimates

We shall give some examples where we have classical estimates using that Vx €
M, R.(x) > 6, via [13, Corollary, p. 7| (see also Theorem 1.3 in the book by
Hebey [12]):

Corollary 7.1. Let (M,g) be a complete Riemannian manifold. Let m > 1; if
we have the injectivity radius rinj(z) > i >0 and Vj < m—1, |V? Rerg)(z)| < ¢
for all x € M, then there exists a constant 6 >,0, depending only on n,€,i,m and

¢, such that: Yo € M, Ry, (x) > 4.

Proof. The Theorem of Hebey and Herzlich gives that, under these hypotheses,
for any « € (0, 1) there exists a constant 6 > 0, depending only on n, ¢, i, m, o and
¢, such that:

Vee M, rg(l+em,a)(x)>0>0.

So even taking our definition with a harmonic coordinates patch, we have that:
Rm,e(x) > TH(l +€,m, O[)(l')

so a fortiori when we take the sup for R,, ¢(z) on any smooth coordinates patch,
not necessarily harmonic patch. The proof is complete. O

7.1. Bounded geometry

Definition 7.2. A Riemannian manifold M has k-order bounded geometry if:
e the injectivity radius rn;(x) at « € M is bounded below by some constant
0 > 0 for any = € M,;
e and if for 0 < j < k, the covariant derivatives V/ R of the curvature tensor
are bounded in L*°(M) norm.

We shall weakened this definition to suit our purpose.

Definition 7.3. A Riemannian manifold M has k-order weak bounded geom-
etry if:

e the injectivity radius r;,;(z) at « € M is bounded below by some constant
0 > 0 for any = € M,;

e and if for 0 < j < k, the covariant derivatives V7 Re of the Ricci curvature
tensor are bounded in L (M) norm.
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Using this notion, we get our main Theorem 6.2 without weights:

Theorem 7.4. Suppose that A is a (C,0)-elliptic operator of order m acting on
sections of the adapted vector bundle G := (H,w, M) in the complete Riemannian
manifold (M, g), with 0 < w/2, and consider the parabolic equation Du = dyu— Au
also acting on sections of G. Suppose moreover that (M, g) has (m—1) order weak
bounded geometry and (THL2) is true. Then

Vw € L™([0,T 4+ o, Ly,(M)) N L7([0, T + a], LE(M)),
Ju € L"([0,T), Wi""(M)) : Du = w,

with:

HatuHLT([O,T],LTc(M)) + HUHLT([O,T],WQ”T(M))
< allwllpro,r4a1, Lz, any) F €219l Lo, 7401,22, (1))

In the case of functions instead of sections of G we have the same estimates
Just supposing that (M, g) has (m — 2) order weak bounded geometry.

7.1.1. Examples of manifolds of bounded geometry

e Fuclidean space with the standard metric has bounded geometry.

e A smooth, compact Riemannian manifold M has bounded geometry as well;
both the injectivity radius and the curvature including derivatives are continuous
functions, so these attain their finite minima and maxima, respectively on M. If
M € C™*2, then it has bounded geometry of order m.

e Non compact, smooth Riemannian manifolds that possess a transitive group
of isomorphisms (such as the hyperbolic spaces H") have m-order bounded geom-
etry since the finite injectivity radius and curvature estimates at any single point
translate to a uniform estimate for all points under isomorphisms.

Of course these examples have a fortiori weak bounded geometry.

7.2. Hyperbolic manifolds

These are manifolds such that the sectional curvature K, is constantly —1. For
them we have first that the Ricci curvature is bounded.

Lemma 7.5. Let (M,g) be a complete Riemannian manifold such that H <
Ky < K for constants H, K € R. Then we have that || Rc|| , < max(|H|,|K]).

This lemma is so well known than we can omit its proof.
To get that the injectivity radius 7,;(z) is bounded below we shall use a
Theorem by Cheeger, Gromov and Taylor [5]:

Theorem 7.6. Let (M, g) be a complete Riemannian manifold such that Ky < K

for constants K € R. Let 0 < r < 4;? if K >0 andr € (0,00) if K <0. Then
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the injectivity radius rin;(x) at x satisfies

- Vol(Bas(z, 7))
~  Vol(Ba(z, 7)) + Vol(Br, s (0,2r)) ’

Tinj (2)

where Br, ar(0,2r)) denotes the volume of the ball of radius 2r in T, M, where both
the volume and the distance function are defined using the metric g* := exp;, g i.e.
the pull-back of the metric g to T, M via the exponential map.

This Theorem leads to the definition:

Definition 7.7. Let (M, g) be a Riemannian manifold. We shall say that it has
the lifted doubling property if we have:

(LDP) 3Fa,8>0:Vre M, Ir >, Vol(Br,1(0,2r)) < aVol(By(z, 1)),

where Br,a(0,2r)) denotes the volume of the ball of radius 2r in T, M, and
both the volume and the distance function are defined on T, M using the metric
g* = exp,, g i.e. the pull-back of the metric g to T, M via the exponential map.

Hence we get:

Corollary 7.8. Let (M,g) be a complete Riemannian manifold such that Ky <
K for a constant K € R. For instance an hyperbolic manifold. Suppose moreover

that (M, g), has the lifted doubling property. Then Vo € M, 1i,;(x) > ———

T l+a
Proof. By the (LDP) we get, for a r > £,
Vol(Br, a(0,2r)) < aVol(Bs(x,1)).
We apply Theorem 7.6 of Cheeger, Gromov and Taylor to get
Vol(B
Ting(x) > 7 ol(Ba(,7)) .
VOI(BIW({E, T)) + VOl(BTIM(O, 2’1”'))
So
Vol(Bu(z, 7)) !
VOI(B]V[(I’, T)) + VOI(BTTM(O, 27’)) T 14+«
hence, because r > 3, we get the result. O]

As an example of application we get

Proposition 7.9. Let (M, g) be a complete Riemannian manifold such that H <
Ky < K for constants H K € R, where Ky is the sectional curvature of M.
Suppose moreover that (M,g) has the lifted doubling property and that, for 0 <
j < k, the covariant derivatives VI Rc of the Ricci curvature tensor are bounded
in L (M) norm. Then (M, g) has weak bounded geometry of order k.
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Theorem 7.10. Let (M,g) be a complete Riemannian manifold such that H <
Ky < K for constants H, K € R, where Ky is the sectional curvature of M.
Suppose moreover that (M, g) has the lifted doubling property. Suppose that A is a
(C, 0)-elliptic operator of order m acting on sections of the adapted vector bundle
G = (H,m,M) in (M,g), with 0 < 7/2, and consider the parabolic equation
Du = 0yu — Au also acting on sections of G. Moreover suppose we have (THL2).
Provided that, for 0 < j < m — 1, the covariant derivatives VI Rc of the Ricci
curvature tensor are bounded in L (M) norm:

Yw e L([0,T + o], L& (M) N L™([0,T + ], L% (M)),
Ju € L"([0,T), Wi""(M)) : Du = w,
with:

0eull Lo, 79, Lz, o)y T 1l L (0,0, w7 0y

< cr|w]

Lr([0,T+al L7, (M) T caljw] L7([0,T+a],L% (M))"

In the case of functions instead of sections of G we have the same estimates,
just supposing that for 0 < j < m — 2, the covariant derivatives VI Rc of the Ricci
curvature tensor are bounded in L (M) norm.

Proof. By the Proposition 7.9, we have that (M, g) has weak bounded geometry
of order k. So we can apply Theorem 7.4. O

And in the case of the heat equation:

Corollary 7.11. Let (M,g) be a complete Riemannian manifold such that H <
Ky < K for constants H K € R, where Ky is the sectional curvature of M.
Suppose moreover that (M, g) has the lifted doubling property. Then 35 > 0,
Vo € M, Ry (z) > 6. This implies that we get “classical solutions” for the heat
equation for functions in this case. Ie.

Yw e L"([0,T + o], L"(M)) N L™([0,T + a], L*(M)),
Ju € L"([0,T), W*"(M)) :: Du = w,
with:
[|Orul

o1,y T 1l ooy, wer (aryy
< allwllpr o, 0401, L7y + 2l L0, 71a0,2 (a1))-

To get that 30 > 0, Yo € M, Ry (x) > 6, we need to ask that moreover the
covariant derivatives VRc of the Ricci curvature tensor are bounded in L (M)
norm. This is the case in particular if (M, g) is hyperbolic. This implies that we
get “classical solutions” for the heat equation for p-forms in this case. Ie.

Vw € L"([0,T + o, Lj,(M)) N L"™([0,T + o], L3 (M)),
Ju e L7([0,T], W' (M)) :: Du = w,
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with:

18sull 2 o, 1, 25 aayy + 1ell Lo o 7y, w2m (ary

< Cl”W”LT'([O,T-&-Q],L;(M)) + 62||w||L"'([O,T+a],L12,(M))‘

Proof. By Lemma 7.5 we get that || Rc||, < oo. Then we apply Corollary 7.8. For
forms we have to use the extra hypothesis on the covariant derivatives. O

Remark 7.12. In the case the hyperbolic manifold (M, g) is simply connected,
then by the Hadamard Theorem [6, Theorem 3.1, p. 149], we get that the injec-
tivity radius is 0o, so we have also the classical estimates in this case.
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