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On necessary conditions for the weak lower semicontinuity
of integral functionals in Musielak-Orlicz-Sobolev spaces

Elhoussine Azroul, Mohamed Badr Benboubker*,
Houssam Chrayteh and Khaled Kouhaila

Abstract. In the present work, we prove an approrimation result in Musielak-Orlicz-Sobolev
spaces and we give an application of this approrimation result to a necessary condition in the

calculus of variations.

1. Introduction

There are many application problems involving variational integrals of the form

min J(u),

for open Q C RY, where J(u) = / f(z,u, Vu) and u is a vector valued function
Q

and f(z,u,Vu) is convex in Vu. For example, such minimization problems are
used in image denoising and edge detection, modeling the deformation of a thin
plate and determining a surface of minimal area with prescribed boundary condi-
tions. In fact, Hilbert’s 19th ang 20th problems deal with these regular problems
in the calculus of variations. In 1912, Bernstein [3] used the calculus of varia-
tions method to establish existence and regularity results for the 2-dimensional
real-valued Dirichlet problem. Serrin [13] applied similar methods to extend these
results to n-dimensions. The major problem in the calculs of variations is to find
the elements u checking in the boundary conditions required by the nature of the
problem and minimizing the functional .J.

It will turn out that in the L? case the search of sufficient conditions to secure
those functionals attain an extreme value has a long history (see [10]). The most
important problem is to verify the weak lower semi-continuity of those functionals
with respect to the space involved. This usually involves hypothesis that the
integrand f is convex with respect to the gradient.

In 1992 Landes [10] studied the reverse problem at a fixed level set and have
been showed that if J is weakly lower semi-continuous at one fixed (nonvoid) level
set then this partical level set is an extreme value of f or the defining function f
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is convex in the gradient. The above statement for f as function of u (or of z and
u) is not hard to prove (see [10]) but when f = f(z,Vu) or f = f(z,u, Vu) this
is due to an approximation result in Sobolev-spaces.

Note that Azroul and Benkirane [2] proved the same results as Landes in the
case of Orlicz-Sobolev spaces WL (). Kouhaila, Azroul and Benkirane extend
in [8, 9] this result in the case of Weighted Sobolev spaces WP (), w) and Weighted
Orlicz-Sobolev spaces WL (€, p) respectively.

In the present work, our first main goal is to prove an approximation theorem
in the more general setting of the Musielak-Orlicz-Sobolev spaces ( for almost all
To € £, it is possible to alter any function u € WL, (£2) in such a way that u is
constant in small ball with center zg and the altered function remain within an
e— neighborhood of the original function.) and the second main goal is to give an
application of this approximation result to a necessary condition in the calculus
of variations in the same functional framework of WL, (Q). However we prove
when f = f(x, Vu) that if J is weakly lower semi-continuous at one fixed level set
H,, in the space W!L,(£2) then H), is an extreme value of J or the function f is
convex with respect to the gradient.

2. Preliminaries

This section presents, some definitions and well-known about Musielak-Orlicz func-
tions, Musielak-Orlicz-Sobolev spaces.

2.1. Musielak-Orlicz functions.

Let Q be an open subset of RV, and let ¢: Q xRt — R and satisfying the following
conditions:
a) p(x,-) is an N-function, i.e, continuous, convex, increasing with ¢(x,0) = 0,
p(x,t) = 0fort >0, ¢(x,t)/t >0ast— 0and @—M)oast—)oo.
b) ¢(,t) is a measurable function.

A function ¢(x,t), which satisfies the conditions a) and b) is called a Musielak-
Orlicz function.

We define the functional

goau) = / o, Jua)] (2.1)

2.2. Musielak-Orlicz-Sobolev space.

Let Q be an open subset of R™V, and let ¢ a Musilak-Orlicz fonction. The Musilak-
Orlicz classe K,(€) ( resp. the Musilak-Orlicz spaces L,(€2) is the set of all
real-valued measurable functions u defined in 2 and satisfying,

o) = [ plafu@))ds < oo (esp. 2pn(3) = [ ol e < o0 for

Q
some A > 0).
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Let

Pz, 8) = sup {st —p(z,1)},

that @ is the Musielak-Orlicz function complementary to ¢ (or conjugate to ¢))
in the sense of Young with respect to the variable s. In the space L () we define

two norms: | ( )|
. u(x
[ull, o = inf {)\ =0 /990(337 \

which is called Luxemburg norm and the so called Orlicz norm by;

)dz < 1} . (2.2)

lullp = sup / ju(z)o(z)| dz. (2.3)

vl

For two complementary Musielak-Orlicz functions ¢ and @ we have the Young
inequality [11]:

st <op(r,t)+p(z,s) for t,s>0 and z € Q.

We recall that the Musielac function ¢ is said to satisfy the As-condition (or
doubling) if there exists k > 0 and a non-negative function C, integrable on Q, we
have

o(z,2t) < ko(x,t) + C(z) forall ze€Qandforall t>0

For any fixed nonnegative integer m we define the closure in L, (£2) of the set of
bounded measurable function with compact support in Q denoted by E,(Q) (we
have usual E, () C K,(£2) C L,(£2)). The equality L,(Q2) = E,(£2) hold if and
only if ¢ satisfies the Ag-condition, for all ¢ or for ¢ large according to whether
has a infinite measure or note. The dual of E,(Q)* can be identified with Lz({2)

by means of the pairing / w(z)v(x)dr where u € L,(2) and v € Lz(Q).
Q

We return now to the Orlicz-Sobolev spaces WL, (Q) (resp. WE,(Q)) is the
space of all function w such that v and its distibutional derivatives up to order 1
lie in € L, (2) (resp. € E,(2)). For u € W'L,(Q), we define

Oy, Z 0p.0(D%)
|| <1
and

lull =l g = it {3 = 0: 2, 0(5) <1}

These functionals are a convex modular, and a norm on W?'L,(f2) respectively,
and (WL, (Q), |ull, 1) is a Banach space if ¢ satisfies the following condition:
there exists a constant c such that

i >
inf o(z,1) 2 ¢
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Thus WL, (Q) and W!E,(2) can be identified with subspaces of [] L, we have
the weak topology o([] Ly, [[ E). The space Wi E, () ( resp. W3L,(Q)) is
defined by the closure of D(Q) in W!L,(Q) for the norm ( resp. for the topology)
o(I1 Ly, 1 Eg)-

Definition 2.1. The sequence u,, converges to u in L, () for the modular con-
Up —U

vergence (denoted by u, — u (mod) L,(Q)) if 0p.o(*) — 0 as n — oo for
some A > 0.

Definition 2.2. The sequence u,, converges to u in W'L,(Q) for the modular
convergence (denoted by u, — u (mod) W'L,(Q)) if 3, o(%25%) = 0 as n — oo,
for some A > 0.

Lemma 2.3 (see [12, Lemma 4.1]). Let ¢ be an Musielak-Orlicz function. If
un € Ly(82) converges a.e. to u and u, bounded in L,(S2), then u € Ly(Q?) and
un — u for the topology o(Ly(S2), E5(£2)).

3. Approximation result
The next lemma is preparatory for the proof of the Theorem 3.2.

Lemma 3.1. For almost all xo € §2, there exists a sequence oy > 0 with ay — 0

A —
as k — oo such that / ® (:c, u(x)u(:ro)|) p(x)dz — 0 as k — oo for
B(zo,2a) Qg
some A > 0.

Proof. Let z¢ € Q. For each t > 0, we define the set 2, = {z € Q : dist(z, 00Q) = t}.
Let ag > 0. For o < ag, we consider the function ¢, : (2, — R defined by

baly) = /B(y,ga) @ (x m(x)_u(y)') dz. (3.1)

(67

Since

ba(y) =/Q v (fv W) XB(y,20)dT ,

then the function ¢, : s, =R is measurable; x g, as usual denotes the charater-
istic function of the set E. For all oy > 0 , we shall show that:

|pa(y)| — 0 in Ll(ano) as a—0, a<a. (3.2)

This obviously implies the statement of Lemma 3.1, (because if (3.2) is satisfied,
then there is a subsequence ay, converges at 0 as k — oo and such that ¢, (y) — 0
a.e. y in Qo). Since aq is arbitrary, then the previous convergence is true for
a.e. xg in .
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To verify (3.2), we denotes by us = u * s the mollification of u, where @5 €

D(RY), ps = 1 for |z| > §, ¢5 > 0 and / @s(x)dx = 1. Hence, @5 is well defined
RN
in Qgq, for § < o < ap and we have

AMu(x) — u(z
/ |pa ()| dy / / @ (x M) dx dy
QQQO Q2a0 B(yu2a) )\ «
lim/ / o (% lus(y — ) — Ua(y)|> dz dy .
6=0J0,,, 7/ B(0,20) ]

Since ug is continuously differentiable, we may estimate

Sy B e U K P
Q2a, ¥ B(0,2a) «a

Indeed, we have
1
/ / )\fo |Vu5 — tx)| || dt de dy
Qaay J B(0,20)
/ / (x 2/\/ [Vus(y — tx) |dt> dx dy .
QQQO O 204)

Then, it follows by Jensen’s inequality that

1
/ / / o(x, 2\ |Vus(y — tx)])dt do dy
Q20, J B(0,20) JO

1
/ / / oz, 2X / Vu(y — te — 2)ps(z)dz
2 B(0,2a) B(0,6)

IN

Ia

IN

IA

—
*
Z

)dt dzx dy

< kz/ / / / o(x, 2k A |[Vuly — to — 2)|)dt doe dy dz
D20y JB(0,20) JB(0,6)
= / / / / o(x, 2k A |[Vuly — to — 2)|)dz)dy dt dz
B(0,6) Qzao B(0,2a)
<k / / / / (o, 20 n | 2= =2 oy di s
B(0.5) JQs0y N 525 I B0.20) Ox;
< / / / dy dt dz
/0 JB(0,8) J9aaq
< K _]<[V )™
< k4(W)OtN (because « > J)

for some positive constants k1, ko, ks, and k4, (on denotes the measure of the unit
sphere in RN) So we obtain I, — 0 as o — 0. Then it follows for ap > 0 that
sz [pa(y)|dy — 0 as & — 0 o < ap, which allows us to conclude for almost

every xo € 2, that we have ¢q, (x9) — 0as k — oco. To justify (x), we recall that
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in Q94, the differentiation and the mollification commutant for § < a < ayp, which
proves the statement of Lemma 3.1. O

Theorem 3.2. Let Q be a bounded domain in RY, let ¢ be a Musielak-Orlicz
function and uw € W'L,(Q), then for almost all o € Q, there is ball B(zo, )
(a>0) and a function uy, € W L, (), such that:

i) U — u(mod) in W'L,(Q) as o — 0,

i) ue = c(xo, ) in B(xo, ), where c(xg,a) = u(xg).

Proof. Let ¥, be a C§° cut-off function with support in B(0, 2« such that ¥, =1
in B(0,) and |[V¥,| < 2. Let z¢ be a Lebesgue point of the function « in Q ,
hence we can take ¢(zg, o) = u(xg). We define in Q the function u, by

e () = u(z)(1 = Volz — xz0)) + u(zo) Vo (z — x0). (3.3)

First we observe that u, € W'L,(Q). In fact since u € WL, (), then there
exist real numbers A\; > 0, 0 < i < N, such that

[ (0 <
/Q . (x % ou(z)

(%ci

Let A > 0, since p(x,-) is a convex function, then

and

)da:%ooforlgigN

[ ote a0 < 2 [ o2 a1 - o o)l

+ %‘/Q(p(x, ; |u($0)\1’a(37 - x0)|)d.’)3

1
s—/so(:c,%l
2 Ja

< o0

1 2k’
[u(=)] )da + 7/ oz, = |u(zo|)dz
2 JB(0,2a) A

where

ki= sup |1—Ua(z—a0)|, A=2kiXo and k = sup |Wu(z — z0)l.
B(0,2a) B(0,2q)

Remains to show that

Oug,
8$i

€L,(Q), 1<i<N.

By a simple calculation we find that

Ouq _ Oou(x) (1= Wo(r —20)) + (u(w0) — u(T))

0V, (x — o)

6.’117;
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Then

/ (z 1| duq 1 du(x)
QSO ’A 33:,'

)dw < Q/Qw(wi’(l—%(x_x“) 0

)dx

OV (z — o)

45 [ o5 | o) = ufeo) =0 s
1 2 |Ou(x)

< 3 /Q*"(”*X’“l ol
%/an(x,% (u(x)—u(mg))%x;xo) )dz.

Since u € WL, (£2), then the first term on the right side of the inequality is finite.
In addition we will show in Lemma 3.1, that

I; = / / © (x, —/\ [ufz) - u(y)|) dx dy < oo,
Qaay B(y,2a) «

/ o (m Wﬂ(y)) de <0 ae.
B(y,2a) «

which implies that the second term is finite. Thus u, € WL, (). It is clear by
using the Lebesgue theorem that

then

uq = u (mod) Ly(2) as a—0. (3.4)
therefore, it remains to show that
g, ou )
<1< .
oz, — oz, (mod) L,(Q2), 1<i<N, (3.5)

for the sequence ay with a, — 0 as £ — oo. By a simple calculation we find that:
O(u —ug)(x)  Ou(x) OV, (z — o)
o) - 28 e u(@) — ulao)
and the convexity of p(z,.) we can write

[ ot Qi)

U, (x —xz0) +

)iz < /Q (. 2) \ a;‘f) Vo (x — 2p)

+ 1/ o(z, 2\ OWalw = z0)
2 Ja

u(x) — u(x

(u(a) — ulao) 5
By virtue of Lebesgue theorem, the first term in the expression right of the above
inequality converges to zero as a — 0, so it remains to show that:

[ 60,23t — oy 2otz =)
Q 1

Ydx

dx.

Ydxr —0 as a—0 (3.6)
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Using the above Lemma 3.1 we conclude directly, which completes the proof of
Theorem 3.2. O

Remark 3.3.

1. In the particular case when ¢(x,t) = M (¢)p(x), M an N-function and p the
weight function, we recover the statement of [9, Theorem 4.1].

2. In the particular case when @(z,t) = M(t), M an N-function , we recover
the statement of [2, Lemma 2].

P
3. In the particular case when ¢(x,t) = u, 1 < p < oo we recover the
p

statement of [10, Lemma 2-1].

4. Functional depending on x and Vu

Let Q be a bounded domain in RY, let ¢ be an Musielak-Orlicz function. We
consider the functional J: W!L,(Q) — R defined as the following

J= [ f(z,Vu)dz. (4.1)
Q

Where f: Q x RY — R is a Carathéodory function satisfying

[f(@,&)] < T(x)G([¢]). (4.2)

for some nondecreasing function G: R — R and some T'(z) € L'(Q). For each p,
we write H,, for the level set of the functional J, i.e.,

H,={ueW'L,(Q):J(u) =pn},

and HZ) is the closure of H, in W'L,(f2) with respect to the weak topology

o([TLe (), [T E5(92)).

Definition 4.1. A functional J: W'L,(Q) — R is called weakly lower semicon-
tinuous at a level set H,. If J(u) < p for all u € Ff

Remark 4.2. Note that this definition does not imply that J S is weakly lower
I
semicontinuous .
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Definition 4.3. A function f: Q x RV — R is called a Carathéodory-function if
o f(-,£): Q — R is mesurable for all £ € RV,
o f(x,-): RN — R is continuous for almost all x € .
We have the following result:

Theorem 4.4 (see [2, Theorem 6]). Let Q be a bounded domain in RY.

Let J: WYL, () = R be a functional defined as in (4.1), with a Carathéodory
function f: Q x RN — R satisfying (4.2).

If J is weakly lower semicontinuous at nonvoid level set H,,, then we have two
alternatives: either p is an extreme value of J or for almost all x € Q) the function
f(z,-) is convex.

Proposition 4.5. The sequence of function ¢, defined by

<E—€",x>
én(z) =< &0 > —|—/ ga(nt)dt
0

satisfying the following propreties:
i) én(x) = éo(x) for almost all x € Q where éo(x) =< A&+ (1 = N)E* x>,
i) &, is bounded in WL, ().

It is clear to check the two conditions of proposition (see [10] and [2]).

Remark 4.6. By Definition 4.3 the functional J: W!L,(£2) — R defined in (4.1)

is continuous.

Proof of Theorem 4.4. Let assume that p is not an extreme value of .J, then we
show that

f@ A4+ (1 =)&) < Af(x,8) + (1 = A)f(2,87)

for all A € [0,1], for all £,¢* € RY and for a.e. z € 2. We can assume that = 0
and that there exist two functions a; and @z in WL, () such that J(a1) < —eg
and J(az2) > €g for some €y > 0.

Let ¢ be a Lebesgue point for f(x,¢) for every £ € QV. We can assume that
xo = 0. By the continuity of the functional J and by Theorem 3.2, there exists a
ball B(0, Ry) C Q and there exist b, b; and by (see [10]) such that

Vb=Vb =Vby=0 on B(0,Ry). (4.3)
- 7 - 7 - 1
J(b1) < €0 J(ba) = €0 and |J(b)| < s (4.4)
Moreover, for all function a satisfying |.J(@)| < Zeo there is ¢; € [0,1] with i =

i(a) € {1, 2} such that the function ¢ = @ + ¢;(b; — @) lies in the level set Ny , i.e.
J(c) = 0.
Let us now fix A € [0,1]Q and &,¢* € QN. We define the sequence of

functions
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<E—E&T x>
én(x) =< &2 > +/ gx(nt)dt,
0

where <, > denotes the usual inner product in RY and

{1 if 0<t=< A\

7@ =1 9 i oA<i<1

We recall that
gn(z) =* XA in L>*(Q)
and
(I=gn(x)=*(1=2X) in  L®(Q).
(see [10]). Moreover, &, is bounded in WL, (2), and converges almost everywhere
én () = éo(x) where éo(z) =< A&+ (1 — A)E*, x> (see [2, 10]). Hence,
o= in W'Ly(Q) for o(J] Le(), ][] Bo())

Let ¢p: R — R be a C°°-function with support in the interval (—1,1) and
¥(t) =1 for all [t| < 3. Defining cr(z) = ¥ (%‘) ¢éo(x) for all R > 0, we have

Veg(z) = (';') @ o(z) + ¢ <|x> éo(z).

Moreover, the function cg(x) = 1/1('%‘)&0 (z) satisfying the following properties (see
[10, Proposition 3.1]):
|[Ver(z)| <e in Q. (4.5)

/ f(z,Ver(z))dr -0 as R—0. (4.6)
B(0,R)

Note that (4.2) is used for to prove (4.6). Next we consider the sequence é,(x) in
a ball B(0,r), say. We will show that is possible alter each element of the sequence
én(2) in such a manner that it coincides with limit éy(z) in the boundary.

The following lemma is a generalization of [10, Proposition 3.2] to the Musielak-
Orlicz-Sobolev spaces.

Lemma 4.7. There ezists a sequence a,(z) € WL, () such that:
i) an(x) = éo(x) =< A+ (1 — X)E*, 2 > 0 in 0B(0,r),

i) an — én — 0 (mod) in W'L,(Q) as n — oo,

i) an — ¢o in W1Ly(Q) for o(T] Lo(Q), 1 E5(2)),

W) [Van | + IVénlly <

v

) /B (O’T)f(x,Vén)dx— / f(z, Vay)dz

B(0,r)

— 0 as n — oo,

m)/ f(z,Vay,)dz — 0 as r — 0 uniformly in n.
0,7)
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Now, we are in the position to complete the proof of Theorem 4.4. For R < Ry
and r = g, we define the sequence:
b(x) if € Q\B(0,R),
bo(z) =< b(x) +er(x) if z€ B(0,R)\B(0,r),

b(x) +an(x) if =ze B(0,r);

which converges in WL, () for the weak topology o (] L,(2), [T Ez(2)) to

B () = b(z) for € Q\B(0,R),
@ =) S +e, () for zeBOR).

Combining (4.5), (4.6) and Lemma 4.7, (as in [10] and [2]), we have for R > 0
small enough |J(b,)| < Zeo for all n. Hence for any n, we find numbers t,, € [0, 1]

and i, € {1,2}, such that for b, = by, + t,(b;, — bn) we have J(b,) = 0. Now
choosing a subsequence t,, such that t, — to and i, = i; ¢ € {1,2}, we have

by by in W'Ly(Q) for o([]Le(Q), ] E(Q)).

Because of the continuity of J with respect to the strong topology of WL, (),
we have

lim,, o0 J(b+ t,(b;, — b)) = J(b+to(b; — b)),
and by construction
f(@,V(b+t,(b; — b)) = f(z,0) in B(0, R).
Since
Vb= Vb =Vby =0in B(0,R)
which yields

lim f(x,Vbn(x))de/ [z, Vbo(z))dx.
n—=o0 JB(0,R) B(0,R)

Since by, = by in B(0, R)\B(0,r), r = &, we finally get

/ FE 6+ (1= NE)de = / F(, Vho(a))de
B(0,r) B(0,r)

n—o0 JB(o,r)
= lim f(z,Vay,(z))dz

/\/ f(a:,f)da:—i—(l—/\)/ P, €)da.

B(0,r) B(0,r)

Since the above inequality can be obtained for all B(0,r) with radius r < g, we
conclude that f(xg, A+ (1—=X)&*) < Af(xo,&)+(1—N)f(20,&*) for all X € [0,1]NQ
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and all £, &* € QN. Tt then follows by the continuity of f(z,&) with respect to &,
that the above inequality holds for all A € [0,1] and all ¢,&* € RY. O

We now prove Lemma 4.7.

Proof of Lemma 4.7. Let &s be a C*° -function with support in [—1,1] such that
@ws =1forall |t{ <1—6 and ’(Z);‘ < 2 for all ¢.
Defining the function ws(z) = (I)g(‘f—l) and a,s(x) = é(x) + ws(x)(én(z) —
¢o(x)) by Proposition 3.2 in [10] we have that

IV (én(@) = éo(2))| (1 = ws(x)) < r(|€7] + €D (1 — ws (), (4.7)

. R 1.1
[Vews ()] [én() = o(@)] < O(n™") SXaupp(vs) - (4.8)
for some positive constants ¢ and ¢’. Assume that the following formula is true
[ #t@lans — caldo+ [ ol V(ans - &) e
Q Q

(4.9)

<O0@) +¢ /B o PV w) — ) (1 sz

hence we get

which implies that

ans(x) — ép(x) = 0 in
(1 —ws(E)(@o(@) = en(x)) in BO,r)\B(0,(1 = 5)r)

| @
~
;\
—_

|
(o9

E
N

and
V(é(x) —en(z)) in Q\B(0,7)
0 in B(0,(1—0)r)
V(@ (1)) (én () = colw))+
(1= &5 (Z)9((G0(@) - ea(@)) i BO,)\B(O,(1-8)r)

T

V(an,s(x)=en()) =

Hence, we get the following estimate

/ (@ g — e}z + / D@, |V (s — ) )
Q Q

<o@)+c [ (2 9 (0) — @)1~ ws(z) o
B(0,7)\B(0,(1=9)r)
<O+ c/ <,0(ac7010(n_1)1

)dx.
B(0,/)\B(0,(1—5)r) 4
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Selecting numbers &, such that O(n™!);~ = 1, this implies that O(d,) =

O(n~') and 6,, — 0 as n — oo. Then, we conclude that

/ (&, ans — Eal)dz + / o, [V (a5 — )]
Q Q

1
<Om ) +e / plz,c0(n")5)da
B(0,r)\B(0,(1—5)r) d

which converge to 0 as n — co. We define the functions a,, = a, s and we have
an,s — ¢ — 0 (mod)W'L,(£2) as n — 0. Which gives (ii) in Lemma 4.7 and

an — ¢ = (an — &)+ (én — ) =0 in W'L,(Q)
with respect to o([] Ly (9,), [1 E5()) (because (¢, — éy) — 0 in WL, (Q) for
o(IT1 Lo (), T E5(92)).

The properties i), iv) and vi) are satisfied by the definition of a,,. Now, it
remains to prove the inequality (4.9). Indeed we can write

/ (@ Jan g — e}z + / o [V (s — )]
Q Q
:L oz, |én—éo|(1—w(5))d$+/ (2, 16n — Co|)dz

B(O,T‘) Q\E(Ovr)

+ /Q s P Ve o))+ L (@, |V (6 — é0)(1 — ws)|)da.

B(0,r)
Since
(1 —ws(x)) — 0 ae. in B(0,r) asd— 0
and
/ B <p(x,|én—éo|)da:+/ oz, |V(én = ¢o)|)dx — 0 as n — oo,
Q\B(0,r) AN\B(0,r)

then we conclude that
[ #@lans = calds+ [ ol V(ans - &) e
Q Q

<0(0) + C/B(O )‘p(mv [V(én(2) — () (1 — ws(@))|)da-

Which implies the inequality (4.9). O

Corollary 4.8. Under the same assumptions as in theorem suppose that there is
a nonvoid weakly closed level set H,. If 1 is not an extreme value of J, then the
function f(z,Vu(z)) is affine in the gradient.
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Remark 4.9. 1) In the particular case when ¢(x,t) = M(t), M is an N-function,
we recover the statement of [2, Theorem 6].
t p
2)In the particular case when ¢(x,t) = u,l < p < o0, we recover the statement
p

of [10, Theorem 3-1].
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