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Entropy solutions of some nonlinear elliptic problems with
measure data in Musielak-Orlicz spaces

Rachid Bouzyani, Badr El Haji* and Mostafa El Moumni

Abstract. In this work, we prove an existence theorem of entropy solutions for nonlinear ellip-
tic problem of the type — div(a(z,u, Vu) + ®(z,u)) = p in Q, in the setting of Musielak-Orlicz
spaces. The lower order term ® wverifies the natural growth condition, no Ag-condition is as-
sumed on the Musielak function, and the datum p is assumed to belong to L*(Q) + W1 E, ().

1. Introduction and Basic Assumptions

In this note, we prove an existence theorem of entropy solutions for nonlinear
elliptic problem whose model is :

1.1
u=0 on 0, (L.1)

{ A(u) —div®(z,u) = f—divE in Q
where (2 is a bounded domain of RN, N > 2, A(u) = —div(a(z,u, Vu)) is a Leray-
Lions operator defined from the space W L, () into its dual W—1L5(€2), with ¢
and ¢ are two complementary Musielak-Orlicz functions and where a is a function
satisfying the following conditions:

a:QxRxRY — RY is a Carathéodory function. (1.2)

There exist two Musielak-Orlicz functions ¢ and P such that P << ¢, a positive
function d(z) € E5(Q2), a > 0and k; > 0 for i =1,...,4, such that for a.e. z € Q
and all s € RN and all ¢, & e RN, ¢ £ ¢

la(z, s,6)| < ku (d(z) + @7 (P (2, kals]) + @3 (@ (2, ksl)) . (1.3)
(a(x, Sag) —a (x’ Sag/)) (5 - g/) > Oa (14)
a(z,s,£).§ = ap(, [€]). (1.5)

The lower order term ® is a Carathéodory function satisfying, for a.e. x € 2
and for all s € R, the following condition:

®(x,5)| < Py ' Pal]s). (1.6)
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The right-hand side of (1.1) is assumed to satisfy

w € LY(Q) + WLE;(Q) such that ,
p=f—div(F), (L.7)
with f € L1(Q) and F € (E4(Q))" .

The notion of entropy solution, used in [19], allows us to give a meaning to a
possible solution of (1.1)

Boccardo proved in [19], for p such that 2 — 1/N < p < N, the existence and
regularity of an entropy solution w of problem (1.1) . For the case ¢ =0 and f is
a bounded measure, Bnilan et al. proved in [10] the existence and uniqueness of
entropy solutions,the same problem is treated using the notion of entropy solution
introduced in [31] where f € L'(Q), and F € L* (Q)N. We mention as a parallel
development, the work of Lions and Murat [32] who consider similar problems in
the context of the renormalized solutions introduced by Diperna and Lions [28] for
the study of the Boltzmann equations,they can prove existence and uniqueness of
renormalized solution.

For the case of Orlicz spaces, Gossez and Mustonen have studied in [29] the
following strongly nonlinear elliptic problem

A(u) +g(z,u)=f in Q (1.8)

they have proved the existence of solutions for the unilateral elliptic problem (1.8).

Several researches deals with the existence solutions of elliptic and parabolic
problems under various assumptions and in different contexts (see [2, 3, 4, 5, 6, 7,
8,9, 12, 13, 14, 15, 16, 17, 18, 21, 22, 20, 23, 24, 27, 28, 34, 36, 37, 38] for more
details).

In this work, we will prove the existence of solutions for the elliptic problem
(1.1) in Musielak-Orlicz-Sobolev spaces, where the lower order term @ verifies the
natural growth condition, no As-condition is assumed on the Musielak function,
and the datum p is assumed to belong to L(Q) + W1 E,(Q). Where & = 0 one
of the motivations for studying the Eq. (1.1) in the generalized Orlicz-Sobolev
spaces come from the fact that these spaces are more adequate for studying the
behavior of some physical phenomenon like the flow electro-rheological fluids that
is characterized by their ability to drastically change the mechanical properties
under the influence of an extremal electromagnetic field. A mathematical model
of electro-rheological fluids was proposed by Ruzicka in [40] .

The paper is organized as follows: In Section 2, we give some preliminaries and
background. Section 3 is devoted to some auxiliary lemmas which can be used to
our result. In Section 4, we state our main result and finally give the prove of an
existence solution in Section 5 .

2. Some Preliminary Results

Here we give some definitions and properties that concern Musielak-Orlicz spaces
(see [33]). Let Q be an open subset of R™, a Musielak-Orlicz function ¢ is a real-
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valued function defined in Q x RT such that:
a) ¢(z,.) is an N-function for all z € Q (i.e. convex, nondecreasing, continuous,
_ : p(z,t) _ _cp(mt)
o(z,0) =0, p(x,t) > 0forallt > 0 and lim sup ——= = 0 and lim inf ——* =
t—=0 20 t t—00 zEQ
00).
b) ¢(.,t) is a measurable function for all ¢ > 0.

For a Musielak-Orlicz function ¢, let ¢, (t) = ¢(z,t) and let ¢, ' be the non-
negative reciprocal function with respect to ¢, i.e. the function that satisfies

o, o, 1) = ¢ (z,0, (1) =t

The Musielak-Orlicz function ¢ is said to satisfy the Ay -condition if for some
k > 0, and a nonnegative function h, integrable in {2, we have

o(x,2t) < ko(z,t) + h(z) for all z € Q and t > 0. (2.1)

When (2.1) holds only for t > tg > 0, then ¢ is said to satisfy the As -condition near
infinity. Let ¢ and « be two Musielak-Orlicz functions, we say that ¢ dominate
~v and we write 7 < ¢, near infinity (resp. globally) if there exist two positive
constants ¢ and ty such that for a.e. z € Q:

v(z,t) < @(x,ct) for all t > tg, (resp. for all ¢ > 0 i.e. tog =0).

We say that v grows essentially less rapidly than ¢ at 0 (resp. near infinity)
and we write v << ¢ if for every positive constant ¢ we have

lim (Sup ’Y(‘”’Ct)> =0, (resp. lim (Sup ’Y(‘”’Ct)> =0).

=0 \zen ¢(2,1) t=00 \zen @(2,1)

For a Musielak-Orlicz function ¢ and a measurable function u : @ — R, we define
the functional

poals) = / o, [u(z)]) dz.

The set K,(2) = {u: @ — R measurable/p, o(u) < oo} is called the Musielak-
Orlicz class (or generalized Orlicz class). The Musielak-Orlicz space (the general-
ized Orlicz spaces) L, () is the vector space generated by K, (f2), that is, L,(12)
is the smallest linear space containing the set K, (£2). Equivalently

L,(Q) = {u: 1 — R measurable/ p, o <%) < o0, for some A > O}

For a Musielak-Orlicz function ¢ we put:

Y(z,s) = i‘;{?{“’t —p(z, 1)}
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Note that v is the Musielak-Orlicz function complementary to ¢ (or conjugate of
) in the sense of Young with respect to the variable s. In the space L,(Q2) we
define the following two norms:

U||ga91nf{)\>0// < ”)d <1}

which is called the Luxemburg norm and the so-called Orlicz norm by:

llulloo = sup /\u )| de

lolly<1
where 1) is the Musielak-Orlicz function complementary to . These two norms are
equivalent (see [33]). The closure in L, (§2) of the bounded measurable functions
with compact support in Q is denoted by E,(Q2), It is a separable space (see [33,
Theorem 7.10]).
We say that sequence of functions w, € L, () is modular convergent to u €
L, () if there exists a constant A > 0 such that

Up — U\
J;H;oﬂw( X )—0-

For any fixed nonnegative integer m we define

W™ML,(Q) = {u € L,(Q)/ V|la| <m,D% € L,(2)}
and
WTE,(Q2) = {u € E,(Q)/ V|a| <m,D% € E,(Q)}

where o = (o, ..., a,) with nonnegative integers o, |a| = |a1| + -+ + |a,| and
D®u denote the distributional derivatives. The space W™ L,(2) is called the
Musielak-Orlicz Sobolev space. Let for u € W™ L, (Q) :

pealt) = Y po(Du) and Jul 2o = inf {A >0/ o0 () <1}
la|<m

these functionals are a convex modular and a norm on W™ L, (), respectively,
and the pair (W™Ly,(Q), || - ||$Q) is a Banach space if ¢ satisfies the following
condition (see [33]):

There exist a constant ¢y > 0 such that ing2 o(z,1) > co. (2.2)
zE

The space W™ L, (€2) will always be identified to a subspace of the product
IT Lo =
|| <m

this subspace is o (IIL,,IIE,) closed. The space WL, () is defined as the
o (IlL,, IIEy) closure of D(Q) in W™L, (), and the space Wi"E, () as the
(norm) closure of the Schwartz space D(€2) in W™ L, (£2).
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Let W§"L,(Q2) be the o (IIL,,IIEy) closure of D(Q) in W™ L,(Q2). The fol-
lowing spaces of distributions will also be used:

WrLe() = {f €D(@Q)/ f= 3 (~D)IDf, with o € Ly(@)}
la]<m

and

W= E,(Q) = {f eD(Q)/ f= 3 (-1)IDf, with f, € Ew(Q)}.

la|<m

We say that a sequence of functions w,, € W™ L, () is modular convergent to
u € W™L, () if there exists a constant k£ > 0 such that

. _ Up — U\
J;H;oﬂw»ﬂ( k )—0-

We recall that
o(x,t) <ty H(p(x,t) < 20(x,t)  forall t > 0. (2.3)

For ¢ and her complementary function 1, the following inequality is called the
Young inequality (see [33]):

ts < o(x,t) +¢(z,s), Vi, s>0, ae x €l (2.4)
This inequality implies that
[ulle.0 < ppalu) +1. (2.5)
In L,(€2) we have the relation between the norm and the modular
[ullo < ppalu) if Jullp,o >1 (2.6)

and
[ullp,0 = poa(u) if [uflpo < 1. (2.7)

For two complementary Musielak-Orlicz functions ¢ and 1, let u € L,(2) and
v € Ly(£2), then we have the Holder inequality (see [33]):

/Qu(:v)v(x)dx

< Jlullg.ollvllly,o- (2.8)

Definition 2.1. A Musielak function ¢ is called locally integrable on €2 if

/Ego(x,t)dm = /QQO(I,tXE(I)) dr < 400

for all ¢ > 0 and all measurable set E C Q with mes(E) < +o0.
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Remark 2.2. If P << ¢ near infinity such that P is locally integrable on €2, then
Ve > 0 there exists a nonnegative integrable function h such that

P(z,t) < ¢(x,ct) + h(z), for all t > 0 and for a.e. z € Q.

Definition 2.3. A Musielak function ¢ satisfies the log-Hoélder continuity condi-
tion on (2 if there exists a constant A > 0 such that

s/

for all ¢ > 1 and for all z,y € Q with |z —y| < 3.

S

S

3. Some Auxiliary Lemmas

We will use the following technical lemmas.

Lemma 3.1 ([1]). Let Q be a bounded Lipschitz domain in RY (N > 2) and let ¢
be a Musielak function satisfying the log-Hélder continuity such that

o(z,1) <ep acein Q for some g >0 (3.1)
Then D(R2) is dense in L,(Q) and in Wi L,(Q) for the modular convergence.

Remark 3.2. Note that if lim;_, . inf,cq @ = 00, then (3.1) holds:

Example 3.3. Let p € P(Q) a bounded variable exponent on €2, such that there
exists a constant A > 0 such that for all points z,y € Q with |z —y| < %, we have

the inequality
A
Ip(x) — p(y)| < ﬁ

log { =y

We can verify that the Musielak function defined by ¢(z,t) = t*®)log(1 + t)
satisfies the conditions of Lemma 3.1

Lemma 3.4 ([1]). (Poincare’s inequality: Integral form) Let Q be a bounded Lip-
schitz domain of RN (N > 2) and let ¢ be a Musielak function satisfying the con-
ditions of Lemma 3.1. Then there exists positive constants 3,m and A depending
only on Q and ¢ such that

/ oz, |v])dz < B+ 77/ o(z, \|Vv|)dz for all v € Wy Ly(1). (3.2)
Q Q

Lemma 3.5 ([1] Poincaré’s inequality). Let Q be a bounded Lipchitz domain of
RN (N > 2) and let ¢ be a Musielak function satisfying the same conditions of
Lemma 3.4. Then there exists a constant C' > 0 such that

lolly < ClIVolly Yo € Wy Ly(Q).
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Lemma 3.6 ([35]). Let F: R — R be uniformly Lipschitzian, with F(0) = 0. Let
© be a Musielak-Orlicz function and let uw € W L,(2). Then F(u) € Wg Ly (€2).
Moreover, if the set D of discontinuity points of F' is finite, we have
9 Flu) F'(u) 2w a.e in {x € Q:u(x) € D}
u) = ‘
Ox; 0 a.e in {x € Q:u(x) ¢ D}

Lemma 3.7 ([17]). Suppose that Q satisfies the segment property and let u €
Wi L,(Q). Then, there exists a sequence (u,) C D(Q) such that

u, — u for modular convergence in Wq L,(9).
Furthermore, if u € Wi L,(Q) N L>®(Q2) then |Ju,|l . < (N + 1) ul oo-

Lemma 3.8 ([30]). Let (f.), f € L' () such that
i) frn >0 a.ein Q,
i) fn — f a.ein Q,

Then f, — f strongly in L*(Q).

Lemma 3.9 ([18]). If a sequence g, € L,(€2) converges in measure to a measurable
function g and if g, remains bounded in L,(S2), then g € L,(RY) and g, — g for
o (ILy,, 11E,).

Lemma 3.10 ([18]). Let upn, u € L,(Q). If u,, — u with respect to the modular
convergence, then u, — u for o (Ly,(2), Ly () .

Lemma 3.11 ([26]). If P < ¢ and u, — u for the modular convergence in L,(12)
then u, — u strongly in Ep(Q).

Lemma 3.12 ([39] Jensen inequality). Let ¢: R — R a convez function and
g: 2 — R is function measurable, then

w(/gdu> S/s&ogdu-
Q Q

Lemma 3.13 ([25] The Nemytskii Operator). Let Q be an open subset of R with
finite measure and let ¢ and ¥ be two Musielak Orlicz functions.

Let f: Q x RP — RY? be a Carathéodory function such that for a.e. x € Q and
all s € RP :

[ (@, 5)] < (@) + kay o (w, Kol s))
where k1 and ko are real positives constants and c(.) € Ey(Q). Then the Nemytskii
Operator Ny defined by N¢(u)(z) = f(z,u(x)) is continuous from

P <EM(Q)7 ,;)p =11 {“ € Lu(@): d{u, En() < k12}

into (Ly(2))? for the modular convergence. Furthermore if ¢(-) € E(Q) and
P
v << then Ny is strongly continuous from P (EM(Q), k%) to (E,(Q))%.
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Throughout the paper, T, denotes the truncation function at height & > 0:

Tk (s) = max(—k, min(k, s)) .

4. Main Result

Theorem 4.1. Under the assumptions (1.2)-(1.7); there exists an entropy solution
u of the problem (1.1) in the following sense:

Ty (u) € WLy ()

/ a(x,u, Vu)VT(u —v)dx + / O (z,u)VIi(u —v)dr
Q Q

< /Q fTe(u—v)dx + /Q FVT(u—v)de,

for every v € Wi L, (2) N L>=(Q) and for every k > 0.

5. Proof of Theorem 4.1

5.1. Approximate problem
For n € N*, let define the following approximations of f, and ®

Let f,, be a sequence of L°°(Q) functions that converge strongly to f in L*(£2),
and || fnllp2 < || fllz:. Let @, (z,8) = @ (2, T, (5)).
Then we consider the approximate equation (1.1) for n > 1: wu, € Wi L,(Q)

— div (a (2, un, Vun)) + div (<I>n (z, un)) = fu—div(F) mD'(Q). (5.1)
there exists at last one solution u, € W L, () of (5.1) (see [26]).

5.2. A Priori Estimates

Taking v = T}, (uy,) , k > 0, as test function in (1.1) we get

/ a (z,upn, Vuy,) VT (u,) de + / D, (z,upn) VT (uy) dz
@ @ (5.2)

= / foTk (uy) do +/ E. VT (uy,) dz.
Q Q
Thanks to (1.6) and applying Young inequality one has
/ By, (2, 10) VT () da: < / B Py (1T (un))) VT (1) de
Q Q

S/QP(JE, |T% (un)|)dx+/QP(x,|VTk (up)|) de.
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[e3

By choosing & > 0 such that ¢ = =5t

have

and thanks to Remark 2.2, we can

/ D, (z,u,) VT (uy) dx
Q

< / %) (x, @ | T}, (un)|> dxr + 5/ o (x, VT (un)])dz +2 | h(zx)dx
Q A Q Q

Thanks to Lemmag3.4 and choosing v = ‘TL;\”’)' with e < 1, we get

/ D, (z,u,) VT (uy,) dx
Q

(5.3)
< B+e(n+1) / o (2, [V T (un)]) dz + 2/ h(z)da
Q Q
On the other hand we have
/ Fo VT, (un) dz < % / o (2, VT (Un) un) dz (5.4)
Q Q

from (5.2), (5.3) and (5.4) we get

/ a(x,un, Vuy,) Vu,de < e(An + 1)/ o (x, VT (uy)]) do
{lun|<k} Q

48+ ck+2 [ ho)da+ 5 [ o VT () ua]) do
Q Q
which give

/ a (z, Un, V) Vugdr < (5()\7] +1)+ g) / o (x, VT (un)]) dz
{lun| <k} 2/ Ja

B+ ik + 2/ h(z)da
Q
Thus, by virtue of (1.5) and since (§ — (A +1)) > 0, we get

/ o (2, [V T (un)]) da < e1 + sk (5.5)
Q

Now, choosing v = 1 [T} (u,)| in (3.2) we obtain

/ © (x, % | T (un)> de < p+ 77/ o (2, VT (up)]) de < cs + cak (5.6)
Q Q

then
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1 k
meas {|u,| > k} < —/ ap(m,) dx
infoeo @ (2, 5) J{junl> A

1 1
< — T (uy, d. .
~ infien ¢ (2, £) /Q§0<x,)\| b (o )|) v (5.7)

c3 + cuk

< ——W—~ Vn,Vk>0.
lanGQSO (l’, X)

For any § > 0, we have

meas {|up — Up| > 0}

< meas {|un| > k} + meas {|uy,| > k} + meas {|Tj; (un) — Tk (um)| > 5}
and so that

2 (63 + C4]€)

k

meas {|un — Up| > 0} < -
infreq ¢ (957 X)

+meas {|T (uy) — Tk (um)| >0} (5.8)

From (5.5), we deduce that T}, (u,) is bounded in W L, () and we can assume
that T (u,) is a Cauchy sequence in measure in €.

Let € > 0, by using (5.8) and the fact that % — 0 as k — 400 there
Mizc T, X
exists k(¢) > 0 such that

meas {|u, — wy,| >0} <e, for all n,m > no(k(e),d).

This proves that (u,,) is a Cauchy sequence in measure in €2; thus, u,, converges
almost everywhere to some measurable function w. Finally, for all £ > 0, we have
for a subsequence

{Tk (un) = Ti(u)  weakly in Wy L,(Q) for o (1L, IIE;) (59)
5.9

T (un) = Ti(u) strongly in E,(£2) and a.e. in Q.

5.3. Boundedness of (a (z,uy, Vuy)), in (L¢(Q))N.

n

Let ¥ € (Ew(Q))N such that [|9],,0 = 1. We have

/Q [a (@, Ti (wn) , VT, () — a (x,Tk (), ]iﬂ {VT,C () — 19] >0,
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This implies that
a(z, Ty (un), VT (uy)) ddx

1
q k3
/ (x, T (un) , VTk (un)) VT (uy,) dx

—/Qa <x,Tk (un),]i) <v:rk (1) — Z) do

<kCi+ Cy — / a <33,Tk (un), ;) VT (uy,) dx
Q 3

1 )
— T — .
[ (x k<un>,k3) P

By using Young’s inequality in the last two terms of the last side and (5.5) we get

/Qa (2, Tk, (un) , Vi (uy)) 9dz < (kCy + Co)ks

? (x o (o (“")wi)’) di

3k1

+3k1 (1+ k3)/

Q

+3k1k3/ o (2, VT (un)|) de + 3k / o(z,|Y]) dz
Q Q
< (kCy + Co)ks + 3k1ks(kCy + Cs) + 3k1

‘a (a?,Tk (un), ,%) ‘

+3k1 (1 4+ K /’ x, dx .
1(1+ks) L7 3%

Now, by using (1.3) and the convexity of ¢ we get

alx,T (un),i3
@(x,‘ (o Bl N) < 2 (Bl d(a)) + P (2, ks [T (n)]) + (a, 19)).

3k1

Thanks to Remark 2.2 there exists h € L'(£2) such that
P (2, ko |Tx (un)]) < P(x, kak) < @(z,1) + h(z);

then by integrating over {2 we deduce that

/995 (x, ’a (x,Tkgi;Ln) ’ ’2)3)’) dx < % (/Q oz, c(z))dx +/Qh(x)dx
—I-/Qap(x,l)dx—l—/ﬂgo(x, |19|)dx) <c

where ¢}, is a constant depending on k. So,

/ 0 (@, T (), VT (un)) Ode < dyy 99 € (B, (@)Y with 9]0 =1
Q
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and thus [la (z, Tk (un) , VI (un))|l 5 o < ¢f, which implies that,
(a(x, Ty (un), VT (uy))),, is bounded in Ls(Q)Y. (5.10)

5.4. Almost everywhere convergence of the gradients

Let v; € D(Q) be a sequence which converges to Ty (u) for the modular convergence
in Wi L,(2). Let h > 2k > 0 and define the functions

wﬁ,j = Top (un, — Th (un) + Tk (un) — Tk (vj)),
w]h = Tor, (u — Th(u) + Tr(u) — T (vj)),
W' = Ty (u — Th(u)) .

Choosing wﬁm as test function in (5.1) we obtain

/ a (z, U, Vi) - wa;,jdac + / P, (z,un) Vwﬁ’jdx
Q {m<|un|<m+1} (5.11)

z/fnwﬁjdx—F/F-Vijdac.
Q ' Q ’

Put m = h + 5k, and denote by £(n, j, h) any quantity such that

lim lim lim e(n,j,h) =0,
h—00 j—00 n—00
and by ep,(n, j) any quantity such that
lim lim ep(n,j) =0, for h fixed.

J—00 Nn—>00

Remark that Vw! ; = 0 on the set {x € Q: [u,| > m}, then by tanking to (5.11)
we have

/ a(z, Ty () , VT (ug)) - wa;’jdac
Q
+ / B (2, Ty, (1)) Vel d (5.12)
m<|uy|<m+1}
:]fnwﬁjdx—i—/F-Vwﬁjdx.
Q ’ Q ’
Thanks to (5.9), we have wz’j — w? weakly * in L>°(§2) as n — oo and then

/ fanJda: — / fw;vldx as n — 0o,
Q Q

/F-sz7jdx—>/F-Vw;}dxasn—>oo
Q Q

letting j and h to infinity and by applying the Lebesgue’s Theorem we obtain

/anwz,jdz = ¢e(n, j, h),
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/QF . Vwﬁ’jdx =e(n,j,h).

Concerning the first term of (5.12), we have

/ a (37’ T, (un> VI (u”)) sz’jdl'
Q

= o<t a(x, T (un) , VI (un)) (VTk (un) — VT (vj)) da (5.13)

+/ a (x, T () , VT, (un)) Vwﬁ’jd:v
{lun|>k}
For the second term of the right-hand side of (5.13) we have

/ 0 (2, Ton (n) , VT () Vil
{lun|>k} (5.14)
> — la (z, T (Un) , VIm (un))| V| do .
{‘un|>k}
since |a (2, T (un) , VI (u,))] is bounded in Lz (€2), we have for a subse- quence

|a (Ia T (un) VT (un))| =l

weakly in Ly (Q), for o (ILLy,, I1E,) as n — oo and since VU X (u, >k} = VUjX{u>k}
strongly in E,(§2) as n — oo, we have

—/ la (x, T (un), VT, (un))] |V, de — — L V| da
{lun|>k} {lu|>k}

as n — 0o. By using the modular convergence of v;, we get
—/ lm V| dz — — Im|Vuldz as j — oco.
{lul>k} {lu[>k}

Finally,

T () VT ()] (9] do = e, ).
{lun|>k}
By virtue of (5.12), (5.13) and (5.14) we have
/ a(z, Ty (un) , VT (un)) szﬁjdx
Q

2/ a (@, T (un) , VT (un)) (VT (un) — VT (v))) da (5.15)
Q

+ Eh(nvj)'
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It follows that,

/Q a (2, T, (n) , Vi (1)) Vol jda
Z/Q[G@Tk (tn) VT (un)) — a (2, Ty (un) , T (v) X5)]
x [VTi (un) = Vi (v)) X5 dz - (5.16)
+ /Q a (2, T (un) , Vi (v)) X5) - [VTk (un) = Vi (v) x5 da

— /Q\m a(z, Ty (un) , VT (un)) - VI (vj) dz + en(n, j),
where xj denotes the characteristic function of the subset
O ={reQ: VI () <s}.
We can easily show that
_ /Q o (2, T (un) , VT (un)) YTk (v;) dz = £(n, j, 5). (5.17)
j

Concerning the second term of (5.16), remark that by using Lemma 3.13 and
the fact that VT (u,) = VT (u) weakly in (LW(Q))N, by (5.9) we obtain

a (a:,Tk (un), VT (vy) xj) —a (a:,Tk(u)7 VT (vj) X;)
strongly in E5(2)" as n — oo, then
/a (a:, Ty (un) , VI (vg) X;) [VTk (un) — VT (vj) Xﬂ dx
Q

— /Qa (2, Ti(u), VTy () X5) [VTk(u) = Vi (v)) X] dz as n — oc.

On the other hand, since VT, (v;) x5 — VT (u)x® strongly in E, ()N as j — oo,
we have

/Qa (2, T (w), VTk (vg) x5) [VTk(w) = VT (v;) X5] dz — 0 as j — oo

and thus

/Qa (2, Tx (un) , VTk (05) X5) [VTk (un) — VT (v5) x5 do = e(n, j,s).  (5.18)

By (5.16), (5.17) and (5.18) one has
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/Q a(z, T (un) , VI (uy)) szﬁjdx
2 /Q [a (2, Ty, (un) , VTk (un)) — a (2, Ty (un) , Tr (v5) )] (5.19)
X [VTy (un) — VTi (v) x| dz + en(n, j) +£(n, j,s) .

Now, for the second term on the left-hand side of (5.12), we will show that
the sequence ® (x, Ty, (u,)) converges strongly in E, ()" By using the pointwise
convergence of u,, to u as n — 0o, we obtain

5 (12, T (un)) = @ (2, T (u))| :
P <x, p ) — 0 a.e. in

and for p and n large enough, we have

5 (x |® (2, T (un)) — @ (z, T (u))]
W

1
> <P (@, [T (1)

1
+ ;P(l.v Ton (w)])

2
<—P(xz,m) = gm(x)
I
where g, € L'(2). By applying Lebesgue’s dominated convergence theorem, we
obtain
® (x, T (un)) = @ (2, T (u))

with respect to modular convergence in Lp() as n — oo since ¢ << P, then,
thanks to Lemma 3.11 we obtain ® (z, T, (u,)) = @ (z, T (u)) in E5(2), and by
virtue of Vo, (uy,) = Vo (u) weakly in (L¢(Q))N , as n — oo and then h — oo
we get,

/ ® (2, Ty, (un)) Vwﬁ’jdx = / @ (2, T (u)) Vo (uw — Th(u)) dz + en(n, j)
Q Q

= (n’] )
(5.20)
Thanks to (5.12), (5.19) and (5.20) we obtain
/Q [a (z, Ty (upn), VTk (un)) — a (1’, Ty (un) , Tk (v5) X;)] (5.21)

VT (un)  =VTx (v;) x5] dz < e(n, j, b, 5).
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On the other hand,

[ (a0, Be (00) 9T () = 0 (0T (1) VTN (9T ()
VT (w)x] de
= [ (. (1) VT (1)
—a (x, Ty (un) , VI (v5) X;)} . [VTk (un) — VT (vj) Xﬂ dx
+ [ @@ T () VT () - [VT% (0) G = V()] d
~ [ (e T () ITL@N) - (VT (1) = VT ()] da

—I—/ a (1’7Tk (Un) , VTk (Uj) X;) . [ka (Un) — VTk ('Uj) X;] dz.
Q

By letting n to infinity and using the modular convergence of v; in the last
three terms of the right-hand side of the above equality, it is easy to get

/Qa (z, Ty (un), VT (un)) [VTk (vj) X5 — VTk(u)XS] dz =¢e(n,j)

/Q 0 (2, Ty () , VTR(u)X®) [VTk (1) — VT (w)x] da = £(n, 5)

and

/Qa (z, Tk (un) , VT} (v;) X‘;) (VT (un) — VT (v;) Xﬂ dx =¢e(n,j). (5.22)

It follows taht

/Q [a(z, Ty (uy), VT (un)) — a (z, Ty (uy)
VTi(w)x®)] - [VTk (un) — VTi(uw)x®] dz
= /Q [a (2, T (upn), VTk (un)) —a (a:,Tk. (un), VT (vy) Xj)] VT (ug)
—VT (v;) xj] dz +(n, ).
Combining this with (5.21) we get
[a(z, Ty (un) , VT (un))

" (o, T () T ()] - [V (1) — V()] da
S €(n7 j? h? S)

in which we pass to the limit as n, j, h and s tend to infinity to get

[a (z, Tk (un) , VT (un)) — a(x, Ty (un) , VT (w)x”)] - [VTk (un)

Q
VT, (u)x®]dz — 0 as n,s — oc.
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As in [11], we deduce that there exists a subsequence still denoted by w,, such that

Vu, — Vu a.e in (5.23)
which implies that, for all £ > 0,
a(z, Ty (un), VIy (up)) = a(x, Tx(u), VI (u)) (5.24)

weakly in Ls(Q)Y for o (IILg,I1E,).
From the estimate (5.21), we can read

/Q a(x, Ty (up), VTg (uyn)) - VI (uy,) dx
< /Qa (z, Tk (un) , VT (un)) - VTk (vj) Xjdx
+/ a(z, Ty (uy), VT (vy) X;) VT (un) = VT (v;) Xj] dz
+j I - VT (u)dx + ep(n, j).
Q\Q,
by using (5.22), we have
/Qa (2, Tk (un) , VT (up)) - VT (uy) dx

< / a (@, Ty (un) , VI (un)) - VI (v5) Xjd +/ Uk - VI (u)dz + ep(n, j).
Q o\Q,
Passing to the limit sup over n and j in both sides of this inequality yields

lim sup/ a(z, T (un) , VT (uy)) - VT (uy) da
Q

n—oo

< /Qa (x, Tk(u), VT (u)) - VI (u)x*dz + /Q\Qa I - VT (u)dz.

In which, we can pass to the limit in s to obtain

lim sup/ﬂa (x, Tk () , VT (un)) VT (uy,) dz S/ a(z, Tp(u), VI (u)) VT (u)d.

n—o00 Q

Now,by applying Fatou’s Lemma we have

n—oo

/a (x, Tk (u), VTE(u)) VTg (u)dz < lim inf/a (x, Tk (un,) , VT (un)) VT (up) da.
Q Q
Which implies that

/Q a(x, T (up), VTg (un)) VT (uy) do — A a(x, Ti(u), VT (uw)) VI (u)dz,

as n — oo and, using Lemma 3.8, we conclude that
a(z, T (un), VT (n)) VTk (un) — a (z, Ty(u), VI (u)) VTk(u) in L'(Q).
By thanking to (1.5) we have

Tk (un) — Ti(u) in Wy L, (Q2) for the modular convergence, for all k > 0.
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5.5. Passing to the limit

Let v € Wi Ly,(2) N L>°(Q). By Lemma 3.7, there exists a sequence (w;) C D(2)
such that w; — v in W{ L,(Q) for the modular convergence

and [wjl o o < (N + D[v]loo,q-
Using T}, (u, — wj) as a test function in (5.1), we obtain
/a(x T, (uy), VT, (uy)) VIy (uy, — w;) dz
Q
n)) VT (uy, — wj) dx (5.25)

jfnTk wj)d:c—l—/ FVTy (un, —wj) dz,

where p =k + (N + 1)||v] co-
The first term of the left-hand side of (5.25) reads as

/ a(x, T, (un), VT, (un)) VI (U — wj) da
Q
:/ a(z, T, (un), VT, (uy)) Vupde
{|un—w1\<k}
- / a(z, T, (un), VI, (un)) Vw;de.
{lun—w;|<k}
By Fatou’s lemma, we have

/ a(z,T,(u), VI, (u)) Vudz
{lu—w;|<k}

n—oo

< liminf / a (2, T, (un) , VT, (un)) Viunds,
{lun—w;|<k}

and using (5.24) we get

lim a(x, T, (un), VI, (un)) Vw;dx

0 {Jun—w | <k}

:/ a(z,Ty(u), VI,(u)) Vw;dz.
{lu—w;|<k}
We conclude that

/Qa (2, Tp(u), VI, (u)) VI (u — wj) do

< lim inf/ a(z, T, (un), VT, (un)) VI (uy, — w;j) dz,
Q

n—oo
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as above we obtain @, (z,7T), (u,)) = ® (z,T,(u)) in Ez(Q?) as n — oo, and using
the fact that VT, (u,, — w;) = VT (v — w;) as n — oo, we can easily see that

/@(m,Tp(un))VTk (un—wj)dx%/q)(x,Tp(u))VTk (u—wj)dx
Q Q

and
/FVTk(unfwj)dx%/FVTk(ufwj)dx,
Q Q

since Ty (un — wj;) = T (v — w;) weakly in L>°(2) as n — oo, we have

fuTk (up —wj)de — | Ty (u—wj)de as n — oco.
Q Q

This allows us to let n — oo in both sides of (5.25), to obtain

/ a(z,u, Vu)VTy (u — w;) dz + / O (z,u)VTy (u — w;) dx
Q Q

< / fT, (v — wj) de,
Q
in which we can easily pass to the limit as 7 — oo to get

/ a(z,u, Vu)VTy(u — v)dx + / D(x,u)VTi(u —v)dx
Q Q

< /Q fTe(u—v)de + /Q FVTi(u—v)dez,

for all k > 0; we can deduce that u is an entropy solution of the problem (1.1).This
completes the proof of Theorem 4.1 .
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