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Perturbation theory of evolution inclusions on real Hilbert
spaces with quasi-variational structures for inner products

Akio Ito

Abstract. We consider an abstract Cauchy problem of an evolution inclusion with a single-
valued perturbation on a real Hilbert space. The evolution inclusion contains subdifferentials of
time-dependent, proper, lower semicontinuous, convex functions which depends on a solution
itself of the Cauchy problem. Moreover, the subdifferentials are taken with respect to inner
products, which also depend on a solution of the Cauchy problem. Such structures are sometimes
called quasi-variational structures for convex functions and inner products. The main purposes
of this paper are to show the existence of strong solutions to the Cauchy problem of an evolution
inclusion with a perturbation and to apply this result to a mass-conservative tumor invasion
model with a degenerate cross diffusion.
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1. Introduction

Throughout this paper, a time T > 0 is given and fixed. The aim of this paper is
to find a pair (u, v) satisfying that the first component u is a solution of a Cauchy
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problem (P) below:

(P)


u′(t) + ∂v(t)φ(t, u, v(t) ;u(t)) + g(t, u(t), v(t)) 3 f(t)

in H(v(t)), a.a. t ∈ (0, T ),

v(t) = S(u ; t, 0)v0 in A, ∀ t ∈ [0, T ],

u(0) = u0 in H,

where H is a real Hilbert space with an inner product (·, ·)H and A is a nonempty,
closed subset of a real Banach space X with a norm ‖·‖X . The evolution inclusion
in (P) has three mathematically interesting characteristics. The first one is that
the proper, lower semicontinuous (l.s.c., in short), convex function φ(t, u, v) on H
depends on t ∈ [0, T ], u ∈ C([0, T ];H) and v ∈ A. The second one is that the real
Hilbert space H(v) = H also depends on v for all v ∈ A. Actually, for any v ∈ A
the inner product of H is given by (·, ·)v instead of (·, ·)H in our setting. The third
one is that the subdifferential ∂vφ(t, u, v) of φ(t, u, v) on H is taken with respect
to the inner product (·, ·)v, that is,

ξ ∈ ∂vφ(t, u, v ; z)⇐⇒
{
z ∈ D(φ(t, u, v)) and
(ξ, y − z)v ≤ φ(t, u, v ; y)− φ(t, u, v ; z), ∀y ∈ H.

These structures are called quasi-variational structures for the evolution inclusion
in (P) and make it difficult and complicated to analyze (P) mathematically.

In [7], the evolution inclusion without a perturbation, i.e., the case g ≡ 0 on
H, is considered and the existence of strong solutions of (P) on [0, T ] is shown.
Moreover, the phase field model of Fix–Caginalp type with a quasi-variational
boundary condition is treated as one of the typical examples of (P) without a
perturbation. We entrust various results of evolution inclusions on H associated
with subdifferentials of time-dependent proper l.s.c. convex functions to [1, 3,
10, 11, 13, 14] and their references. Especially, in [13, 14] the following evolution
inclusion on H with a perturbation

u′(t) + ∂Hφ(t ;u(t)) + g(t, u(t)) 3 f(t) in H, a.a. t ∈ (0, T ),

is considered although in their settings there are not any quasi-variational struc-
tures.

On the other hand, most of nonlinear systems, which arise from physical,
chemical, biological or economic field, usually have nonlinear perturbations. From
this viewpoint, the general theory established in [7] is not sufficient to analyze such
nonlinear systems. So, the main purpose of this paper is that the results obtained
in [7] will be extended to evolution inclusions with a perturbation like one in (P)
without changing the mathematical framework in [7] as far as possible.

Now, we give the definition of strong solutions of (P) and state main theorems
in this paper.

Definition 1.1. For any time T̄ ∈ (0, T ] we define a strong solution of (P) as
follows:
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(a) A function u : [0, T̄ ] 7−→ H is called a strong solution of (P) on [0, T̄ ] iff
u ∈ W 1,2(0, T̄ ;H) satisfies the initial condition u(0) = u0 in H and the
evolution inclusion

u′(t) + ∂v(t)φ(t, u, v(t) ;u(t)) + g(t, u(t), v(t)) 3 f(t)

in H(v(t)), a.a. t ∈ [0, T̄ ],

and the function v ∈ W 1,1(0, T̄ ;X) satisfies the initial condition v(0) = v0

and the equality

v(t) = S(u ; t, 0)v0 in A, ∀t ∈ [0, T̄ ].

In addition, there exists a constant C∗ > 0, which depends on T̄ , ‖u0‖H ,
‖v0‖X , ϕ(0, u0, v0 ;u0) as well as all constants in (A1)–(A10) in Section 2,
such that the following boundedness holds:

‖u′‖L2(0,T̄ ;H) + sup
0≤t≤T̄

‖u(t)‖H + sup
0≤t≤T̄

|φ(t, u, v(t) ;u(t))| ≤ C∗. (1.1)

(b) A function u : [0, T̄ ) 7−→ H is called a strong solution of (P) on [0, T̄ ) iff for
any T1 ∈ (0, T̄ ) the restriction of the function u onto the interval [0, T1] is a
strong solution of (P) on [0, T1].

Under suitable assumptions, which are exactly given in Section 2, we obtain
Theorems 1.2 and 1.3.

Theorem 1.2. There exist a time T0 ∈ (0, T ] such that the Cauchy problem (P)
has at least one strong solution u on [0, T0].

Theorem 1.3. The Cauchy problem (P) has at least one strong solution u on
[0, T ].

In the rest of this section, we consider a mass-conservative tumor invasion
system with quasi-variational cross diffusion, denoted by (T), as one of the typical
examples of (P):

(T)



u′(t) +∇ · (du(v)∇ξ − u∇λ(v)) = 0 a.e. in QT := Ω× (0, T ),

ξ ∈ β(v ;u) a.e. in QT ,

v′ = −avw a.e. in QT ,

w′ = dw∆w − bw + cu a.e. in QT ,

(du(v)∇ξ − u∇λ(v)) · ν = ∇w · ν = 0 a.e. on ΣT := Γ× (0, T ),

u(0) = u0, v(0) = v0, w(0) = w0 a.e. in Ω,

where Ω is a bounded domain in RN (N = 1, 2, 3) with a smooth boundary Γ :=
∂Ω. One of the most interesting points in (T) is that the first nonlinear parabolic
PDE has a nonsmooth degenerate cross diffusion du(v)∇β(v ;u) in general. In [8]
the system, in which the first PDE is replaced by

u′(t) +∇ · (du(v)∇ξ − u∇λ(v)) + ξ = 0 a.e. in QT ,
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is considered and the existence of strong solutions on [0, T ] is shown by using the
general theory establish in [7], which cannot be directly applied because of the
existence of the haptotaxis term ∇ · u∇λ(v). In other words, the haptotaxis term
plays a role as a single-valued perturbation.

On the other hand, the difference between the system (T) and that in [8] is
whether a mass of an unknown function u is conservative in time or not. Actually,
the system (T) has the following mass-conservative property;∫

Ω

u(t)dx =

∫
Ω

u0dx, ∀t ∈ [0, T ].

In [4, 5, 6, 9], the following system (T)1 with a mass-conservative property is
considered:

(T)1



u′(t) +∇ · (du(α(z), v)∇ξ − u∇λ(z)) = 0 a.e. in QT ,

ξ ∈ β(v ;u) a.e. in QT ,

z′ = dz∆z + avw a.e. in QT ,

v′ = −avw a.e. in QT ,

w′ = dw∆w − bw + cu a.e. in QT ,

(du(α(z), v)∇ξ − u∇λ(v)) · ν = ∇z · ν = ∇w · ν = 0 a.e. on ΣT ,

u(0) = u0, z(0) = z0, v(0) = v0, w(0) = w0 a.e. in Ω.

According to the result in [9] the system (T)1 is expressed as an evolution inclusion
with a single-valued perturbation on V ∗0 (z, v), where V ∗0 (z, v) is the dual space of
the Hilbert space V0 with an inner product (·, ·)V0(z,v) given by

V0 :=

{
η ∈ H1(Ω) ;

∫
Ω

η(x)dx = 0

}
, (1.2)

(z1, z2)V0(z,v) :=

∫
Ω

du(α(z), v)∇η1 · ∇η2dx, ∀η1, η2 ∈ V0. (1.3)

Using this expression, it is shown that there exists a time T0 ∈ (0, T ] such that
(P)1 has at least one strong solution on [0, T0] for the case N = 1, 2, 3. Moreover,
for the case N = 1 the existence of strong solutions on [0, T ] is shown. Hence, the
purpose of Section 6 is to show the existence of strong solutions to (T) on [0, T ] by
using the same argumentations in [8, 9] and applying the general theory obtained
in Sections 4 and 5 of this paper.

2. Assumptions

All constants Ci > 0, which appear in the following argumentation, depend on T
unless we decline in particular it. Throughout this paper, we assume that (A1)–
(A10) are satisfied.

(A1) A family {(·, ·)v ; v ∈ A} of inner products of H such that the following
conditions are satisfied:
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(a) There exist constants c1 > 0 and c2 > 0 such that

c1‖z‖H ≤ ‖z‖v ≤ c2‖z‖H , ∀v ∈ A, ∀z ∈ H,

where ‖z‖v :=
√

(z, z)v and ‖z‖H :=
√

(z, z)H .

(b) There exists a constant c3 > 0 such that∣∣‖z‖2v1 − ‖z‖2v2∣∣ ≤ c3‖v1 − v2‖X‖z‖2v2 , ∀ v1, v2 ∈ A, ∀ z ∈ H.

Hence, for any η ∈W 1,1(0, T ;X) satisfying η(t) ∈ A for all t ∈ [0, T ] we have

∣∣‖z‖2η(t) − ‖z‖
2
η(s)

∣∣ ≤ c3 ∣∣∣∣∫ t

s

‖η′(σ)‖Xdσ
∣∣∣∣ ‖z‖2η(s),

∀z ∈ H, ∀s, t ∈ [0, T ].

This condition is originally proposed in [3], and revised in [7] in order to be applied
to evolution inclusions with quasi-variational structures for inner products on H.

(A2) There exists a family{
{S(ũ ; t, s) ; 0 ≤ s ≤ t ≤ T̃} ; T̃ ∈ (0, T ], ũ ∈ C([0, T̃ ];H)

}
,

where S(ũ ; t, s) is the operator from A into itself for all s, t with 0 ≤ s ≤ t ≤ T̃ ,
such that the following conditions are satisfied:

(a) Assume that a sequence {vm}m∈N and an element v in A satisfy vm −→ v in
X as m→∞. Then, for any s, t with 0 ≤ s ≤ t ≤ T̃ we have S(ũ ; t, s)vm −→
S(ũ ; t, s)v in X as m→∞

(b) Assume that a sequence {ũm}m∈N in C([0, T̃ ];H) satisfies

ũm −→ ũ in C([0, T̃ ];H) as m→∞.

Then, for any element v ∈ A and s ∈ [0, T̃ ] we have

S(ũm ; · , s)v −→ S(ũ ; · , s)v in C([s, T̃ ];X) as m→∞.

(c) S(ũ ; t, t) is the identity operator on A for all t ∈ [0, T̃ ].

(d) We have S(ũ ; · , 0)v ∈W 1,1(0, T̃ ;X) for all v ∈ A.

(e) For any times T̃i ∈ (0, T ] and functions ũi ∈ C([0, T̃i];H) (i = 1, 2) we
assume that there exists T̃0 ∈ [0,min{T̃1, T̃2}] such that ũ1(t) = ũ2(t) in H
for all t ∈ [0, T̃0]. Then, we have

S(ũ1 ; t, 0) = S(ũ2 ; t, 0) on A, 0 ≤ ∀t ≤ T̃0.

(f) S(ũ ; t, s) = S(ũ ; t, τ) ◦ S(ũ ; τ, s) on A for all s, t, τ ∈ [0, T̃ ] with s ≤ τ ≤ t.
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(g) The following equality holds for any τ ∈ [0, T̃ ]:

S(στ ũ ; t, s) = S(ũ ; t+ τ, s+ τ) on A,

0 ≤ ∀s ≤ ∀t ≤ T̃ − τ,

where στ ũ is a τ−shift function of ũ defined by

(στ ũ)(t) :=

{
ũ(t+ τ) if t ∈ [0, T̃ − τ ],

ũ(T̃ ) if t ∈ (T̃ − τ, T̃ ].

The conditions (f) and (g) in (A2) are used in order to show Theorem 1.3, but are
not necessary to show Theorem 1.2.

(A3) A class C, which consists of the families {φ(t, ũ, ṽ) ; 0 ≤ t ≤ T} of time-
dependent proper, l.s.c. convex function φ(t, ũ, ṽ) on H, is prescribed:

C := {{φ(t, ũ, v) ; 0 ≤ t ≤ T} ; ũ ∈ C([0, T ];H), v ∈ A} .

Using this class C, we denote by X a set of families of time-dependent proper, l.s.c.
and convex functions on H given by

X = {{ϕ(t, ũ, ṽ) ; 0 ≤ t ≤ T} ; ũ ∈ C([0, T ];H), ṽ ∈ A} ,

where for any ũ ∈ C([0, T ];H) the family {S(ũ ; t, s) ; 0 ≤ s ≤ t ≤ T} is the same
one that is given in (A2), and the functions ϕ(t, ũ, ṽ) are defined by

ϕ(t, ũ, ṽ) := φ(t, ũ, S(ũ ; t, 0)ṽ), ∀ũ ∈ C([0, T ];H), ∀ṽ ∈ A, ∀t ∈ [0, T ].

Then, the following properties are satisfied:

(a) There exists a proper l.s.c. convex function ϕ on H such that

ϕ(z) ≤ ϕ(t, ũ, ṽ ; z), ∀ũ ∈ C([0, T ];H), ∀ṽ ∈ A,
∀t ∈ [0, T ], ∀z ∈ H,

and for any r ≥ 0 the level set {z ∈ H ; ‖z‖H ≤ r, |ϕ(z)| ≤ r} is relatively
compact in H. In order to show Theorem 1.3 we also assume that there
exists a constant ϕ∗ > 0 such that

|ϕ(z)| ≤ ϕ∗, ∀z ∈ D(ϕ) := {z̃ ∈ H ; ϕ(z̃) <∞}, (2.1)

which is not necessary to show Theorem 1.2.

(b) Assume that for families {ϕ(t, ũi, ṽ) ; 0 ≤ t ≤ T} ∈ X (i = 1, 2) there exists
a time T̃ ∈ [0, T ] such that ũ1(t) = ũ2(t) in H for all t ∈ [0, T̃ ]. Then, we
have

ϕ(t, ũ1, ṽ) = ϕ(t, ũ2, ṽ) on H, 0 ≤ ∀t ≤ T̃ .
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(c) Assume that a sequence {{ϕ(t, ũm, ṽm) ; 0 ≤ t ≤ T}}m∈N and {ϕ(t, ũ, ṽ) ; 0 ≤
t ≤ T} in X satisfy the following convergence as m→∞:

(ũm, ṽm) −→ (ũ, ṽ) in C([0, T ];H)×X.

Then, for any t ∈ [0, T ] we have the following convergence as m→∞:

ϕ(t, ũm, ṽm) −→ ϕ(t, ũ, ṽ) on H(S(ũ ; t, 0)ṽ)
in the sense of Mosco.

That is, the following properties are satisfied:

(i) For any z ∈ D(ϕ(t, ũ, ṽ)) there exists a sequence {zm}m∈N in H such
that

zm −→ z in H(S(ũ ; t, 0)ṽ) as m→∞,

lim
m→∞

ϕ(t, ũm, ṽm ; zm) = ϕ(t, ũ, ṽ ; z).

(ii) For any subsequence {(ũmk
, ṽmk

)}k∈N of {(ũm, ṽm)}m∈N we have

ϕ(t, ũ, ṽ ; z) ≤ lim inf
k→∞

ϕ(t, ũmk
, ṽmk

; zk)

whenever a sequence {zk}k∈N and an element z in H satisfy

zk −→ z weakly in H(S(ũ ; t, 0)ṽ) as k →∞.

We entrust the properties of the Mosco convergence of proper l.s.c. convex
functions on a Hilbert space to [12], and omit them in this paper.

Under (A3), we have already known Lemma 2.1 below, which is obtained in [7,
Lemma 2.1] and used in Sections 3, 4 and 5 repeatedly.

Lemma 2.1. There exists a constant C1 > 0 such that the following inequalities
hold for all ũ ∈ C([0, T ];H), ṽ ∈ A, t ∈ [0, T ] and z ∈ H:

|ϕ(t, ũ, ṽ ; z)| ≤ ϕ(t, ũ, ṽ ; z) + C1

(
‖z‖S(ũ ;t,0)ṽ + 1

)
,

|ϕ(z)| ≤ ϕ(z) + C1 (‖z‖H + 1) .

For a single-valued perturbation g, we assume that the following property is
fulfilled.

(A4) A perturbation g : [0, T ]×D(ϕ)×A 7−→ H satisfies the following properties:

(a) There exist a function ` : A 7−→ R and a constant c4 > 0 such that for any
r ≥ 0 a level set {v ∈ A ; `(v) ≤ r} is compact in X and

‖g(t, z, v)‖H ≤ `(v)
√
|ϕ(z)|+ c4, ∀t ∈ [0, T ], ∀z ∈ D(ϕ),

∀v ∈ A,

where ϕ is the same function that is given in (a) in (A3).
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(b) Assume that a sequence {ũm}m∈N and a function ũ in C([0, T ];H) satisfy

ũm −→ ũ in C([0, T ];H) as m→∞.

Then, for any ṽ ∈ A we have

g( · , ũm, S(ũm ; · , 0)ṽ) −→ g( · , ũ, S(ũ ; · , 0)ṽ)

weakly in L2(0, T ;H) as m→∞.

In order to make a class of the initial datum (u0, v0) clear, we assume the following
condition:

(A5) A class of initial data D is defined by

D :=

{
(u, v) ∈ H ×A ;

u ∈ D(ϕ(0, ũ, v)) for all ũ ∈ C([0, T ];H)

satisfying ũ(0) = u

}
.

Then, we assume (u0, v0) ∈ D. In what follows, we simply denote by u0 ∈
C([0, T ];H) the function u0(t) = u0 in H for all t ∈ [0, T ] if there is no con-
fusion.

Next we fix a pair (u0, v0) ∈ D, and define three subsets W(u0) ⊂ V(u0) ⊂
U(u0) of C([0, T ];H) by the following ways:

U(u0) :=

ũ ∈ C([0, T ];H) ;

ũ(0) = u0 in H,

sup
0≤t≤T

‖ũ(t)‖H +

∫ T

0

ϕ(ũ(t))dt <∞

 ,

V(u0) :=

{
ũ ∈ U(u0) ; sup

0≤t≤T
‖ũ(t)‖H + sup

0≤t≤T
ϕ(ũ(t)) <∞

}
,

W(u0) :=

{
ũ ∈ U(u0) ; ‖ũ′‖L2(0,T ;H) + sup

0≤t≤T
‖ũ(t)‖H + sup

0≤t≤T
ϕ(ũ(t)) <∞

}
.

Moreover, for any R ≥ 0 we define subsets WR(u0) ⊂ VR(u0) and UR(u0) by the
following ways:

UR(u0) :=

{
ũ ∈ U(u0) ; sup

0≤t≤T
‖ũ(t)‖H +

∫ T

0

ϕ(ũ(t))dt ≤ R

}
,

VR(u0) :=

{
ũ ∈ V(u0) ; sup

0≤t≤T
‖ũ(t)‖H + sup

0≤t≤T
ϕ(ũ(t)) ≤ R

}
,

WR(u0) :=

{
ũ ∈ W(u0) ; ‖ũ′‖L2(0,T ;H) + sup

0≤t≤T
‖ũ(t)‖H + sup

0≤t≤T
ϕ(ũ(t)) ≤ R

}
.

Since we have∫ T

0

ϕ(ũ(t))dt ≤ T sup
0≤t≤T

ϕ(ũ(t)) ≤ RT, ∀ũ ∈ VR(u0),
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we get

sup
0≤t≤T

‖ũ(t)‖H +

∫ T

0

ϕ(ũ(t)dt ≤ R(T + 1), ∀ũ ∈ VR(u0), (2.2)

which implies VR(u0) ⊂ UR(T+1)(u0). All subsets U(u0), UR(u0), V(u0), VR(u0),
W(u0) and WR(u0) are independent of the function v0. But the assumptions
(A6)–(A9) depend on (u0, v0).

(A6) For any ũ ∈ U(u0) the family {ϕ(t, ũ, v0) ; 0 ≤ t ≤ T} ∈ X satisfies the
following condition: for any r > 0 there exist nonnegative functions αr(ũ) ∈
L2(0, T ) and βr(ũ) ∈ L1(0, T ) such that the following property (?) is satisfied:

(?)



for any s, t ∈ [0, T ] and z(ũ, s) ∈ D(ϕ(s, ũ, v0))

with ‖z(ũ, s)‖S(ũ ;s,0)v0 ≤ r there exists an element

z(ũ, s, t) ∈ D(ϕ(t, ũ, v0)) such that

(d1) ‖z(ũ, s, t)− z(ũ, s)‖S(ũ ;t,0)v0

≤
(√
|ϕ(s, ũ, v0 ; z(ũ, s))|+ 1

) ∣∣∣∣∫ t

s

αr(ũ ; τ)dτ

∣∣∣∣,
(d2) |ϕ(t, ũ, v0 ; z(ũ, s, t))− ϕ(s, ũ, v0 ; z(ũ, s))|

≤ (|ϕ(s, ũ, v0 ; z(ũ, s))|+ 1)

∣∣∣∣∫ t

s

βr(ũ ; τ)dτ

∣∣∣∣ .
This condition was originally proposed in [11], and given in [7] which enables us
to apply the evolution inclusions with quasi-variational structures for not only
time-dependent subdifferentials but also inner products on H.

Remark 2.2. For a time T̃ ∈ [0, T ) and a function ū ∈ C([0, T̃ ];H) satisfying
ū(0) = u0 in H we define a prolongation ūT̃ ∈ U(u0) of ū by

ūT̃ (t) :=

{
ū(t) if t ∈ [0, T̃ ],

ū(T̃ ) if t ∈ (T̃ , T ].

From (e) in (A2) and (b) in (A3) we have

S(ũ ; t, 0) = S(ūT̃ ; t, 0) = S(ū ; t, 0) on A, ∀t ∈ [0, T̃ ],

ϕ(t, ũ, v0) = ϕ(t, ūT̃ , v0) on H, ∀t ∈ [0, T̃ ],

whenever ũ ∈ U(u0) satisfies ũ(t) = ūT̃ (t) in H for all t ∈ [0, T̃ ]. Defining

ᾱr(ū ; t) := αr(ūT̃ ; t), β̄r(ū ; t) := βr(ūT̃ ; t), ∀t ∈ [0, T̃ ],

we have ᾱr(ū) ∈ L2(0, T̃ ), β̄r(ū) ∈ L1(0, T̃ ) and see that (?) in (A6) is satisfied.

(A7) A constant R∗ > 0 is given by

R∗ :=

(
1 +

4

c21

)
{|ϕ(0, u0, v0 ;u0)|+ C1 (c2‖u0‖H + 1)}+ ‖u0‖H +

1

4
,
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where c1 > 0, c2 > 0 and C1 > 0 are the same constants that are given in (a)
in (A1) and Lemma 2.1, respectively. Then, we assume that for any R ≥ R∗ the
following properties are satisfied:

(a) There exists a family {MR(r) ; 0 < r <∞} such that

∀r > 0, sup
ũ∈UR(u0)

(
‖αr(ũ)‖L2(0,T ) + ‖βr(ũ)‖L1(0,T )

)
≤MR(r).

(b) For any r > 0 and ε > 0 there exists a constant δr,ε,R > 0 such that

sup
ũ∈UR(u0)

{
sup

0≤t≤T

∫ min{t+δr,ε,R, T}

t

(
|αr(ũ ; s)|2 + βr(ũ ; s)

+‖(S(ũ ; s, 0)v0)′‖X) ds

}
≤ ε.

(A8) There exist a family {h(ũ) ∈ W 1,2(0, T ;H) ; ũ ∈ U(u0)} and a constant
C2 > 0 such that

sup
ũ∈U(u0)

{
‖h′(ũ)‖2L2(0,T ;H) + sup

0≤t≤T
‖h(ũ ; t)‖H

+ sup
0≤t≤T

|ϕ(t, ũ, v0 ;h(ũ ; t))|
}
≤ C2.

Remark 2.3. The existence of the function h(ũ) : [0, T ] 7−→ H in (A8) is guaran-
teed in [7]. Actually, using [7, Proposition 2.5 and Remark 2.6], we see that for any
ũ ∈ U(u0) there exists a function h(ũ) : [0, T ] 7−→ H and a constant C̃2(ũ) > 0,
such that

sup
0≤t≤T

‖h(ũ ; t)‖H + sup
0≤t≤T

|ϕ(t, ũ, v0 ;h(ũ ; t))|+ ‖h′(ũ)‖2L2(0,T ;H) ≤ C̃2(ũ).

Hence, (A8) implies that the constants C̃2(ũ) can be chosen so that they are
independent of the choice of functions ũ ∈ U(u0). Roughly speaking, there exists
a constant C2 > 0 such that

sup
ũ∈U(u0)

C̃2(ũ) ≤ C2.

At last, we assume that the following uniform estimate is fulfilled.

(A9) There exists a constant C3 > 0 such that

sup
ũ∈U(u0)

(
sup

0≤t≤T
`(S(ũ ; t, 0)v0) + ‖(S(ũ ; t, 0)v0)′‖L1(0,T ;X)

)
≤ C3,

where ` is the same function that is given in (A4).
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For a prescribed datum f we assume that the following condition is satisfied:

(A10) f ∈ L2(0, T ;H)

At the end of this section, we show Lemma 2.4 which plays a significant role in
the Schauder fixed-point argumentation to show Theorem 1.2 under all assump-
tions (A1)–(A10).

Lemma 2.4. For any R ≥ R∗ the set VR(u0) is nonempty, convex and closed in
C([0, T ];H). Moreover, WR(u0) is nonempty, convex and compact in C([0, T ];H).

Proof. From (a) in (A3) and (A5) we get u0 ∈ WR(u0) ⊂ VR(u0). Moreover, we
see from (a) in (A3) again that VR(u0) is convex and closed in C([0, T ];H), and
WR(u0) is convex and closed in C([0, T ];H) and weakly closed in W 1,2(0, T ;H).
Moreover, from Lemma 2.1 we get

sup
0≤t≤T

|ϕ(ũ(t))| ≤ sup
0≤t≤T

ϕ(ũ(t)) + C1

(
sup

0≤t≤T
‖ũ(t)‖H + 1

)
≤ R+ C1(R+ 1), ∀ũ ∈ WR(u0).

Applying the Ascoli–Arzelà theorem, we see that WR(u0) is relatively compact in
C([0, T ];H).

3. Auxiliary problem

In this section, for any ũ ∈ U(u0) we consider a Cauchy problem (AP)ũ with
variational structures as an auxiliary problem of (P) on [0, T ]:

(AP)ũ


w′(t) + ∂ṽ(t)ϕ(t, ũ, v0 ;w(t)) 3 f(t)− g(t, ũ(t), ṽ(t))

in H(ṽ(t)), a.a. t ∈ [0, T ],

ṽ(t) = S(ũ ; t, 0)v0 in A, ∀ t ∈ [0, T ],

w(0) = u0 in H.

Then, we have the following lemma, which guarantees the existence and uniqueness
result of strong solutions to (AP)ũ on [0, T ].

Lemma 3.1. The Cauchy problem (AP)ũ has a unique strong solution w ∈
W 1,2(0, T ;H) ∩ U(u0).

Proof. From (A4), (A9) and Lemma 2.1 we get the following inequality for all
t ∈ [0, T ]:

‖g(t, ũ(t), ṽ(t))‖2H ≤ `(ṽ(t))2 (|ϕ(ũ(t))|+ c4) (3.1)

≤ C2
3 {ϕ(ũ(t)) + C1‖ũ(t)‖H + C1 + c4} ,
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which implies g( · , ũ, ṽ) ∈ L2(0, T ;H) with the following estimate:

‖g( · , ũ, ṽ)‖L2(0,T ;H) ≤ C3

{∫ T

0

ϕ(ũ(t))dt (3.2)

+ T

(
C1 sup

0≤t≤T
‖ũ(t)‖H + C1 + c4

)} 1
2

.

Applying [7, Theorem 3.1], from (A10) and (3.2) we get this lemma.

From Lemma 3.1 we can define an operator S : U(u0) 7−→ W 1,2(0, T ;H) ∩ U(u0),
which assigns the unique strong solution w of (AP)ũ on [0, T ] to ũ, by

Sũ := w, ∀ũ ∈ U(u0).

We show some estimates of the solution Sũ and {ϕ(t, ũ, v0 ; (Sũ)(t)) ; 0 ≤ t ≤ T}.
In order to do this, first of all we give the first type energy inequality in Lemma 3.2,
which is obtained in [7, Lemma 2.10].

Lemma 3.2. The following first type energy inequality holds for a.a. t ∈ (0, T ):

d

dt
‖(Sũ)(t)− h(ũ ; t)‖2ṽ(t) − 2((Sũ)′(t)− h′(ũ ; t), (Sũ)(t)− h(ũ ; t))ṽ(t)

≤ c3‖ṽ′(t)‖X‖(Sũ)(t)− h(ũ ; t)‖2ṽ(t),

where h(ũ) is the same function that is given in (A8).

Using the first type energy inequality in Lemma 3.2, we show Lemma 3.3.

Lemma 3.3. There exists a constant C4 > 0, which depends on

‖u0‖H , ‖v0‖X , sup
0≤t≤T

‖ũ(t)‖H ,
∫ T

0

ϕ(ũ(t))dt, T

such that

sup
0≤t≤T

‖(Sũ)(t)‖H +

∫ T

0

|ϕ(t, ũ, v0 ; (Sũ)(t))|dt ≤ C4.

Hence, we have (Sũ)(t) ∈ D(ϕ(t, ũ, v0)) for a.a. t ∈ [0, T ] and Sũ ∈ UC4(u0).

Proof. Using Lemmas 2.1 and 3.2, we see from (a) in (A1), (A8) and (3.1) that
the following inequality holds for a.a. t ∈ (0, T ):

d

dt
‖(Sũ)(t)− h(ũ ; t)‖2ṽ(t) + 2|ϕ(t, ũ, v0 ; (Sũ)(t))| (3.3)

≤ (c3‖ṽ′(t)‖X + 3) ‖(Sũ)(t)− h(ũ ; t)‖2ṽ(t)

+ 2C1

(
‖(Sũ)(t)− h(ũ ; t)‖ṽ(t) + ‖h(ũ ; t)‖ṽ(t) + 1

)
+ c22

(
‖g(t, ũ(t), ṽ(t))‖2H + ‖f(t)‖2H + ‖h′(ũ ; t)‖2H

)
+ 2|ϕ(t, ũ, v0 ;h(ũ ; t))|

≤ (c3‖ṽ′(t)‖X + C1 + 3) ‖(Sũ)(t)− h(ũ ; t)‖2ṽ(t) +G(t),
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where G ∈ L1(0, T ) is a function given by

G(t) := c22
(
‖f(t)‖2H + ‖h′(ũ ; t)‖2H

)
+ 2C2(c2C1 + 1) + 3C1

+ (c2C3)2

{
ϕ(ũ(t)) + C1 sup

0≤t≤T
‖ũ(t)‖H + C1 + c4

}
.

Applying the Gronwall lemma to (3.3) and using (a) in (A1) again, we see that
the following inequality holds for all t ∈ [0, T ]:

c21‖(Sũ)(t)− h(ũ ; t)‖2H + 2

∫ t

0

|ϕ(s, ũ, v0 ; (Sũ)(s))|ds (3.4)

≤
(
‖u0 − h(ũ ; 0)‖2v0 +

∫ T

0

G(t)dt

)
exp

(
c3

∫ T

0

‖ṽ′(t)‖Xdt+ TC1 + 3T

)
≤
{

2c22
(
‖u0‖2H + ‖h(ũ ; 0)‖2H

)
+

∫ T

0

G(t)dt

}
× exp

(
c3

∫ T

0

‖ṽ′(t)‖Xdt+ (C1 + 3)T

)
.

From (A8) and (A9) we get{
2c22
(
‖u0‖2H + ‖h(ũ ; 0)‖2H

)
+

∫ T

0

G(t)dt

}
(3.5)

× exp

(
c3

∫ T

0

‖ṽ′(t)‖Xdt+ (C1 + 3)T

)
≤ ec3C3+(C1+3)T

[
2c22

(
‖u0‖2H + C2

2 + ‖f‖2L2(0,T ;H) + C2

)
+ T {2C2(c2C1 + 1) + 3C1}+ (c2C3)2

{∫ T

0

ϕ(ũ(t))dt

+T

(
C1 sup

0≤t≤T
‖ũ(t)‖H + C1 + c4

)}]
=: C̃4,

We see from (3.4), (3.5) and Remark 2.3 that the following estimates holds:

sup
0≤t≤T

‖(Sũ)(t)‖H +

∫ T

0

|ϕ(t, ũ, v0 ; (Sũ)(t))|dt ≤

√√√√2

(
C2

2 +
C̃4

c21

)
+
C̃4

2
=: C4,

which implies that this lemma holds.

Using [7, Lemma 2.11] and Lemma 3.3, we get the second type energy inequal-
ity in Lemma 3.4.

Lemma 3.4. There exist constants C5 > 0 and C6 > 0, which also depend on

‖u0‖H , ‖v0‖X , sup
0≤t≤T

‖ũ(t)‖H ,
∫ T

0

ϕ(ũ(t))dt, T
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such that the following inequality holds for a.a. t ∈ (0, T ):

d

dt
ϕ(t, ũ, v0 ; (Sũ)(t)) + ((Sũ)′(t), (Sũ)′(t) + g(t, ũ(t), ṽ(t))− f(t))ṽ(t)

≤ C5‖f(t)− g(t, ũ(t), ṽ(t))− (Sũ)′(t)‖ṽ(t)

(√
|ϕ(t, ũ, v0 ; (Sũ)(t))|+ 1

)
× αC4(ũ ; t) + C6

(
|ϕ(t, ũ, v0 ; (Sũ)(t))|+ 1

)
(βC4(ũ ; t) + ‖ṽ′(t)‖X) ,

where C4 is the same constant that is obtained in Lemma 3.3.

Using Lemmas 2.1, 3.2 and 3.4, we show Lemma 3.5.

Lemma 3.5. The following estimates are satisfied:

(1) There exists a constant C7 > 0, which depends on Ci > 0 (1 ≤ i ≤ 6) as well
as

ϕ(0, u0, v0 ;u0), ‖αC4
(ũ)‖L2(0,T ), ‖βC4

(ũ)‖L1(0,T ),

such that

‖(Sũ)′‖L2(0,T ;H) + sup
0≤t≤T

‖(Sũ)(t)‖H

+ sup
0≤t≤T

|ϕ(t, ũ, v0 ; (Sũ)(t))| ≤ C7.

Hence, we have (Sũ)(t) ∈ D(ϕ(t, ũ, v0)) for all t ∈ [0, T ] and Sũ ∈ WC7
(u0).

(2) For any ε ∈ (0, 1) there exist constants C8(ε) > 0, which depends on Ci >
0 (i = 5, 6) and ε > 0, and C9 > 0, which depends on Ci > 0 (i = 1, 4) but
is independent of ε, such that the following inequality holds for all s, t with
0 ≤ s ≤ t ≤ T :

ϕ(t, ũ, v0 ; (Sũ)(t))

+

∫ t

s

((Sũ)′(τ), (Sũ)′(τ) + g(τ, ũ(τ), ṽ(τ))− f(τ))ṽ(τ)dτ

≤ ϕ(s, ũ, v0 ; (Sũ)(t))

+ ε

∫ t

s

‖(Sũ)′(τ) + g(τ, ũ(τ), ṽ(τ))− f(τ)‖2ṽ(τ)dτ

+ C8(ε)

∫ t

s

{ϕ(τ, ũ, v0 ; (Sũ)(τ)) + C9}

×
(
|αC4

(ũ ; τ)|2 + βC4
(ũ ; τ) + ‖ṽ′(τ)‖X

)
dτ.
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Proof. First of all, we have the following three inequalities for a.a. t ∈ (0, T ):

((Sũ)′(t), g(t, ũ(t), ṽ(t))− f(t))ṽ(t) (3.6)

≥ − 1

4
‖(Sũ)′(t)‖2ṽ(t) − 2c22

(
‖g(t, ũ(t), ṽ(t))‖2H + ‖f(t)‖2H

)
,

C5‖f(t)− g(t, ũ(t), ṽ(t))‖ṽ(t)

(√
|ϕ(t, ũ, v0 ; (Sũ)(t))|+ 1

)
αC4

(ũ ; t) (3.7)

≤ c22C
2
5

(
‖f(t)‖2H + ‖g(t, ũ(t), ṽ(t))‖2H

)
+
(
|ϕ(t, ũ, v0 ; (Sũ)(t))|+ 1

)
|αC4(ũ ; t)|2,

C5‖(Sũ)′(t)‖ṽ(t)

(√
|ϕ(t, ũ, v0 ; (Sũ)(t))|+ 1

)
αC4

(ũ ; t) (3.8)

≤ 1

4
‖(Sũ)′(t)‖2ṽ(t) + 2C2

5

(
|ϕ(t, ũ, v0 ; (Sũ)(t))|+ 1

)
|αC4(ũ ; t)|2.

Substituting (3.6), (3.7) and (3.8) into the second type inequality in Lemma 3.4,
we get the following inequality for a.a. t ∈ (0, T ):

1

2
‖(Sũ)′(t)‖2ṽ(t) +

d

dt
ϕ(t, ũ, v0 ; (Sũ)(t)) (3.9)

≤
(
2C2

5 + C6 + 1
) (
|ϕ(t, ũ, v0 ; (Sũ)(t))|+ 1

)
×
(
|αC4

(ũ ; t)|2 + βC4
(ũ ; t) + ‖ṽ′(t)‖X

)
+ c22

(
C2

5 + 2
) (
‖f(t)‖2H + ‖g(t, ũ(t), ṽ(t))‖2H

)
.

Using (a) in (A1), (3.9), Lemmas 2.1 and 3.3, we get the following inequality for
a.a. t ∈ (0, T ):

c21
2
‖(Sũ)′(t)‖2H +

d

dt
ϕ(t, ũ, v0 ; (Sũ)(t)) (3.10)

≤ C10

(
|αC4(ũ ; t)|2 + βC4(ũ ; t) + ‖ṽ′(t)‖X

)
×
{
ϕ(t, ũ, v0 ; (Sũ)(t)) + C1

(
‖(Sũ)(t)‖ṽ(t) + 1

)
+ 1
}

+ c22
(
C2

5 + 2
) (
‖f(t)‖2H + ‖g(t, ũ(t), ṽ(t))‖2H

)
≤ C10

(
|αC4

(ũ ; t)|2 + βC4
(ũ ; t) + ‖ṽ′(t)‖X

)
ϕ(t, ũ, v0 ; (Sũ)(t))

+ C11

(
‖f(t)‖2H + ‖g(t, ũ(t), ṽ(t))‖2H + |αC4

(ũ ; t)|2

+βC4
(ũ ; t) + ‖ṽ′(t)‖X) ,

where the constants C10 > 0 and C11 > 0 are given by

C10 := 2C2
5 + C6 + 1, C11 := C10(c2C1C4 + C1 + 1) + c22

(
C2

5 + 2
)
.

Applying the Gronwall lemma to (3.10), we get the following inequality for all
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t ∈ [0, T ]:

c21
2

∫ t

0

‖(Sũ)′(s)‖2Hdx+ ϕ(t, ũ, v0 ; (Sũ)(t))

≤ |ϕ(0, u0, v0 ;u0)| exp

(
C10

∫ T

0

(
|αC4

(ũ ; t)|2 + βC4
(ũ ; t) + ‖ṽ′(t)‖X

)
dt

)
+ C11 exp

(
C10

∫ T

0

(
|αC4(ũ ; t)|2 + βC4(ũ ; t) + ‖ṽ′(t)‖X

)
ds

)
×
∫ T

0

(
‖f(t)‖2H + ‖g(t, ũ(t), ṽ(t))‖2H + |αC4

(ũ ; t)|2

+βC4
(ũ ; t) + ‖ṽ′(t)‖X) dt =: C̃7,

which implies

|ϕ(t, ũ, v0 ; (Sũ)(t))| ≤ ϕ(t, ũ, v0 ; (Sũ)(t)) + C1

(
‖(Sũ)(t)‖ṽ(t) + 1

)
(3.11)

≤ C̃7 + C1(c1C4 + 1) =: C̄7,

hence,∫ t

0

‖(Sũ)′(s)‖2Hdt ≤
c21
2

(
|ϕ(t, ũ, v0 ; (Sũ)(t))|+ C̃7

)
≤ c21(C̄7 + C̃7)

2
. (3.12)

From (3.11) and (3.12) we get the following estimate:

‖(Sũ)′‖L2(0,T ;H) + sup
0≤t≤T

|ϕ(t, ũ, v0 ; (Sũ)(t))| ≤

√
c21(C̄7 + C̃7)

2
+ C̄7,

which implies that (1) holds by using the estimate obtained in Lemma 3.3 together.
(2) We go back to the second type energy inequality in Lemma 3.4, and use Lemmas
2.1 and 3.3 again. Then we see that for any ε > 0 the following inequality holds
for a.a. t ∈ (0, T ):

d

dt
ϕ(t, ũ, v0 ; (Sũ)(t)) + ((Sũ)′(t), (Sũ)′(t) + g(t, ũ(t), ṽ(t))− f(t))ṽ(t) (3.13)

≤ ε‖f(t)− g(t, ũ(t), ṽ(t))− (Sũ)′(t)‖2ṽ(t)

+

(
C2

5

2ε
+ C6

){
ϕ(t, ũ, v0 ; (Sũ)(t)) + c2C1C4 + C1 + 1

}
×
(
|αC4

(ũ ; t)|2 + βC4
(ũ ; t) + ‖ṽ′(t)‖X

)
.

Putting

C8(ε) :=
C2

5

2ε
+ C6, C9 := c2C1C4 + C1 + 1,
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and integrating (3.13) on any interval [s, t] with 0 ≤ s ≤ t ≤ T , we see that (2)
holds.

In the rest of this section, we show Lemma 3.6 which plays an important role
to use the Schauder fixed-point argumentation.

Lemma 3.6. For any R ≥ R∗ the operator

S : VR(u0) 7−→W 1,2([0, T ];H) ∩ U(u0)

is continuous with respect to the strong topology of C([0, T ];H). That is, we have

Sũm −→ Sũ in C([0, T ];H) as m→∞

whenever a sequence {ũm}m∈N and an element ũ in VR(u0) satisfy

ũm −→ ũ in C([0, T ];H) as m→∞. (3.14)

Proof. From the definition of S we have the following evolution inclusion:

(Sũm)′(t) + ∂ṽm(t)ϕ(t, ũm, v0 ; (Sũm)(t)) 3 f(t)− g(t, ũm(t), ṽm(t)) (3.15)

in H(ṽm(t)), a.a. t ∈ (0, T ),

with
ṽm(t) = S(ũm ; t, 0)v0 in A, ∀ t ∈ [0, T ], (3.16)

(Sũm)(0) = u0 in H. (3.17)

From (b) in (A2), (b) in (A4), (3.14) and (3.16) we get the following convergences
as m→∞:

ṽm −→ S(ũ ; · , 0)v0 = ṽ in C([0, T ];X), (3.18)

g( · , ũm, ṽm) −→ g( · , ũ, ṽ) weakly in L2(0, T ;H). (3.19)

First of all, we show that there exists a constant R1 > 0 such that {Sũm}m∈N ⊂
WR1

(u0). We see from Lemma 3.3 that there exists a constant C4(R) > 0 such
that

sup
m∈N

(
sup

0≤t≤T
‖(Sũm)(t)‖H +

∫ T

0

|ϕ(t, ũm, v0 ; (Sũm)(t))|dt
)
≤ C4(R),

hence, from (a) in (A3)

sup
m∈N

(
sup

0≤t≤T
‖(Sũm)(t)‖H +

∫ T

0

ϕ((Sũm)(t))dt

)
≤ C4(R),

which implies Sũm ∈ UC4(R)(u0) for all m ∈ N because of (3.17). Using (a) in
(A7) and (1) in Lemma 3.5, we see that there exists a constant C5(R) > 0 such
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that

sup
m∈N

(
‖(Sũm)′‖L2(0,T ;H) + sup

0≤t≤T
‖(Sũm)(t)‖H

+ sup
0≤t≤T

|ϕ(t, ũm, v0 ; (Sũm)(t))|
)
≤ C5(R),

hence, from (a) in (A3) again

sup
m∈N

(
‖(Sũm)′‖L2(0,T ;H) + sup

0≤t≤T
‖(Sũm)(t)‖H + sup

0≤t≤T
ϕ((Sũm)(t))

)
≤ C5(R),

which implies {Sũm}m∈N ⊂ WC5(R)(u0), that is, this constant C5(R) > 0 is a
desired one as R1.

We see from Lemma 2.4 that there exist a subsequence {Sũmk
}k∈N of {Sũm}m∈N

and an element w̃ ∈ WR1(u0) such that the following convergence holds as k →∞:

Sũmk
−→ w̃ in C([0, T ];H) and weakly in W 1,2(0, T ;H), (3.20)

hence, from (3.17) and (3.20) we get

w̃(0) = u0 in H. (3.21)

In the rest of this proof, we show w̃ = Sũ. In order to do this, for any ũ ∈ U(u0)
we consider a function space L2(ũ, v0) := L2(0, T ;H) with an inner product given
by

(ξ1, ξ2)L2(ũ,v0) :=

∫ T

0

(ξ1(t), ξ2(t))ṽ(t)dt, ∀ξ1, ξ2 ∈ L2(0, T ;H),

and a proper l.s.c. convex function Φ(ũ, v0) : L2(0, T ;H) 7−→ R ∪ {∞} defined by

Φ(ũ, v0 ; η) :=

∫ T

0

ϕ(t, ũ, v0 ; η(t))dt, ∀η ∈ L2(0, T ;H).

Then, we see from (3.15) that the following inequality holds for all k ∈ N and all
η ∈ L2(0, T ;H):

Φ(ũmk
, v0 ;Sũmk

) + (f − (Sũmk
)′ − g( · , ũmk

, ṽmk
), η − Sũmk

)L2(ũmk
,v0) (3.22)

≤ Φ(ũmk
, v0 ; η).

We see from [7, Lemma 4.6] that Φ(ũmk
, v0) converges to Φ(ũ, v0) in the sense

of Mosco in L2(ũ, v0) as k → ∞, that is, for any ξ ∈ D(Φ(ũ, v0)) there exists a
sequence {ξk}k∈N ⊂ L2(0, T ;H) such that

ξk −→ ξ in L2(ũ, v0) as k →∞, (3.23)

lim
k→∞

Φ(ũmk
, v0 ; ξk) = Φ(ũ, v0 ; ξ). (3.24)
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Substituting η = ξk in (3.22), we get the following inequality for all k ∈ N:

Φ(ũmk
, v0 ;Sũmk

) + (f − (Sũmk
)′ − g( · , ũmk

, ṽmk
), ξk − Sũmk

)L2(ũmk
,v0) (3.25)

≤ Φ(ũmk
, v0 ; ξk).

Using [7, Lemmas 3.4 and 4.5] and (3.14), (3.19), (3.20), (3.23), we get

Φ(ũ, v0 ; w̃) ≤ lim inf
k→∞

Φ(ũmk
, v0 ;Sũmk

), (3.26)

lim
k→∞

(f − (Sũmk
)′ − g( · , ũmk

, ṽmk
), ξk − Sũmk

)L2(ũmk
,v0) (3.27)

= (f − w̃′ − g( · , ũ, ṽ), ξ − w̃)L2(ũ,v0).

We take lim infk→∞ in both sides of (3.25) and use (3.24), (3.26), (3.27). Then,
we get the following inequality for all ξ ∈ D(Φ(ũ)):

(f − w̃′ − g( · , ũ, ṽ), ξ − w̃)L2(ũ,v0) ≤ Φ(ũ, v0 ; ξ)− Φ(ũ, v0 ; w̃),

which implies
f − w̃′ − g( · , ũ, ṽ) ∈ ∂L2(ũ,v0)Φ(ũ, v0 ; w̃), (3.28)

where ∂L2(ũ,v0)Φ(ũ, v0) is the subdifferential of Φ(ũ, v0) with respect to the inner
product (·, ·)L2(ũ,v0). Applying [7, Lemmas 3.5 and 3.8], we see from (3.28) that
w̃ satisfies the following evolution inclusion:

w̃′(t) + ∂ṽ(t)ϕ(t, ũ, v0 ; w̃(t)) 3 f(t)− g(t, ũ(t), ṽ(t)) (3.29)

in H(ṽ(t)) a.a. t ∈ (0, T ).

We see from (3.18), (3.21) and (3.29) that w̃ is a strong solution of (AP)ũ on [0, T ],
that is, w̃ = Sũ.

4. Proof of Theorem 1.2

In this section, we fix any number R̃ satisfying R̃ > R∗, where R∗ is the same
constant in (A7). We devote this section to show Theorem 1.2 by using the
Schauder fixed-point argumentation. In order to do this, for any T̄ ∈ [0, T ] we
define a continuous operator Λ(T̄ ) : C([0, T ];H) 7−→ C([0, T ];H) by

(Λ(T̄ )ũ)(t) :=

{
ũ(t) if t ∈ [0, T̄ ],

ũ(T̄ ) if t ∈ (T̄ , T ],

and prepare Lemma 4.1 below.

Lemma 4.1. There exists a time T0 ∈ (0, T ] such that(
Λ(T0) ◦ S

)
(WR̃(u0)) ⊂ WR̃(u0).
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Proof. Repeating the argumentation similar to the proof of Lemma 3.3, we see
from Lemma 2.4 that there exists a constant C4 > 0, which depends on R̃, such
that

sup
ũ∈WR̃(u0)

(
sup

0≤t≤T
‖(Sũ)(t)‖H +

∫ T

0

|ϕ(t, ũ, v0 ; (Sũ)(t))|dt
)
≤ C4. (4.1)

Since from (2.2), (4.1), (a) in (A3) and Lemma 2.1 we have WR̃(u0) ⊂ VR̃(u0) ⊂
UR̃(T+1)(u0), we see from (a) in (A7) that there exists a constant MR̃(C4) > 0
such that

sup
ũ∈WR̃(u0)

(
‖αC4

(ũ)‖L2(0,T ) + ‖βC4
(ũ)‖L1(0,T )

)
(4.2)

≤ sup
ũ∈UR̃(T+1)(u0)

(
‖αC4

(ũ)‖L2(0,T ) + ‖βC4
(ũ)‖L1(0,T )

)
≤MR̃(T+1)(C4).

Repeating the argumentation similar to the proof of (1) in Lemma 3.5 and using
(4.1), (4.2), we see that there exists a constant C7 > 0, which also depends on R̃,
such that

sup
ũ∈WR̃(u0)

(
‖(Sũ)′‖L2(0,T ;H) + sup

0≤t≤T
‖(Sũ)(t)‖H (4.3)

+ sup
0≤t≤T

ϕ(t, ũ, v0 ; (Sũ)(t))

)
≤ C7.

From (3.1) we get

sup
0≤t≤T

‖g(t, ũ(t), ṽ(t))‖2H ≤ C2
3

{
R̃+ C1(R̃+ 1) + c4

}
. (4.4)

Using (2) in Lemma 3.5 as s = 0, we get the following inequality for all t ∈ [0, T ]:

(
3

4
− 3ε

)∫ t

0

‖(Sũ)′(s)‖2ṽ(s)ds+ ϕ(t, ũ, v0 ; (Sũ)(t))

≤ ϕ(0, u0, v0 ;u0) + c22(3ε+ 2)

∫ t

0

(
‖f(s)‖2H + ‖g(s, ũ(s), ṽ(s))‖2H

)
ds

+ C8(ε)

∫ t

0

{ϕ(s, ũ, v0 ; (Sũ)(s)) + C9}

×
(
|αC4(R̃)(ũ ; s)|2 + βC4(R̃)(ũ ; s) + ‖ṽ′(s)‖X

)
ds,
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hence, from Lemma 2.1, (4.3) and (4.4)(
3

4
− 3ε

)∫ t

0

‖(Sũ)′(s)‖2ṽ(s)ds+ |ϕ(t, ũ, v0 ; (Sũ)(t))| (4.5)

≤ |ϕ(0, u0, v0 ;u0)|+ C1‖(Sũ)(t)‖ṽ(t) + C1

+ c22(3ε+ 2)

∫ t

0

‖f(s)‖2Hds+ (c2C3)2(3ε+ 2)
{
R̃+ C1(R̃+ 1) + c4

}
t

+ C8(ε)
{
C7(R̃) + C9

}
×
∫ t

0

(
|αC4(R̃)(ũ ; s)|2 + βC4(R̃)(ũ ; s) + ‖ṽ′(s)‖X

)
ds.

Using (a) in (A1), (4.5), Lemma 2.1 and the following inequality for all t ∈ [0, T ]:

‖(Sũ)(t)‖ṽ(t) ≤
∫ t

0

‖(Sũ)′(s)‖ṽ(t)ds+ ‖u0‖ṽ(t) (4.6)

≤ c2
c1

∫ t

0

‖(Sũ)′(s)‖ṽ(s)ds+ c2‖u0‖H

≤ ε

C1

∫ t

0

‖(Sũ)′(s)‖2ṽ(s)ds+
C1

4ε

(
c2
c1

)2

t+ c2‖u0‖H ,

we get the following inequality for all t ∈ [0, T ]:(
3

4
− 4ε

)∫ t

0

‖(Sũ)′(s)‖2ṽ(s)ds+ |ϕ(t, ũ, v0 ; (Sũ)(t))| (4.7)

≤ |ϕ(0, u0, v0 ;u0)|+ C1 (c2‖u0‖H + 1) + c22(3ε+ 2)

∫ t

0

‖f(s)‖2Hds

+

[
(c2C3)2(3ε+ 2)

{
R̃+ C1(R̃+ 1) + c4

}
+

1

4ε

(
c2C1

c1

)2
]
t

+ C8(ε)
{
C7(R̃) + C9

}
×
∫ t

0

(
|αC4(R̃)(ũ ; s)|2 + βC4(R̃)(ũ ; s) + ‖ṽ′(s)‖X

)
ds.

Choosing ε = ε0 = 1
16 and a constant C12 > 0 so that

C12 ≥ max

{
35c22
16

,
35(c2C3)2{R̃+ C1(R̃+ 1) + c4}

16
+ 4

(
c2C1

c1

)2

,

C8(ε0)
{
C7(R̃) + C9

}}
,
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we see from (a) in (A1) and (4.7) that the following estimate holds for all t ∈ [0, T ]:

c21
2

∫ t

0

‖(Sũ)′(s)‖2Hds+ |ϕ(t, ũ, v0 ; (Sũ)(t))| (4.8)

≤ |ϕ(0, u0, v0 ;u0)|+ C1 (c2‖u0‖H + 1) + C12

{
t+

∫ t

0

(
‖f(s)‖2H

+|αC4(R̃)(ũ ; s)|2 + βC4(R̃)(ũ ; s) + ‖ṽ′(s)‖X
)
ds

}
.

Using (a) in (A3) and the following inequality (cf. See (4.6));

sup
0≤s≤t

‖(Sũ)(s)‖H ≤
∫ t

0

‖(Sũ)′(s)‖2Hds+
t

4
+ ‖u0‖H ,

we see from (4.8) that the following estimate holds for all t ∈ [0, T ]:(∫ t

0

‖(Sũ)′(s)‖2Hds
) 1

2

+ sup
0≤s≤t

‖(Sũ)(s)‖H + sup
0≤s≤t

ϕ((Sũ)(s)) (4.9)

≤ 2

∫ t

0

‖(Sũ)′(s)‖2Hds+ sup
0≤s≤t

|ϕ(s, ũ, v0 ; (Sũ)(s))|+ t

4
+ ‖u0‖H +

1

4

≤
(

1 +
4

c21

)
{|ϕ(0, u0, v0 ;u0)|+ C1(c2‖u0‖H + 1)}+ ‖u0‖H +

1

4
+
t

4

+ C12

(
1 +

4

c21

){∫ t

0

(
‖f(s)‖2H + |αC4(R̃)(ũ ; s)|2

+βC4(R̃)(ũ ; s) + ‖ṽ′(s)‖X
)
ds+ t

}
.

Using (b) in (A7), we see that there exists a time T0 ∈ (0, T ] such that

T0

4
+ C12

(
1 +

4

c22

)[
sup

ũ∈WR̃(u0)

{∫ T0

0

(
|αC4(R̃)(ũ ; t)|2 (4.10)

+βC4(R̃)(ũ ; t) + ‖ṽ′(t)‖X
)
dt

}
+

∫ T0

0

‖f(s)‖2Hds+ T0

]
≤ R̃−R∗,

where R∗ > 0 is the same constant that is given in (A7). From (4.9) and (4.10)
we get

‖((Λ(T0) ◦ S)ũ)′‖L2(0,T ;H) + sup
0≤t≤T

‖((Λ(T0) ◦ S)ũ)(t)‖H

+ sup
0≤t≤T

ϕ(((Λ(T0) ◦ S)ũ)(t)) ≤ R̃,

which implies that (Λ(T0) ◦ S)ũ ∈ WR̃(u0).

Now we are ready for showing Theorem 1.2.
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Proof of Theorem 1.2. We apply the Schauder fixed-point theorem to the operator
Λ(T0) ◦ S from WR̃(u0) into itself. Then, we see from Lemmas 2.4, 3.6 and 4.1
that the operator Λ(T0) ◦ S has at least one fixed-point u, that is, (Λ(T0) ◦ S)u =
u ∈ WR̃(u0) ⊂ VR̃(u0). Because of ((Λ(T0) ◦ S)u)(t) = (Su)(t) = u(t) in H for all
t ∈ [0, T0], this fixed point u satisfies

u′(t) + ∂v(t)ϕ(t, u, v0;u(t)) + g(t, u(t), v(t)) 3 f(t)

in H(v(t)), a.a. t ∈ (0, T0),

v(t) = S(u ; t, 0)v0 in A, ∀t ∈ [0, T0],

u(0) = u0 in H.

In the rest of this proof, we show the boundedness (1.1) in Definition 1.1.
Using (Su)(t) = u(t) in H for all t ∈ [0, T0] again and (Λ(T0) ◦ S)u ∈ VR̃(u0) ⊂
UR̃(T+1)(u0), we have

sup
0≤t≤T0

‖(Su)(t)‖H + sup
0≤t≤T0

ϕ((Su)(t)) (4.11)

= sup
0≤t≤T

‖u(t)‖H + sup
0≤t≤T

ϕ (u(t)) ≤ R̃.

Using the second type energy inequality in Lemma 3.4, we see from (4.11) that
there exists a constant C13 > 0 and C14 > 0, which depends on ‖u0‖H , ‖v0‖X , R̃
and T , such that the following inequality holds for a.a. t ∈ (0, T0):

d

dt
ϕ(t, u, v0 ;u(t)) + (u′(t), u′(t) + g(t, u(t), v(t))− f(t))v(t) (4.12)

≤ C13‖f(t)− g(t, u(t), v(t))− u′(t)‖v(t)

(√
|ϕ(t, u, v0 ;u(t))|+ 1

)
αR̃(u ; t)

+ C14 (|ϕ(t, u, v0 ;u(t))|+ 1) (βR̃(u ; t) + ‖v′(t)‖X) .

In order to show (1.1), we use the following estimates.
(i) From Lemma 2.1 and (A4), (A9) we get the following estimate for a.a. t ∈
(0, T0):

C13‖f(t)− g(t, u(t), v(t))‖v(t)

(√
|ϕ(t, u, v0 ;u(t))|+ 1

)
αR̃(u ; t)

≤ c22C
2
13

2
(‖f(t)‖H + ‖g(t, u(t), v(t))‖H)

2

+
1

2

(√
|ϕ(t, u, v0 ;u(t))|+ 1

)2|αR̃(u ; t)|2

≤ c22C
2
13

(
‖f(t)‖2H + ‖g(t, u(t), v(t))‖2H

)
+ (|ϕ(t, u, v0 ;u(t))|+ 1) |αR̃(u ; t)|2

≤
{
ϕ(t, u, v0 ;u(t)) + C1

(
‖u(t)‖v(t) + 1

)}
|αR̃(u ; t)|2

+ c22C
2
13‖f(t)‖2H + c22C

2
13 {φ(v(t))}2 {ϕ(u(t)) + C1 (‖u(t)‖H + 1)}

≤ |αR̃(u ; t)|2ϕ(t, u, v0 ;u(t)) + C1 (c2R1 + 1) |αR̃(u ; t)|2

+ c22C
2
13‖f(t)‖2H + c22C

2
13C

2
3{R̃+ C1(R̃+ 1)}

≤ |αR̃(u ; t)|2ϕ(t, u, v0 ;u(t)) + C15

(
|αR̃(u ; t)|2 + ‖f(t)‖2H + 1

)
,
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where the constant C15 > 0 is given by

C15 := C1(c2R1 + 1) + c22C
2
13 + c22C

2
13C

3
3

{
R̃+ C1

(
R̃+ 1

)}
.

(ii) From (A4) and (A9) we get the following estimate for a.a. t ∈ (0, T0):

(u′(t), f(t)− g(t, u(t), v(t)))v(t)

≤ 1

2
‖u′(t)‖2v(t) + ‖g(t, u(t), v(t))‖2v(t) + ‖f(t)‖2v(t)

≤ 1

2
‖u′(t)‖2v(t) + c22 {φ(v(t))}2 {ϕ(u(t)) + C1 (‖u(t)‖H + 1)}+ ‖f(t)‖2v(t)

≤ 1

2
‖u′(t)‖2v(t) + c22C

2
3

{
R̃+ C1

(
R̃+ 1

)}
+ ‖f(t)‖2v(t)

≤ 1

2
‖u′(t)‖2v(t) + C16

(
‖f(t)‖2H + 1

)
,

where the constant C16 > 0 is given by

C16 := c22C
2
3

{
R̃+ C1

(
R̃+ 1

)}
+ 1.

(iii) Repeating the argumentation similar to (i), we get the following inequality
for a.a. t ∈ (0, T0):

C13‖u′(t)‖v(t)

(√
|ϕ(t, u, v0 ;u(t))|+ 1

)
αR̃(u ; t)

≤ 1

4
‖u′(t)‖2v(t) + C2

13

(√
|ϕ(t, u, v0 ;u(t))|+ 1

)2|αR̃(u ; t)|2

≤ 1

4
‖u′(t)‖2v(t) + 2C2

13 (|ϕ(t, u, v0 ;u(t))|+ 1) |αR̃(u ; t)|2

≤ 1

4
‖u′(t)‖2v(t) + 2C2

13

{
ϕ(t, u, v0 ;u(t)) + C1

(
‖u(t)‖v(t) + 1

)}
|αR̃(u ; t)|2

≤ 1

4
‖u′(t)‖2v(t) + 2C2

13|αR̃(u ; t)|2ϕ(t, u, v0 ;u(t))

+ 2C1C
2
13

(
c2R̃+ 1

)
|αR̃(u ; t)|2.

(iv) From Lemma 2.1 again we get the following inequality for a.a. t ∈ (0, T0):

C14 (|ϕ(t, u, v0 ;u(t))|+ 1) (βR̃(u ; t) + ‖v′(t)‖X)

≤ C14

{
ϕ(t, u, v0 ;u(t)) + C1

(
‖u(t)‖v(t) + 1

)}
(βR̃(u ; t) + ‖v′(t)‖X)

≤ C14 (βR̃(u ; t) + ‖v′(t)‖X)ϕ(t, u, v0 ;u(t))

+ C1C14

(
c2R̃+ 1

)
(βR̃(u ; t) + ‖v′(t)‖X) .

Substituting all estimates in (i)–(iv) into (4.12), we get the following inequality
for a.a. t ∈ (0, T0):

d

dt
ϕ(t, u, v0 ;u(t)) +

1

4
‖u′(t)‖2v(t) (4.13)

≤
(
2C2

13 + C14 + 1
) (
|αR̃(u ; t)|2 + βR̃(u ; t) + ‖v′(t)‖X

)
ϕ(t, u, v0 ;u(t))

+ C17

(
|αR̃(u ; t)|2 + βR̃(u ; t) + ‖v′(t)‖X + ‖f(t)‖2H + 1

)
,
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where the constant C17 > 0 is given by

C17 := C15 + C16 +
(
2C1C

2
13 + C1C14

)(
c2R̃+ 1

)
.

We apply the Gronwall lemma to (4.13), and use (A7) and (A9). Then, we see
that the following inequality holds for all t ∈ [0, T0]:

ϕ(t, u, v0 ;u(t)) +
c21
4

∫ t

0

‖u′(s)‖2Hds

≤
{
ϕ(0, u, v0 ;u0)

+ C17

∫ T0

0

(
|αR̃(u ; t)|2 + βR̃(u ; t) + ‖v′(t)‖X + ‖f(t)‖2H + 1

)
dt

}
× exp

(
(2C2

13 + C14 + 1)

∫ T0

0

(
|αR̃(u ; t)|2 + βR̃(u ; t) + ‖v′(t)‖X

)
dt

)
≤
{
|ϕ(0, u0, v0 ;u0)|+ C17

(
MR(T+1)(R̃) + T0 +

∫ T

0

‖f(t)‖2Hdt
)}

× exp
(

(2C2
13 + C14 + 1){MR̃(T+1)(R̃) + C3}

)
=: C18,

which implies that the following boundedness holds:

sup
0≤t≤T0

ϕ(t, u, v0 ;u(t)) +

∫ T0

0

‖u′(t)‖2Hdt ≤
(

4

c21
+ 1

)
C18.

Using Lemma 2.1, we get the boundedness (1.1), hence, u is a strong solution of
(P) on [0, T0].

Remark 4.2. As you see from the proof of Theorem 1.2, it is enough that (A7)
is satisfied for some constant R̃ > R∗ in order to show Theorem 1.2. This result
is the same to the case without a perturbation, which is obtained in [7, Section
4]. Moreover, the boundedness of ϕ in (a) in (A3), which is given by (2.1), is not
necessary for showing Theorem 1.2.

5. Proof of Theorem 1.3

In this section, we use the argumentation similar to that in [7, Section 5]. At the
beginning of this section, we define a set Z by

Z :=
{

(ū, v̄, T̄ ) := (ū, S(ū ; ·, 0)v0, T̄ ) ; ū is a strong solution of (P) on [0, T̄ ]
}

⊂
⋃

0≤T̄≤T

(
W 1,2(0, T̄ ;H) ∩ U(u0)

)
×W 1,1(0, T̄ ;X)× {T̄},

and induce an order relation � on Z by

(ū1, v̄1, T̄1) � (ū2, v̄2, T̄2)

iff 0 ≤ T̄1 ≤ T̄2 ≤ T and ū1 = ū2 in W 1,2(0, T̄1;H).
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From (A2) we have v̄1 = v̄2 in W 1,1(0, T̄1;X) whenever (ū1, v̄1, T̄1) � (ū2, v̄2, T̄2).
Moreover, from Theorem 1.2 we have Z 6= ∅.

Lemma 5.1. The ordered set (Z,�) is inductively ordered. That is, any linearly
ordered subset Y of Z is bounded above.

Proof. Let Y be any linearly ordered subset of Z. We define a triplet (û, v̂, T̂ ) by

T̂ := sup
{
T̄ ∈ (0, T ] ; (ū, v̄, T̄ ) ∈ Y

}
,

(û(t), v̂(t)) = (ū(t), v̄(t)), ∀t ∈ [0, T̄ ] iff (ū, v̄, T̄ ) ∈ Y and T̄ ∈ [0, T̂ ).

It is clear that the triplet (û, v̂, T̂ ) is uniquely determined and û is a strong so-
lution of (P) on [0, T̂ ). From the definition of T̂ we can take out a sequence
{(ūm, v̄m, T̄m)}m∈N ⊂ Y such that

T̄m ↗ T̂ as m→∞,

ū′m(t) + ∂v̄m(t)ϕ(t, ūm, v0 ; ūm(t)) + g(t, ūm(t), v̄m(t)) 3 f(t) (5.1)

in H(v̄m(t)), a.a. t ∈ (0, T̄m),

v̄m(t) = S(ūm; t, 0)v0, ∀t ∈ [0, T̄m], (5.2)

ūm(0) = u0 in H.

In the following argumentation, for each m ∈ N we define a function ũm ∈
C([0, T ];H) by

ũm(T ) :=

{
ūm(t) if t ∈ [0, T̄m],

ūm(T̄m) if t ∈ (T̄m, T ].

For any m ∈ N we see from (e) in (A2) that the following equalities hold for all
t ∈ [0, T̄m]: {

ūm(t) = ũm(t) = (Sũm)(t) = û(t) in H,

v̄m(t) = ṽm(t) = S(ũm ; t, 0)v0 = v̂(t) in A.
(5.3)

Using (a) in (A3), Theorem 1.2 and Definition 1.1, we see that there exists a
sequence {C∗m}m∈N such that for any m ∈ N the following inequality holds:

‖ũ′m‖L2(0,T ;H) + sup
0≤t≤T

‖ũm(t)‖H + sup
0≤t≤T

ϕ(ũm(t))

≤ ‖ū′m‖L2(0,T̄m;H) + sup
0≤t≤T̄m

‖ūm(t)‖H + sup
0≤t≤T̄m

|ϕ(t, ūm, v0 ; ūm(t))| ≤ C∗m,

which implies ũm ∈ WC∗m
(u0) ⊂ U(u0). Hence, from (5.2) and (A8), (A9) we get

sup
m∈N

{
‖h′(ũm)‖2L2(0,T ;H) + sup

0≤t≤T
‖h(ũm; t)‖H (5.4)

+ sup
0≤t≤T

|ϕ(t, ũm, v0 ;h(ũm; t))|
}
≤ C2,

sup
m∈N

(
sup

0≤t≤T
`(v̄m(t)) + ‖v̄′m‖L1(0,T ;X)

)
≤ C3. (5.5)
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In the following argumentation, we consider a sequence {Sũm}m∈N and repeat
the similar argumentation to the derivation of (3.3). Then, we get the following
inequality for a.a. t ∈ (0, T ):

d

dt
‖(Sũm)(t)− h(ũm; t)‖2ṽm(t) + 2ϕ(t, ũm, v0 ; (Sũm)(t)) (5.6)

≤ c3‖ṽ′m(t)‖X‖(Sũm)(t)− h(ũm; t)‖2ṽm(t) + 2ϕ(t, ũm, v0 ;h(ũm; t))

+ 2(f(t)− h′(ũm; t)− g(t, ũm(t), ṽm(t)), (Sũm)(t)− h(ũm; t))ṽm(t)

≤ (c3‖ṽ′m(t)‖X + 2) ‖(Sũm)(t)− h(ũm; t)‖2ṽm(t) + 2|ϕ(t, ũm, v0 ;h(ũm; t)|
+ 2c2‖g(t, ũm(t), ṽm(t))‖H‖(Sũm)(t)− h(ũm; t)‖ṽm(t)

+ c22
(
‖f(t)‖2H + ‖h′(ũm; t)‖2H

)
.

We see from (2.1) in (A3), (A4), (A8), (A9), (5.2), (5.3) and Lemma 2.1 that the
following inequality holds for all t ∈ [0, T ]:

2c2‖g(t, ũm(t), ṽm(t))‖H‖(Sũm)(t)− h(ũm; t)‖ṽm(t) (5.7)

≤ 2c2`(ṽm(t))‖(Sũm)(t)− h(ũm; t)‖ṽm(t)

√
|ϕ(ũm(t))|+ c4

≤ c22C
3
3‖(Sũm)(t)− h(ũm; t)‖2ṽm(t) + ϕ∗ + c4.

Substituting (5.7) into (5.6), we get the following inequality for all m ∈ N and a.a.
t ∈ (0, T ):

d

dt
‖(Sũm)(t)− h(ũm; t)‖2ṽm(t) + 2ϕ(t, ũm, v0 ; (Sũm)(t))

≤
(
c3‖ṽ′m(t)‖X + c22C

2
3 + 2

)
‖(Sũm)(t)− h(ũm; t)‖2ṽm(t)

+ c22
(
‖f(t)‖2H + ‖h′(ũm; t)‖2H

)
+ 2C2 + ϕ∗ + c4,

hence, from Lemma 2.1 again

d

dt
‖(Sũm)(t)− h(ũm; t)‖2ṽm(t) + 2|ϕ(t, ũm, v0 ; (Sũm)(t))| (5.8)

≤
(
c3‖ṽ′m(t)‖X + c22C

2
3 + 2

)
‖(Sũm)(t)− h(ũm; t)‖2ṽm(t)

+ 2C1‖(Sũm)(t)‖ṽm(t) + c22
(
‖f(t)‖2H + ‖h′(ũm; t)‖2H

)
+ 2C1 + 2C2 + ϕ∗ + c4

≤
(
c3‖ṽ′m(t)‖X + c22C

2
3 + 3

)
‖(Sũm)(t)− h(ũm; t)‖2ṽm(t)

+ 2c2C1‖h(ũm; (t)‖H + c22
(
‖f(t)‖2H + ‖h′(ũm; t)‖2H

)
+ C2

1 + 2C1 + 2C2 + ϕ∗ + c4

≤
(
c3‖ṽ′m(t)‖X + c22C

2
3 + 3

)
‖(Sũm)(t)− h(ũm; t)‖2ṽm(t)

+ c22
(
‖f(t)‖2H + ‖h′(ũm; t)‖2H

)
+ 2c2C1C2

+ C2
1 + 2C1 + 2C2 + ϕ∗ + c4

≤ C19 (‖ṽ′m(t)‖X + 1) ‖(Sũm)(t)− h(ũm; t)‖2ṽm(t)

+ C20

(
‖f(t)‖2H + ‖h′(ũm; t)‖2H + 1

)
,



200 A. Ito

where the constants C19 > 0 and C20 > 0 are given by

C19 := c3 + c22C
2
3 + 3, C20 := c22 + 2c2C1C2 + C2

1 + 2C1 + 2C2 + ϕ∗ + c4.

Applying the Gronwall lemma to (5.8), we get the following inequality for all
m ∈ N and all t ∈ [0, T ]:

‖(Sũm)(t)− h(ũm; t)‖2ṽm(t) + 2

∫ t

0

|ϕ(s, ũm, v0 ; (Sũm)(s))|ds

≤ ‖u0 − h(ũm; 0)‖2v0 exp

(
C19

∫ T

0

(‖ṽ′m(t)‖X + 1) ds

)
+ C20

∫ T

0

(
‖f(t)‖2H + ‖h′(ũm; t)‖2H + 1

)
dt

× exp

(
C19

∫ T

0

(‖ṽ′m(t)‖X + 1) ds

)
,

hence, from (A8) and (A9) (cf. (5.4) and (5.5), respectively)

c21
2
‖(Sũm)(t)‖2H + 2

∫ t

0

|ϕ(s, ũm, v0 ; (Sũm)(s))|ds

≤ eC19(C3+T )
{
c22 (‖u0‖H + C2)

2

+ C20

(
‖f‖2L2(0,T ;H) + C2 + T

)}
+ c22C

2
2 =: C21.

Hence, we get the following uniform estimate:

sup
m∈N

(
sup

0≤t≤T
‖(Sũm)(t)‖H +

∫ T

0

|ϕ(t, ũm, v0 ; (Sũm)(t))|dt
)
≤ C21

2
+

√
2C21

c1
.

From (5.3) we get

sup
m∈N

(
sup

0≤t≤T̄m

‖ūm(t)‖H +

∫ T̄m

0

ϕ(ūm(t))dt

)
≤ C21

2
+

√
2C21

c1
,

hence, from (a) in (A3)

sup
m∈N

(
sup

0≤t≤T
‖ũm(t)‖H +

∫ T

0

ϕ(ũm(t))dt

)
≤ C21

2
+

√
2C21

c1
+ ϕ∗T =: R2, (5.9)

which implies {ũm}m∈N ⊂ UR2
(u0).

Next, we see from (2) in Lemma 3.5 and (5.3), (5.9) that for any ε > 0 there
exist constants C22(ε) > 0 and C23 > 0 such that the following inequality holds
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for all m ∈ N and all s, t ∈ [0, T ] with s ≤ t:

ϕ(t, ũm, v0 ; (Sũm)(t))

+

∫ t

s

((Sũm)′(τ), (Sũm)′(τ) + g(τ, ũm(τ), ṽm(τ))− f(τ))v̄m(τ)dτ

≤ ϕ(s, ũm, v0 ; (Sũm)(s))

+ ε

∫ t

s

‖(Sũm)′(τ) + g(τ, ũm(τ), ṽm(τ))− f(τ)‖2ṽm(τ)dτ

+ C22(ε)

∫ t

s

{ϕ(τ, ũm, v0 ; (Sũm)(τ)) + C23}

×
(
|αR2

(ũm; τ)|2 + βR2
(ũm; τ) + ‖ṽ′m(τ)‖X

)
dτ,

hence, from (A9)

ϕ(t, ũm, v0 ; (Sũm)(t))− ϕ(s, ũm, v0 ; (Sũm)(s)) (5.10)

+ (1− 4ε)

∫ t

s

‖(Sũm)′(τ)‖2ṽ(τ)dτ

− C22(ε)

∫ t

s

{ϕ(τ, ũm, v0 ; (Sũm)(τ)) + C23}

×
(
|αR2

(ũm; τ)|2 + βR2
(ũm; τ) + ‖ṽ′m(τ)‖X

)
dτ

≤ c22

(
2ε+

1

4ε

)∫ t

s

(
‖f(τ)‖2H + ‖g(τ, ũm(τ), ṽm(τ))‖2H

)
dτ

≤ c22

(
2ε+

1

4ε

)∫ t

s

{
‖f(τ)‖2H +

(
sup

0≤t≤T
`(ṽm(t))

)2

(|ϕ(ũm(τ))|+ c4)

}
dτ

≤ c22

(
2ε+

1

4ε

)∫ t

s

{
‖f(τ)‖2H + C2

3 (ϕ∗ + c4)
}
dτ.

Taking ε = 1
8 and putting C̄22 := C22( 1

8 ) in (5.10), we get the following inequality
for a.a. t ∈ (0, T ):

1

2
‖(Sũm)′(t)‖2ṽm(t) +

d

dt
ϕ(t, ũm, v0 ; (Sũm)(t)) (5.11)

≤ C̄22

(
|αR2(ũm; t)|2 + βR2(ũm; t) + ‖ṽ′m(t)‖X

)
ϕ(t, ũm, v0 ; (Sũm)(t))

+ C24

(
|αR2

(ũm; t)|2 + βR2
(ũm; t) + ‖ṽ′m(t)‖X + ‖f(t)‖2H + 1

)
,

where C24 > 0 is given by

C24 := C̄22C23 +
9c22{1 + C3

3 (ϕ∗ + c4)}
4

.

Applying the Gronwall lemma to (5.11), we see from (5.3) that the following
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inequality holds for all t ∈ [0, T ] and m ∈ N:

1

2

∫ t

0

‖(Sũm)′(s)‖2ṽm(s)ds+ ϕ(t, ũm, v0 ; (Sũm)(t))

≤ exp

(
C24

∫ T

0

(
|αR2(ũm; t)|2 + βR2(ũm; t) + ‖ṽ′m(t)‖X

)
dt

){
|ϕ(0, u0, v0 ;u0)|

+ C24

(∫ T

0

(
‖f(t)‖2H + |αR2

(ũm; t)|2 + βR2
(ũm; t) + ‖ṽ′m(t)‖X + 1

)
dt

)}
.

Since from (A7) with (5.9) and (A9) we get the following uniform estimate:

sup
m∈N

(
‖αR2

(ũm)‖2L2(0,T ) + ‖βR2
(ũm)‖L1(0,T )

+ ‖ṽ′m‖L1(0,T ;X)

)
≤MR2

(R2) + C3 =: C25,

we see from (5.5) and (5.9) that the following inequality holds for all m ∈ N and
all t ∈ [0, T ]:

1

2

∫ t

0

‖(Sũm)′(s)‖2v̄m(s)ds+ ϕ(t, ũm, v0 ; (Sũm)(t)) ≤ C26, (5.12)

where C18 > 0 is given by

C26 := eC24C25

{
|ϕ(0, u0, v0 ;u0)|+ C24

(
‖f‖2L2(0,T ;H) + C25 + T

)}
.

The estimate (5.12) gives the following uniform estimates (cf. See (3.11) and
(3.12)):

sup
m∈N

(∫ T

0

‖(Sũm)′(t)‖2ṽm(t)dt

+ sup
0≤t≤T

|ϕ(t, ũm, v0 ; (Sũm)(t))|
)
≤ 3 {C26 + C1 (c2R2 + 1)} ,

hence, from (5.3) we get

sup
m∈N

(
‖ũ′m‖L2(0,T ;H) + sup

0≤t≤T
‖ũm(t)‖H + sup

0≤t≤T
ϕ(ũm(t))

)
≤ R3, (5.13)

where R3 > 0 is given by

R3 := R2 + 3 {C26 + C1 (c2R2 + 1)}+

√
3 {C26 + C1 (c2R2 + 1)}

c1
.

which implies {ũm}m∈N ⊂ WR3
(u0).

Now, we see from Lemma 2.4 that there exist a subsequence {ũmk
}k∈N of

{ũm}m∈N and an element ũ ∈ WR3(u0) such that

ũmk
= (ūmk

)T̄mk
−→ ũ in C([0, T ];H) as k →∞. (5.14)
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Using (b) in (A2), (b) in (A4) and Lemma 3.6, we see from (5.14) that the following
convergences hold as k →∞:

ṽmk
−→ S(ũ ; ·, 0)v0 =: ṽ in C([0, T ];X), (5.15)

g(ũmk
, ṽmk

) −→ g(ũ, ṽ) weakly in L2(0, T ;H), (5.16)

Sũmk
−→ Sũ in C([0, T ];H). (5.17)

From (5.3), (5.14) and (5.17) we get

Sũ(t) = ũ(t) = û(t) in H, ∀t ∈ [0, T̂ ), (5.18)

ũ(t) = ũ(T̂ ) in H, ∀t ∈ [T̂ , T ], (5.19)

hence,
û(t) −→ ũ(T̂ ) in H as t↗ T̂ . (5.20)

Finally, from the definition of S and (5.14)–(5.20) we have
ũ′(t) + ∂ṽ(t)ϕ(t, ũ, v0 ; ũ(t)) 3 f(t)− g(ũ(t), ṽ(t))

in H(ṽ(t)), a.a. t ∈ (0, T̂ ),

ṽ(t) = S(ũ ; t, 0)v0 in X, ∀t ∈ [0, T̂ ],

ũ(0) = u0 in H,

with the following estimate, which is derived from (5.13), (5.14) and implies ũ ∈
VR3

(u0):

sup
0≤t≤T̂

‖ũ(t)‖H + sup
0≤t≤T̂

ϕ(ũ(t)) = sup
0≤t≤T

‖ũ(t)‖H + sup
0≤t≤T

ϕ(ũ(t)) ≤ R3.

Repeating the argumentation similar to the proof of Lemma 3.5, we see that there
exists a constant R4 > 0 such that

‖ũ′‖L2(0,T̂ ;H) + sup
0≤t≤T̂

‖ũ(t)‖H + sup
0≤t≤T̂

|ϕ(t, ũ, v0 ; ũ(t))| ≤ R4.

Hence ũ is a strong solution of (P) on [0, T̂ ], that is, the triplet (ũ, ṽ, T̂ ) is an upper
bound of Y.

Now we are ready for giving a proof of Theorem 1.3.

Proof of Theorem 1.3. Applying the Zorn lemma, we see from Lemma 5.1 that
the inductively ordered set (Z,�) has at least one maximal element (u∗, v∗, T ∗).
If T ∗ = T is shown, from the definition of (Z,�) it is clear that u∗ is a strong
solution of (P) on [0, T ]. Hence, in the rest of this proof, it is enough to show
T ∗ = T . For this, we assume T ∗ < T . We see from Theorem 1.2 that there exists
a constant C∗ > 0 such that

‖(u∗)′‖L2(0,T∗;H) + sup
0≤t≤T∗

‖u∗(t)‖H + sup
0≤t≤T∗

|ϕ(t, u∗, v0 ;u∗(t))| ≤ C∗. (5.21)
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Now, we define a subset C∗(u0, v0) ⊂ C([0, T − T ∗];H) by

C∗(u0, v0) := {w ∈ C([0, T − T ∗];H) ; w(0) = u∗(T ∗)}.

In the following argumentation, for any w̃ ∈ C∗(u0, v0) we define a function ũ(w̃) ∈
C([0, T ];H) by

ũ(w̃ ; t) :=

{
u∗(t) if t ∈ [0, T ∗],

w̃(t− T ∗) if t ∈ (T ∗, T ],
(5.22)

and a family of proper l.s.c. convex functions on H, denoted by {ψ(t, w̃, v0) ; 0 ≤
t ≤ T − T ∗} throughout this proof, by

ψ(t, w̃, v0) := ϕ(t+ T ∗, ũ(w̃), v0) (5.23)

= φ(t+ T ∗, ũ(w̃), S(ũ(w̃); t+ T ∗, 0)v0), ∀t ∈ [0, T − T ∗].

We consider a set X ∗(u0, v0) given by

X ∗(u0, v0) := {{ψ(t, w̃, v0) ; 0 ≤ t ≤ T − T ∗} ; w̃ ∈ C∗(u0, v0)} .

Then, we see that (B3) is satisfied instead of (A3):

(B3) The following properties are satisfied:

(a) From (a) in (A3) we get the following inequality:

ϕ(z) ≤ ψ(t, w̃, v0 ; z), ∀w̃ ∈ C∗(u0, v0),

∀t ∈ [0, T − T ∗], ∀z ∈ H.

(b) Assume that functions w̃1, w̃2 ∈ C∗(u0, v0) satisfy w̃1(t) = w̃2(t) in H for
all t ∈ [0, T̄ ] for some T̄ ∈ [0, T − T ∗]. Since from (5.22) we have ũ(w̃1 ; t) =
ũ(w̃2 ; t) in H for all t ∈ [0, T ∗+T̄ ], we see from (b) in (A3) that the following
equality holds:

ϕ(t, ũ(w̃1), v0) = ϕ(t, ũ(w̃2), v0) on H, 0 ≤ ∀t ≤ T ∗ + T̄ ,

ϕ(t+ T ∗, ũ(w̃1), v0) = ϕ(t+ T ∗, ũ(w̃2), v0) on H,

0 ≤ ∀t ≤ T̄ ,

which implies

ψ(t, w̃1, v0) = ψ(t, w̃2, v0) on H, 0 ≤ ∀t ≤ T̄ .

(c) Assume that {w̃m}m∈N ⊂ C∗(u0, v0) and w̃ ∈ C∗(u0, v0) satisfy the following
convergence:

w̃m −→ w̃ in C([0, T − T ∗];H) as m→∞.
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We see from (c) in (A3) that for any t ∈ [0, T ] the following convergence
holds as m→∞:

ϕ(t, ũ(w̃m), v0) −→ ϕ(t, ũ(w̃), v0) on H(S(ũ(w̃); t, 0)v0)

in the sense of Mosco,

hence, for any t ∈ [0, T − T ∗]

ψ(t, w̃m, v0) −→ ψ(t, w̃, v0) on H(S(ũ(w̃); t+ T ∗, 0)v0)

in the sense of Mosco.

Defining functions f∗ : [0, T − T ∗] 7−→ H and g∗ : [0, T − T ∗] ×D(ϕ) × A 7−→ H
by

f∗(t) := f(t+ T ∗), g∗(t, z, v) := g(t+ T ∗, z, v),

∀t ∈ [0, T − T ∗], ∀z ∈ D(ϕ), ∀v ∈ A,
we see that (B4) and (B5) below are satisfied instead of (A4) and (A5), respectively,
as well as f∗ ∈ L2(0, T − T ∗;H), which is easily obtained from (A10):

(B4) We see from (A4) that g∗ satisfies the following properties:

(a) We have

‖g∗(t, z, v)‖H ≤ `(v)
√
|ϕ(z)|+ c4, ∀t ∈ [0, T − T ∗],

∀z ∈ D(ϕ), ∀v ∈ A.

(b) We have the following convergence as m→∞:

g∗( · , w̃m, S(ũ(w̃m) ; · + T ∗, 0)v0)

−→ g∗( · , w̃, S(ũ(w̃) ; · + T ∗, 0)v0)

weakly in L2(0, T − T ∗;H)

whenever a sequence {w̃m}m∈N ⊂ C∗(u0, v0) and a function w̃ ∈ C∗(u0, v0)
satisfy

w̃m −→ w̃ in C([0, T − T ∗];H) as m→∞.

(B5) We define a class of initial data D∗ by

D∗ := {w ∈ H ; w ∈ D(ψ(0, w̃, v0)) for all w̃ ∈ C∗(u0, v0)}.

From (5.21) and (5.22) we get

u(T ∗) ∈ D(ϕ(T ∗, ũ(w̃), v0)) = D(ψ(0, w̃, v0)), ∀w̃ ∈ C(u0, v0),

hence, u(T ∗) ∈ D∗.

Next, we define subsets W∗(u0, v0) ⊂ V∗(u0, v0) ⊂ U∗(u0, v0) of C∗(u0, v0) by

U∗(u0, v0) :=

{
w̃ ∈ C∗(u0, v0) ; sup

0≤t≤T−T∗
‖w̃(t)‖H +

∫ T−T∗

0

ϕ(w̃(t))dt <∞

}
,
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V∗(u0, v0) :=

{
w̃ ∈ U∗(u0, v0) ; sup

0≤t≤T−T∗
‖w̃(t)‖H + sup

0≤t≤T−T∗
ϕ(w̃(t)) <∞

}
,

W∗(u0, v0) :=

w̃ ∈ U∗(u0, v0) ;

‖w̃′‖L2(0,T−T∗;H) + sup
0≤t≤T−T∗

‖w̃(t)‖H

+ sup
0≤t≤T−T∗

ϕ(w̃(t)) <∞

 ,

and for any R ≥ 0 we define subsets W∗R(u0, v0) ⊂ V∗R(u0, v0) and U∗R(u0, v0) of
U(u0, v0) by

U∗R(u0, v0) :=

{
w̃ ∈ U∗(u0, v0) ; sup

0≤t≤T−T∗
‖w̃(t)‖H +

∫ T−T∗

0

ϕ(w̃(t))dt ≤ R

}
,

V∗R(u0, v0) :=

{
w̃ ∈ V∗(u0, v0) ; sup

0≤t≤T−T∗
‖w̃(t)‖H + sup

0≤t≤T−T∗
ϕ(w̃(t)) ≤ R

}
,

W∗R(u0, v0) :=

w̃ ∈ W∗(u0, v0) ;

‖w̃′‖L2(0,T−T∗;H) + sup
0≤t≤T−T∗

‖w̃(t)‖H

+ sup
0≤t≤T−T∗

ϕ(w̃(t)) ≤ R

 .

Then, we show (B6), (B7), (B8) and (B9) instead of (A6), (A7), (A8) and (A9),
respectively:

(B6) For any {ψ(t, w̃, v0) ; 0 ≤ t ≤ T − T ∗} ∈ X ∗(u0, v0) we consider

{ϕ(t, ũ(w̃), v0) ; 0 ≤ t ≤ T} ∈ X ,

and apply (A6) to the family {ϕ(t, ũ(w̃), v0) ; 0 ≤ t ≤ T}. Then, we see that for
any r > 0 there exist nonnegative functions αr(ũ(w̃)) ∈ L2(0, T ) and βr(ũ(w̃)) ∈
L1(0, T ) such that the condition (?) is satisfied, that is, for any s, t ∈ [0, T−T ∗] and
z(ũ(w̃), s+T ∗) ∈ D(ϕ(s+T ∗, ũ(w̃), v0)) with ‖z(ũ(w̃), s+T ∗)‖S(ũ(w̃) ; t+T∗,0)v0 ≤ r
there exists z(ũ(w̃), s+ T ∗, t+ T ∗) ∈ D(ϕ(t+ T ∗, ũ(w̃), v0)) such that

(d1) ‖z(ũ(w̃), s+ T ∗, t+ T ∗)− z(ũ(w̃), s+ T ∗)‖S(ũ(w̃) ; t+T∗,0)v0

≤ (|ϕ(s+ T ∗, ũ(w̃), v0 ; z(ũ(w̃), s+ T ∗))|+ 1)

∣∣∣∣∫ t+T∗

s+T∗
αr(ũ(w̃) ; τ)dτ

∣∣∣∣
(d2) |ϕ(t, ũ(w̃), v0 ; z(ũ(w̃), s+ T ∗, t+ T ∗)− ϕ(t, ũ(w̃), v0 ; z(ũ(w̃), s+ T ∗))|

≤
(√
|ϕ(s+ T ∗, ũ(w̃), v0 ; z(ũ(w̃), s+ T ∗))|+ 1

) ∣∣∣∣∫ t+T∗

s+T∗
βr(ũ(w̃) ; τ)dτ

∣∣∣∣.
Defining the families {z∗(w̃, s) ; 0 ≤ s ≤ T−T ∗}, {z∗(w̃, s, t) ; 0 ≤ t ≤ T−T ∗} (0 ≤
∀s ≤ T − T ∗) and functions α∗r(w̃), β∗r (w̃) by the following ways:

{z∗(w̃, s) ; 0 ≤ s ≤ T − T ∗} := {z(ũ(w̃), s) ; 0 ≤ s ≤ T − T ∗},
{z∗(w̃, s, t) ; 0 ≤ t ≤ T − T ∗} := {z(ũ(w̃), s+ T ∗, t+ T ∗) ; 0 ≤ t ≤ T − T ∗},

0 ≤ ∀s ≤ T − T ∗,
α∗r(w̃ ; t) := αr(ũ(w̃) ; t+ T ∗), β∗r (w̃ ; t) := βr(ũ(w̃) ; t+ T ∗),

∀t ∈ [0, T − T ∗],
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we get α∗r(w̃) ∈ L2(0, T−T ∗), β∗r (w̃) ∈ L1(0, T−T ∗), and the following inequalities:

(d1)
∗ ‖z∗(w̃, s, t)− z∗(w̃, s)‖S(ũ(w̃) ; t+T∗,0)v0

≤ (|ψ(s, w̃, v0 ; z∗(w̃, s))|+ 1)

∣∣∣∣∫ t

s

α∗r(w̃ ; τ)dτ

∣∣∣∣
(d2)

∗ |ψ(t, w̃, v0 ; z∗(w̃, s, t)− ψ(s, w̃, v0 ; z∗(w̃, s))|

≤
(√
|ψ(s, w̃, v0 ; z∗(w̃, s))|+ 1

) ∣∣∣∣∫ t

s

β∗r (w̃ ; τ)dτ

∣∣∣∣,
which implies that (B6) holds.

(B7) In order to do this, we define a constant R̃∗ ≥ R∗ by

R̃∗ :=

(
1 +

4

c21

)
{C∗ + C1 (c2C

∗ + 1)}+ C∗ +
1

4
,

where C∗ > 0 is the same constant that is obtained in (5.21). Then, we have

R̃∗ ≥
(

1 +
2

c21

)
{|ϕ(T ∗, u∗, v0 ;u∗(T ∗))|+ C1 (c2‖u∗(T ∗)‖H + 1)}

+ ‖u∗(T ∗)‖H +
1

4
,

where u∗ in ϕ(T ∗, u∗, v0) denotes the prolongation of u∗ ∈ C([0, T ∗];H) given in
Remark 2.2, and for any R ≥ R̃∗ the following properties are satisfied:

(a) For any w̃ ∈ U∗R(u0, v0) we have

sup
0≤t≤T

‖ũ(w̃ ; t)‖H +

∫ T

0

ϕ(ũ(w̃ ; t))dt (5.24)

= sup
0≤t≤T∗

‖u∗(t)‖H + sup
0≤t≤T−T∗

‖w̃(t)‖H

+

∫ T∗

0

ϕ(u∗(t))dt+

∫ T−T∗

0

ϕ(w̃(t))dt ≤ R+ C∗(T ∗ + 1) =: R∗,

which implies ũ ∈ UR∗(u0). Using (a) in (A7), we can consider a family
{M∗R(r) ; 0 < r <∞}, which is defined by

∀r > 0, M∗R(r) := MR∗(r) = MR+C∗(T∗+1)(r).

Then, we see that for any r > 0 the following uniform estimates holds:

sup
w̃∈U∗R(u0,v0)

(
‖αr(ũ(w̃))‖L2(0,T ) + ‖βr(ũ(w̃))‖L1(0,T )

)
≤ sup
ũ∈UR∗ (u0)

(
‖αr(ũ)‖L2(0,T ) + ‖βr(ũ)‖L1(0,T )

)
≤MR∗(r),
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where αr(ũ(w̃)) and βr(ũ(w̃)) are the same functions that are given in (B6),
hence,

sup
w̃∈U∗R(u0,v0)

(
‖α∗r(w̃)‖L2(0,T−T∗) + ‖β∗r (w̃)‖L1(0,T−T∗)

)
≤M∗R(r).

(b) We see from (5.24) and (b) in (A7) that for any r > 0 and ε > 0 there exists
a constant δr,ε,R > 0 such that

sup
ũ∈UR∗ (u0)

{
sup

0≤t≤T

∫ min{t+δr,ε,R, T}

t

(
|αr(ũ ; s)|2 + βr(ũ ; s)

+‖(S(ũ ; s, 0)v0)′‖X) ds

}
≤ ε,

hence,

sup
w̃∈U∗R(u0,v0)

{
sup

0≤t≤T−T∗

∫ min{t+δr,ε,R, T−T∗}

t

(
|α∗r(w̃ ; s)|2 + β∗r (w̃ ; s)

+ ‖(S(ũ(w̃) ; s+ T ∗, 0)v0)′‖X
)
ds

}
≤ ε,

(B8) We use the family {h(ũ) ∈W 1,2(0, T ;H) ; ũ ∈ U(u0)}, which is given in (A8),
and for any w̃ ∈ U(u0, v0) we define a function h∗(w̃) : [0, T − T ∗] 7−→ H by

h∗(w̃ ; t) := h(ũ(w̃) ; t+ T ∗), ∀t ∈ [0, T − T ∗].

From (A8) we have

sup
w̃∈U∗(u0,v0)

{
‖h′(ũ(w̃))‖2L2(0,T ;H) + sup

0≤t≤T
‖h(ũ(w̃); t)‖H

+ sup
0≤t≤T

|ϕ(t, ũ(w̃), v0 ;h(ũ(w̃); t)|
}
≤ C2,

hence,

sup
w̃∈U∗(u0,v0)

{
sup

0≤t≤T−T∗
‖h∗(w̃ ; t)‖H + sup

0≤t≤T−T∗
|ψ(t, w̃, v0 ;h∗(w̃ ; t)|

+ ‖(h∗)′(w̃)‖2L2(0,T−T∗;H)

}
≤ C2.

Finally, we give (B9) and its proof. From (A9) we see that the following uniform
boundedness holds:

sup
w̃∈U∗(u0,v0)

(
sup

0≤t≤T−T∗
φ(S1(ũ(w̃); t+ T ∗, 0)v0)

+ ‖(S1(ũ(w̃); · + T ∗, 0)v0)′‖L1(0,T−T∗;X)

)
≤ C3.
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Now, we consider the Cauchy problem (P)
∗

:= {(5.25)− (5.27)}:

w′(t) + ∂z(t)ψ(t, w, v0 ;w(t)) + g∗(t, w(t), z(t)) 3 f∗(t) (5.25)

in H(z(t)), a.a. t ∈ (0, T − T ∗),

z(t) = S(w ; t, 0)v∗(T ∗) in A, ∀t ∈ [0, T − T ∗], (5.26)

w(0) = u∗(T ∗) in H. (5.27)

Applying Theorem 1.2, we see from (A1), (A2), (B3)–(B10) that there exists a time
T1 ∈ (0, T−T ∗] such that (P)

∗
has at least one strong solution w ∈W 1,2(0, T1;H),

and there exists a constant C̃∗ > 0 such that

‖w′‖L2(0,T1;H) + sup
0≤t≤T1

‖w(t)‖H + sup
0≤t≤T1

|ψ(t, w, z(t) ;w(t))| ≤ C̃∗. (5.28)

Using pairs (u∗, v∗) and (w, z), we define a pair (u, v) ∈ U(u0)×W 1,1(0, T1+T ∗;X)
by

(u(t), v(t)) :=

{
(u∗(t), v∗(t)) if t ∈ [0, T ∗],

(w(t− T ∗), z(t− T ∗)) if t ∈ (T ∗, T1 + T ∗].

Then, we easily see from (b) in (A3) that the function u satisfies not only the
following evolution inclusion for a.a. t ∈ (0, T1 + T ∗) and the initial condition:

u′(t) + ∂v(t)ϕ(t, u, v0 ;u(t)) + g(t, u(t), v(t)) 3 f(t) in H(v(t)), (5.29)

u(0) = u0 in H, (5.30)

but also the equality

(σT∗u)(t) =

{
u(t+ T ∗) = w(t) if t ∈ [0, T1],

u(T1 + T ∗) = w(T1) if t ∈ (T1, T1 + T ∗].
(5.31)

From (e), (f) and (g) in (A2) we get the following equality for all t ∈ [0, T ∗]:

v(t) = v∗(t) = S(u∗; t, 0)v0 = S(u ; t, 0)v0, (5.32)

and from (5.31), (5.32) for all t ∈ (T ∗, T1 + T ∗]:

v(t) = z(t− T ∗) = S(w ; t− T ∗, 0)v∗(T ∗)

= (S(σT∗u ; t− T ∗, 0) ◦ S(u ;T ∗, 0)) v0

= (S(u ; t, T ∗) ◦ S(u ;T ∗, 0)) v0 = S(u ; t, 0)v0,

which implies that v satisfies the following equality:

v(t) = S(u ; t, 0)v0, ∀t ∈ [0, T1 + T ∗]. (5.33)

Finally, (5.21), (5.28)–(5.30) and (5.33) imply that u is a strong solution of (P) on
[0, T1+T ∗], which is in contradiction with the maximality of the triplet (u∗, v∗, T ∗).
So, T ∗ = T must hold.
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6. Application

In this section, we investigate the possibility to deal with the Cauchy problem
(T):={(6.1)–(6.8)} of a mass-conservative tumor invasion model with haptotaxis
effect as one of the examples of (P).

u′(t) +∇ · (du(v)∇ξ − u∇λ(v)) = 0 a.e. in QT := Ω× (0, T ), (6.1)

ξ ∈
(
∂Rβ̂(v)

)
(u) a.e. in QT , (6.2)

v′ = −avw a.e. in QT , (6.3)

0 ≤ v ≤ α a.e. in QT , (6.4)

w′ = dw∆w − bw + cu a.e. in QT , (6.5)

0 ≤ w a.e. in QT , (6.6)

(du(v)∇ξ − u∇λ(v)) · ν = ∇w · ν = 0 a.e. on ΣT := Γ× (0, T ), (6.7)

u(0) = u0, v(0) = v0, w(0) = w0 a.e. in Ω, (6.8)

where Ω is a bounded domain in RN (N = 1, 2, 3) with a smooth boundary
Γ := ∂Ω; ν is an outer unit normal vector on Γ; d and λ are smooth functions from
R into itself; β̂(v) is a proper l.s.c. convex function on R and ∂Rβ̂(v) represents the

subdifferential of β̂(v) on R; a triplet (u0, v0, w0) is an initial datum. The original
tumor invasion model of (T) was proposed in [2], and we entrust the explanation
of this model from the biological point of view to [2].

In what follows, we fix a constant α > 0 in (6.4). First of all, for the prescribed
data in (T) we assume that the following conditions are satisfied.

(T1) A function du : [0, α] 7−→ (0,∞) is Lipschitz continuous. Moreover, there
exist constants d1 > 0 and d2 > 0 such that

d1 ≤ du(v) ≤ d2, 0 ≤ ∀v ≤ α.

(T2) A family {β̂(v) ; 0 ≤ v ≤ α} of proper, nonnegative, l.s.c., convex functions

β̂(v) on R satisfies the following conditions:

(a) There exists a constant u∗ > 0 such that

D(β̂(v)) :=
{
r̄ ∈ R ; β̂(v ; r̄) <∞

}
= [0, u∗], 0 ≤ ∀v ≤ α.

(b) There exists a constant β∗1 > 0 such that

0 ≤ |β̂(v ; r2)− β̂(v ; r1)| ≤ β∗1 |r2 − r1|,
∀v ∈ [0, α], ∀r1, r2 ∈ [0, u∗].
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(c) The family of epigraphs {epi β̂(v) ; 0 ≤ v ≤ α} is Lipschitz continuous in
the following sense: there exists a constant β∗2 > 0 such that the following
inequality holds for all v1, v2 ∈ [0, α]:

max
{
δ
(

epi β̂(v1), epi β̂(v2)
)
, δ
(

epi β̂(v2), epi β̂(v1)
)}

≤ β∗2 |v1 − v2|,

where for any v ∈ [0, α] the set epi β̂(v) is the epigraph of β̂(v) given by

epi β̂(v) :=
{

(r1, a1) ∈ R2 ; β̂(v ; r1) ≤ a1

}
,

and for any subsets A, B of R2 a nonnegative number δ(A,B) is the semidis-
tance between A and B defined by

δ(A,B) := sup
(r1,a1)∈A

{
inf

(r2,a2)∈B
‖(r1, a1)− (r2, a2)‖R2

}
.

As the typical examples, we give the following ones, where Example 6.1 is proposed
in [8].

Example 6.1. For each v ∈ [0, α] we define a proper, nonnegative, l.s.c., convex

function β̂(v) by

β̂(v ; r) :=

{
rv+2, if r ∈ [0, u∗],

∞, if r ∈ (−∞, 0) ∪ (u∗,∞).

Example 6.2. Fixing a constant γ0 > 0, for each v ∈ [0, α] we define a proper,

nonnegative, l.s.c., convex function β̂(v) by

β̂(v ; r) :=


r2

α− v + γ0
, if r ∈ [0, u∗],

∞, if r ∈ (−∞, 0) ∪ (u∗,∞).

Then, we have (a) in (T2) and

0 ≤ |β̂(v ; r2)− β̂(v ; r1)| = |r2
2 − r2

1|
α− v + γ0

≤ 2u∗

γ0
· |r2 − r1|,

0 ≤ ∀v ≤ α, ∀r1, r2 ∈ [0, u∗],

which implies that (b) in (T2) is satisfied. In the rest of this part, we show (c) in
(T2). For this, without losing generality, we assume 0 ≤ v1 ≤ v2 ≤ α. Then, we

get β̂(v1 ; r) ≤ β̂(v2 ; r) for all r ∈ R, hence, epi β̂(v2) ⊂ epi β̂(v1), which implies

δ
(

epi β̂(v2), epi β̂(v1)
)

= 0. (6.9)
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Now, for any r ∈ [0, u∗] we define a number r∗ ∈ [0, r] by

r∗ := r

√
α− v2 + γ0

α− v1 + γ0
.

Using the mean-value theorem, we see that there exist numbers θ1 ∈ [0, 1] and
θ2 ∈ [0, 1] such that

1

α− v2 + γ0
− 1

α− v1 + γ0
(6.10)

=
v2 − v1

{θ1(α− v2) + (1− θ1)(α− v1) + γ0}2
≤ v2 − v1

γ2
0

,

and
√
α− v1 + γ0 −

√
α− v2 + γ0 (6.11)

=
v2 − v1

2
√
θ2(α− v1) + (1− θ2)(α− v2) + γ0

≤ v2 − v1

2
√
γ0

,

From (6.10) and (6.11) we get the following inequality for all (r, β̂(v1 ; r)), which

are points on the boundary of epi β̂(v1):

inf
(r2,a2)∈ epi β̂(v2)

‖(r, β̂(v1 ; r))− (r2, a2)‖R2

≤ min
{
β̂(v2 ; r)− β̂(v1 ; r), r − r∗

}
= min

{(
1

α− v2 + γ0
− 1

α− v1 + γ0

)
r2,

√
α− v1 + γ0 −

√
α− v2 + γ0√

α− v1 + γ0
· r
}

≤ min

{
α2

γ2
0

,
α

2γ0

}
· (v2 − v1),

which implies

δ
(

epi β̂(v1), epi β̂(v2)
)
≤ min

{
α2

γ2
0

,
α

2γ0

}
· (v2 − v1). (6.12)

We see from (6.9) and (6.12) that (c) in (T2) is satisfied.

On the other hand, unfortunately, for the singular case γ0 = 0; that is, for
each v ∈ [0, α)

β̂(v ; r) :=


r2

α− v
, if r ∈ [0, u∗],

∞, if r ∈ (−∞, 0) ∪ (u∗,∞).

and for v = α

β̂(α ; r) :=

{
0, if r = 0,
∞, if r ∈ R \ {0}.

it is clear that (T2) is not satisfied.
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Moreover, we assume that the following conditions are satisfied:

(T3) A function λ : R 7−→ R is in C2−function. We define a constant Cλ > 0 by

Cλ := max
0≤r≤α

|λ′(r)|+ max
0≤r≤α

|λ′′(r)| ≤ Cλ.

(T4) a > 0, b > 0, c > 0 and dw > 0 are constants.

(T5) We define a subset Av ⊂W 1,∞(Ω) by

Av :=
{
ṽ ∈W 1,∞(Ω) ; 0 ≤ ṽ ≤ α a.e. in Ω

}
⊂ C(Ω),

and a subset D ⊂ L∞(Ω)×Av by

D :=

{
(ũ, ṽ) ∈ L∞(Ω)×Av ;

∫
Ω

β̂(ṽ ; ũ)dx <∞
}
.

Then, for any (ũ, ṽ) ∈ D we have

0 ≤ u ≤ α a.e. in Ω.

Moreover, we define a subset Aw ⊂W 1,∞(Ω) by

Aw :=
{
w̃ ∈W 1,∞(Ω) ; 0 ≤ w̃ a.e. in Ω

}
⊂ C(Ω).

We assume (u0, v0, w0) ∈ D ×Aw.

6.1. Real Hilbert spaces V ∗0 and V ∗

In order to treat the system (T) as an evolution inclusion with quasi-variational
structures, it is essential that a real Hilbert space V := H1(Ω) with an inner
product (·, ·)V given by

(z1, z2)V :=

∫
Ω

∇z1 · ∇z2dx+

(∫
Ω

z1dx

)(∫
Ω

z2dx

)
, ∀z1, z2 ∈ V,

is considered. Actually, because of the result in [15, Appendix], we see that the
inner product (·, ·)V is equivalent to the usual inner product (·, ·)H1(Ω), which is
given by

(z1, z2)H1(Ω) :=

∫
Ω

∇z1 · ∇z2dx+

∫
Ω

z1z2dx, ∀z1, z2 ∈ H1(Ω).

Moreover, we consider a closed subspace V0 of V defined by (1.2) whose inner
product is given by

(z0,1, z0,2)V0
:= (z0,1, z0,2)V =

∫
Ω

∇z0,1 · ∇z0,2dx, ∀z0,1, z0,2 ∈ V0.

We denote by V ∗ the dual space of V , V ∗0 the dual space of V0, 〈·, ·〉V ∗,V the
duality pair between V ∗ and V , and 〈·, ·〉V ∗0 ,V0 the duality pair between V ∗0 and
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V0. Owing to the Gelfand triplets V ⊂ L2(Ω) ⊂ V ∗ and V ∗0 ⊂ (L2(Ω))0 ⊂ V ∗0 , we
have the following equalities:

〈z∗, z〉V ∗,V = (z∗, z)L2(Ω), ∀z∗ ∈ L2(Ω), ∀z ∈ V, (6.13)

〈z∗0 , z0〉V ∗0 ,V0
= (z∗0 , z0)(L2(Ω))0 , ∀z∗0 ∈ (L2(Ω))0, ∀z ∈ V0, (6.14)

where (L2(Ω))0 is a closed subspace of L2(Ω) given by

(L2(Ω))0 :=

{
z∗ ∈ L2(Ω) ;

∫
Ω

z∗dx = 0

}
,

(z∗0,1, z
∗
0,2)(L2(Ω))0 = (z∗0,1, z

∗
0,2)L2(Ω), ∀z∗0,1, z∗0,2 ∈ (L2(Ω))0.

Moreover, we consider a projection operator P : L2(Ω) 7−→ (L2(Ω))0 defined by

Pz := z − 1

|Ω|

∫
Ω

z dx, ∀z ∈ L2(Ω). (6.15)

In this subsection, we prepare some properties of real Hilbert spaces V ∗0 and V ∗

in order to treat a mass conservative property of (T) under the framework of evo-
lution inclusions on real Hilbert spaces.

First of all, we define a function ζ : V ∗ 7−→ R by

ζ(z∗) = 〈z∗, 1〉V ∗,V , ∀z∗ ∈ V ∗,

which is surjective, i.e., ζ(V ∗) = R. Using the function ζ, we consider an equiva-
lence relation ∼ on V ∗, which is defined by

z∗1 ∼ z∗2 if and only if ζ(z∗1) = ζ(z∗2), i.e., 〈z∗1 , 1〉V ∗,V = 〈z∗2 , 1〉V ∗,V .

For any c ∈ R we put W ∗(c) := {z∗ ∈ V ∗ ; 〈z∗, 1〉V ∗,V = c}. Using the Gelfand
triplet (6.13), we see that Lemma 6.3 holds.

Lemma 6.3. We have W ∗(c1) ∩W ∗(c2) = ∅ whenever c1 6= c2 and

V ∗ =
⋃
c∈R

W ∗(c).

Moreover, for any c ∈ R the equivalent class W ∗(c) is convex and weakly closed in
V ∗, and satisfies the following relation:

W ∗(c) =

{
z∗0 +

c

|Ω|
∈ V ∗ ; z∗0 ∈W ∗(0)

}
. (6.16)

Proof. Since it is easy to show that W ∗(c) is convex and weakly closed in V ∗,
we omit their proofs and only show (6.16). For any z∗0 ∈ W ∗(0) we consider
z∗0 + c

|Ω| ∈ V
∗. Using (6.13) as c

|Ω| ∈ L
2(Ω) and z = 1 ∈ V , we get〈

z∗0 +
c

|Ω|
, 1

〉
V ∗, V

= 〈z∗0 , 1〉V ∗, V +

〈
c

|Ω|
, 1

〉
V ∗, V

= c,
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which implies z∗0 + c
|Ω| ∈W

∗(c), hence,{
z∗0 +

c

|Ω|
∈ V ∗ ; z∗0 ∈W ∗(0)

}
⊂W ∗(c).

Next, we use (6.13) again. Then, for any z∗ ∈W ∗(c) we get〈
z∗ − c

|Ω|
, 1

〉
V ∗, V

= 〈z∗, 1〉V ∗, V −
〈
c

|Ω|
, 1

〉
V ∗, V

= 0,

which implies z∗ − c
|Ω| ∈W

∗(0). So, we have

z∗ =

(
z∗ − c

|Ω|

)
+

c

|Ω|
∈
{
z∗0 +

c

|Ω|
∈ V ∗ ; z∗0 ∈W ∗(0)

}
,

that is,

W ∗(0) ⊂
{
z∗0 +

c

|Ω|
∈ V ∗ ; z∗0

}
,

Hence, we see that (6.16) holds.

Next, for any z∗ ∈W ∗(0) we define a function z̃∗0 : V0 7−→ R by

z̃∗0(z0) := 〈z∗, z0〉V ∗,V , ∀z0 ∈ V0. (6.17)

Then, we have Lemma 6.4

Lemma 6.4. For any z∗ ∈W ∗(0) we have z̃∗0 ∈ V ∗0 and

‖z̃∗0‖V ∗0 = ‖z∗‖V ∗ , ∀z∗ ∈W ∗(0). (6.18)

Moreover, the operator π : W ∗(0) 7−→ V ∗0 , which is defined by πz∗ := z̃∗0 , is
injective.

Proof. It is clear that z̃∗0 is linear on V0. Because of ‖z0‖V0 = ‖z0‖V for all z0 ∈ V0,
we get

|z̃∗0(z0)| ≤ ‖z∗0‖V ∗‖z0‖V0
, ∀z0 ∈ V0,

which implies that z̃∗0 is bounded on V0, that is, z̃∗0 ∈ V ∗0 , and the following
inequality holds:

‖z̃∗0‖V ∗0 ≤ ‖z
∗‖V ∗ , ∀z∗ ∈W ∗(0). (6.19)

Moreover, from (6.17) we get the following equality:

〈πz∗, z0〉V ∗0 ,V0
= 〈z∗, z0〉V ∗,V , ∀z0 ∈ V0. (6.20)

We see from (6.15) and (6.20) that the following equality holds for all z ∈ V :

|〈z∗, z〉V ∗,V | =
∣∣∣∣〈z∗, P z〉V ∗,V +

(
1

|Ω|

∫
Ω

z dx

)
〈z∗, 1〉V ∗,V

∣∣∣∣ (6.21)

=
∣∣〈πz∗1 , P z〉V ∗0 ,V0

∣∣ ≤ ‖πz∗‖V ∗0 ‖Pz‖V0
≤ ‖πz∗‖V ∗0 ‖z‖V ,
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which implies that the following inequality holds:

‖z∗‖V ≤ ‖πz∗‖V ∗0 , ∀z∗ ∈W ∗(0). (6.22)

Hence, we see from (6.19) and (6.22) that (6.18) holds.

Next, for z∗1 , z
∗
2 ∈ W ∗(0) we assume πz∗1 = πz∗2 on V ∗0 . Going back to (6.21),

we see that the following equality holds for all z ∈ V :

〈z∗1 , z〉V ∗,V = 〈z∗1 , P z〉V ∗,V +

(
1

|Ω|

∫
Ω

z dx

)
〈z∗1 , 1〉V ∗,V (6.23)

= 〈πz∗1 , P z〉V ∗0 ,V0
= 〈πz∗2 , P z〉V ∗0 ,V0

= 〈πz∗2 , P z〉V ∗0 ,V0
+

(
1

|Ω|

∫
Ω

z dx

)
〈z∗2 , 1〉V ∗,V

= 〈z∗1 , P z〉V ∗,V +

(
1

|Ω|

∫
Ω

z dx

)
〈z∗1 , 1〉V ∗,V = 〈z∗2 , z〉V ∗,V ,

which implies z∗1 = z∗2 on V ∗.

From Lemma 6.4 we can identify W ∗(0)(⊂ V ∗) with π(W ∗(0))(⊂ V ∗0 ), and get

W ∗(0) ∩ L2(Ω) = (L2(Ω))0, (6.24)

〈z∗0 , z0〉V ∗0 ,V0
= 〈z∗0 , z0〉V ∗,V , ∀z∗0 ∈W ∗(0), ∀z0 ∈ V0. (6.25)

For any c ∈ R we define an operator P ∗c : W ∗(c) 7−→ V ∗ by

P ∗c z
∗ := z∗ − c

|Ω|
, ∀z∗ ∈W ∗(c).

Then, we have Lemma 6.5, which gives us some properties of the operator P ∗c .

Lemma 6.5. For any c ∈ R the operator P ∗c is injective and P ∗c (W ∗(c)) =
W ∗(0) ⊂ V ∗0 . Moreover, the operator P ∗c : W ∗(c) 7−→ W ∗(0) and its inverse
(P ∗c )−1 : W ∗(0) 7−→ W ∗(c) are continuous with respect to the strong topologies
of V ∗0 and V ∗, respectively.

Proof. As the direct consequence of Lemmas 6.3 and 6.4, we get P ∗c (W ∗(c)) =
W ∗(0) ⊂ V ∗0 . At first, we show that the operator P ∗c is injective. In order to do
this, we assume P ∗c z

∗
1 = P ∗c z

∗
2 on V ∗0 . From (6.13), (6.24) and (6.25) we get

〈z∗1 , z0〉V ∗,V =

〈
P ∗c z

∗
1 +

c

|Ω|
, z0

〉
V ∗, V

= 〈P ∗c z∗1 , z0〉V ∗,V (6.26)

= 〈P ∗c z∗1 , z0〉V ∗0 ,V0 = 〈P ∗c z∗1 , z0〉V ∗0 ,V0 = 〈P ∗c z∗2 , z0〉V ∗,V

=

〈
P ∗c z

∗
2 +

c

|Ω|
, z0

〉
V ∗, V

= 〈z∗2 , z0〉V ∗,V , ∀z0 ∈ V0.
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Using the equalities 〈z∗1 , 1〉V ∗,V = 〈z∗2 , 1〉V ∗,V = c, we see from (6.23) and (6.26)
that the following equality holds for all z ∈ V :

〈z∗1 , z〉V ∗,V = 〈z∗1 , P z〉V ∗,V +

(
1

|Ω|

∫
Ω

z dx

)
〈z∗1 , 1〉V ∗,V

= 〈z∗2 , P z〉V ∗,V +

(
1

|Ω|

∫
Ω

z dx

)
〈z∗2 , 1〉V ∗,V = 〈z∗2 , z〉V ∗,V ,

which implies z∗1 = z∗2 in V ∗. Hence the operator P ∗c is injective.

Next, we show that the operator P ∗c : W ∗(c) 7−→ W ∗(0) is continuous with
respect to the strong topology of V ∗. In order to do this, we consider a sequence
{z∗m}m∈N ⊂W ∗(c) and a function z∗ ∈W ∗(c) satisfying

z∗m −→ z∗ in V ∗ as m→∞.

Since we have z∗m−z∗ ∈W ∗(0), we see from Lemma 6.4 that the following equality
holds:

‖P ∗c z∗m − P ∗c z∗‖V ∗0 = ‖z∗m − z∗‖V ∗0 = ‖z∗m − z∗‖V ∗ , ∀n ∈ N, (6.27)

which implies P ∗c z
∗
m −→ P ∗c z

∗ in V ∗0 as m→∞.

Finally, we show that the operator (P ∗c )−1 : W ∗(0) 7−→ W ∗(c) is continuous
with respect to the strong topology of V ∗0 . We consider a sequence {z∗0,m}m∈N ⊂
W ∗(0) and a function z∗0 ∈W ∗(0) satisfying

z∗0,m −→ z∗0 in V ∗0 as m→∞.

Since we have (P ∗c )−1z∗0,m − (P ∗c )−1z∗0 ∈ W ∗(0), we see from (6.27) that the fol-
lowing equality holds:

‖(P ∗c )−1z∗0,m − (P ∗c )−1z∗0‖V ∗ =

∥∥∥∥(z∗0,m +
c

|Ω|

)
−
(
z∗0 +

c

|Ω|

)∥∥∥∥
V ∗

= ‖z∗0,m − z∗0‖V ∗0 , ∀n ∈ N,

which implies (P ∗c )−1z∗0,m −→ (P ∗c )−1z∗0 in V ∗ as m→∞.

From Lemmas 6.4 and 6.5 (cf. (6.24) and (6.25)) we have

P ∗c
(
W ∗(c) ∩ L2(Ω)

)
= (L2(Ω))0, ∀c ∈ R,

〈P ∗c z∗, z0〉V ∗0 ,V0
= 〈z∗, z0〉V ∗,V , ∀c ∈ R, ∀z∗ ∈W ∗(c), ∀z0 ∈ V0.

From Lemmas 6.3–6.5, we get Proposition 6.6, which is obtained in [9, Lemma
1.1].
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Proposition 6.6. For any z∗ ∈ V ∗ there exists a constant c ∈ R, which is uniquely
determined, such that z∗ ∈W ∗(c) and the following equality holds for all z ∈ V :

〈z∗, z〉V ∗,V = 〈P ∗c z∗, P z〉V ∗0 ,V0
+

c

|Ω|

∫
Ω

z dx

= 〈P ∗c z∗, P z〉V ∗0 ,V0
+

(
1

|Ω|

∫
Ω

z dx

)
〈z∗, 1〉V ∗, V .

6.2. Quasi-variational inner products on V ∗0

In order to induce a quasi-variational structure of inner products of V ∗0 , for any
v ∈ Av we denote by V0(v) a real Hilbert space V0 with an inner product

(z0,1, z0,2)V0(v) :=

∫
Ω

du(v)∇z0,1 · ∇z0,2dx, ∀z0,1, z0,2 ∈ V0,

and by V ∗0 (v) a real Hilbert space V ∗0 whose inner product is given by

(z∗0,1, z
∗
0,2)V ∗0 (v) := 〈z∗0,1, F0(v)−1z∗0,2〉V ∗0 ,V0

, ∀z∗0,1, z∗0,2 ∈ V ∗0 ,

where F0(v) : V0(v) 7−→ V ∗0 is the duality map. Using (T1), we get Lemma 6.7
which implies that (A1) is satisfied. We entrust its proof to [9, Lemmas 3.1 and
3.2] and omit it in this paper.

Lemma 6.7. The following properties are satisfied:

(a) There exist constants c̃1 > 0 and c̃2 > 0 such that

c̃1‖z∗0‖V ∗0 ≤ ‖z
∗
0‖V ∗0 (v) ≤ c̃2‖z∗0‖V ∗0 , ∀v ∈ Av, ∀z∗0 ∈ V ∗0 .

(b) There exists a constant c̃3 > 0 such that the following inequality holds:∣∣‖z∗0‖2V ∗0 (v1) − ‖z
∗
0‖2V ∗0 (v2)

∣∣ ≤ c̃3‖v1 − v2‖C(Ω) · ‖z∗0‖2V ∗0 (v2),

∀v1, v2 ∈ Av, ∀z∗0 ∈ V ∗0 .

Using the family {(·, ·)V ∗0 (v) ; v ∈ Av} and a function ṽ ∈ W 1,1(0, T ;C(Ω)),
we consider a family of quasi-variational inner product of V ∗0 , which is given by
{(·, ·)V ∗0 (ṽ(t)) ; 0 ≤ t ≤ T}, and see from (b) in Lemma 6.7 that the following
inequality holds for all s, t ∈ [0, T ]:∣∣‖z∗0‖2V ∗0 (ṽ(t)) − ‖z

∗
0‖2V ∗0 (ṽ(s))

∣∣ ≤ c̃3 ∣∣∣∣∫ t

s

‖ṽ′(σ)‖C(Ω)dσ

∣∣∣∣ ‖z∗0‖2V ∗0 (ṽ(s)).

At the end of this subsection, we give Lemma 6.8, which gives the relation between
the duality maps F (ṽ) and F0(ṽ).

Lemma 6.8. For any ṽ ∈ Av the following equality holds for all z1, z2 ∈ V :

〈F (ṽ)z1, z2〉V ∗, V = 〈(F0(ṽ) ◦ P )z1, P z2〉V ∗0 , V0 +

(∫
Ω

z1 dx

)(∫
Ω

z2 dx

)
.
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Proof. For any z1, z2 ∈ V we have

〈F (ṽ)z1, z2〉V ∗, V =

∫
Ω

du(ṽ)∇z1 · ∇z2 dx+

(∫
Ω

z1 dx

)(∫
Ω

z2 dx

)
=

∫
Ω

du(ṽ)∇Pz1 · ∇Pz2 dx+

(∫
Ω

z1 dx

)(∫
Ω

z2 dx

)
= 〈(F0(ṽ) ◦ P )z1, P z2〉V ∗0 , V0 +

(∫
Ω

z1 dx

)(∫
Ω

z2 dx

)
.

Hence, we see that this lemma holds.

6.3. Evolution system on Av ×Aw
First of all, we denote by β̂ : R 7−→ R the indicator function on the compact
interval [0, α], that is,

β̂(r) :=

{
0 if r ∈ [0, α],
∞ if r ∈ (−∞, 0) ∪ (α,∞),

which is proper, nonnegative, l.s.c. and convex on R. From (a) in (T2) we have
the following inequality:

r2 − α2 ≤ β̂(r) ≤ β̂(v ; r), ∀r ∈ R, ∀v ∈ [0, α]. (6.28)

Using the function β̂, we define a function ϕ : V ∗ 7−→ R ∪ {∞} by

ϕ(z∗) :=


∫

Ω

β̂(z∗)dx = 0,

if z∗ ∈ D(ϕ) :=
{
z̃∗ ∈ L∞(Ω) ; β̂(z̃∗) ∈ L1(Ω)

}
,

∞, if z∗ ∈ V ∗ \D(ϕ),

(6.29)

In what follows, we denote by c0 > 0 the constant

c0 :=

∫
Ω

u0 dx. (6.30)

From (T5) we have

0 ≤ c0
|Ω|
≤ α. (6.31)

For any T̃ ∈ (0, T ] we define a nonempty, closed and convex subset V(c0, T̃ ) of
C([0, T̃ ];V ∗) by

V(c0, T̃ ) :=

{
ũ ∈ C([0, T̃ ];V ∗) ;

ũ(t) ∈W ∗(c0),

ϕ (ũ(t)) = 0 for all t ∈ [0, T̃ ]

}
,

and for any ũ ∈ V(c0, T̃ ) we define a family {S(ũ ; t, s) ; 0 ≤ s ≤ t ≤ T̃} by the
following way:

S(ũ ; t, s)(ṽ, w̃) := (S1(ũ, w̃ ; t, s)ṽ, S2(ũ ; t, s)w̃) , ∀(ṽ, w̃) ∈ Av ×Aw, (6.32)
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where S1(ũ, w̃ ; t, s)ṽ and S2(ũ ; t, s)w̃ are defined by

S1(ũ, w̃ ; t, s)ṽ := ṽ exp

(
−a
∫ t

s

S2(ũ ; t, σ)w̃dσ

)
, (6.33)

S2(ũ ; t, s)w̃ := e(t−s)(dw∆−b)w̃ + c

∫ t

s

e(t−σ)(dv∆−b)ũ(σ)dσ. (6.34)

Remark 6.9. We see that the pair (v̄(t), w̄(t)) := S(ũ ; t, s)(ṽ, w̃) is a unique
strong solution to the following Cauchy problem on [s, T̃ ], which is a system de-
scribing the dynamics of MDE and ECM in tumor invasion model:

v̄t = av̄w̄, a.e. in Ω× (s, T̃ ),

w̄t = dw∆w̄ − bw̄ + cũ, a.e. in Ω× (s, T̃ ),

∇w̄ · ν = 0, a.e. on Γ× (s, T̃ ),

v̄(s) = ṽ, a.e. in Ω,

w̄(s) = w̃, a.e. in Ω.

Moreover, we have

0 ≤ v̄(x, t) ≤ ṽ(x), 0 ≤ w̄(x), ∀(x, t) ∈ Ω× [s, T̃ ].

Then, we obtain Lemmas 6.10 and 6.11 in [8, Section 2], which implies that
(A2) holds.

Lemma 6.10. There exist constants K1 > 0, which depends on ‖w̃‖W 1,∞(Ω), and
K2 > 0, which depends on ‖ṽ‖W 1,∞(Ω) and ‖w̃‖W 1,∞(Ω), such that the following
uniform estimates hold:

sup
ũ∈V(c0,T̃ )

{
sup

0≤s≤T̃

(
sup
s≤t≤T̃

‖S2(ũ ; t, s)w̃‖W 1,∞(Ω)

)}
≤ K1,

sup
ũ∈V(c0,T̃ )

{
sup

0≤s≤T̃

(
sup
s≤t≤T̃

‖∇S1(ũ, w̃ ; t, s)ṽ‖(L∞(Ω))N

)}
≤ K2(T + 1),

sup
ũ∈V(c0,T̃ )

{
sup

0≤s≤T̃

(
sup
s≤t≤T̃

‖(S1(ũ, w̃ ; t, s)ṽ)′‖C(Ω)

)}
≤ aαK1.

(6.35)

We see from Remark 6.9 and Lemma 6.10 that for any T̃ ∈ (0, T ] and ũ ∈
V(c0, T̃ ) the operator S(ũ ; t, s) : Av × Aw 7−→ Av × Aw is well-defined for all s, t
with 0 ≤ s ≤ t ≤ T̃ .

Lemma 6.11. We consider a family{
{S(ũ ; t, s) ; 0 ≤ s ≤ t ≤ T̃} ; T̃ ∈ (0, T ], ũ ∈ V(c0, T̃ )

}
,

where S(ũ ; t, s) (0 ≤ s ≤ t ≤ T̃ ) is the same operator that is defined by (6.32)–
(6.34). Then, the following properties (a)–(g) are satisfied:
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(a) Assume that a sequence {(ũm, ṽm, w̃m)}m∈N and a triplet (ũ, ṽ, w̃)
in V(c0, T̃ )×Av ×Aw satisfy

(ũm, ṽm, w̃m) −→ (ũ, ṽ, w̃)

in C([0, T̃ ;V ∗)× C(Ω)× L2(Ω) as m→∞.

Then, for any s ∈ [0, T̃ ) we have

S(ũm ; ·, s)(ṽm, w̃m) −→ S(ũ ; ·, s)(ṽ, w̃) in C([s, T̃ ];C(Ω))

×
(
C([s, T̃ ];L2(Ω)) ∩ L2(s, T̃ ;H1(Ω))

)
.

(b) Assume that a sequence {ũm}m∈N and a function ũ in V(c0, T̃ ) satisfy

ũm −→ ũ in C([0, T̃ ];V ∗) as m→∞.

Then, for any s ∈ [0, T̃ ] we have

S(ũm ; ·, s)(ṽ, w̃) −→ S(ũ ; ·, s)(ṽ, w̃) in C([s, T̃ ];C(Ω) ∩H1(Ω))

×
(
C([s, T̃ ];L2(Ω)) ∩ L2(s, T̃ ;H1(Ω))

)
.

(c) S(ũ ; t, t) is the identity operator on Av ×Aw for all t ∈ [0, T̃ ].

(d) S1(ũ, w̃ ; ·, 0)ṽ ∈W 1,1(0, T̃ ;C(Ω)) for all (ṽ, w̃) ∈ Av ×Aw.

(e) For any times T̃i ∈ (0, T ] and functions ũi ∈ V(c0, T̃i) (i = 1, 2) we assume
that there exists a time T̃0 ∈ [0,min{T̃1, T̃2}] such that ũ1(t) = ũ2(t) in V ∗

for all t ∈ [0, T̃0]. Then, we have S(ũ1 ; t, 0) = S(ũ2 ; t, 0) on Av ×Aw for all
t ∈ [0, T̃0].

(f) S(ũ ; t, s) = S(ũ ; t, τ) ◦ S(ũ ; τ, s) on Av ×Aw for all s, t, τ with 0 ≤ s ≤ τ ≤
t ≤ T̃ .

(g) The following equality holds for any τ ∈ [−T̃ , T̃ ]:

S(στ ũ ; t, s) = S(ũ ; t+ τ, s+ τ) on Av ×Aw,
0 ≤ ∀s ≤ ∀t ≤ T̃ − τ.

Remark 6.12. Strictly speaking, Lemma 6.5 is not the same to (A2). Actually,
a function ũ in Lemma 6.5 is in V(c0, T̃ ), not in C([0, T̄ ];V ∗) \ V(c0, T̃ ) in (A2).
This difference arises from the boundedness

sup
0≤t≤T̄

‖S2(ũ ; t, 0)w̃‖C(Ω) <∞,

which is only obtained for the case ũ ∈ V(c0, T̃ ), not the case ũ ∈ C([0, T̄ ];V ∗) \
V(c0, T̃ ).
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Moreover, we get Lemma 6.13, which is a direct consequence of (6.33) and
Remark 6.9.

Lemma 6.13. For any (ũ, ṽ, w̃) ∈ V(c0, T̃ )×Av ×Aw we have

0 ≤ (S1(ũ, w̃ ; t2, s)ṽ)(x) ≤ (S1(ũ, w̃ ; t1, s)ṽ)(x) ≤ α,
∀x ∈ Ω, 0 ≤ ∀s ≤ ∀t1 ≤ ∀t2 ≤ T̃ .

6.4. Quasi-variational convex functions on V ∗0

Using the function ϕ given by (6.29), we define a function ϕc0 : V ∗0 7−→ R ∪ {∞}
by

ϕc0(z∗0) :=

 ϕ

(
z∗0 +

c0
|Ω|

)
= 0, if z∗0 ∈ D(ϕc0),

∞, if z∗0 ∈ V ∗0 \D(ϕc0),
(6.36)

where the effective domain D(ϕc0) of ϕc0 is given by

D(ϕc0) :=

{
z̃∗0 ∈ (L2(Ω))0 ∩ L∞(Ω) ; 0 ≤ z̃∗0(x) +

c0
|Ω|
≤ α a.e. x ∈ Ω

}
.

Moreover, for each (ũ, ṽ, w̃) ∈ V(c0, T )× Av × Aw satisfying (ũ(0), ṽ) ∈ D, where
D is given in (T5), we define a function ϕc0(t, ũ, ṽ, w̃) := ϕc0(ũ ;S1(ũ, w̃ ; t, 0)ṽ) :
V ∗0 7−→ R ∪ {∞} by

ϕc0(t, ũ, ṽ, w̃ ; z∗0) :=


∫

Ω

β̂

(
S1(ũ, w̃ ; t, 0)ṽ ; z∗0 +

c0
|Ω|

)
dx,

if z∗ ∈ D(ϕc0(t, ũ, ṽ, w̃)),

∞, if z∗ ∈ V ∗ \D(ϕ(t, ũ, ṽ, w̃)),

(6.37)

where the effective domain D(ϕc0(t, ũ, ṽ, w̃)) of ϕc0(t, ũ, ṽ, w̃) is defined by

D(ϕc0(t, ũ, ṽ, w̃)) :=

{
z̃∗ ∈ (L2(Ω))0 ∩ L∞(Ω) ;

β̂

(
S1(ũ, w̃ ; t, 0)ṽ ; z̃∗0 +

c0
|Ω|

)
∈ L1(Ω)

}
.

Next, we define a set X by

X :=

{
{ϕc0(t, ũ, ṽ, w̃) ; 0 ≤ t ≤ T} ;

ũ ∈ V(c0, T ), (ṽ, w̃) ∈ Av ×Aw,
(ũ(0), ṽ) ∈ D

}
.

For the functions ϕc0 and ϕc0(t, ũ, ṽ, w̃) we have Lemma 6.14, which is obtained
in [9, Lemma 3.3] and implies that (a) and (b) in (A3) are satisfied.

Lemma 6.14. The following properties hold:

(a) The function ϕc0 is proper, nonnegative, l.s.c. and convex on V ∗0 .
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(b) For any family {ϕc0(t, ũ, ṽ, w̃) ; 0 ≤ t ≤ T} ∈ X the function ϕc0(t, ũ, ṽ, w̃)
is proper, nonnegative, l.s.c. and convex on V ∗0 (S1(ũ, w̃ ; t, 0)ṽ).

(c) For any family {ϕc0(t, ũ, ṽ, w̃) ; 0 ≤ t ≤ T} ∈ X we have

ϕc0(z∗0) ≤ ϕc0(t, ũ, ṽ, w̃ ; z∗0), 0 ≤ ∀t ≤ T, (6.38)

and D(ϕc0(t, ũ, w̃, ṽ)) = D(ϕc0) for all t ∈ [0, T ].

(d) For any r ≥ 0 the level set {z∗0 ∈ V ∗0 ; ‖z∗0‖V ∗0 ≤ r, ϕc0(z∗0) ≤ r} is compact
in V ∗0 .

(e) Assume that for families {ϕc0(t, ũi, ṽ, w̃) ; 0 ≤ t ≤ T} ∈ X (i = 1, 2) there
exists a time T̃ ∈ [0, T ] such that ũ1(t) = ũ2(t) on V ∗ for all t ∈ [0, T̄ ].
Then, we have

ϕc0(t, ũ1, ṽ, w̃) = ϕc0(t, ũ2, ṽ, w̃) on V ∗0 , 0 ≤ ∀t ≤ T̄ .

Proof. (a) Using the argumentation similar to that of (b), we can show (a). Hence,
we omit this proof and entrust it to (b).
(b) First of all, we see from (T2) that ϕc0(t, ũ, ṽ, w̃) is nonnegative and convex on
V ∗0 (S1(ũ, w̃ ; t, 0)ṽ). Using (a) in (T2) and (T5), we have

0 ≤ ũ(0) ≤ α a.e. in Ω,

hence, from (b) in (T2)

0 ≤ β̂(S1(ũ, w̃ ; t, 0)ṽ ; ũ(0)) ≤ β∗1 ũ(0) ≤ αβ∗1 a.e. in Ω,

which implies

ũ(0)− c0
|Ω|
∈ D(ϕc0(t, ũ, ṽ, w̃)), 0 ≤ ∀t ≤ T.

So we see that ϕc0(t, ũ, ṽ, w̃) is proper. Moreover, in order to show that ϕc0(t, ũ, ṽ, w̃)
is l.s.c. on V ∗0 (S1(ũ, w̃ ; t, 0)ṽ), we show that for any a ≥ 0 a level set below

K(S1(ũ, w̃ ; t, 0)ṽ ; a) := {z∗0 ∈ V ∗0 (S1(ũ, w̃ ; t, 0)ṽ) ; ϕc0(t, ũ, ṽ, w̃ ; z∗0) ≤ a},

is closed in V ∗0 (S1(ũ, w̃ ; t, 0)ṽ). For this, we consider a proper, nonnegative, weakly
sequentially l.s.c. and convex function ψ(t, ũ, ṽ, w̃) : L2(Ω) 7−→ R ∪ {∞}, which is
defined by

ψ(t, ũ, ṽ, w̃ ; z∗) :=


∫

Ω

β̂(S1(ũ, w̃ ; t, 0)ṽ ; z∗)dx,

if z∗ ∈ D(ψ(t, ũ, ṽ, w̃)),

∞, if z∗ ∈ L2(Ω) \D(ψ(t, ũ, ṽ, w̃)),

where the effective domain D(ψ(t, ũ, ṽ, w̃)) of ψ(t, ũ, ṽ, w̃) is given by

D(ψ(t, ũ, ṽ, w̃)) :=
{
z̃∗ ∈ L2(Ω) ; β̂(S1(ũ, w̃ ; t, 0)ṽ ; z̃∗) ∈ L1(Ω)

}
.
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First of all, we note that the following equality holds:

ψ(t, ũ, ṽ, w̃ ; z∗) = ϕc0(t, ũ, ṽ, w̃ ;P ∗c0z
∗), ∀z∗ ∈W ∗(c0) ∩ L2(Ω). (6.39)

We consider a sequence {z∗0,n}n∈N and a function z∗0 in V ∗0 (S1(ũ, w̃ ; t, 0)ṽ) satisfy-
ing

z∗0,n −→ z∗0 in V ∗0 (S1(ũ, w̃ ; t, 0)ṽ) as n→∞.

Since {z∗0,n}n∈N is bounded in (L2(Ω))0, without losing generality we may assume
that the following convergence holds:

z∗0,n −→ z∗0 weakly in (L2(Ω))0 as n→∞,

hence,

z∗0,n +
c0
|Ω|
−→ z∗0 +

c0
|Ω|

weakly in L2(Ω) as n→∞. (6.40)

Using (6.39) and (6.40), we have

ϕc0(t, ũ, ṽ, w̃ ; z∗0) = ϕc0

(
t, ũ, ṽ, w̃ ;P ∗c0

(
z∗0 +

c0
|Ω|

))
= ψ

(
t, ũ, ṽ, w̃ ; z∗0 +

c0
|Ω|

)
≤ lim inf

n→∞
ψ

(
t, ũ, ṽ, w̃ ; z∗0,n +

c0
|Ω|

)
= lim inf

n→∞
ϕc0

(
t, ũ, ṽ, w̃ ;P ∗c0

(
z∗0,n +

c0
|Ω|

))
= lim inf

n→∞
ϕc0

(
t, ũ, ṽ, w̃ ; z∗0,n

)
≤ a,

which implies z∗0 ∈ K(S1(ũ, w̃ ; t, 0)ṽ ; a), that is, K(S1(ũ, w̃ ; t, 0)ṽ ; a) is closed in
V ∗0 (S1(ũ, w̃ ; t, 0)ṽ). Hence, ϕc0(t, ũ, ṽ, w̃) is l.s.c. on V ∗0 (S1(ũ, w̃ ; t, 0)ṽ).
(c) We see from (6.28), (6.29), (6.36) and (6.37) that (6.38) holds. Moreover,
(6.38) implies

D(ϕc0(t, ũ, ṽ, w̃)) ⊂ D(ϕc0), 0 ≤ ∀t ≤ T.

Conversely, since for any z∗0 ∈ D(ϕc0) we have

0 ≤ z∗0(x) +
c0
|Ω|
≤ α, a.e. x ∈ Ω,

we see from (a) and (b) in (T2) that the following inequality holds for all t ∈ [0, T ]:

0 ≤ β̂
(

(S1(ũ, w̃ ; t, 0)ṽ)(x, t) ; z∗0(x) +
c0
|Ω|

)
≤ β∗1

(
z∗0(x) +

c0
|Ω|

)
≤ αβ∗1 , a.e. x ∈ Ω,

hence, we have ϕc0(t, ũ, w̃, ṽ) ≤ αβ∗1 |Ω| for all t ∈ [0, T ]. So we get

D(ϕc0) ⊂ D(ϕc0(t, ũ, ṽ, w̃)), 0 ≤ ∀t ≤ T.
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(d) Since ϕc0 is l.s.c. on V ∗0 , we see that for any r ≥ 0 the level set {z∗0 ∈
V ∗0 ; ‖z∗0‖V ∗0 ≤ r, ϕc0(z∗0) ≤ r} is closed in V ∗0 as well as bounded in (L2(Ω))0

because of the following inequality, which is derived from (6.28):

‖z∗0‖(L2(Ω))0 ≤
√
r + α2|Ω|.

Hence the level set {z∗0 ∈ V ∗0 ; ‖z∗0‖V ∗0 ≤ r, ϕc0(z∗0) ≤ r} is compact in V ∗0 .
(e) This property is a direct consequence of (e) in Lemma 6.10 and omit its proof
here.

Remark 6.15. From (c) in Lemma 6.14 the family {D(ϕc0(t, ũ, ṽ, w̃)) ; 0 ≤ t ≤
T} of the effective domains of ϕc0(t, ũ, ṽ, w̃) is independent of t ∈ [0, T ] and a
choice of {ϕc0(t, ũ, ṽ, ṽ) ; 0 ≤ t ≤ T} ∈ X . Roughly speaking, in our setting the
effective domains do not change in time. Although this condition may decrease
the mathematical interest, the mass conservative property does not allow us to
move the effective domains in time.

Next, we show Lemma 6.16, which implies that the condition (c) in (A3) is
satisfied.

Lemma 6.16. Assume that a sequence {ϕc0(t, ũm, ṽm, w̃m) ; 0 ≤ t ≤ T}m∈N and
{ϕc0(t, ũ, ṽ, w̃) ; 0 ≤ t ≤ T} in X satisfy the following convergence as m→∞:

(ũm, ṽm, w̃m) −→ (ũ, ṽ, w̃) in C([0, T ];V ∗)× C(Ω)× L2(Ω).

Then, for any t ∈ [0, T ] we have the following convergence as m→∞:

ϕc0(t, ũm, ṽm, w̃m) −→ ϕc0(t, ũ, ṽ, w̃) on V ∗0 (S1(ũ, w̃ ; t, 0)ṽ)
in the strong sense of Mosco.

That is, the following properties are satisfied:

(i) For any z∗0 ∈ D(ϕc0(t, ũ, ṽ, w̃)) there exists a sequence {z∗0,m}m∈N in L∞(Ω)
with

z∗0,m −→ z∗0 in L∞(Ω) as m→∞,

lim
m→∞

ϕc0(t, ũm, ṽm, w̃m ; z∗0,m) = ϕc0(t, ũ, ṽ, w̃ ; z∗0).

(ii) For any subsequence {(ũmk
, ṽmk

, w̃mk
)}k∈N of {(ũm, ṽm, w̃m)}m∈N we have

ϕc0(t, ũ, ṽ, w̃ ; z∗0) ≤ lim inf
k→∞

ϕc0(t, ũmk
, ṽmk

, w̃mk
; z∗0,k)

whenever a sequence {z∗0,k}k∈N and a function z∗0 in V ∗0 satisfy

z∗0,k −→ z∗0 weakly in V ∗0 (S1(ũ, w̃ ; t, 0)ṽ) as k →∞.
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Proof. We use the argumentation similar to that of [8, Proposition 4.2] and [9,
Lemma 4.1].
(i) First of all, we note that the following property holds:{

z̃∗0 +
c0
|Ω|
∈ L∞(Ω) ; z̃∗0 ∈ D(ϕc0(t, ũ, ṽ, w̃))

}
⊂ D(ψ(t, ũ, ṽ, w̃)).

We see that for any z∗0 ∈ D(ϕc0(t, ũ, ṽ, w̃)) there exists a sequence {z∗m}m∈N ⊂
L∞(Ω) such that

z∗m −→ z∗0 +
c0
|Ω|

in L∞(Ω) as m→∞, (6.41)

lim
m→∞

ψ(t, ũm, ṽm, ṽm ; z∗m) = ϕc0 (t, ũ, ṽ, w̃ ; z∗0) . (6.42)

Then, we see from (6.41) that the following convergence holds:

lim
m→∞

cm = c0, where cm :=

∫
Ω

z∗mdx, ∀m ∈ N. (6.43)

Using the following inequality:

∣∣(P ∗cmz∗m)(x)− z∗0(x)
∣∣ ≤ ∣∣∣∣z∗m − (z∗0 +

c0
|Ω|

)∣∣∣∣+
|cm − c0|
|Ω|

,

we see from (6.41) and (6.43) that the following convergence holds:

P ∗cmz
∗
m −→ z∗0 in L∞(Ω) as m→∞. (6.44)

Moreover, from (T2) we get the following inequality:∣∣ϕc0(t, ũm, ṽm, w̃m ;P ∗cmz
∗
m)− ϕc0(t, ũ, ṽ, w̃ ; z∗0)

∣∣ (6.45)

≤
∣∣∣∣ψ(t, ũm, ṽm, w̃m ;P ∗cmz

∗
m +

c0
|Ω|

)
− ψ(t, ũm, ṽm, w̃m ; z∗m)

∣∣∣∣
+ |ψ(t, ũm, ṽm, w̃m ; z∗m)− ϕc0(t, ũ, ṽ, w̃ ; z∗0)|

≤
∫

Ω

∣∣∣∣β̂(S1(ũm, w̃m ; t, 0)ṽ ; z∗m −
cm
|Ω|

+
c0
|Ω|

)
− β̂(S1(ũm, w̃m ; t, 0)ṽm ; z∗m)

∣∣∣∣dx
+ |ψ(t, ũm, ṽm, w̃m ; z∗m)− ϕc0(t, ũ, ṽ, w̃ ; z∗0)|

≤ β∗1 |cm − c0|+ |ψ(t, ũm, ṽm, w̃m ; z∗m)− ϕc0(t, ũ, ṽ, w̃ ; z∗0)|.

Using (6.42), (6.43) and (6.45), we get

lim
n→∞

ϕc0(t, ũm, ṽm, w̃m ;P ∗cmz
∗
m) = ϕc0(t, ũ, ṽ, w̃ ; z∗0). (6.46)
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Putting z∗0,m := P ∗cmz
∗
m, we see from (6.44) and (6.46) that the sequence {z∗0,m}m∈N

is a desired one.
(ii) Since ϕc0(t, ũ, ṽ, w̃) is weakly sequentially l.s.c. on V ∗0 (S1(ũ, w̃ ; t, 0)ṽ), we have

ϕc0(t, ũ, ṽ, w̃ ; z∗0) ≤ lim inf
k→∞

ϕc0(t, ũ, ṽ, w̃ ; z∗0,k). (6.47)

For the case K3 := lim infk→∞ ϕc0(t, ũ, ṽ, w̃ ; z∗0,k) < ∞ we can take out a subse-
quence of {z∗0,k}k∈N, which is denoted by the same notation here, such that

lim
k→∞

ϕc0(t, ũ, ṽ, w̃ ; z∗0,k) = K3. (6.48)

For any k ∈ N we define a subset Ωk(t) ⊂ Ω by

Ωk(t) :=

x ∈ Ω ;

β̂

(
(S1(ũmk

, w̃mk
; t, 0)ṽmk

)(x, t) ; z∗0,k(x) +
c0
|Ω|

)
< β̂

(
(S1(ũ, w̃ ; t, 0)ṽ)(x, t) ; z∗0,k(x) +

c0
|Ω|

)
 .

Using (a) in (T2), we see that there exists a sequence {z∗k}k∈N ⊂ L∞(Ω) such that
the following inequalities hold for all k ∈ N and x ∈ Ωk(t):

• z∗k(x) < z∗0,k(x) +
c0
|Ω|

,

• β̂((S1(ũ, w̃ ; t, 0)ṽ)(x, t) ; z∗k(x)) < β̂

(
(S1(ũ, w̃ ; t, 0)ṽ)(x, t) ; z∗0,k(x) +

c0
|Ω|

)
,

•
(
z∗0,k(x) +

c0
|Ω|

)
− z∗k(x)

≤ β∗2 |(S1(ũmk
, w̃mk

; t, 0)ṽmk
) (x, t)− (S1(ũ, w̃ ; t, 0)ṽ) (x, t)| ,

•
∣∣∣∣β̂((S1(ũmk

, w̃mk
; t, 0)ṽmk

)(x, t) ; z∗0,k(x) +
c0
|Ω|

)
− β̂((S1(ũ, w̃ ; t, 0)ṽ)(x, t) ; z∗k(x))

∣∣∣∣
≤ β∗2 |(S1(ũmk

, w̃mk
; t, 0)ṽmk

) (x, t)− (S1(ũ, w̃ ; t, 0)ṽ) (x, t)| .

Hence, from (b) in (T2) we get the following inequality for all x ∈ Ωk(t):

0 < β̂

(
(S1(ũ, w̃ ; t, 0)ṽ) (x, t) ; z∗0,k(x) +

c0
|Ω|

)
(6.49)

− β̂
(

(S1(ũmk
, w̃mk

; t, 0)ṽmk
) (x, t) ; z∗0,k(x) +

c0
|Ω|

)
≤
∣∣∣∣β̂((S1(ũmk

, w̃mk
; t, 0)ṽmk

) (x, t) ; z∗0,k(x) +
c0
|Ω|

)
− β̂((S1(ũ, w̃ ; t, 0)ṽ)(x, t) ; z∗k(x))

∣∣∣∣
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+ β̂

(
(S1(ũ, w̃ ; t, 0)ṽ) (x, t) ; z∗0,k(x) +

c0
|Ω|

)
− β̂((S1(ũ, w̃ ; t, 0)ṽ)(x, t) ; z∗k(x))

≤ β∗2 |(S1(ũmk
, w̃mk

; t, 0)ṽmk
) (x, t)− (S1(ũ, w̃ ; t, 0)ṽ) (x, t)|

+ β∗1

∣∣∣∣(z∗0,k(x) +
c0
|Ω|

)
− z∗k(x)

∣∣∣∣
≤ (β∗1 + β∗2) |(S1(ũmk

, w̃mk
; t, 0)ṽmk

) (x, t)− (S1(ũ, w̃ ; t, 0)ṽ) (x, t)| .

Since from (a) in Lemma 6.10 we have the convergence

S1(ũmk
, w̃mk

; t, 0)ṽm −→ S1(ũ, w̃ ; t, 0)ṽ in C(Ω) as m→∞,

the inequality (6.49) implies the following convergence:

lim
k→∞

∫
Ωk(t)

{
β̂

(
(S1(ũ, w̃ ; t, 0)ṽ)(x, t) ; z∗0,k(x) +

c0
|Ω|

)
(6.50)

−β̂
(

(S1(ũmk
, w̃mk

; t, 0)ṽmk
)(x, t) ; z∗0,k(x) +

c0
|Ω|

)}
dx = 0.

Moreover, we have

ϕc0
(
S1(ũmk

, wmk
; t, 0)ṽmk

; z∗0,k
)

(6.51)

≥
∫

Ωk(t)

β̂

(
(S1(ũmk

, w̃mk
; t, 0)ṽmk

) (x, t) ; z∗0,k(x) +
c0
|Ω|

)
dx

+

∫
Ω\Ωk(t)

β̂

(
(S1(ũ, w̃ ; t, 0)ṽ) (x, t) ; z∗0,k(x) +

c0
|Ω|

)
dx

=

∫
Ω

β̂

(
(S1(ũ, w̃ ; t, 0)ṽ) (x, t) ; z∗0,k(x) +

c0
|Ω|

)
dx

−
∫

Ωk(t)

{
β̂

(
(S1(ũ, w̃ ; t, 0)ṽ) (x, t) ; z∗0,k(x) +

c0
|Ω|

)
−β̂
(

(S1(ũmk
, w̃mk

; t, 0)ṽmk
) (x, t) ; z∗0,k(x) +

c0
|Ω|

)}
dx.

Taking lim infk→∞ in both sides of (6.51) and using (6.47), (6.48), (6.50), we get

lim inf
k→∞

ϕc0(t, ũmk
, ṽmk

, w̃mk
; z∗0,k) ≥ K3 ≥ ϕc0(t, ũ, ṽ, w̃ ; z∗0).

Next, we consider the case lim infk→∞ ϕc0(t, ũ, w̃, w̃ ; z∗0,k) =∞. For this case, we
assume

K4 := lim inf
k→∞

ϕc0(t, ũmk
, ṽmk

, w̃mk
; z∗0,k) <∞.

Then, we take out a subsequence of {(ũmk
, wmk

, vmk
, z∗0,k)}k∈N, which is denoted

by the same notation here, such that

K4 = lim
k→∞

ϕc0(t, ũmk
, ṽmk

, w̃mk
; z∗0,k).
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Repeating the argumentation similar to the case lim infk→∞ ϕc0(t, ũ, ṽ, w̃ ; z∗0,k) <
∞, we get (6.51). So, we take lim infk→∞ in both sides of (6.51), and get the
following inequality:

lim inf
k→∞

ϕc0(t, ũ, ṽ, w̃ ; z∗0,k) ≤ K4,

which contradicts with lim infk→∞ ϕc0(t, ũ, ṽ, w̃ ; z∗0,k) = ∞. Hence, (ii) is com-
pletely shown.

Next, for the initial datum (u0, v0, w0) in (T5), we define subsets V(u0) and
W(u0) of V(c0, T ) by

V(u0) := {ũ ∈ V(c0, T ) ; ũ(0) = u0} ,

W(u0) :=
{
ũ ∈ V(u0) ; ‖ũ′‖L2(0,T ;V ∗) <∞

}
.

Then, we have Lemma 6.17 which implies that (A6) is satisfied and is obtained in
[9, Lemma 4.2].

Lemma 6.17. The property (?) holds for all ũ ∈ V(u0) and {ϕc0(t, ũ, v0, w0) ; 0 ≤
t ≤ T} ∈ X :

(?)


there exists a constant K5 > 0 such that the following property

is satisfied: for any s ∈ [0, T ] and z∗0(ũ, s) ∈ D(ϕc0(s, ũ, v0, w0))

we have

|ϕc0(t, ũ, v0, w0 ; z∗0(ũ, s))− ϕc0(s, ũ, v0, w0 ; z∗0(ũ, s))|
≤ K5‖S1(ũ, w0 ; t, 0)v0 − S1(ũ, w0 ; s, 0)v0‖C(Ω), 0 ≤ ∀t ≤ T.


Proof. In the following proof, for the simplicity we put ṽ(t) := S1(ũ, w0 ; t, 0)v0 in
W 1,∞(Ω) for all t ∈ [0, T ]. Using the argumentation similar to the proof of [8,
Proposition 4.2], we show this lemma. For any z∗0(ũ, s) ∈ D(ϕc0(s, ũ, v0, w0)) we
define a subset Ω1(s, t) of Ω by

Ω1(s, t) :=

x ∈ Ω ;

β̂

(
ṽ(x, s) ; z∗0(ũ, s ;x) +

c0
|Ω|

)
≥ β̂

(
ṽ(x, t) ; z∗0(ũ, s ;x) +

c0
|Ω|

)
 .

For any x ∈ Ω1(s, t) we have(
z∗0(ũ, s ;x) +

c0
|Ω|

, β̂

(
ṽ(s) ; z∗0(ũ, s ;x) +

c0
|Ω|

))
∈ epi β̂(ṽ(x, t)).

Using [8, Lemma 7.3] and (T2), we see that there exists a point

(z̄∗(ũ, s, t ;x), β̂(ṽ(x, s) ; z̄∗(ũ, s, t ;x))) ∈ ∂
(

epi β̂(ṽ(x, s))
)
,
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which is uniquely determined, such that

• z̄∗(ũ, s, t ;x) ≤ z∗0(ũ, s ;x) +
c0
|Ω|

,

• β̂(ṽ(x, s) ; z̄∗(ũ, s, t ;x)) ≤ β̂
(
ṽ(x, s) ; z∗0(ũ, s ;x) +

c0
|Ω|

)
,

•
∥∥∥∥(z∗0(ũ, s ;x) +

c0
|Ω|

, β̂

(
ṽ(x, t) ; z∗0(ũ, s ;x) +

c0
|Ω|

))
(6.52)

−
(
z̄∗(ũ, s, t ;x), β̂(ṽ(x, s) ; z̄∗(ũ, s, t ;x))

)∥∥∥∥
R2

= inf
(r1,a1)∈ epi β̂(ṽ(x,s))

∥∥∥∥(z∗0(ũ, s ;x) +
c0
|Ω|

,

β̂

(
ṽ(x, t) ; z∗0(ũ, s ;x) +

c0
|Ω|

))
− (r1, a1)

∥∥∥∥
R2

≤ δ
(

epi β̂(ṽ(x, t)), epi β̂(ṽ(x, s))
)
≤ β∗2 |ṽ(x, t)− ṽ(x, s)|.

From (T2) and (6.52) we get

β̂

(
ṽ(x, s) ; z∗0(ũ, s ;x) +

c0
|Ω|

)
− β̂

(
ṽ(x, t) ; z∗0(ũ, s ;x) +

c0
|Ω|

)
(6.53)

≤
∥∥∥∥(z∗0(ũ, s ;x) +

c0
|Ω|

, β̂

(
ṽ(x, t) ; z∗0(ũ, s ;x) +

c0
|Ω|

))
−
(
z̄∗(ũ, s, t ;x), β̂(ṽ(x, s) ; z̄∗(ũ, s, t ;x))

)∥∥∥∥
R2

+

∥∥∥∥(z∗0(ũ, s ;x) +
c0
|Ω|

, β̂

(
ṽ(x, s) ; z∗0(ũ, s ;x) +

c0
|Ω|

))
−
(
z̄∗(ũ, s, t ;x), β̂(ṽ(x, s) ; z̄∗(ũ, s, t ;x))

)∥∥∥∥
R2

≤ β∗2 |ṽ(x, t)− ṽ(x, s)|+
{(

z∗0 +
c0
|Ω|

)
− z̄∗(ũ, s, t ;x)

}
+

∣∣∣∣β̂(ṽ(x, s) ; z∗0(ũ ; s ;x) +
c0
|Ω|

)
− β̂ (ṽ(x, s) ; z̄∗(ũ, s, t ;x))

∣∣∣∣
≤ β∗2 |ṽ(x, t)− ṽ(x, s)|+ (β∗1 + 1)

{(
z∗0 +

c0
|Ω|

)
− z̄∗(ũ, s, t ;x)

}
≤ (β∗1 + β∗2 + 1)|ṽ(x, t)− ṽ(x, s)|.

Next, we consider the case x ∈ Ω \ Ω1(s, t). Then, we have

β̂

(
ṽ(x, s) ; z∗0(ũ, s ;x) +

c0
|Ω|

)
< β̂

(
ṽ(x, t) ; z∗0(ũ, s ;x) +

c0
|Ω|

)
.
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Using [8, Lemma 7.3] again, we see that there exists a point

(z∗(ũ, s, t ;x), β̂(ṽ(x, t) ; z∗(ũ, s, t ;x))) ∈ ∂
(

epi β̂(ṽ(x, t))
)
,

which is uniquely determined, such that

• z∗(ũ, s, t ;x) < z∗0(ũ, s ;x) +
c0
|Ω|

,

• β̂(ṽ(x, t) ; z∗(ũ, s, t ;x)) < β̂

(
ṽ(x, t) ; z∗0(ũ, s ;x) +

c0
|Ω|

)
,

•
∥∥∥∥(z∗0(ũ, s ;x) +

c0
|Ω|

, β̂

(
ṽ(x, s) ; z∗0(ũ, s ;x) +

c0
|Ω|

))
−
(
z∗(ũ, s, t ;x), β̂(ṽ(x, t) ; z∗(ũ, s, t ;x))

)∥∥∥∥
R2

= inf
(r2,a2)∈ epi β̂(ṽ(x,t))

∥∥∥∥(z∗0(ũ, s ;x) +
c0
|Ω|

,

β̂

(
ṽ(x, s) ; z∗0(ũ, s ;x) +

c0
|Ω|

))
− (r2, a2)

∥∥∥∥
R2

≤ δ
(

epi β̂(ṽ(x, s)), epi β̂(ṽ(x, t))
)
≤ β∗2 |ṽ(x, t)− ṽ(x, s)|.

Repeating the argumentation similar to that of the case Ω1(s, t), we get

β̂

(
ṽ(x, t) ; z∗0(ũ, s ;x) +

c0
|Ω|

)
− β̂

(
ṽ(x, s) ; z∗0(ũ, s ;x) +

c0
|Ω|

)
(6.54)

≤ (β∗1 + β∗2 + 1)|ṽ(x, t)− ṽ(x, s)|.

Hence, we see from (6.53) and (6.54) that the condition (?) holds.

At the end of this subsection, we give Lemma 6.18, which implies that (A9) is
satisfied.

Lemma 6.18. There exists a constant K6 > 0 such that

sup
ũ∈V(u0)

(
sup

0≤t≤T
ϕc0 (t, ũ, v0, w0 ; 0)

)
≤ K6.

Proof. For any ũ ∈ V(u0), from (T2) and (6.31) we get

0 ≤ β̂
(

(S1(ũ, w0 ; t1, 0)v0)(x, t) ;
c0
|Ω|

)
≤ c0β

∗
1

|Ω|
, a.a. x ∈ Ω, 0 ≤ ∀t ≤ T,

which implies

ψ

(
t, ũ, v0, w0 ;

c0
|Ω|

)
= ϕc0 (t, ũ, v0, w0 ; 0) ≤ c0β∗1 , 0 ≤ ∀t ≤ T.

Hence, we see that this lemma holds.
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6.5. Haptotaxis term as perturbation on V ∗0

For any (z∗0 , v) ∈ D(ϕc0)×Av we define a perturbation g(z∗0 , v) : V0 7−→ R by

(g(z∗0 , v))(z0) :=

∫
Ω

(
z∗0 +

c0
|Ω|

)
∇λ(v) · ∇zdx, ∀z0 ∈ V0.

Then, we get Lemma 6.19, which implies that (a) in (A4) and (A9) are satisfied.

Lemma 6.19. For any (z∗0 , v) ∈ D(ϕc0) × Av we have g(z∗0 , v) ∈ V ∗0 and there
exist a nonnegative function ` on Av and a constant K7 > 0 such that for any
r ≥ 0 the level set {v ∈ Av ; `(v) ≤ r} is compact in C(Ω) and the following
inequality holds:

‖g(z∗0 , v)‖V ∗0 ≤ `(v)
√
ϕc0(z∗0) +K7, ∀(z∗0 , v) ∈ D(ϕc0)×Av.

Moreover, there exists a constant K8 > 0, which depends on ‖v0‖W 1,∞(Ω) and
‖w0‖W 1,∞(Ω), such that

sup
ũ∈V(u0)

(
sup

0≤t≤T
`(S1(ũ, w0, t, 0)v0) +

∫ T

0

‖(S(ũ, w0 ; t, 0)v0)′‖C(Ω))dt

)
≤ K8.

Proof. Since the perturbation g(z∗0 , v) is linear, we only show that g(z∗0 , v) is
bounded on V0. We see from (T3) that the following inequality holds for all
z0 ∈ V0:

|(g(z∗0 , v))(z0)| ≤ Cλ‖∇v‖(L∞(Ω))N

∥∥∥∥z∗0 +
c0
|Ω|

∥∥∥∥
L2(Ω)

‖z0‖V0 ,

which implies g(z∗0 , v) ∈ V ∗0 and

‖g(z∗0 , v)‖V ∗0 ≤ Cλ‖v‖W 1,∞(Ω)

∥∥∥∥z∗0 +
c0
|Ω|

∥∥∥∥
L2(Ω)

. (6.55)

Moreover, using the following inequality:

r2 ≤ β̂(r) + α2, ∀r ∈ R,

we get ∥∥∥∥z∗0 +
c0
|Ω|

∥∥∥∥2

L2(Ω)

≤ ϕc0(z∗0) + α2|Ω|, ∀z∗0 ∈ D(ϕc0). (6.56)

From (6.55) and (6.56) we get

‖g(z∗0 , v)‖V ∗0 ≤ Cλ‖v‖W 1,∞(Ω)

√
ϕc0(z∗0) + α2|Ω|.

We see that the function `(v) := Cλ‖v‖W 1,∞(Ω) and the constant K7 := α2|Ω| are
desired ones.

Next, we show Lemma 6.20, which implies that (b) in (A4) holds.
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Lemma 6.20. Assume that a sequence {ũm}m∈N and a function ũ in V(u0) satisfy

ũm −→ ũ in C([0, T ];V ∗) (6.57)

and ∗ −weakly in L∞(Ω× (0, T )) as m→∞.

Then, for any (ṽ, w̃) ∈ Av ×Aw we have the following convergence as m→∞:(
P ∗c0 ũm, S1(ũm, w̃ ; ·, 0)ṽ

)
−→ g

(
P ∗c0 ũ, S1(ũ, w̃ ; ·, 0)ṽ

)
(6.58)

∗ −weakly in L∞(0, T ;V ∗0 )

Proof. We assume that (6.57) is satisfied, and throughout this proof we put
ṽm(t) := S1(ũm, w̃ ; t, 0)ṽ and ṽ(t) := S1(ũ, w̃ ; t, 0)ṽ for all t ∈ [0, T ] and m ∈ N.
For any ξ ∈ L1(0, T ;V0) we have∣∣∣∣∣
∫ T

0

(∫
Ω

{ũm(t)∇λ(ṽm(t))− ũ(t)∇λ(ṽ(t))} · ∇ξ(t)dx
)
dt

∣∣∣∣∣ ≤
3∑
i=1

Ψm,i, (6.59)

where Ψm,i (i = 1, 2, 3) are given by

Ψm,1 :=

∣∣∣∣∣
∫ T

0

(∫
Ω

{λ′(ṽm(t))− λ′(ṽ(t))} ũm(t)∇ṽ(t) · ∇ξ(t)dx
)
dt

∣∣∣∣∣ ,
Ψm,2 :=

∣∣∣∣∣
∫ T

0

(∫
Ω

λ′(ṽ(t))ũm(t)∇{ṽ(t)− ṽ(t)} · ∇ξ(t)dx
)
dt

∣∣∣∣∣ ,
Ψm,3 :=

∣∣∣∣∣
∫ T

0

(∫
Ω

{ũm(t)− ũ(t)}λ′(ṽ(t))∇ṽ(t) · ∇ξ(t)dx
)
dt

∣∣∣∣∣ .
Substituting the following estimates into (6.59), which arise from (6.35);

Ψm,1 ≤ αCλK2(T + 1)

{∫ T

0

(∫
Ω

|∇ξ(t)|dx
)
dt

}

×
(

sup
0≤t≤T

‖ṽm(t)− ṽ(t)‖C(Ω)

)
,

Ψm,2 ≤ αCλ

(∫ T

0

‖ξ(t)‖V0dt

)(
sup

0≤t≤T
‖ṽm(t)− ṽ(t)‖H1(Ω)

)
,

Ψm,3 =
∣∣∣〈ũm − ũ, λ′(ṽ(t))∇ṽ(t) · ∇ξ〉L∞(Ω×(0,T )), L1(Ω×(0,T ))

∣∣∣,
and using the convergences in (a) and (b) in Lemma 6.11, we get (6.58).

6.6. Evolution inclusion with quasi-variational structures on V ∗0

In this subsection, we consider the Cauchy problem (E):={(6.60)–(6.63)} of an
evolution inclusion with quasi-variational structures as one of the examples of (P):

u(t) ∈W ∗(c0) ∩ L∞(Ω), ∀t ∈ [0, T ], (6.60)



234 A. Ito(
P ∗c0u

)′
(t) + ∂V ∗0 (v(t))ϕc0

(
t, u, w0, v0 ;P ∗c0u(t)

)
+ g

(
P ∗c0u(t), v(t)

)
3 0 (6.61)

in V ∗0 (v(t)), a.a. t ∈ (0, T ),

(v(t), w(t)) = S(u ; t, 0)(v0, w0) in Av ×Aw, ∀t ∈ [0, T ], (6.62)

u(0) = u0 in V ∗. (6.63)

First of all, for the Cauchy problem (E) we show Theorem 6.22. In order to show
Theorem 6.22, for any R ≥ 0 satisfying

R2 > R∗ :=
2ϕc0

(
u0, w0, v0 ;P ∗c0u0

)
c̃21

,

where c̃1 > 0 is the same constant that is obtained in Lemma 6.7, we prepare
subsets VR(u0) and WR(u0) of V(u0) defined by

VR(u0) :=

{
ũ ∈ V(u0) ; sup

0≤t≤T
‖u(t)‖V ∗ ≤ R

}
,

WR(u0) :=
{
ũ ∈ V(u0) ; ‖u′‖L2(0,T ;V ∗) ≤ R

}
.

Then, we have Lemma 6.21.

Lemma 6.21. For any R > R∗ the set WR(u0) is nonempty, convex and compact
in C([0, T ];V ∗).

Proof. Since we easily see that WR(u0) is nonempty and convex, we only show
that WR(u0) is compact in C([0, T ];V ∗). Because of the compact imbedding
L2(Ω) ⊂ V ∗, we see that WR(u0) is relatively compact in C([0, T ];V ∗) by using
the Ascoli-Arzelà theorem. In the following argumentation, we show that WR(u0)
is closed in C([0, T ];V ∗). For this, we consider a sequence {z∗m}m∈N ⊂ WR(u0)
and a function z∗ ∈ C([0, T ];V ∗) satisfying the following convergence as m→∞:

z∗m −→ z∗

 in C([0, T ];V ∗)
weakly in W 1,2([0, T ];V ∗)
∗ − weakly in L∞(0, T ;L∞(Ω)).

(6.64)

hence, from (6.27) in the proof of Lemma 6.5 we have

P ∗c0z
∗
m −→ P ∗c0z

∗ in C([0, T ];V ∗0 ) as m→∞. (6.65)

Because ϕc0 is nonnegative and l.s.c. on V ∗0 , from (6.65) we get

ϕc0
(
P ∗c0z

∗(t)
)

= 0, ∀t ∈ [0, T ]. (6.66)

Hence, from (6.64) and (6.66) we have z∗ ∈ WR(u0), so, WR(u0) is closed in
C([0, T ];V ∗).

Using the argumentation similar to that in Section 4, we show Theorem 6.22,
which guarantees the existence of strong local-in-time solutions to (E).
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Theorem 6.22. There exists a time T0 ∈ (0, T ] such that the Cauchy problem
(E) has at least one strong solution u on [0, T0] satisfying (6.60)–(6.62) as T = T0

and (6.63). Moreover, there exists a constant K9 > 0 such that

‖u′‖L2(0,T0;V ∗) + sup
0≤t≤T0

ϕc0
(
t, u, v0, w0 ;P ∗c0u(t)

)
≤ K9,

which implies that the double obstacle conditions are satisfied:

0 ≤ u(x, t) ≤ α, ∀t ∈ [0, T0], a.a. x ∈ Ω.

Proof. For each ũ ∈ V(u0) we consider the following auxiliary problem (AE):

(AE)


z′(t) + ∂V ∗0 (ṽ(t))ϕ(t, ũ, v0, w0 ; z(t)) 3 −g

(
P ∗c0 ũ(t), ṽ(t)

)
in V ∗0 (ṽ(t)), a.a. t ∈ (0, T ),

(ṽ(t), w̃(t)) = S(ũ ; t, 0)(v0, w0) in Av ×Aw,
z(0) = P ∗c0u0 in V ∗0 .

Owing to Lemmas 6.3–6.21, we can apply [7, Theorem 3.1] and see that (AE)
has one and only one strong solution z(ũ) ∈ W 1,2(0, T ;V ∗0 ). Fixing a constant
R > R∗ and using the solution z(ũ) to (AE), we define an operator S : WR(u0) 7−→
W 1,2(0, T ;V ∗) by

(Sũ)(t) := (P ∗c0)−1z(ũ ; t) = z(ũ ; t) +
c0
|Ω|

, 0 ≤ ∀t ≤ T, ∀ũ ∈ WR(u0). (6.67)

Repeating the argumentation similar to Lemma 3.6 and using Lemma 6.5, we
see that the operator S is continuous with respect to the strong topology of
C([0, T ];V ∗).

Next, we use the energy inequalities which are obtained in Lemmas 3.2 and 3.4.
At first, from the first energy type inequality in Lemma 3.2 and (b) in Lemma 6.7
we get the following inequality:

d

dt
‖z(ũ ; t)‖2V ∗0 (ṽ(t)) − 2(z′(ũ ; t), z(ũ ; t))V ∗0 (ṽ(t))

≤ c̃3‖ṽ′(t)‖C(Ω)‖z(ũ ; t)‖2V ∗0 (ṽ(t)), a.a. t ∈ (0, T ),

hence, from Lemmas 6.10 and 6.19

d

dt
‖z(ũ ; t)‖2V ∗0 (ṽ(t)) + 2ϕc0(t, ũ, v0, w0 ; z(ũ ; t)) (6.68)

≤ − 2
(
g
(
P ∗c0 ũ(t), ṽ(t)

)
, z(ũ ; t)

)
V ∗0 (ṽ(t))

+ c̃3‖ṽ′(t)‖C(Ω)‖z(ũ ; t)‖2V ∗0 (ṽ(t))

≤ φ(ṽ(t))‖z(ũ ; t)‖V ∗0 (ṽ(t)) + c̃3‖ṽ′(t)‖C(Ω)‖z(ũ ; t)‖2V ∗0 (ṽ(t))

≤
(
c̃3aαK1 +

1

2

)
‖z(ũ ; t)‖2V ∗0 (ṽ(t)) +

K2
8

2
.
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Applying the Gronwall lemma to (6.68), we see that there exists a constantK10 > 0
such that

sup
0≤t≤T

‖z(ũ ; t)‖2V ∗0 (ṽ(t)) +

∫ T

0

ϕc0(t, ũ, v0, w0 ; z(ũ ; t))dt ≤ K10. (6.69)

Secondly, we use the second type energy inequality in Lemma 3.4. Then, we see
from Lemma 6.17 and (6.69) that there exists a constant K11 > 0 such that the
following inequality holds for a.a. t ∈ (0, T ):

d

dt
ϕc0(t, ũ, v0, w0 ; z(ũ ; t)) +

(
z′(ũ ; t), z(ũ ; t) + g

(
P ∗c0 ũ(t), ṽ(t)

))
V ∗0 (ṽ(t))

≤ K11 {ϕc0(t, ũ, v0, w0 ; z(ũ ; t)) + 1} (‖ṽ′(t)‖C(Ω) + 1),

hence, from Lemmas 6.10 and 6.19

1

2
‖z′(ũ ; t)‖2V ∗0 (ṽ(t)) +

d

dt
ϕc0(t, ũ, v0, w0 ; z(ũ ; t)) (6.70)

≤ 3

2
·
∥∥g (P ∗c0 ũ(t), ṽ(t)

)∥∥2

V ∗0 (ṽ(t))

+K11 {ϕc0(t, ũ, v0, w0 ; z(ũ ; t)) + 1} (‖ṽ′(t)‖C(Ω) + 1)

≤ K11(aαK1 + 1)ϕc0(t, ũ, v0, w0 ; z(ũ ; t)) +
3K2

8

2
+K11(aαK1 + 1).

Applying the Gronwall lemma to (6.70), we see that there exists a constantK12 > 0
such that

‖z′(ũ)‖L2(0,T ;V ∗0 ) + sup
0≤t≤T

ϕc0(t, ũ, v0, w0 ; z(ũ ; t)) ≤ K12, (6.71)

which implies

ϕc0(z(ũ ; t)) = 0, ∀t ∈ [0, T ].

Using (6.70) and (6.71), we see that the following inequality holds for all t ∈ [0, T ]:∫ t

0

‖z′(ũ ; s)‖2V ∗0 ds ≤
2ϕc0

(
0, u0, v0, w0 ;P ∗c0u0

)
c̃21

+
K13t

c̃21
= R∗ +

K13t

c̃21
,

where c̃1 is the same constant that is obtained in Lemma 6.7 and K13 > 0 is a
constant given by

K13 := K11(K12 + 1)(aαK1 + 1) +
3K2

8

2
.

Choosing a time T0 > 0 so that

K13T0

c̃21
< R2 −R∗,
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we have ∫ T0

0

‖z′(ũ ; t)‖2V ∗0 dt ≤ R
2. (6.72)

Now, for any z∗0 ∈ C([0, T ];V ∗0 ) we define a function Λz∗0 by

(Λz∗0)(t) :=

{
z∗0(t) if t ∈ [0, T0],

z∗0(T0) if t ∈ (T0, T ].

From (6.67) we get the following equalities:

P ∗c0((Λ ◦ S )ũ)(t) = Λ
(
P ∗c0(Sũ)(t)

)
= Λz(ũ ; t), ∀t ∈ [0, T ], (6.73)

‖(Λ◦Sũ)′(t)‖V ∗ = ‖(P ∗c0((Λ◦S )ũ)′(t)‖V ∗0 = ‖(Λz(ũ))′(t)‖V ∗0 , ∀t ∈ [0, T ]. (6.74)

Hence, we see from (6.72)–(6.74) that the following equality and boundedness hold:

ϕc0(P ∗c0((Λ ◦ S )ũ)(t)) = 0, ∀t ∈ [0, T ],∫ T

0

‖((Λ ◦ S )ũ)′(t)‖2V ∗dt ≤ R2,

which imply (Λ◦S )ũ ∈ WR(u0). Since the operator Λ◦S is continuous with respect
to the strong topology of C([0, T ];V ∗) and from Lemma 6.21 the set WR(u0) is
nonempty, convex and compact in C([0, T ];V ∗), we see that the operator Λ ◦ S
has at least one fixed point u, that is,

(Λ ◦ S )u = u, ∀t ∈ [0, T ], hence, z(u ; t) = P ∗c0u(t), ∀t ∈ [0, T0].

by applying the Schauder fixed-point theorem. Then, we see that the restriction
on [0, T0] of the function u, which is the fixed point of Λ ◦ S, is a strong solution
to (E) on [0, T0].

In the rest of this section, we show the existence of strong solutions of (E) on
[0, T ].

Theorem 6.23. The Cauchy problem (E) has at least one strong solution u on
[0, T ].

Proof. In order to show this theorem, we use the same notation and repeat the
argumentation similar to that in Section 5. We define a set Z, which is nonempty
because of Theorem 6.22, by

Z :=

(ū, v̄, w̄, T̄ ) ;

ū is a strong solution of (E) on [0, T̄ ] and

(v̄(t), w̄(t)) = S(ū ; t, 0)(v0, w0) in Av ×Aw
for all t ∈ [0, T̄ ]


⊂

⋃
0≤T̄≤T

W 1,2(0, T̄ ;V ∗)×W 1,1(0, T̄ ;C(Ω))× C([0, T̄ ];L2(Ω))× {T̄},
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and induce an order relation � on Z by

(ū1, v̄1, w̄1, T̄1) � (ū2, v̄2, w̄2, T̄2)

if and only if T̄1 ≤ T̄2 and ū1 = ū2 in W 1,2(0, T̄1;V ∗).

Then, we see that the ordered set (Z,�) is inductively ordered. Actually, we let
Y be any linearly ordered subset of Z and define a quadruple (û, v̂, ŵ, T̂ ) by

T̂ := sup
{
T̄ ∈ (0, T ] ; (ū, v̄, w̄, T̄ ) ∈ Y

}
,

(û(t), v̂(t), ŵ(t)) = (ū(t), v̄(t), w̄(t)) in V ∗ ×Av ×Aw, ∀t ∈ [0, T̄ ]
whenever we have (ū, v̄, w̄, T̄ ) ∈ Y.

We easily see that the triplet (û, v̂, ŵ, T̂ ) is uniquely determined. Now, we can
take out a sequence {(ūm, v̄m, w̄m, T̄m)}m∈N ⊂ Y satisfying

T̄m ↗ T̂ as m→∞,(
P ∗c0 ūm

)′
(t) + ∂V ∗0 (v̄m(t))ϕc0

(
t, ūm, v0, w0 ;P ∗c0 ūm(t)

)
+ g

(
P ∗c0 ūm(t), v̄m(t)

)
3 0

in V ∗0 (v̄m(t)), a.a. t ∈ (0, T̄m),

(v̄m(t), w̄m(t)) = S(ūm ; t, 0)(v0, w0) in Av ×Aw, ∀t ∈ [0, T ],

ūm(0) = u0 in V ∗.

Using Theorem 6.22, we see that there exists a sequence {K∗m} ⊂ (0,∞) such that

‖ū′m‖L2(0,T̄m;V ∗) + sup
0≤t≤T̄m

ϕc0(t, ūm, v0, w0 ;P ∗c0 ūm(t)) ≤ K∗m.

Hence, we have

ϕc0(P ∗c0 ūm(t)) = 0, ∀t ∈ [0, T̄m], ∀m ∈ N, (6.75)

which implies that there exists a constant K14 > 0, which is independent of m ∈ N,
such that

sup
m∈N

(
sup

0≤t≤T̄m

‖ūm(t)‖V ∗
)
≤ K14 (6.76)

because of the double constraints condition (cf. (6.75)):

0 ≤ ūm(x, t) ≤ α, ∀t ∈ [0, T̄m], a.a. x ∈ Ω, ∀m ∈ N.

For any m ∈ N we consider a sequence {ũm}m∈N ⊂ V(u0) defined by

ũm(t) := (ūm)T̄m
(t) =

{
ūm(t) if t ∈ [0, T̄m],

ūm(T̄m) if t ∈ (T̄m, T ],
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and consider the Cauchy problem (E)m := {(6.77)− (6.79)}:

z̃′m(t) + ∂V ∗0 (ṽm(t))ϕc0 (t, ũm, v0, w0 ; z̃m(t)) 3 −g
(
P ∗c0 ũm(t), ṽm(t)

)
(6.77)

in V ∗0 (ṽ(t)), a.a. t ∈ (0, T ),

(ṽm(t), w̃m(t)) = S(ũm ; t, 0)(v0, w0) in Av ×Aw, ∀t ∈ [0, T ], (6.78)

z̃m(0) = P ∗c0u0 in V ∗0 . (6.79)

We see from Lemma 6.5 that there exists a constant K15 > 0, which depends on
‖v0‖W 1,∞(Ω) and ‖w0‖W 1,∞(Ω), such that the following uniform estimate holds:

sup
m∈N

{
sup

0≤t≤T

(
‖w̃m(t)‖W 1,∞(Ω) + ‖∇ṽm(t)‖(L∞(Ω))N (6.80)

+ ‖ṽ′m(t)‖C(Ω)

)}
≤ K15.

Using Lemma 3.4, we see from Lemmas 6.10 and 6.17 that there exists a constant
K16 > 0, which depend on ‖u0‖V ∗0 , ‖v0‖W 1,∞(Ω) and ‖w0‖W 1,∞(Ω), such that the
following inequality holds for all m ∈ N and a.a. t ∈ (0, T ):

d

dt
ϕc0(t, ũm, v0, w0 ; z̃m(t)) +

(
z̃′m(t), z̃′m(t) + g

(
P ∗c0 ũm(t), ṽm(t)

))
V ∗0 (ṽm(t))

≤ K16 {ϕc0(t, ũm, v0, w0 ; z̃m(t)) + 1} ,

hence, from Lemma 6.14

1

2
‖z̃′m(t)‖2V ∗0 (ṽm(t)) +

d

dt
ϕc0(t, ũm, v0, w0 ; z̃m(t))

≤ 3c̃22
2
· ‖g(ũm(t), ṽm(t))‖2V ∗0 +K16 {ϕc0(t, ũm, v0, w0 ; z̃m(t)) + 1}

≤ K16 {ϕc0(t, ũm, v0, w0 ; z̃m(t)) + 1}

+
3c22
2

(
sup

0≤t≤T
φ(ṽm(t))

)2 {
ϕc0

(
P ∗c0 ũm(t)

)
+K7

}
.

Using (1) in Lemma 6.14 and (6.75), we get the following inequality for a.a. t ∈
(0, T ):

d

dt
ϕc0(t, ũm, v0, w0 ; z̃m(t)) +

1

2
‖z̃′m(t)‖2V ∗0 (v̄m(t)) (6.81)

≤ K16ϕc0(t, ũm, v0, w0 ; z̃m(t)) +K17,

where the constant K17 > 0 is given by

K17 :=
3c̃22K7K

2
8

2
.
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Applying the Gronwall lemma to (6.81), we get the following uniform estimates:

sup
m∈N

(
sup

0≤t≤T
ϕc0(t, ũm, v0, w0 ; z̃m(t))

)
(6.82)

≤
{
ϕc0

(
0, u0, v0, w0 ;P ∗c0u0

)
+
K17

K16

}
eK16T ,

sup
m∈N

∫ T

0

‖z̃′m(t)‖2V ∗0 dt ≤
2

c21

{
ϕc0

(
0, u0, v0, w0 ;P ∗c0u0

)
+
K17

K16

}
eK16T . (6.83)

From (6.75), (6.76), (6.82), (6.83) and the following equality

∀m ∈ N, z̃m(t) = P ∗c0 ūm(t) in V ∗0 (v̄m(t)), ∀t ∈ [0, T̄m], (6.84)

we get the following uniform estimate:

sup
m∈N

{
‖ũ′m‖L2(0,T ;V ∗) + sup

0≤t≤T
ϕc0

(
P ∗c0 ũm(t)

)}

≤

√
2

c21

{
ϕc0

(
0, u0, v0, w0 ;P ∗c0u0

)
+
K17

K16

}
eK16T ,

which implies that the sequence {ũm}m∈N is relatively compact in C([0, T ];V ∗)
and bounded in W 1,2(0, T ;V ∗). Hence, we see that there exist a subsequence
{ũmk

}k∈N of {ũm}m∈N and an element ũ ∈ C([0, T ];V ∗) ∩ W 1,2(0, T ;V ∗) such
that

ũmk
−→ ũ in C([0, T ];V ∗) and (6.85)

weakly in W 1,2(0, T ;V ∗) as k →∞,

hence,
Sũmk

−→ Sũ in C([0, T ];V ∗0 ) as k →∞. (6.86)

From (6.84), (6.85) and (6.86) we get the following equality:

(ũ(t), ṽ(t), w̃(t)) = (û(t), v̂(t), ŵ(t)) on V ∗0 ×Av ×Aw, ∀t ∈ [0, T̂ ), (6.87)

ũ = ũT̂ in C([0, T ];V ∗0 ). (6.88)

We see from (6.87) and (6.88) that the function ũ is a strong solution of (E) below
on [0, T̂ ]:

(P ∗c0 ũ)′(t) + ∂V ∗0 (ṽ(t))ϕ
(
t, ũ, v0, w0 ;P ∗c0 ũ(t)

)
+ g

(
P ∗c0 ũ(t), ṽ(t)

)
3 0

in V ∗0 (ṽ(t)), a.a. t ∈ (0, T̂ ),

(ṽ(t), w̃(t)) = S(ũ ; t, 0)(v0, w0) in Av ×Aw, ∀t ∈ [0, T̂ ],

ũ(0) = u0 in V ∗0 .

Hence we see that the triplet (ũ, ṽ, w̃, T̂ ) is an upper bound of Y.

Finally, we can easily show Theorem 6.22 by repeating the argumentation
similar to the proof of Theorem 1.3 and omit it in this proof.



Perturbation theory of evolution inclusions 241

6.7. Mass-conservative tumor invasion model

At the beginning of this subsection, we give the definition of strong solutions to
(T) on [0, T ].

Definition 6.24. A triplet (u, v, w) is called a strong solution to (T) on [0, T ] if
and only if the following conditions are satisfied:

(1) u ∈W 1,2(0, T ;V ∗)∩L∞(0, T ;L2(Ω)) with u(0) = u0 in V ∗, and there exists
a function η ∈ L2(0, T ;V ) such that for any z ∈ V and a.a. t ∈ (0, T ) the
following variational equality holds with the quasi-variational double obstacle
condition (6.90):

〈u′(t), z〉V ∗,V + 〈F (v(t))η(t), z〉V ∗ V −
(∫

Ω

η(t) dx

)(∫
Ω

z dx

)
(6.89)

=

∫
Ω

u(t)∇λ(v(t)) · ∇ξ dx,

η ∈ β(v(t) ;u(t)) a.a. x ∈ Ω, ∀t ∈ [0, T ]. (6.90)

(2) v ∈ C([0, T ];C(Ω) ∩ V ) ∩W 1,∞(0, T ;L∞(Ω)), and it is expressed by

v(x, t) = (S(u,w0 ; t, 0)v0)(x, t)

= v0(x) exp

(∫ t

0

w(x, s)ds

)
, ∀(x, t) ∈ Ω× [0, T ].

(3) w ∈W 1,2(0, T ;L2(Ω)) ∩ L∞(0, T ;W 1,∞(Ω)), and it is expressed by

w(t) = et(dw∆−b)w0 + c

∫ t

0

e(t−s)(dw∆−b)u(s)ds, ∀t ∈ [0, T ].

Next, we give Theorem 6.23, which is given in [9, Theorem 1.3].

Theorem 6.25. A triplet (u, v, w) is a strong solution to (T) on [0, T ] if and only
if it satisfies (1)’ instead of (1), which is stated below, and (2), (3) in Definition
6.24:

(1)’ u(t) ∈W ∗(c0) for all t ∈ [0, T ], which is called a mass conservative property
of (T) in this paper and enables us to consider P ∗c0u instead of u. Then,
P ∗c0u ∈W

1,2(0, T ;V ∗0 )∩L∞(0, T ; (L2(Ω))0) with P ∗c0u(0) = πc0u0 in V ∗0 and
there exists a function η ∈ L2(0, T ;V ) such that for any z0 ∈ V0 and a.a.
t ∈ (0, T ) the following quasi-variational equality holds with (6.90):〈(

P ∗c0u
)′

(t), z0

〉
V ∗0 , V0

+ 〈(F0(v(t)) ◦ P )η(t), z0〉V ∗0 , V0 (6.91)

=
〈
g
(
P ∗c0u(t), v(t)

)
, z0

〉
V ∗0 , V0

.
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Proof. Let a triplet (u, v, w) be a strong solution to (T) on [0, T ]. Substituting
z = 1 ∈ V in (6.89), we get

〈u′(t), 1〉V ∗,V =
d

dt

∫
Ω

u(t) dt = 0, a.a. t ∈ (0, T ), (6.92)

hence,

〈u(t), 1〉V ∗,V =

∫
Ω

u(t) dt =

∫
Ω

u0 dx = c0, ∀t ∈ [0, T ],

which implies u(t) ∈ W ∗(c0) for all t ∈ [0, T ]. Moreover, we see from Proposi-
tion 6.6 and (6.92) that for any z0 ∈ V0 and all t ∈ [0, T ] we have

〈u′(t), z0〉V ∗,V = 〈u′(t), z0〉V ∗0 ,V0 =
〈(
P ∗c0u

)′
(t), z0

〉
V ∗0 ,V0

.

Hence, we see from Lemma 6.8 that (6.91) holds.

Conversely, we assume that (1)’ holds. Then, we see from Lemma 6.8 and
(6.91) that the following equality holds for all z ∈ V and a.a. t ∈ (0, T ):〈

(Pc0u
∗)
′
(t), P z

〉
V ∗0 ,V0

+ 〈F (v(t))η(t), z〉V ∗ V −
(∫

Ω

η(t) dx

)(∫
Ω

z dx

)
(6.93)

= 〈g(u(t), v(t)), P z〉V ∗0 V0
=

∫
Ω

u(t)∇λ(v(t)) · ∇z dx.

Because of u(t) ∈ W ∗(c0) for all t ∈ [0, T ], we have u(s) − u(t) ∈ W ∗(0) for all
s, t ∈ [0, T ]. Using Proposition 6.6 and (6.25), we see that the following equality
holds for all z ∈ V :

〈u(s)− u(t), z〉V ∗,V = 〈u(s)− u(t), P z〉V ∗0 ,V0
(6.94)

=
〈
P ∗c0u(s)− P ∗c0u(t), P z

〉
V ∗0 ,V0

.

Dividing the both sides of (6.94) by (t− s) and taking the limit s→ t, we get

〈u′(t), z〉V ∗,V =
〈(
P ∗c0u

)′
(t), P z

〉
V ∗0 ,V0

, a.a. t ∈ (0, T ), (6.95)

‖〈u′(t), z〉V ∗,V | ≤
∥∥(Pc∗0u)′ (t)∥∥V ∗0 ‖Pz‖V0

≤
∥∥(P ∗c0u)′ (t)∥∥V ∗0 ‖z‖V , a.a. t ∈ (0, T ),

which implies

‖u′(t)‖V ∗ ≤
∥∥(P ∗c0u)′ (t)∥∥V ∗0 , a.a. t ∈ (0, T ),

hence, u′ ∈ W 1,2(0, T ;V ∗). Finally, we see from (6.93) and (6.95) that (6.89)
holds.
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Concerning the relation between (E) and (T), we show Theorem 6.26 at first.

Theorem 6.26. Let a triplet (u, v, w) be a strong solution to (T) on [0, T ]. Then,
the function u is a strong solution to (E) on [0, T ].

Before giving the proof of Theorem 6.26, we prepare Lemma 6.27.

Lemma 6.27. Assume that z∗0 ∈ D(ϕc0(ṽ)) and there exists a function η ∈ V
such that

η(x) ∈ β
(
ṽ(x) ; z∗0(x) +

c0
|Ω|

)
, a.a x ∈ Ω. (6.96)

Then, we have (F0(ṽ) ◦ P ) η ∈ ∂V ∗0 (ṽ)ϕc0(ṽ ; z∗0).

Proof. From (6.96) we have

η(x)

{
r −

(
z∗0 +

c0
|Ω|

)}
≤ β̂(ṽ ; r)− β̂

(
ṽ ; z∗0 +

c0
|Ω|

)
, (6.97)

∀r ∈ R, a.a. x ∈ Ω.

Hence, we see from (6.97) that the following inequality holds for all y∗0 ∈ D(ϕc0(ṽ)):∫
Ω

η(y∗0 − z∗0)dx ≤
∫

Ω

β̂

(
ṽ ; y∗0 +

c0
|Ω|

)
dx−

∫
Ω

β̂

(
ṽ ; z∗0 +

c0
|Ω|

)
dx. (6.98)

Moreover, we have∫
Ω

η(y∗0 − z∗0)dx =

∫
Ω

(y∗0 − z∗0)Pη dx = (y∗0 − z∗0 , Pη)(L2(Ω))0 (6.99)

= 〈y∗0 − z∗0 , Pη〉V ∗0 ,V0
= ((F0(ṽ) ◦ P ) η, y∗0 − z∗0)V ∗0

.

Hence, from (6.98) and (6.99) we get

((F0(ṽ) ◦ P ) η, y∗0 − z∗0)V ∗0
≤ ϕc0(y∗0)− ϕc0(z∗0), ∀y∗0 ∈ D(ϕc0(ṽ)),

which implies (F0(ṽ) ◦ P ) η ∈ ∂V ∗0 (ṽ)ϕc0(ṽ ; z∗0).

Using Lemma 6.27, we show Theorem 6.26.

Proof of Theorem 6.26. We let a triplet (u, v, w) a strong solution to (T) on [0, T ].
From Theorem 6.25 we have P ∗c0u(t) ∈ D(ϕc0(t, u, v0, w0)) for all t ∈ (0, T ) and
the following equality holds for all z∗0 ∈ V ∗0 and a.a. t ∈ (0, T ):〈(

P ∗c0u
)′

(t), F−1
0 (v(t))z∗0

〉
V ∗0 , V0

+
〈
(F0(v(t)) ◦ P )η(t), F−1

0 (v(t))z∗0
〉
V ∗0 , V0

=
〈
g
(
P ∗c0u(t), v(t)

)
, F−1

0 (v(t))z∗0
〉
V ∗0 , V0

,

hence, ((
P ∗c0u

)′
(t), z∗0

)
V ∗0 (v(t))

+ ((F0(v(t)) ◦ P )η(t), z∗0)V ∗0 (v(t))

=
(
g
(
P ∗c0u(t), v(t)

)
, z∗0
)
V ∗0 (v(t))

,
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with

η ∈ β
(
v(t) ;P ∗c0u(t) +

c0
|Ω|

)
, a.a. x ∈ Ω, ∀t ∈ [0, T ].

Using Lemma 6.27, we get the following inclusion for a.a. t ∈ (0, T ):

(F0(v(t)) ◦ P )η(t) = −
(
P ∗c0u

)′
(t) + g

(
P ∗c0u(t), v(t)

)
∈ ∂V ∗0 (v(t))ϕc0

(
t, u, v0, w0 ;P ∗c0u(t)

)
.

Hence, we see that the function u is a strong solution to (E) on [0, T ].

In the rest of this subsection, we find the condition under which strong solutions
to (E) on [0, T ] also become strong solutions to (T) on [0, T ]. In order to do
this, for v ∈ Av we define a proper, nonnegative, l.s.c. and convex function
ϕ(v) : V ∗ 7−→ R ∪ {∞} by

ϕ(ṽ ; z∗) :=


∫

Ω

β̂(ṽ ; z∗)dx

if z∗ ∈ D(ϕ(ṽ)) :=
{
z̃∗ ∈ L2(Ω) ; β̂(ṽ ; z̃∗) ∈ L1(Ω)

}
,

∞, if z∗ ∈ V ∗ \D(ϕ(ṽ)).

Since we can show that the function ϕ(ṽ) is l.s.c. on V ∗ by using the argumentation
similar to ϕc0(ṽ) in Lemma 6.10, we omit its proof here.

Next, we consider conjugate functions ϕ∗c0 : V0 7−→ R ∪ {∞} and ϕ̃ : V 7−→
R ∪ {∞}, which are defined by (6.100) and (6.101), respectively, and investigate
the relation between ϕc0(ṽ) and ϕ(ṽ):

ϕ∗c0(ṽ ; z0) := sup
{
〈y∗0 , z0〉V ∗0 ,V0

− ϕc0(ṽ ; y∗0) ; y∗0 ∈ V ∗0
}
, ∀z0 ∈ V0, (6.100)

ϕ∗(ṽ ; z) := sup {〈y∗, z〉V ∗,V − ϕ(ṽ ; y∗) ; y∗ ∈ V ∗} , ∀z ∈ V. (6.101)

Then, we have Lemma 6.28.

Lemma 6.28. The following inequality holds for all z ∈ V :

ϕ∗c0(ṽ ;Pz) ≤ ϕ∗(ṽ ; z)− c0
|Ω|

∫
Ω

z dx.

Proof. From (6.101) we have

〈y∗, z〉V ∗, V − ϕ(ṽ ; y∗) ≤ ϕ∗(ṽ ; z), ∀y∗ ∈ D(ϕ(ṽ)). (6.102)

From Proposition 6.6 and (6.102) the following inequality holds for all y∗ ∈
D(ϕ(ṽ)) ∩W ∗(c0):

〈P ∗c0y
∗, P z〉V ∗0 , V0 +

c0
|Ω|

∫
Ω

z dx− ϕ
(
ṽ ; y∗0 +

c0
|Ω|

)
≤ ϕ∗(ṽ ; z). (6.103)
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Since we have D(ϕc0(ṽ)) = P ∗c0(D(ϕ(ṽ)) ∩W ∗(c0))), we see from (6.103) that the
following inequality holds for all y∗0 ∈ D(ϕc0(ṽ)):

〈y∗0 , P z〉V ∗0 ,V0 − ϕc0(ṽ ; y∗0) +
c0
|Ω|

∫
Ω

z dx ≤ ϕ∗(ṽ ; z). (6.104)

We see from (6.101) and (6.104) that this lemma holds.

Next, we show Proposition 6.29.

Proposition 6.29. Assume that the following equality holds for all η ∈ V and
ṽ ∈ Av:

ϕ∗c0(ṽ ;Pη) = ϕ∗(ṽ ; η)− c0
|Ω|

∫
Ω

η dx. (6.105)

Then, the following conditions (a) and (b) are equivalent.

(a) z∗ ∈ D(ϕ(ṽ)) ∩ W ∗(c0) and there exists a function z ∈ V such that the
following equality holds:

ϕ∗(ṽ ; z) + ϕ(ṽ ; z∗) = (z∗, z)L2(Ω). (6.106)

(b) z∗0 ∈ D(ϕc0(ṽ)) and there exists a function z ∈ V such that the following
equality holds:

ϕ∗c0(ṽ ;Pz) + ϕc0(ṽ ; z∗0) = (z∗0 , P z)(L2(Ω))0 . (6.107)

Proof. We assume that (a) holds. Using (6.106) and substituting the following
equality;

z∗ = P ∗c0z
∗ +

c0
|Ω|

,

we have the following equality:

ϕ∗(v ; z) + ϕ

(
ṽ ;P ∗c0z

∗ +
c0
|Ω|

)
=

(
P ∗c0z

∗ +
c0
|Ω|

, z

)
L2(Ω)

,

hence, from (6.105)

ϕ∗c0(ṽ ;Pz) + ϕc0(v ;P ∗c0z
∗) =

(
P ∗c0z

∗ +
c0
|Ω|

, z

)
L2(Ω)

− c0
|Ω|

∫
Ω

z dx

= (P ∗c0z
∗, z)L2(Ω) = (P ∗c0z

∗, P z)(L2(Ω))0 .

Hence, we see that P ∗c0z
∗ ∈ D(ϕc0(ṽ)) is a required one as z∗0 in (b).

Conversely, we assume that (b) holds. Using (6.107) and considering the fol-
lowing function

z∗ = z∗0 +
c0
|Ω|

, (6.108)
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we have z∗ ∈ D(ϕ(ṽ)) ∩W ∗(c0) and

ϕ∗c0(ṽ ;Pz) + ϕc0

(
ṽ ; z∗ − c0

|Ω|

)
=

(
z∗ − c0

|Ω|
, P z

)
(L2(Ω))0

.

We see from (6.105) that the following equality holds:

ϕ∗c0(ṽ ;Pz) + ϕc0

(
ṽ ; z∗ − c0

|Ω|

)
= ψ(ṽ ; z) + ϕ(ṽ ; z∗)

=

∫
Ω

(
z∗ − c0

|Ω|

)
(Pz) dx+

c0
|Ω|

∫
Ω

z dx

=

∫
Ω

(
z∗ − c0

|Ω|

)(
z − 1

|Ω|

∫
Ω

z dx

)
dx+

c0
|Ω|

∫
Ω

z dx = (z∗, z)L2(Ω).

Hence, we see that the function z∗ given by (6.108) is a required one in (a).

Using [8, Proposition 3.5] and [9, Lemma 3.5], we have Corollary 6.30 to Propo-
sition 6.29.

Corollary 6.30. Assume that (6.105) holds for all z ∈ V . Then, the following
three conditions (c), (d) and (e) are equivalent.

(c) z∗ ∈ D(ϕ(ṽ)) ∩W ∗(c0) and there exists a function z ∈ V such that

z(x) ∈ β(ṽ(x) ; z∗(x)) a.a. x ∈ Ω.

(d) z∗ ∈ D(ϕ(ṽ)) ∩W ∗(c0) and there exists a function z ∈ V such that F (ṽ)z ∈
∂V ∗(ṽ)ϕ(ṽ ; z∗).

(e) z∗0 ∈ D(ϕc0(ṽ)) and there exists a function z ∈ V such that (F0(ṽ) ◦ P )z ∈
∂V ∗0 (ṽ)ϕc0(ṽ ; z∗0).

Proof. We entrust the proof of (c) ⇔ (d) to [8, Proposition 3.5] and [9, Lemma
3.5], and omit it in this proof. We only show (d) ⇔ (e).

We assume that (d) holds. Because of F (ṽ)z ∈ ∂V ∗(ṽ)ϕ(ṽ ; z∗), we see that the
following equality holds:

ϕ∗(ṽ ; z) + ϕ(ṽ ; z∗) = (z∗, F (ṽ)z)V ∗(ṽ) = 〈z∗, z〉V ∗,V = (z∗, z)L2(Ω). (6.109)

As you see from the proof of (a) ⇒ (b) in Proposition 6.29, we see from (6.109)
that the following equality holds:

ϕ∗c0(ṽ ;Pz) + ϕc0(ṽ ;P ∗c0z
∗) = (P ∗c0z

∗, P z)(L2(Ω))0 (6.110)

= 〈P ∗c0z
∗, P z〉V ∗0 ,V0

= (P ∗c0z
∗, (F0(ṽ) ◦ P )z)V ∗0 (ṽ).

We see that (6.110) implies (F0(ṽ) ◦ P )z ∈ ∂V ∗0 (ṽ)ϕc0(ṽ ;P ∗c0z
∗). That is, P ∗c0z

∗ ∈
D(ϕc0(ṽ)) is a required one as z∗0 , hence, we see that (e) holds .
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Conversely, we assume that (e) holds. Because of (F0(ṽ)◦P )z ∈ ∂V ∗0 (ṽ)ϕc0(ṽ ; z∗0),
we see that the following equality holds:

ϕ∗c0(ṽ ;Pz) + ϕc0(ṽ ; z∗0) = (z∗0 , (F0(ṽ) ◦ P )z)V ∗0 (ṽ) (6.111)

= 〈z∗0 , P z〉V ∗0 ,V0
= (z∗0 , P z)(L2(Ω))0 .

As you see from the proof of (b) ⇒ (a) in Proposition 6.29 again, we see from
(6.111) that the following equality holds:

ϕ∗(ṽ ; z) + ϕ

(
ṽ ; z∗0 +

c0
|Ω|

)
=

(
z∗0 +

c0
|Ω|

, z

)
L2(Ω)

=

〈
z∗0 +

c0
|Ω|

, z

〉
V ∗,V

=

(
z∗0 +

c0
|Ω|

, F (ṽ)z

)
V ∗(ṽ)

,

which implies

F (ṽ)z ∈ ∂V ∗(ṽ)ϕ

(
ṽ ; z∗0 +

c0
|Ω|

)
.

That is, the following function

z∗0 +
c0
|Ω|
∈ D(ϕ(ṽ)) ∩W ∗(c0)

is a required one as z∗, hence, we see that (d) holds.

Finally, we obtain Theorem 6.23 as a result of Theorem 6.22, Proposition 6.29
and Corollary 6.30.

Theorem 6.31. Assume that (6.105) holds for all η ∈ V ∗ and ṽ ∈ Av. Then,
the triplet (u, v, w) is a strong solution to (T) on [0, T ] if a function u is a strong
solution to (E) on [0, T ].

Proof. We assume that a function u is a strong solution to (E) on [0, T ]. From
(6.61) we have

−
(
P ∗c0u

)′
(t)− g

(
P ∗c0u(t), v(t)

)
∈ ∂V ∗0 (v(t))ϕc0

(
t, u, v0, w0 ;P ∗c0u(t)

)
,

in V ∗0 (v(t)), a.a. t ∈ (0, T ).

We have P ∗c0u(t) ∈ D(ϕc0(t, u, v0, w0)) for a.a. t ∈ (0, T ) and see from Corollary
6.30 that there exists a function η ∈ L2(0, T ;V ) such that the following equality
holds for a.a. t ∈ (0, T ):

(F0(v(t)) ◦ P )η(t) = −
(
P ∗c0u

)′
(t)− g

(
P ∗c0u(t), v(t)

)
∈ ∂V ∗0 (v(t))ϕc0

(
t, u, v0, w0) ;P ∗c0u(t)

)
in V ∗0 (v(t)).

Hence, we see that (6.91) in Theorem 6.25 is satisfied. Using Corollary 6.30, we
get

u(t) ∈ D(ϕ(v(t)) ∩W ∗(c0), η ∈ β(v(t) ;u(t)) a.a. x ∈ Ω, ∀t ∈ [0, T ].

Hence, we see that the triplet (u, v, w) is a strong solution to (T) on [0, T ].
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Remark 6.32. From Theorems 6.26 and 6.31 we see that the initial-boundary
value problem (T) of mass-conservative tumor invasion model is equivalent to the
Cauchy problem (E) of an evolution inclusion with quasi-variational structures
under the condition (6.105). In order to show (6.105), from Lemma 6.28 it is
enough to show that the following inequality holds for all η ∈ V and ṽ ∈ Av:

ϕ∗c0(ṽ ;Pη) ≥ ϕ∗(ṽ ; η)− c

|Ω|

∫
Ω

η dx.
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