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On a family of Euler-type numbers and polynomials

Claudio Pita-Ruiz

Abstract. We consider a family of Euler-type polynomials, depending on a real parameter
a #0,1. The case o = 2 corresponds to standard Euler polynomials. We show some properties
of these polynomials, and show also two generalized recurrences. As consequences of these

results, we obtain several explicit formulas for Euler numbers and polynomials.

1. Introduction

Euler polynomials E,(x) can be defined by the generating function

2ett s tn
L N N 1.1
1= e (1)

B =Y WEIEE ;)k (12)

where Ej, is the k-th Euler number: Ej;, = 2FE, (%) Together with Bernoulli
polynomials, Euler polynomials have been some of the predilect objects for math-
emathicians during the last three centuries; the interest continues nowadays, ob-
taining new explicit formulas for them and new formulas where they are involved
(see [3, 4, 5, 6, 8, 10, 12]).

In a previous work [9] we studied a generalization of Stirling numbers of the
second kind, namely

k
Sualp) = 207 (1) talh ) 42y (13)
j=0

where a, x are arbitrary complex numbers, a # 0. Two examples are

Sl,O(pa k) = S(pak)v
51,1(]), k) ZS(p—Fl,k‘—Fl). (14)

If k <0 or k> pwe have S, ,(p, k) = 0.
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In this work we use results for the generalized Stirling numbers (GSN, for
short) of the type S1,.(p, k), contained in [9], to study a generalization of Euler
polynomials and numbers. (In [7] we used the GSN S ,(p, k) to obtain some

results involving Bernoulli polynomials.)
We summarize next some facts about the GSN Sy ,(p, k).

e Some values:

Sl,m(p, 0) =P,
Sl,x(pa 1) = (1' + 1)p7 P,

1 1
SLw(pa 2) :E(Z’ + 2)p_ (.’L‘ + 1)p+ 5xp7
Sl,x(p,p) =1.

e The GSN S ,(p, k) can be written in terms of standard Stirling numbers as

follows:

Stz (p. k) ,Z() p32<) 1S,k +1),

7=0
where m is an arbitrary non-negative integer, and also as:

P

S1,2(p, k) :Z (?) x—n)P~ JZ s(n,n—1t)S(i+n—t k+n), (1.6)

Jj=0

where n is an arbitrary positive integer, and s(-,-) are the Stirling numbers

of the first kind (with recurrence s(¢ + 1,k) = s(q, k — 1) + gs(g, k)).
particular, from (1.5) with m = 0, and from (1.6) with n = 1, we have

S (p, ) ;( )x” IS, k),
zp:( ) (5= 1P IS +1,k+1),

respectively. (From (1.7) we see that Sy ,(p, k) is a (p — k)-th degree poly-

nomial in z.)
e The GSN 51 ,(p, k) satisfy the identity:
Stz4+1(p, k) = S1.2(p, k) + (k+1)S1.(p, k+ 1).

o We have the identity:

Slaﬁ pl +p2, Z Slx p2, Sl x+m(p17l_ ) (1'10)
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o The GSN S ,(p, k) satisfy the recurrence:

Sl,m(pa k) = Sl,w(p - 17k - 1) + (k + x>Sl,z(p - 17k)' (1'11)

o The GSN S; . (p, k) can be written in terms of the GSN Sy ,(p, k) as follows:

S (p. ) ﬁf() 9P IS1y (5, ) (1.12)

J=

o The derivative of the of GSN S ,(p, k) with respect to z is

d
d—xSLx(p, k) =pS1.(p—1,k). (1.13)

(This formula is not included in [9], but its proof is straightforward.)

2. Definitions and preliminary results

In Theorem 3.1 of [6], the authors show the following explicit formula for Euler
polynomials in terms of Stirling numbers of the second kind:

p p—k+1 =17 _
x)zZ(—DP"“(Z) > WS(p—k+l,l)xk. (2.1)

k=0 =1

We can write (2.1) as

P P _1\k
E,(x) = ZZ <§’> 271 8(4, k)%. (2.2)

According to (1.7), formula (2.2) can be written in terms of GSN as
(—1)FK!
Z&w, COR (2.3)

Three well-known properties of Euler polynomials are:
(*) Addition formula

=ﬁ() YPIE(y). (2.4

J=

(*) Difference equation

E,(z+1) + E,(x) = 22P, (2.5)
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(*) Sum of powers

r—1

=2 (-1

=0

Ep(z+r) = (-1

)T 1= lx—i—l)p.

(2.6)

For a € R, a # 0,1, we define the « -Euler polynomial, denoted as E}(,a) (z), by

1)’%'

(oz) Z Sl T p) )
or, explicitly

k=0 j=0

It is clear that El(f")(x) is a p-th degree monic polynomial.

p
Remark 2.1. The case a = 1 of (2.7) is not interesting, since > (—

= (z — 1)P, which can be proved easily. =
Some examples are
B (x) =1,
N 1
E§ )(1’) =T - o
B @)=t~ 2o+ 228,
-t S B, =t

Define the a-FEuler numbers EZ(,a) as
1
E\) = a?E) <> .

That is, we have

For example, we have E(ga) =1, E§a)
Eﬁa)._
=

=0,E) =1-a, B\ =
(1 —a)(a? — 9a + 9), and so on. Indeed, for p > 0 we have Eyyiy =

(2.7)

1)*k!S1 . (p, k)

(2.9)

(2.10)

(1-a)(a=2),
(@

(1 - a)(a—2)Q2p—2(c), where Q2p_2(a) is a (2p — 2)-th degree polynomial in «

(we leave the proof of this fact to the reader).
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Plainly Ez(,z)(a:) are the standard Euler polynomials E,(z), and E,S.Q) are the
standard Euler numbers E,,.

From (1.4), we see that the values of E,(,a) () at z = 0 and x = 1 can be
calculated as

E(0) = zp:S(p, k)(_ii):k!, (2.11)
k=0
B (1) —ZP:S(p+1,k+1)(Cly):m. (2.12)

>
Il

0

By using the recurrence for Stirling numbers of the second kind in (2.12) we
can see that
Ef (1) = (1 - a)Ef(0),

V4

where p > 0. Indeed, we have

El(1) = ZP:S(]J—F 1,k+ 1)(_%):]“!
k=0
=S (S8 + (-4 1S+ 1) I
k=0
p _1\k
= E{(0) — aZS(p,k)i( ;)k it
k=0

= (1 - a)E(0),

as claimed.
By using (1.5) and (1.6) we can write the following families of formulas for
a-Euler polynomials

p P mi _1\k |
(a) _ - my . (=D)*(k +t)!
E§ ZZ( ) x —my)P 92( ; )S(g,k+t)ak . (213)
k=0 j5=0 t=0

where m; is an arbitrary non-negative integer, and

E{)(z) = (2.14)

ma . _ (—1)*k!
ZZ( ) v ma) S (1) s(mam — )5+ ma — £k ma) T
t=0

k=0 j=0

where mg is an arbitrary positive integer. The case my; = 0 of (2.13) is (2.7). The
case my = 1 of (2.14) is

B (z) = XP:XP: <?)(z 1)p*j5(j+1,k+1)(’;7):k!. (2.15)
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In particular, from (2.13) we get the following formula for the value of E (a)( )
at © = m (a non-negative integer)

E®(m) =YY" (”Z) S(p, k + t)w. (2.16)

ak

Similarly, from (2.14) we get the following formula for the value of EZ(,O‘) (z) at
x = n (a positive integer)

(67

E(a Ep:ni:(—l)ts(n,n—L‘)S(p—i—n—uk—kn)(_li):k!, (2.17)
k=0 t=0

We also obtain from (2.13) and (2.14) the following families of formulas for
a-Euler numbers

mi m ok |

B = ZZ ( ) (1—am)P7 ) ( t1>S(j,k+t)W -
k=0 j=0 t=0

(2.18)

p P me ! -
Z Z (p> (1 — amg)?P™? Z (=1)'s(ma,mg — t)S(j +ma — t,k +my) ( ak) Jk'

=0 j—0 \J t=0

where m, and mq are arbitrary integers, m; > 0, mo > 0.
By using (1.11) we obtain the following recurrence for a-Euler polynomials

o 1 DFklE
Ef)+)1(x) = (:r - > E( + — 251 =(p, k ) (2.19)

In fact, we have

p+1

a 1)kk!
B (x) =Y Sia(p+1, k)( )
k=0
p+1 k
—1)*k!
= 3 (Sl k= 1)+ (4 9S00 )
P p k
1)*kI(k + 1) (—1)*klk
Z a—-&-ZSlm (P k) ——
k: k=0
o), 5 O
k1
Nt
«
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as claimed. (In section 5 we will obtain general recurrences that includes (2.19)
as particular case. See (5.2) and (5.3).) By setting # = X in (2.19) we obtain the

following formula for the a-Euler numbers EI() +)1
LRy
B =-1)> (j>aﬂk5(j, k) (—1)F k. (2.20)

In particular, from (2.19) we have the recurrence for standard Euler polyno-
mials

Epta(x) = ( ) +ZSU p.k 2k)j b (2.21)

and from (2.20) we have the following formula for standard Euler numbers

Epp = ZZ( )21 kS (4, k) (—=1)Fklk. (2.22)

k=0 j=k

3. Basic properties
From (1.13) we see at once that %E},&)(m) = pEI(;i)l(x). That is, a-Euler polynomi-

als form an Appel sequence. We show next the properties for a-Euler polynomials,
that generalize (2.4), (2.5) and (2.6).

Proposition 3.1. The a-FEuler polynomials E,(,a) (x) have the following properties:

(a) Addition formula:

E@ (x f:( ) )P IE (y). (3.1)

j=0

(b) Difference equation:

E{ (2 4+ 1)+ (a — 1)E™ (z) = az’. (3.2)

(¢) Sum of powers: If r is a given positive integer, then

E@(@+7)— (1-a) B —aZ a)" " @+ )P (3.3)

Proof. (a) Formula (3.1) is equivalent to the fact that EZ(,O‘) (x) is an Appel sequence.
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A direct and easy proof by using (1.12) is as follows

as desired.

(b) We use (1.9) to write

Ez(ja)(z +1) = Xp: St,et1(p, k) (7(1):]{!
k=0
=> (S1.a(p k) + (k+1)S12(p, k +1)) (_;):k!
k=0
= i Sl,a:(p7 k)LW + i SLw(p? k + 1)%

k=0

=~
Il
=]

2L

_QZSII P»

— B ()~ a (E(a (2) = $1.4(p,0))
= (1-a)B(z) + az?,

as claimed.

(c) The case r = 1 of (3.3) is (3.2). If we suppose that (3.3) is true for a



On a family of Euler-type numbers and polynomials 9

positive integer r > 1, then, by using (3.2) we have

EM@+r+1) —(1—a) 1 E® (2)
= E™@+r+1)—(1-a)Ex+1)
+H1=a) B (@ +1) ~ (1 - ) B ()

_ O‘Z I+ )P+ (1—a) (E]go‘)(erl)f(l*a)E;(;a)(z))
:az ) e+ 1+ P + (1 - o) aa?

— aZ(l —a) Yz + )P,
=0

as wanted. O

If we set y = = in (3.1), we can write the a-Euler polynomial E( )( ) in terms
of a-Euler numbers as

Ewgc;) ) )

[ )E@ (-1 .4

7=0
4. Different parameters
In this section we show some relations connecting a-Euler polynomials Ez(ja)(ac)

with S-Euler polynomials EI(,ﬁ) (x), where o, 8 € R — {0, 1} are given parameters.
Let us write (2.8) as

P p—J \k '
E;(f‘)(x):Z (?)S(p—mlﬂ)(;)kmxﬁ (4.1)

We denote by cg-p;a), the coefficient of 27 in Eéa)(x), j=0,1,...,p. That is,
we have

p
B (x) =Y P ad, (4.2)
i=0
where _
p—j k
o D o (=)
Cg-p ) — Z <J> S(p— ],k)%. (4.3)
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Proposition 4.1. We have

E@®(z) - EP(x) = cng‘)E(’”( ). (4.4)

Proof. Both sides of (4.4) are (p — 1)-th degree polynomials in x. We will show
that the values of these polinomials are equal when z is a non-negative integer,
and then we conclude that the polinomials are equal for all x € R. We proceed by
induction on x. First observe that if (4.4) is true for a positive integer z, then, by
using (3.2) we have

B—alA
— > VB @)
P
B—flpi ) ( o)
= P (Bl — (8- 1)EY (x)
b= J j
p—1 5 p—1
SRCRT) ST ES W
=0 =

= B-a) (B@) —a") - (6-1) (B (@) - B (@)

= (a= B’ — (a = DEP (@) + (8~ VEY) ()

= a2’ —(a—1)E™ (x) - (B:cp ~(B-1EP (33))

= BE™@+1)-EP (z+1), (4.5)

which shows that (4.4) is also true for = + 1.
Now we prove that (4.4) is valid for = 0. Observe that

BY) — EP (@) = 3 Sualp -0 o — )

k=0
P k k
B —«
= ];)Sl,m(p7 k)(i]-)kk' Oékﬁk
k—=lnl-1
= 6 Zsl x p; k'Zl Otkﬂﬂk 1 (4 6)

That is, we have to prove that

J

p-l p k=111
SO 0) = 3 S,k k,zz 15 ’
j = k=1
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or, according to (2.11) and (4.3), we have to prove that
p—1p—j J
P (=D (=
S(p— ——» S(j1
' () (p—gm)—= Z (7,0)

p k—I1 l 1
= S(p.k)( k'—Zl 1 :

ok BF—1

(4.7)

Let us begin with the left-hand side of (4.7), that we denote simply as LHS (4 7).
We have

LHSp = 3 O mm'zz() (v j,m)S(j,l)(_ﬂll)ll!. (4.8)
m=1 7=0 1=

Introduce the new index n = m + [ in (4.8), to write

p mmplpl n=m(n _ m)l
LHS 1) = Z 'ZZ(> (0 — )G —m) = 1)ﬁn(m )

m=1 n=m j=0
(4.9)
Now we use the convolution formula for Stirling numbers of the second kind
p—1
p ) . N

j=0

(see [1, p. 825]) to obtain from (4.9) that

Po(—1)mm! & —1)N-m —m)!
LHS(4_7):Z% Z <Z>S(p,N)( D) ﬂNEJZ )'. (4.11)

m=1 N=m

Some additional elementary simplifications give us

S VNI
LHS(y.7) = Z Z mﬁ)zvm
" N
=> S N)(-DVN! Y ampmN (4.12)
N=1 m=1

Introduce the new index I = N + 1 —m in (4.12) to obtain

p N
LHS47) = Z S(p, N)(=1)V N1 Zal_N_lﬁl_l7
N=1

=1

which is the right-hand side of (4.7). O
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Formula (4.4) says that if
p—1
B (z) = a? + ) P ad, (4.13)

then we can use the polynomials EJ(-B)(x), 0 < j < p, to obtain E,(,O‘)(m)7 “by means
of an Umbral Substitution” (of 27 by Ej(ﬁ)(x)) in the right-hand side of (4.13),

with the additional factor ﬁ%‘x in the terms of degree < p.

Corollary 4.2. (a) The a-Euler polynomial EZ(;Q)(Z) can be written in terms of
the standard Euler polynomials Ej(x), 7 =0,1,...,p as

P 1p—j _1)kE!
B0 () = Byla) + 2 (O)st- i "0 m @, @
=0 k=0

(b) The standard Euler polynomial E,(x) can be written in terms of the a-Euler
polynomials Ej(a) (x), 7=0,1,...,p as

p—1lp—j Nk
Ey(x) = B\ (z - —2 Z( > )( 11 k!E](.‘*)(x). (4.15)

2
7=0

k=
Proof. Tt is a direct consequence of (4.4). O

We can use (4.14) to write the sum of powers (3.3) in terms of standard Euler
polynomials as

Ep(z+r)—(1- Oé)TEp( )

—alad —1)kE!
(7)s -5 S (B4 r) - (- 0 By
=0 k=0
= ai(l —a)" Nz 1P (4.16)
=0

In the case a = 1, formula (4.16) gives us the identiy (see Remark 2.1)

P p—j
ZZ<> DFURIS(p — 4, ) Ej(x + 1) = Byla + 1) —2(x + 7 — 1)7,
§=0 k=0

and in the case @ = —1, we have a formula for the weighted sum of pow-

r—1
ers > 2" Y(x + )P in terms of Euler polynomials and Fubini numbers F,

1=0
> klS(m, k), namely
k=0
r—1

S 2 (@ £ 1) = Ey(a + 1) — 27 Ep(x) 326) (Bj(x+7) — 2"E;(z)) Fy_;.

1=0 =0
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5. Generalized recurrences

We begin this section with a formula for B (x), where py,ps are arbitrary

P1+p2
non-negative integers.
Proposition 5.1. We have
P1 - P2 k1+k
o (=172 (ky + ko)!
EZ(H-)FW (z) = Z Z S1.2(p2, k2)S1,04k, (P1, 1) e . (5.1)
k1=0 ko=0
Proof. By using (2.3) and (1.10) we have
p1+p2 k
o (= ) k!
EI(,ﬁpz Z S1,2(p1 + 2, k) ———
P2 pi1+p2 k
—1)F1 k!
=D > S1a(p2,k2)S 1wtk (01, —kz)()ikll
k2=0 k1=k> @
pP1 P2 ki+k
—1)tR2 (k) 4 ko)l
=y Y 51@(]92,k2)51,z+k2(P17/€1)( ) akliki ) )
k}1:0 k2:0
as wanted. O

In terms of standard Stirling numbers, formula (5.1) looks as

B, (z) =

pP1 D2 p1 P2
Z Z Z Z < )( ) (2 + ko)Pt —J2 P2 — ]25(]1,/€1)
k1=0 k2=0 j1=0 j2=0

(—1)F+E (kg + k)
akitkez :

x S(ja, k2)

The case p; =1 of (5.1) is

p D C1\k
@) = (@ - DB @ + @ -D3Y (F)erstin SLERE 62
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(The case a = 2 of (5.2) is essentially the recurrence (2.21).) Formula (5.2) is
included in the following general result.

Proposition 5.2. For arbitrary non-negative integers p, q, we have

g k gk 4 p k+
o -1)% d ) —1)k*a(k 4 ¢)!
S ES @ T e ) = (01003 sy T IEE D )
j k=0
Proof. We proceed by induction on g. The case ¢ = 1 of (5.3) is (5.2). If we

suppose that (5.3) is true for a given ¢ € N, then

& X A
« .
ZEp+k dxk H(x 7])
J

I
—

k=0 j=1
q+1 (@) k9 k-1 94
:ZEp+k (f_q_l)TH(x J)+kdk 1 (iﬁ—j)
j=1 j=1
q . 1)k gk g
ST EI) SISy § (P
k=0 j=1
dk ,
—ZEp+1+ka ( k!) e 1_[1(36—])
i=
/4
(=D)*(k + q)!
= ma= e 1T S
p+1 k+
—1)k+a(k 4 g)!
(a1 Y Sl 1y D) (5.4)

k=0

where we used the induction hypothesis in the last step. According to (1.11) we
have from (5.4) that
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q+1 L q+1
(a) ) d .
ZEIH-k k' dzk C)
j=1
p k+
(=D (k +q)!
:(a—l)q(x—q—l)zsl’x(p,k)T
k=0
ptl k+
(—1)*+9(k + q)!
(@ = )73 (Sualpy k= 1)+ (b 2)S1a(p, b))
k=0
(—1)"+9(k + q)!
=(a—1%x—-q—-1) ZS“” D,k T
p k+
(=D)**9(k+q+1)!
+(a— 1)1 Z S1.:(p, k) T
k=0
p k+
(=D (k +q)!
—(a—=1)" kzo(k +2)S1e (P k)
P k+g+1
(=1)F*rar(k+q+1)!
=ala—-1)! ;;) S1.2(p, k) gy
p k+
(=) 9k +q+ 1)
+(Oé - 1)qzsl,m(pa k) Oék+q+1
k=0
p k+q+1
(1)t (k4 g+ 1)!
+1
a q Z Sl & p’ ak+q+1 ’
as wanted. O
If we set po = 1 in (5.1) we get
@) (@) - (P s o (DR (R 4 1))
By (x) = 2B (2) + Z Z | (@ 4+ )P S(F, k)T- (5.5)
k=0 =k
Formula (5.5) is included in the following general result.
Proposition 5.3. For arbitrary non-negative integers p, q, we have
@ T ’ (~D*(k + )

o ok
ZEz(H-)k k:' p H z + j) ZSI,Z+q(p7 k)w~ (5.6)
k=0 j =

Proof. We proceed by induction on ¢q. The case ¢ = 1 of (5.6) is (5.5). If we
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suppose formula (5.6) is true for a given ¢ € N, then

q+1 k gk
(@) (=)~ d )
> B e+ d)
k=0 j=0
g+1 (@) k dk q—1
:E:Eﬁw ag'(x+@11@+7)
§=0
q+1 k ka1 k—1 9-1
_ (o) (=1) d : d ;
_ZEerk(m) il ((IE‘FQ)M H($+J)+km H(x‘H)
k=0 7=0 7=0
q q—1
o ( )k dk
= (r+9) Y BN [[@+4)
k=0 j=
1
(@) l)k k 4 )
ZEp+1+k 7!11? H(fC-H)
=0
1
(“D*(k+q) & (—1)*(k + q)!
=(z+q) Z S1,0+4(D, k)w - Z Statq(P+1, k)W’
k=0 k=0

where we used induction hypothesis in the last step. By using first (1.11) and then
(1.9) we have

(A ) ( -
ZEerkx Kl dg;kHJH_j
k=0 J=
k+q)!
=(zx+q) Z S1,244(P, k)%
k=0

p+1 _1\k
> (Statq(p k= 1) + (k+ 2+ q)S1,244(p. k) w

p+1 .
—1)"(k +q)!
T Z (S1.0+q(p, k= 1) + kS1.044(p, k) ()algiﬂ)

P k
—D)*(k+q+1)!
Z Sl ,T+q pa (k + 1)Sl,w+q(p7k+ 1)) ( )Ck(k+q+1 )

(—1)*(k+q+1)!
Sl,m+q+1(p7 k) aktatl ’

M@ I

=~
Il

0

as desired. O
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We show next some particular cases of (5.3) and (5.6). We will use that
- , -
; dxk H )| =(-1)s(g+1k+1),
L J=1 J4 =0
(1
ol _ —(—1)¢ )
L Te -0 =0
L J=1 dz=1
First observe that we can write formula (5.6) as
(N, q P (
Z Ep+k(l‘ - q ' dl’k H T — .] Z Sl,z(pa k) (57)
k:o : =
Thus, formulas (5.3) and (5.7) can be written together as
E 0‘) 1)k -
(a—1)7 prkl@ k!
= g
:Z +k($_q kl dzk H )
k=0 j
P
(=" +q)!
= Z S1.2(p, k)T- (5.8)
k=0
The cases z = 0 and x = 1 of (5.8) are
1 q
= Ns(g1,k+1)
CENPR
q
D> s(g+1,k+1)
k=0
p
_ —1*(k +q)!
=Y S, k)T (5.9)
k=0
and
a
! Z s(q, k)E™
(v —1)4 poe VT Ptk
- (@)
= (1)) s(a, k) B3 (1
k=0
=> Sp+1 ks (5.10)



18 C. Pita-Ruiz

respectively.
In the case p = 0, formulas (5.8), (5.9) and (5.10) produce the same result:
q'/ad. We can write together the corresponding identities as

1 q o q
(l—a)qu’g (2 k:' 1;[ J)

k=0

q L 4

(@) ( ¥ d ,
=2 B0 o e =9
k=0 Jj=1

q
= ——— Y s(g+ Lk +1DE(0)

= (-1)73 s(g+ Lk + )EL (—q)

=
- L RE
= (1>qk§;05<q, RE™(1-q)
-2 _ (5.11)

In particular, we have the following identities involving standard Euler poly-
nomials:

k=0 j=1
q k k q
—1)* d
= ZEk($_Q)( k') @H(l‘—ﬁ
k=0 ' j=1

=> s(qg+1,k+1)Ex(0)
~1)9> " s(qg+ 1,k + 1)Ex(—q)
k=0

S(Q? k)Ek:(l)

[
M=

ol
I
=)

(—1)"*9s(q, k) Ex(q)

Il
bl
2 F MQ
[}

= 5% (5.12)
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6. Some formulas for Euler numbers

From the results of previous sections, we obtain several explicit formulas for even
Euler numbers, and sum and difference of two even Euler numbers as well. (We
will be considering the case o = 2 of the previous general results.)

Proposition 6.1. We have the following formulas for the even Fuler numbers
Es,, where p > 0,

2p 2p

Eyp=33" (2p> 29k S(j, k) (—1)* (k + 1)! (6.1)

k=0 j=k
2p—12p—1

=22 (2p )2”5(7‘, B)(-1)* G+ 1)! (6:2)

k=0 35=0

S5 (%) 7)o ts G-k - (63)
k=0 35=0
pZ pZ (2p )Qj_k‘QS(jyk)(—l)’“(kﬂLQ)! (6.4)
k=0 35=0

=35 () s )t 1) (6:5)

k=0 j=0

2p—12p—1
=y Y ( . )32p L=193 =k S (5, k) (—1)F 1 (k + 1)! (6.6)

k=0 35=0

h 1) 5109726 kY (=) (k4 2)!  (6.7)

Proof. From (5.2) we can see that

Bt By= 30 (D)2 st (63)
k=0 j=k
Replace p by 2p in (6.8) to obtain (6.1). Replace p by 2p — 1 in (6.8) to obtain

(6.2).
From the case ¢ = 2 of (5.3) we see that

3E, +4Ey1 + Epyo = ZZ< >2ﬂ RS>, k) (—1)* (k +2)! (6.9)

k=0 3=0

Replace p by 2p — 1 in (6.9) to obtain (6.4). Replace p by 2p — 2 in (6.9) to
obtain

N o Z( . )w ESGLR(-DFRE2T (6.10)

k=0 j5=0
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From (6.1) we see (replacing p by p — 1) that

2p—22p—2

Eyp o= Y (27’],_ 2>2ij(j,k)(—1)k(k+1)! (6.11)

k=0 j=k

From (6.10) and (6.11) we obtain (6.3).
From (5.5) we see that

Eyo1—Ep = zp: zp: (f) 3P0k S (5 k) (= 1)F T (B 4 1)! (6.12)

k=0j=k

Replace p by 2p in (6.12) to obtain (6.5). Replace p by 2p — 1 in (6.12) to
obtain (6.6).
From (5.6) with ¢ = 2 we obtain

p b
8E, —4Epi1 + Epya =Y > (?) 5PTI207R S (5, k) (—1)F (k + 2)! (6.13)

k=0 j=0
Replace p by 2p — 1 in (6.13) to obtain (6.7). O

Proposition 6.2. We have the following formulas for the sum of two consecutive
even Euler numbers

2p 2p

2 .
Eyprot+Eop =) Y ( ?’) 27kS (5, k) (—D)*(k + 1)k (6.14)
k=0 j=0 J
2p 2p

—5 % (T)rsumentE ek 09
k=0 j5=0
2p 2p

=>.> (2;)) 2=k=25(; k)(~1)F(k + )IK%.  (6.16)

k=0 j=0
Proof. Replace p by 2p in (6.9) to obtain
2p 2p 9
3Ey + Eopra=»_ Y ( f”) 27FS(5, k) (=1)*(k + 1)(k + 2). (6.17)
k=0 j=0
From (6.17) and (6.1) we obtain (6.14). From the case ¢ = 3 of (5.3) we see
that

p p
15B, + 23Ep11 + 9Epio+ Eprs =) _ Y (’?) 27k 8 (4, k) (=1)F(k +3)! (6.18)
k=0 j=0
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Replace p by 2p in (6.18), and use (6.17), to get

2p 2p

2
15Eop + 9Fop 2 = ZZ ( p)QJ *S(j, k) (—1)*(k + 3)!
k=0 j=0 J
2p 2p

—ZZ( )2’ *S(j, k) (—1)F (k +2)!(k + 3)

k=0 5=0

ZZ( )2] £S5 (7. k) (1) (k + 2l + 3(3Ea + Eypra),

k=0 j=0
from where we obtain (6.15). From (6.14) and (6.15) we obtain (6.16). O

Proposition 6.3. We have the following formulas for the difference of two con-
secutive even Euler numbers

E2p+2—E2pzz( ) 2ESGIN-D k+2) (619)

k=1 j=1
2p 2p

ZZ<2P >2J FS(,k)(—1)F(k+2)%  (6.20)

k=1 j=1
=3 ZZ <2p >2jk5(j7k)(1)’“(k: +3) (6.21)

Proof. From (6.17) and (6.4) we get

3By, + Egpio = ii‘(( 1) (2;)__11»2j_kS(j,k)(—1)k(k;+2)! (6.22)

k=0 j=0
2p 2p

= 4B+ (2‘” )23’—’“5(]‘, B)(~1)(k + 2L,

k=0 j=1

from where we obtain (6.19).
Replace p by 2p — 1 in (6.18) and use (6.4) to get

2p—12p—1

2 .
23E2p + E2p+2 Z Z < P )2ij(], k)(—l)k(k + 2)'k + 12E2p.
k=0 35=0

That is, we have

k=0 j5=0
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From (6.15) and (6.23) we get

6(Bapz + Eap) = szi(( ) (QP11)>2ij(j,k)(1)’“(k+2)!k

k=0 j=0 J=
2p 2p 9 1
=11Ey + Eopra+ Y Y ( - )QJ’“S(j, k)(—=1)*(k + 2)Ik,
k=1j=1 ‘]
from where (6.20) follows.
From (6.19) and (6.20) we have
2p 2p 2p
Bz = B = 335 (07 )2 S G R0+ 210+ 3 -9
k: 1j5=1
2p 2p 9 3
55 (TSGR e )t 2B By
k 1j5=1
from where (6.21) follows. O

Proposition 6.4. We have the following family of formulas for the difference of
Euler numbers Fopyy — Fop

2p 2p

Eapia— EQPZZ(QP )2ﬂ S35, k) (—1)* (k+2)!(k*+ Bk —53—23), (6.24)

j=1k=1

where B is an arbitrary constant.

Proof. From the case ¢ = 4 of (5.3) we see that
105E,+176E, 11 +86FE, o +16E,,3+E ZZ( ) 297kS (5, k) (—1)* (k+4)!

Replace p by 2p — 1 in (6.25) to get

176 Es, + 16E2 2 = pz pZ( , )21 FS3G, k) (—1)*(k + 4)! (6.26)

7=0 k=0
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Replace p by 2p in (6.25) and use (6.26) to get

105E2p + 86E2p+2 + E2p+4
2p 2p

_ZZ< >21 ES(i, k) (=1)F (k + 4)!
7=0 k=0
2p—12p—1
= 20— 1\ i hars ik
_az—:okzzo< j )2 S k) (=1)* (k +4)!
2p 2p
-1 J—k Q. ok
+j:1k 1<j—1>2 S, k) (=1)"(k +4)!

2p 2p

_176E2p+16E2p+2+ZZ<2] 11)2] ES (G, k) (—1)*(k + 4)!

j=1k=1
That is, we have
2p—12p—1 9 1
~T1E3p+T70Eypso+ Bopya= »_ Y (jp_ >23kS(j, E)(—1)F(k+4)! (6.27)
j=1 k=1

or

2p 2p

Egpya—Eay = ZZ(ZP )2j"“5<j, k) (—1)* (k+4)!—70(Esp 42— Eap). (6.28)

j=1k=1
By using (6.19), we obtain from (6.28) that

E2p+4 - E2p

ii( ) 27RS(j, k) (1) (k + 4)!

J=1k=1

—70213213( ) 207k S, k) (= 1)k (k + 2)!

k=1j=1

=22 <2<p__1l> 217RS(j, k) (=1)F (k + 2)! (k2 + Th — 58).

Finally, observe that (6.19) and (6.20) imply that

2p 2p

ZZ(QP > 27k S(j, k) (—1)* (k +2)1(k — 5) = 0.

k=1j5=1

(6.29)
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Thus, for any constant o we have

2p 2p
Bopia— By =) Y (2” >2ij(j, E)(=1)*(k + 2)!(k? + Tk — 58)
j=1k=1
2p 2p
+azz( >2j‘k5(j,k)(—1)k(k+2)!(I<;—5)
k=1 j=1
2p 2p 9
=> Z( P ) 27FS(, k)(=D)F (k + 2)!1(k 4 (7T + a)k — 58 — 5a).
j=1k=1
(6.30)
Set § =7+ a in (6.30) to obtain the desired conclusion (6.24). O

Let us consider now the case ¢ = 6 of (5.3), namely
10395E, + 19524E, 41 + 12139E,5 + 3480E, 45 + 505E, 44 + 36 Epys5 + Ep
ZZ ( )25 (- 1) + o)
e (6.31)

and proceed as we did to obtain (6.27). Replace p by 2p — 1 in (6.31) to get

2p—12p—1

o2p— 1\
19524 Ey;, + 3480E, 15 + 36Eapra = » > ( pj >2J—k5(j, E)(=1)*(k +6)!
k=0 j=0
(6.32)
Replace p by 2p in (6.31) to get
2p 2p 9
10395 Ep+12139Eop 1 2+505Eop a+ Eapys = » > < p) 27FS (5, k) (—1)* (k+6)!
k=0 j=0
(6.33)

Beginning with (6.33), and then using (6.32) we have

10395 Ey,, + 12139E5, 5 + 505 Eap 4 + Eapyg

- ii << ) @?’_f)) 29~S (5, k) (—1)* (k + 6)!

k=0 j=0
= 19524E2p + 3480E2p+2 + 36E2p+4
2p 2p

+ZZ(2p )23 ES(j, k) (—1)" (k + 6)!

k=1j5=1
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That is, we have the formula

— (8659 + 469 + 1) Eap, + 8659F2, 15 + 4690y 14 + Eapre  (6.34)

2p 2p

=22 (Zf :11)2j‘k5(j, B) (1) (k +6)!

k=1 j=1

Formulas (6.19), (6.27) and (6.35), suggest that for any m € N, there exist

ai,as,...,ay, €N, with a,, = 1, such that

m
- Z a; | Bop + a1Bapyo +asFapia + -+ amBopiom (6.35)
j=1

2p 2p

=2 (2;7_11) 277FS (4, k) (=1)" (k + 2m)!

j=1k=1

We leave this final comment as a conjecture.
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