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Some results for the Asymptotics and the Strong Minimum
Principle for solutions to some nonlinear parabolic
equations

Tilak Bhattacharya

Abstract. We extend some of the results in [7] on strong minimum principle and asymptotics
of positive viscosity solutions to a class of doubly nonlinear parabolic equations,

H(Du,D?u) — f(u)uy =0, k>1, inQx][0,T),

where 2 C R™ is a bounded domain and 0 < T < co. The spatial operator H is homogeneous of

degree k.

1. Introduction

Let Q ¢ R™, n > 2, be a bounded domain, and  be its closure. For 0 <
T < oo, define Qr = Q x (0,T). If T = oo, we write Qo = Q x (0,00). Let
Pr=(Q2x{0})U (092 x[0,T)), and Ps, = Pr with T' = oo, denote the parabolic
boundaries of Qp and Qo respectively. Let u = u(z,t) : Qp — [0,00). For k > 1,
set

Ty[u] := H(Du, D*u) — f(u)us, k>1, (1.1)

where H is an operator that is elliptic, homogeneoeus of degree k, and satisfies
conditions described later in this section. The function f is a non-decreasing C*
function. In this work, H could be degenerate, and fully nonlinear, see below.

We introduce notation for the work. The letters x, y and z denote points in
R™, and o is the the origin. Let S™ be the set of all n x n real symmetric matrices,
I is the identity matrix and O is the zero n x n matrix. The letters e and o often
stand for unit vectors in R™. Also, B,(x) is the R™ ball centered at € R™ with
radius p.

In [7], we studied non-negative viscosity solutions of the parabolic equation

H(Du, D*u) — uf~'u; =0, in Qp, k> 1.

We showed that if £ = 1, the Strong Maximum Principle and the Hopf boundary
Principle are true for a large class of operators H. However, if k& > 1, these
results could fail to hold. Included in this work was also a discussion of long time
asymptotics for the equations. Our effort in the current work is to extend some of
the results in [7] to (1.1), for k& > 1.
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We state the problem as follows:
T'ku] =0, in Qp, v >0, and u = h on Pr, (1.2)

where I'; is as in (1.1) and h = h(z,t) € C(Pr). We allow T' = oo in what follows.
The function h = h(z,t), for (z,t) € Pr, includes the initial and side condi-
tions, and is as given below:

) h(z,0) Yz €O, t=0,
Wz, 1) = {h(x,t) V(z,t) € 9Q x [0,T). (1.3)

Let y € 0Q. The function h is continuous at (y,0), if

(i) (z,t) € 90 x (0,T) and (z,t) = (y,0), then  lim  h(z,t) = h(y,0),
(z,t)—(y,0)

(ii) =€ Qand z — y, then lim  h(x,0) = h(y,0).
(2,0)—(y,0)

By h € C(Pr), we mean that the above holds on 92 x {0}, and h is continuous
elsewhere.
We assume throughout that

0 < inf h(z,t) <suph(z,t) < co. (1.4)
Pr Pr

We list the conditions satisfied by H, these hold throughout the work.

Condition A (Monotonicity): Assume that H: R™ x S™ — R is continuous,
and H(p,0) =0, for any p € R". For any X, Y € S with X <Y,

H(p,X) < H(p,Y), VpecR"

Condition B (Homogeneity): There is a constant k; > 0 such that V(p, X) €
R™ x S™,

H(0p,X)=10|""H(p,X), VIR, and H(p,0X)=0H(p,X), VO >0.

We do not assume that H is odd in X. Also, if k; = 0 then H(p, X) = H(X).
Set k = k1 + 1, using Condition B, for § > 0,

H(0p,0X) =60"H(p,X), ¥V (p,X) €R™ x S™. (1.5)

For the next condition, let A € R, and e € R™ be a unit vector. Define

m(A) = min (Imian(e,I)\e(X)e), lmzn;H(e,Ae@eI)) , and

M(\) = max (n1|a>1(H(e,I)\e®e), rrlliriH(eQ\e@eI)) . (1.6)
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Note that m(X) < M (), and, both are non-increasing functions of A. Moreover,
if A <1 then m(\) > 0, since I — Xe ® e > 0. However, if A > 1 then no definite
statement can be made about I — Ae ® e. Condition C addresses this issue.

Condition C (Coercivity): We require that H satisfy
C@li) m(A\)>0,VA<1, and C(ii)) M()) <0, VA > A, (1.7)

for some \; > 1.
Observe that if A = 0 then C(i) implies that

(i) H(e,I) >m(0) >0, and H(e,—I) < —-m(0) <O0. (1.8)

The motivation for studying equation (1.2) arises from [9, Chap. II]. As an
example, consider the parabolic equation

(*)  div(|DulP~2Du) + |DulP = us, p > 1.
Using v = e in (), we obtain the well-known doubly nonlinear parabolic equation
(x%) div(|Dv[P~2Dv) = vP ;.

See Section 2 for more details.

The operator H(Du, D?*u) := div(|Du[P~2Du) is quasilinear, k = p — 1, and
odd in the second derivatives. It is easy to see that Conditions A and B are
satisfied, if p > 2. Also,

H(e,]-Jde®e)=(n+p—2)—(p— 1A

If n > 2, Condition C is satisfied. Thus, our results would hold for (x), for p > 2.

Further examples of operators H that satisfy Conditions A, B and C include,
the pseudo p-Laplacian (p > 2), the infinity-Laplacian and the Pucci operators, see
[5, Section 3] for a detailed discussion. For related works, see [1, 2, 3, 4, 5, 10, 13].

In the first part of the current work, we discuss cases where the Strong Mini-
mum Principle and the Hopf Boundary Principle may not hold. It turns out that
if £ > 1, these may fail regardless of whether f is a constant function or a non-
constant function. In the former (f constant), the sign of the solution u plays no
role. In the latter (f non-constant), we consider v > 0, and a distinction between
the cases infgo, v > 0 and info, v = 0 needs to be made. This appears in Theo-
rem 1.2. For kK = 1 and f, a positive constant, both the Strong Minimum Principle
and the Hopf Boundary Principle are true, even when H is fully nonlinear, see [7].
However, if k > 1 and f(u) = u*~!, then these were shown to fail.

The second set of results extends the large time asymptotic behaviour of pos-
itive solutions, shown in [7], to (1.2). It turns out that the results shown therein
continue to hold.

In this work, sub-solution, super-solutions and solutions are in the viscosity
sense. We provide a definition below.
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Definition 1.1 (Viscosity Solution). Let U C R"*! be a domain. By usc(lsc)(U),
we mean the set of all upper semi-continuous (lower semi-continuous) functions
defined on the set U.

Our work studies viscosity solution of

I'y[u] = H(Du, D*u) — f(u)us =0, inQp and w=h on Pr. (1.9)

A function u € usc(Qr), u > 0, is said to be a viscosity sub-solution of the
differential equation in (1.9) in Qr (or solves I'y[u] > 0 in Q7), if, for any 1, C?
in x and C?! in ¢, such that u — 1) has a maximum at some point (y,t) € Qr, we
have

H(Dy, D*¥)(y, t) — f(u(y,t))ve(y,t) > 0.

We say w is a sub-solution of the problem in (1.9), if u € usc(Q2r U Pr), Tx[u] >0
in Q7, and u < h on Pr.

Similarly, u € lsc(Qr), u > 0, is said to be a viscosity super-solution of the
differential equation in (1.9) in Q7 (or solves I'y[u] < 0, in Qr), if, for any 3, C?
in x and C! in ¢, such that u — ¢ has a minimum at some (y,t) € Qr, we have

H(Dvp, D*9)(y,t) — f(uly, t)he(y,t) < 0.

We say u is a super-solution of the problem in (1.9), if u € lsc(Qr U Pr), u > 0,
Tklu] <0in Qp, and w > h on Pr.

A function u € C(Qr) is a solution of T'y[u] = 0 in Qp, if it is both a sub-
solution and a super-solution. Similarly, ©v € C(Qr U Pr) is a solution of the
problem in (1.9), if it is both a sub-solution and a super-solution of (1.9). The
above definitions can be extended to the case T' = oo.

In the rest of the work, operator H will be assumed to satisfy Conditions A,
B and C, unless otherwise mentioned. Additionally, f satisfies conditions which
are discussed in greater detail in Section 2, see Comment I and Note II. These are
needed for a version of the comparison principle to hold, see Section 2. Also, the
results stated here hold if f > 0 is a constant function. In this case, there are no
sign restrictions on u. However, we do not state this explicitly in the theorems,
our focus being mainly on the case where f is a non-constant function.

We assume throughout that & > 1.

We now state the main results. Theorem 1.2 addresses the Strong Minimum
Principle. We place no restrictions on 0f).

Theorem 1.2. Let Q@ C R”™ be any bounded domain and T > 0. Suppose that
f:[0,00) = [0,00) is C*, non-decreasing, and f'/* =1 is concave. Let u €
lse(Qr), u >0, be a super-solution, i.e.,

Tk[u] = H(Du, D*u) — f(u)u; <0 in Qp.

Set m = infq, u. The following hold:
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(a) Let m > 0. If for some (p,7) € Qr, u(p,7) > m then there is a p > 0 such
that w > m in the cylinder B,(p) x [1,T). As a consequence, if u(p,7) = m then
u(p,s) =m for all 0 < s < T.

(b) Suppose that w > 0. If m = 0 and (p,7) € Qr is such that u(p,7) = 0.
Assume that w € C(Qr). Then there is a sequence of points {(z¢,t0)}32, C Qp,
such that t; < 7, u(xe,te) =0 and (x¢,te) = (p, 7).

A proof appears in Section 3. Parts (a) and (b) cannot be improved, thus
showing that the Hopf Boundary Principle and the Strong Minimum Principle do
not hold, in general.

The next two results address large time asymptotic behaviour. See [1, 4, 10].
Here, f is as in Theorem 1.2. For Theorem 1.3, we place no restrictions on 0f2.
However, 0f) satisfies a uniform outer ball condition in Theorem 1.4.

Theorem 1.3. Let Q C R™, n > 2, be a bounded domain, and h € C(Px), h > 0,
satisfy (1.3) and (1.4).

(a) Let u € lsc(Qoo U Pxo), u > 0, be a super-solution to (1.2), i.e., Tx[u] <O0.
Assume that w = h on 0Q x [T, 00), for some T > 0.

Let hips = limy_y oo (infagx[tm) h) If hiys exists then

lim ( inf u) = hjps.
=00 \ Ox[t,00)

(b) Let u € usc(Qoo X Px), u > 0, be a sub-solution to (1.2), i.e., T'x[u] > 0.
Assume that uw = h on O x [T, 00), for some T > 0.

Let hgyp = limy_y o0 (supagx[tm) h) . f heyp exists then

lim sup % | = hsup-
oo (Qx[t,oo) > ’

The next result addresses the case where h = constant. See [7] for the case
k=1

Theorem 1.4. Let Q be a bounded domain that satisfies a uniform outer ball
condition. Suppose that, for some v € R, h = v, on 0Q x [T, 00) for some T > 0.

Assume that v > 0. Suppose that the sub(super)-solution u satisfies u = v on
00 x [T, 00). The following holds for any oo < 1/(k —1).

(a) If u > 0 is a subsolution then lim t* | sup w—v | =0.
t—o0 Qx[t,00)

(b) If u> 0 is a supersolution then lim t (1/ — inf u) =0.
t—o0 Qx[t,00)
See Section 4 for the proofs of Theorems 1.3 and 1.4. In this work, we do
not address existence issues for the parabolic problems (1.2). Instead, we direct
the reader to [5, Theorems 1.2 and 1.3] for such issues, see also [2]. A somewhat
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more refined version of Condition C is used in [5]. Under conditions on M (\) (we
require 02 to be smooth in some cases) existence of a positive solution is shown
in Qp, for any T > 0. However, if u is allowed to vanish somewhere in 7, then
these results may not apply. See [5] for more details.

The proofs, in the current work, follow [7] closely. To make it self-contained,
we have included the details.

2. Preliminaries

We present some elementary calculations that will be useful in the work. Included
here is a version of a comparison principle for parabolic equations in (1.2).

2.1. Radial functions

Let 2 € R" and r = |z — z|. Suppose that v(z) = v(r), r >0, is C? in r > 0. Set
e=(zx—2z)/r,inr > 0. Then for z # z,

v'(r)

H(Dv,D*v) = H (v’(r)e, (I-e®e)+v"(r)e® e) , (2.1)

r
where I is the n x n identity matrix. If v(r) = r* « > 0, then

H(Dv,D*0) = o*r* = D H (e T + (o — 2)e @ e).

2.2. Change of variable formula

See Lemma 2.3 in [5] for a more general statement. Let f: [0,00) — [0,00) be a
C! non-decreasing function that satisfies f(s) = 0 if and only if s = 0.
Suppose that u € usc(lsc)(2r), u > 0, satisfies

H(Du, D*u) — f(u)u; > (<)0  in Q.

For k > 1, let Fj(s) be a primitive

Fi(s) = /f(g)ff(kl) s> 0. (2.2)

Note that F}, is a C? function, and is increasing and concave. Define w = Fj,(u);
thus, if u € usc(lse)(Qr) then w € usc(lsc)(r), and

17 .
H (D’U),DQUJ + |:F":(u):| Dw ® DU)) — W Z (S)O m QT.

Here, [1/F}(uw)]" = [f(u)Y/*~Y]". The above is in the sense of viscosity. For deriv-

ing a comparison principle, we require that [f (u)l/ (k_l)]' is non-increasing in w,

i.e, non-increasing in u. Recall that w is increasing if and only if u is increasing.
See also [2]. A formal derivation appears in Appendix A.1.
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Comment I: The aim of the change in variable is to derive a comparison
principle for T'.. It will be seen that under some conditions, the function w = Fj,(u)
satisfies a comparison principle. Thus a version for u holds, see Theorem 2.3
below. Since Fj is an increasing continuous function, Fj(u) € usc(lsc)(Qr U Pr),
it u € usc(lsc)(Qr U Pr).

For a version of the comparison principle to hold, we require that f (5)1/ (
be a concave function. If f(s) = s*, « € R, this leads to the requirement

k—1)

0<a<k-1.

Observe also that J(s) = [f(s)Y/(*~D) could be unbounded near s = 0. If f(s) =
s* and a < k—1, J(s) is unbounded near s = 0. However, if a =k —1, J(s) = 1.
Finally, if lim,_,q+ Fi(1) — Fi(s) < oo, we define

Fr(0) = lim Fy(s) > —oc.

s—0t
If, instead, lim,_ o+ F(1) — Fx(s) = oo, we define

lim F(s) = —oo.

s—0t

Note IL: In the rest of the work, we assume that (i) f (u) > 0, and (ii)
f(u)* =1 is concave in u, see (2.2). If f is a constant function, the requirement
that v > 0 may be dropped, as Fj(u) = u.

2.3. Parabolic Comparisons

We discuss a version of the comparison principle used in this work. Note that
Q C R™ is a bounded domain and 0 < T' < co. However, many of these continue
to hold for T' = oo, by letting T" — oo.

We begin with a well known result about sub-solutions that we state without
proof.

Lemma 2.1. Suppose that H satisfies Condition A. Fori = 1,2, let u; € usc(QrU

Pr), such that u; > 0 solve T [u;] > 0 in Qp. Then the function u = max{ui, us}
solves

Tilu] >0 in Qr.
An analogous statement holds for super-solutions with max replaced by min.
Suppose that F': RT x R x R” x S™ — R is continuous and satisfies
F(t,v,p,X) < F(t,v,0,Y), (2.3)

for any (t,v,p) € (0,7) x R x R”, with X <Y,
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Lemma 2.2 (Comparison principle). Let F be as in (2.3), and E: R — [0,00) be
continuous and non-increasing. Suppose that u € usc(Qr U Pr) and v € lse(Qr U
Pr) satisfy

F(t, Du, D*u+ E(u)Du ® Du) — g(t)u; > 0,
and F(t,Dv, D*v + E(v)Dv ® Dv) — g(t)v; <0,

in Qp. If supp, v < oo and u < v on Pr then u < v in Q.

See [5, Lemma 4.1, Section 4]. See [8], for a more general result. We apply
the above (see Comment I and Note II) to obtain the comparison principle in
Theorem 2.3.

We introduce additional notation for the following theorem. Let § > 0 be
small. Define

(x) Q={reQ : dist(z,R"\ Q) >}

Let 6 > 0, be small. By P(6,T — #) we denote the parabolic boundary of Q7 x
(6,T — 0). Note that P(0,7 —0) = Pr_g.

Theorem 2.3 (Comparison principle). Let H satisfy Conditions A and B, and
[ satisfy Note II, in Subsection 2.2. Suppose that u € usc(Qr U Pr), and v €
lse(Qr U Pr), satisfy

Lrlul >0, and Tg[v] <0, in Qr,

where T'y[w] = H(Dw, D*w) — f(w)w;.

(i) Let f(u) = ¢ > 0. Then u —v < supp_(u —v). This holds without any
sign restrictions on u and v. Moreover, u < supp, u, and v > infp, v.

In what follows, suppose that f(u) is a non-constant function. Let Fy, be the
function defined in (2.2). Assume in parts (ii) and (iii) that v > 0 in Qp. The
following hold.

(i1) Assume that v > v > 0, for some v > 0, and v > 0 on Pr. Then
Fr(u) — Fp(v) < supp, (Fr(u) — Fr(v)). If u < v on Pr then u < v. Also,
u < supp, u, and v > infp, v.

(iii) Suppose that uw > 0 on Qr U Pr. We address two cases.

(iii-a) If v > 0 on Pr, then Fj(u) — F(v) < supp,. (Fp(u) — Fr(v)). The
remaining conclusions in Part (i) hold also. Moreover, if u =0 on Pr thenu =0
m QT-

(iii-b) Suppose that v =0 somewhere on Pr.

o Iflim, g+ Fi(s) > —o0, then Fi(u) — Fi(v) < supp, (Fr(u) — Fi(v)).
Thus, if u < v on Pr,u<wvinQr. As a result, u < supp, u, and v > infp,. v.
o Iflim, .o+ Fi(s) = —oo, then

Fi(u) — F(v) <limg_yq [supp(&T_(;) (Fr(u) — Fi(v))|.

Moreover, u < supp, u, and v > infp, v. In particular, if u =0 on Pr, u =0 in
Qr.
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Proofs of parts (i) and (ii): The conclusion in (i) follows from Lemma 2.2,
see also [8]. To show the maximum principles, take v =constant in one case, and
u =constant in the other.

For part (ii), see [5, Theorem 4.3, Section 4]. We apply Lemma 2.2 to the
transformed functions Fj(u) and Fj(v), see Comment I and Note II in Subsection
2.2. Since F}, is increasing, and Fj(s) > —oo, for s > 0, the conclusion v < v in
Qr follows, if u < v on Pr. The maximum principles follow as in part (i) since
Fy(u) < supp, Fi(u) < F(supp, u). The second inequality follows as u(x,t) <
supp,. u, V (z,t) € Pr.

Proof of part (iii): We begin by showing that the claim holds if v > 0 on
Qr U Pr.

Proof of (iii-a) Assume that v > 0, and v > 0 in Q7 U Pr. For a fixed, small
e > 0, set u, = max{u,e}. By Lemma 2.1, u. is a sub-solution, since w = ¢ is a
sub-solution. Assume that u > 0 somewhere in €.

(al): Suppose that Fy(0) = lim, ,g+ Fi(s) > —oo. Thus, Fj: [0,00) —
[Fk(0), 00) is right continuous at 0. Recall from Comment I that Fj,(u) € usc(QrU
Pr), and Fy(v) € lsc(Qr U Pr).

If (x,t) € Qp, then (z,t) € Qr_g, for some § > 0, small. Set

M. = sup [Fr(e) — Fr(v)].

{0<u<e}NPr_g
Since F(u) < Fy(ue), applying part (ii) of the theorem, for any £ > 0,
Fr(u(z,t)) — Fp(v(z,t)) < Fi(uec(z,t)) — Fr(v(z,t))
< sup (Fi(ue) — Fr(v)) = max {ME, sup  [Fr(u) — Fk(v)]}

Pr_g {u>e}NPr_g

< max {Mg, sup [Fy(u) — Fk(v)]} . (2.4)
Pr_g

Choose n > 0, small. For every e > 0 (¢ — 0), let (zc,t:) € {0 <u<e}NPr_g
such that M. < Fy(e)— Fy(v(xe,t.))+n. Since M, is decreasing, 0 < u(z.,t.) < ¢,
and Fy(e) — F(v) € usc(Qr U Pr),

;E%ME < hrenj(l)lp [Fr(e) — Fr(v(ze,te))] +n < Fi(0) — Fr(v(zo,t0)) + 1,
< Fi(u(zo,t0)) — Fi(v(wo,to)) +n < sup [Fi(u) — Fi(v)] + 1.

Pr_g
for some (xg,t9) € Pr_g. Since the above holds for any 7, (2.4) implies that
Fy(u(z,t)) — Fr(v(z,t)) < sup Fi(u) — Fg(v).

Pr
We show the last part. Assume that v = 0 on Pr and w(Z,t) > 0 at some
(z,1) € Qp. Set v = 1, then, for any € > 0,
(Fi(u) = Fi(1)) (2,7) < (Fi(ue) — Fi(1)) (2,1)
< sup (Fi(ue) — Fi(1)) = Fi(e) — Fi(1).

T
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Hence, Fj(u(z,t)) < Fy(e). Taking ¢ < u(z,t), we get a contradiction. Thus,
u=01in Qp.

(a2): Suppose that lim,_,g+ Fj(s) = —oo. If u = 0 on Pr, using the argument
in (al), we get uw = 0 in Qp. We assume that v > 0 somewhere in Qr, hence,
u > 0 somewhere on Pr. Note that the functions u. = ¢ and v = 1 are positive
solutions of 'y, = 0.

We observe that (2.4) (see (al)) continues to hold, i.e.,

Fk(u) — Fk(v)

< max{ sup [Fr(e) — Fx(v)], sup [Fi(u) - Fk(v)}} , Ve>0.
{0<u<e}nPr {u>0}NPr

Since inf p, v > —o0, and lim._, F}(g) = —o0, one can choose ¢, small, so that

sup [Fr(e) — Fr(v)] < Fx(e) — Fp(infv) <  sup [Fi(u) — Fr(v)].
{0<u<e}nPr Pr {u>0}NPr

It follows from above that

Fi(u) = Fi(v) < sup  [Fi(u) — Fi(v)] < sup[Fi(u) — Fi.(v)].
{u>0}NPr Pr
Proof of (iii-b). We now consider the case v > 0 on Pr. Recall that Fj(v) €
lse(Qr).
Let § > 0 and 6 > 0 be small, and Q°, and P(8,7 — ) be as defined above (see
(¥)). Let (2,t) € Qp. There are § > 0 and 6 > 0 such that (x,t) € Q% x (6,7 — ).
Note that

v>0on Q% x (§,T—0).

(b1) Let Fy(0) > —oo. It follows that Fj(u) € usc(Qr U Pr).
As shown in part (al) above (using u.),

Fy(u(z,t)) = Fy(v(z,1)) < P(ﬁl;p_g)(Fk(U) — Fy(v)).

We now show that

Fr(u(z,t)) — Fi(v(z,t)) < sup Fi(u) — Fi(v).
Pr_y

Let n > 0 be small; fix 6. For each 6 > 0, let (x5,t5) € P(6,T —0) (i.e., on the
parabolic boundary of Q° x (8§, T — 6)) be such that

Fr(u(z,t)) — Fp(v(z,t)) < sup Fg(u) — Fr(v)
P(8,T—0)

< Fy(u(zs, ts)) — Fr(v(ws, ts5)) +n.



Nonlinear Parabolic Equations 265

Since, as § — 0, Q9 x (0,7 —0) / Qr_g, there is a sub-sequence (s,t5) and a
(y,s) € 0Q x [0, T — 0] such that (zs,ts5) = (y,s). Thus,
(Fi(u) = Fi(v)) (2,t) < lim [ sup  (Fi(u) — Fi(v))]
=0 "p(5,T-0)
< limsup [Fy(u(zs, ts)) — Fr(v(ws,ts))] + 1

6—0

< Fi(u(y,s)) — Fe(v(y,s)) + 1
< sup (Fi(u) — Fg(v)) + 1.

Pr

The above follows as Fj(u) — Fi(v) is upper semi-continuous. The claim follows.
(b2) Suppose that lim,_.q+ Fi(s) = —oo. The assumption v > 0 in Qp con-
tinues to hold.
Thus, Fj,(u) € usc((QrUPr)N{u > 0}), and Fj(v) € lsc(QrU(Prn{v > 0})).
Arguing as in (al) and (b1), we get that Fy(u)— Fi(v) < suppsr_g) Fi(u) —
Fi(v), if § > 0 is small enough. Hence,

F(u) — Fr(v) < lim sup  Fi(u) — Fi(v)
6=0 | p(s,7—9)

Firstly, by arguing as in (al), we can show that if w =0 on Pr then u =0 in
Q. Suppose that supp u > 0. Choose 0 < &€ < supp, u. By (a2) (take v = 1),

Fi(u) < Fi(ue) < sup Fi(u.) < Fi(supu).

Pr Pr
This concludes the proof. O

Corollary 2.4. In Theorem 2.3, take f(s) = s?, where 0 < q < k — 1. Let
u € usc(Qr U Pr) and v € lse(Qr U Pr) solve

H(Du, D*u) —uwiuy >0 and H(Dv, D*v) — v, <0 in Qr.
(i) For 0 < ¢ <k —1, define

k=1
a_ik—l—q'
Suppose that u >0 and v > 0 in Qp. If v > 0 on Pr, then

ul/a _ Ul/a < sup (ul/a _ Ul/a) ]
Pr

(ii) Let ¢ = k—1. Assume thatu > 0 andv > 0 in QrUPr. Thenlogu—logv <
supp,. (logu —logv). Clearly, the following quotient type comparison result holds
mn QT N

u/v < sup (u/v).

T
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The above quotient continues to hold in case u >0 and v > 0 in QrUPp. Ifv >0
in Qr and v > 0 on Pr, then

u/v<lm | sup wu/v|.
6=0 | p(5,7-6)
Proof. Parts (i) and (ii) follow from Theorem 2.3(iii). For 0 < ¢ < k — 1,
s -1
F(s) = [N = (12 L) e < gt

Note that w = Fi(u) = au'/®. Moreover, from Comment I and Note II,

—1
H <Dw,D2w + LDU) ® Dw> —w > (X)0.
w

Clearly, lim,_,g+ Fi(s) > —oc0.
If ¢ = k — 1, then Fy(s) = logs, w = logu, and

H(Dw, D*w + Dw ® Dw) — w; > (<)0.
Here, lim,_,q+ Fi(s) = —oo. O

Corollary 2.5. Let 4 € usc(Qdr U Pr) and v € lsc(dr U Pr), © > —o0. Assume
that infq, u > —oo with, possibly, info,.up, © = —00. If

H(Du,D*u+ Du®a) — i <0 and H(Dv,D*s 4+ Do ®@7) — 0y >0, in Qr,
then, & — v < maxp, (@ — ).

Proof. For ¢ € R, 4. = max{d,e} is a sub-solution. Apply Subsection 2.2 and
Lemma 2.2. O

3. Proof of Theorem 1.2: Strong Minimum Principle

In this section, we show that the Strong Minimum Principle and the Hopf Bound-
ary Principle for a non-negative super-solution v may fail, if £ > 1 and m =
info, u > 0. This conclusion holds regardless of f is constant or increasing (see
Comment I and Note IT at the end of Subsection 2.2). The case k > 1 differs from
k =1, even when f =constant.

However, things are not clear in the case m = 0 (f increasing, k > 1), and we
provide a partial result. One of the difficulties seems to be that the comparison
principle (see Theorem 2.3) becomes unclear at places where both the sub-solution
and the super-solution vanish.

We consider super-solutions u > 0 of doubly nonlinear equations of the type:

H(Du, D*u) — f(u)us <0,

where f: [0,00) — [0, 00), is non-decreasing, and f(s) =0 if and only if s = 0.
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3.1. Case m > 0:

Before presenting the proof of the the theorem, we discuss an example that shows
the failure of the Strong Minimum Principle and the Hopf Boundary Principle.

Example: We construct a super-solution £, in an appropriate cylinder Qp,
such that for some p € Q, and some T' > 0, &(p,t) = m =infq, & for 0 <t <T.
However, £ > m in the rest of Qp. Actually, our construction produces a super-
solution in R™ x (0,T"), for any fixed T > 0.

Take p = o0, and any T > 0. Set r = |z — o| = |z| and ¢(r) = r*+D/(k=1),
Using (2.1) (see Subsection 2.1) and (1.7) i.e, Condition C(i),

k-1

H (D¢, D?¢) = erF+D/ (k=1 g (e, I-— e® e> < c¢(r)L, (3.1)

for some constants 0 < ¢ = ¢(k) < oo, and 0 < L = L(k) < oo.
For any R > 0, we take Qp = Bg(o) x [0,T). Define

&(z,t) = m+ ¢(r)n(t), where n(t) = (E(Q%—t)) v and E = c(kf(—ml))L
Note that f(m) > 0 as m > 0, and
i'(t) = En*/(k—1) > 0.
Using (3.1), we get in, 0 <7 < R
Til¢] = H(DE, D) — f(€)é < con™L — f(m + dn)én’

Ef(m + onr Ef(m)
AU <o o1 - 0 <0

We verify below that £ is a super-solution in Qr, i.e., also at (o,t). But first,
we make the following observations. Clearly,

lo,t)=m, 0<t<T, and &(x,t) >m, z#o.

=conL -

This shows that u does not attain its minimum value anywhere except along
(0,t), 0<t<T.

Next, let V be the R"™! gradient. Then VE&(o,t) =0, 0 <t <T. Let 2z # o
and p = |z|. Let U = B,(z) x [0,T], and r = |z|, as defined above. Thus, £ > m
is a super-solution in U and £(o,t) = m, 0 < t < T. This is a t-segment on the
parabolic boundary of U. Since V&(o,t) = 0, the Hopf Boundary Principle fails.

We now show that £ is a super-solution in Q7 by showing that it is a super-
solution at (0,t). Let ¢, C? in z and C' in ¢, be such that ¢ — ¢ has a minimum at
(0,s) for some 0 < s < T. Then &(x,t) — &(0,8) > ((z,t) — (o, s). Since £ is C*
in both x and ¢, we get that D&(o,s) = D((o0,s) = 0 and &(o,s) = (¢(o,s) = 0.
Since k > 1, we get, by applying Condition B (k; > 0) that

H(D((0,5), D*¢(0,5)) = £(0,5)" ' ¢i(0,5) = 0.
This finishes the proof. O
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Proof of Theorem 1.2 Part (a). We now show that if v > 0 satisfies T'y[u] < 0,
in Qp, and u(p,7) > m, for some (p,7) € Qr, then there is a cylinder C =
B,(p) x [r,T), for some p > 0, such that u(z,t) > m in C. As a result, if
u(p, 7) = m then u(p,t) = m, for all 0 < ¢ < 7. As the above example shows, this
result cannot be improved.

Suppose that u(p,7) > m. Since u is lower semicontinuous, there are & > 0
and 0 < p < 1 such that

u(z,7) >m+¢&, in B,(p).

We construct a sub-solution. Set 6 =T — 7, r = |z — p| and C = B,(p) x [,T).
In C, we define v, C? function in both x and ¢, as follows. For 0 < ¢ < &, to be
chosen,

T—-t+9

26
(3.2)

U(w,t) =m+ep(r)®n(t), where ¢(r)=p>—r? and n(t)=
Using (2.1) and Condition B, we get
H(Di, D*p) = (en)"H (—4rde, —4¢(I — e @ e) + (—4¢ + 8r)e @ €)
= (4epm)*rF—*H <e, Te ®e— I> )
Hence,

Ci[¢] = H(D¥, D*¥) — ()¢ (3.3)

= teng) st (e 2w o1 ) + L

We divide the interval [0, p) into two sub-intervals: [0, o] and [, p), where o is
such that

212 2 2
YVrelop), = > > A1,
20 56 T P =17 e =12
A
where 0 = pv, and v = N j-Q’

where A; is defined in (1.7) C(ii). See also (1.6).
Thus, H(e,2r?/¢(r) —I) > 0, in [0, p). By (3.3), T[] > 0, in [0, p) x (7,T).
Next, we consider [0, o]. We estimate

H(e,2r?/¢(r) — I) > min H(e,—1I) > —|M| > —oo0.

" e=1

Observe that 1/2 <n <1, (1-v%)p? = ¢(0) < ¢(r) < p?, and m < ¥ < m+e.
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Applying these in (3.3), we see

De0] > — (deng) v a4+ L) (3.4

26
> OOE eyt 0y
> {f(m)ﬂ?; v?)?pt _ 4k€k—lp3k—1|M|]
—ept {f(m)(;a— v?)? . 4k€k—1p3k—5|M|] ]

If € > 0 is small enough then # is a sub-solution in B,(p) x [1,T).

Next, we observe that u > ¢ = m, on 0B,(p) x [1,T), and u(z,7) > m+e >
Y(z,7), for & € B,(p). By using the comparison principle Theorem 2.3, ¢ < w in
C'. Thus, for any (z,t) € C,

u(,t) > P, t) =m+e(p® — |z — p|*)? (T—t+5) >m

20
The claim holds. O

3.2. Case m = 0:
We assume that u € C(Qr).

Proof of Theorem 1.2 Part (b). We show that the zeros of u are not isolated.
Assume to the contrary. Suppose that u(p,7) = 0, and there is a cylinder
C = B,(p) x (1 —6,7) C Qp, for some p > 0 and § > 0, such that v > 0 in
T\ {(p 1)}

Let P be the parabolic boundary of C. Since u > 0 on P, there is a u > 0
such that u > u on P. Recall the calculations done in the proof of Part (a), (3.1)
and (3.3). Define in C,

_ kK 2 2 (T T
v =5 =2 (). r=le,

where 0 < & < min{u/(2p*), £}. As shown above, if ¢ small enough, 1 is a sub-
solution in C, see (3.4). Moreover, ©» < v < u on P. Hence, by Theorem 2.3,
u > 1 in C. In particular, u(p,t) > u/2, 7 — 96 <t < 7. Since u is continuous,
u(p,7) > p/2 > 0, a contradiction. The claim holds. O

4. Proof of Theorem 1.3: Asymptotics

The proof extends Theorem 1.2 in [7] to a somewhat more general equation. We
recall a few items, and introduce two auxiliary functions before presenting the
proof. In this section, all the sub-solutions and super-solutions are positive.
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We recall that Qo = Q x (0,00) and Py = (Q x {0}) U (992 x (0,00)). For
t > 0, set

Q;=Qx[t,oo) and & =N x [t,00).

Let T > 0 be as in the statement of the theorem. We assume that © = h on
ST.Set

m=minh >0 and M =suph < .

ST 'ST

By a sub(super)-solution u of (1.9), we mean u € usc(lsc)(Q), u < (>)h on
P, and T'y[u] > (<)0. Thus, Theorem 2.3 implies that

If uw > 0 is a sub-solution then v < max{supu(z,T), M} in Qr,
Q

If uw > 0 is a super-solution then u > min{inf u(z,T), m} in OQp. (4.1)
Q

To see (4.1), apply the comparison principle in the cylinder Q x (T, s), for s > T,
and then let s — oo.

We make a remark about f that will be useful in the sequel.

Remark: We note a property of f1/(*=1 that follows from concavity. Since
f1/k=1)(s) /s is decreasing,

>0 f’“(fz B gk(?z = F(0) < oc. (4.2)

If f is non-constant, we assume that f(0) = 0.

We introduce notation and quantities that are needed for constructing the
auxiliary functions. In what follows, D, E, F and a are positive constants, where
a depends on F. We choose D, E and F in the proof of the theorem.

Let z € R\ Q; set

r=lr—z|, R=suplr—2z|, R=inf|z—2|, and D =diam(f2). (4.3)
zEQ zeQ

Clearly, R > 0,7 >R >0, if z € , and
R<R+D and QC Brip(z)\ Br(z).
Auxiliary Function 1 (Sub-solution): Let z and r be defined as above.
For constants D, E, F, and a, we define the function ¢ € C?({,,) as follows:

eﬁ

&(x,t) = a(r)r(t), where «afr)= DeP™ and T(t) = gl

(4.4)

We record that
o (r) = (2Er)a(r), o' (r)=2Fa(r) (1 + 2Er2) )

and 7 (t) = 7(t) (L) .
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Set o = (x — z)/|x — z|; we get

D¢ = (2Er)€ o, and & =¢ <ea’fl—Z:F> .

Using (2.1), we get

!
D* =r [a (I—U®U)+a”a®a] =2E¢ (I +2Er°c®0).
r
Using the above observations and Conditions A, B and C, and (4.3), we get

Tw¢] = QB r* ' H(o,I + 2Er?0 @ o) — f(£)¢ (eatafF>

> ¢t )R o) -

By (4.3) and (4.4), £(z,t) > DeER2/(1 + F), in Qp. For £ to be a subsolution,
we require that

(2E)FRF-1 min),—; H (o, I)

O0<a< 7(0)

, where 6= DeER2/(1 +F)>0, (4.5)

and F(0) = sup,q f(s)/s" 1. See (1.7) C(i), and (4.2). O

Auxiliary Function 2 (Super-solution): Let z be as before, and recall
(4.3). For positive D, E, F, and a > 0, we set

C(x,t) = B(r)y(t), where B(r) = De P and y(t) =1+ Fe .  (4.6)

We impose a condition on E and a, for { to be a super-solution. Rest are chosen
in the proof of the theorem. Clearly,

B = (—2Er)3, B"=2EB(2Er*—1), and

Fe—at
I F —at — a .
oo mere 14 Fe—at

Letting o = (x — 2)/|z — z|, we have

DC = (_QET)C a, Ct = _C <1Cf7j;ea_at) )
ﬁ/

D* =v|=
C=7\7

=2E( (2Br*o@o—1).

([—O’@O’)-ﬁ-ﬁNU@U:l
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Thus,

5 aFe~at
Fk[d =H (72EC’I" a, ZEC (QET’ oRQ0o — I)) +f(C)< <1+F,e_at>

= (QEC-)krkle (a’, 2Er?c @ o — I) + f(¢)¢ <$;)

=" |2E)"* 1 H (0,2Er? 0 ® 0 — 1) + ‘ZJ;(CI) (1 f;_:tat)] . (4.7

By (4.3), R <r <R+ D. We choose E (see (1.7) C(i)) small so that

0<k=2B(R+D)><1/2 and L=maxH(o,ko®0c—1)<0.

lo|=1

The latter follows as H(o,ko @ 0 —I) < H(o,—1/2) = H(o,—1)/2 < 0.
Next, set (see (4.2))

§= inf ¢>De PR’ > pel and F(0) = sup fk:(f)

(2,6)€Q00 0,00) ¥
Select 0 (BRI
<a< O (4.8)
Hence,
Ixl¢] < ¢* ac‘i(cl) + 2E)*r* 1H (o, ko @0 —I)
< ¢*aF(0) - 2E)"RML] <0,
i.e., ¢ is a super-solution in Q4. O

We introduce additional notation for the proof of the theorem. Recall that for
t>0, Q9 =Qx[t,oo) and S; =090 X [t,00). Let t > T. Define

(3) pune(£) = infu, (i) pop(t) = sup s, (4.9)
Q Qy

(iii) vine(t) = i‘?f h, and (iv) vgup(t) = suph.
t

t

Since u = h on St, pine(t) < vine(t), and veup(t) < psup(t). Set

Vsup = tlgglo Vsup(t) and vips = tlgrolo Vint(t). (4.10)

Proof of Part (a) of Theorem 1.3. Let k > 1, and ¢ > T. Recall the notation in
(4.9), and (4.10). Recall also that u > 0 is a super-solution, and since (1.4) holds,
:uinf(t) < 00, Vit>0.
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Since pint(t) < vine(t), the claim follows if we show that
tll{go Kin () > Vint.
Also, from (4.1), v > min{ming u(z,T), m} = mg. Since Vins > Vine(t) >

tint (t) > mo, if vins = Mo, the claim follows. Assume from here on that vi,e > my.
Let € > 0 be small, and Ty > T, large, so that for ¢t > Ty (see (4.10))

I/inf(t) > Vint — € > mg > 0.

Fix z € R"\ Q; let r, R and D be as in (4.3). We employ Auxiliary Function
1, see (4.4), and recall condition (4.5):

B2 ea(t—To)
€($7t) = De (W) 5 where

(2E)kRk71 min‘g‘zl H((T, I)

=i >
0<a< 70) , and 6 ngff_mo/Q,
see (4.2), (4.8), and (4.12) below.
We select
1 Vint — € Vinf — €
o, (R+ D)2 & ( mo ) ’ a mo

Hence,

eERAD? _ 4 = Ul T 5, and (4.11)

mo
a(t—To)
— rP/R+D? (€
E(x,t) =mp(l+ F) (ea(t—To)+F> .

We may bound ¢ as follows. For a lower bound, take r = R (large), and for an
upper bound take r =R + D, to find that, for ¢ > Tp,

mo mo R2/(R4D)? B
— < < < . .
2 = <1+F) (1+F) 7§(x,t)7m0(]_—‘rF) Vinf 9 (4 12)

The lower bound for ¢ influences the choice of a, see (4.2) and (4.5) (take
We show that « > ¢ in Qp,. Using (4.1), (4.11), and that R <r <R+ D,

mo(1 + F)R/RAPI-L < ¢(3 To) < mg < u(z,Tp), V€ Q.

Use the upper bound in (4.12) to see that, for x € 99, &(z,t) < vipsr — e <
h(z,t), ¥(z,t) € S, Employing the comparison principle in Theorem 2.3,

u2§ in QT0~
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Using (4.11), and r > R, we have

Vinf — € R*/(R+D)? e¥(t—To)
> mn .
u(z,t) > mo (mo ) (ea(t—To) n F) , V(z,t) € O,

Since the above holds for any x € (), we take the infimum over x to obtain,

Vint — € R*/(R+D)* ea(t=To)
,U/inf(t) 2 mo 60‘7 .

mo (t=To) + F

Letting t — oo, and then letting R — oo,
. . S e
tli{go Hinf (t) 2 Vinf 3

The claim follows since the above is true for any small e. O

Proof of Part (b). We assume that v is a sub-solution. Recall that M = supg,. h(z,t).
Set My = max{u(z,T), M}. As noted in (4.1), u(z,t) < My in Qp. Since
Vsup < fsup(t) < My, if veyp = My, the statement follows.

Thus, we assume that vg,, < Mo and show that limy_, fisup(t) < Vsup.

Let € > 0, small, and Ty > T > 0 be such that

Vsup < Vsup(t) < Vgup +€ < My, for any t > Tp. (4.13)

This ensures that h(z,t) < vgp + € on Sz
We employ the super-solution ¢ in (4.6): let z € R"\ Q and r = |x — z|. Define

(1) = ((r,t) = De B (1 + Fe*a“*T@) . Y(z,t) € O,

where D, E, F and a are positive constants. Recalling (4.3) and (4.8), we choose

(2E)*R* L]
0<a< - —————, where L=max H(o,ko®oc—1) <0,
F(0) |w|=1 ( )
k=2E(R+D)><1/2, and 0= De ERID) (4.14)

Observe that L < max|s—; H(o,—1)/2. Also, a different choice for # is indicated
below.
For a fixed k, we choose

D= 6"/2(Vsup +¢), E

" 2(R+D)2 Veup + €
Thus, in Or,,
2

(2, 1) = (Voup + €) exp ('; {1 - (R:D)QD (1 + Fe_“(t_T")) .
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Since ¢ > vgup + €, one can choose § = vy, + ¢, see (4.14).
Recall that u(z,t) < My. Since R <r <R+ D, for xz € Q, by (4.13),

My
Vsup +e

¢(x,Tp) = (Vsup +¢) ( ) > My > u(z, Tp).

As noted above already, ¢ > vgyp, + €, and, thus, ((z,t) > h(z,t), V(z,t) € Sty
Thus, ¢ > u on the parabolic boundary of Qr,, and Theorem 2.3 implies that
¢ > win Qp,. Observe that for each z € , ((x,t) is decreasing in ¢. Thus,

K R2
< < — - —a(t—To)
paup(f) < sUpC < (Vs“p+€)eXp<2 {1 (R+D)2D (1 e ).

for any t > Ty.
Let ¢ — oo and then let R — oo to obtain that lim;_ o thsup(t) < Veup + €.
The claim holds. O

5. Proof of Theorem 1.4

We begin with a useful lemma. See Appendix A.2 for existence, and comparison
principles.

Lemma 5.1. Suppose that & C R" is a bounded domain that satisfies an outer
ball condition. Let k > 1, § #0 and 6 € R. Then there is a v in C(2) such that

H(Dw, D*) =6, in Q, with ¢ =6 on ON.

If 6 > 0 then v < 0, and if § < 0 then ¢ > 0. Also, 1 = 0 + |§|"/*n(x), where
H(Dn, D?n) = §/|8|, and n =0 on OS.

Proof of Theorem 1.4 Part (a). Suppose that v > 0 and k > 1. Assume that
u > 0 is a sub-solution and © = v on Sy.
Let € > 0 be small. By Theorem 1.3, there is a T > T such that

v <supu(z,t) <v+e, foranyt>T,. (5.1)
z€Q

By Lemma 5.1, there is a function ¢ > 1 in C'(2) such that
H(Dw,D*)) = -1 in Q, and v = 1 on 9. (5.2)

Observe that ¥ > 1 in .
Let Ty > Tp, to be determined later. With ¢ as in (5.2), set in Qr,,

7\ 1/ (k=1)
¢(z,t) =v+ep(z)r(t) in Qp,, where 7(t) = <tl) .

Define M = supg . Clearly,

1<$p<M, v<¢<v+eM, and 7(t)= (5.3)
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Using (5.2) and (5.3),

Til¢] = H(D, D*¢) — f(d)¢r = —(7)* + f(¢) (&) ’

Since 7#~! = T} /t, using (5.3),

Hence, ¢ is super-solution in O, if

Mf(v+eM)

Lilg] =

Ty > max{

Next, from (5.1) and (5.3),
u(z,Ty) <v+e<¢(x,T1) and u(z,t) =v < ¢(a,t), V(z,t) € S,
By the comparison principle in Theorem 2.3, and (5.1),

MY (k=1) K
£ L =v+ ——— in Qp,

Vs Sgpu(w7f> < sup ol2,t) vt — Ty A7G—1)

where K = K(k,v, T, M). Thus,

N 3 1
tli)rglo [t (sgpu(x,t)—u)} =0, forany 0 <a< 1

The claim holds. O

Proof of Part (b). We assume that u > 0 is a super-solution. In Lemma 5.1, let
be the solution for 6 =1 and 6 = —1. Set L = maxg |¢|; thus, ¥ < 0, and

1< gl <L
Let g9 > 0, small, such that gL < v. Next, choose T, and Ty as follows.

fw)L
(k —1)ek-1’
(ii) Tp > T¢ such that V(z,t) € Qp,, 0<v—e <infu(z,t) <v. (5.4)
Q

(i) T.= where 0 <e <¢gp, and

For the second statement, we have used Theorem 1.3.
Next, set

,1—,0> 1/(k—1)

o) = v+ ev(o) (]
To

1/(k=1)
=v —el(x)] (t) , V(x,t) € Or,.
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Since eL < v (see (5.4)) and 1 < —1, we have
oz, To) <v—e, inQ, and 0< ¢(z,t) <v in Sp,. (5.5)

Since H (D, D) = 1, using (5.5), we have that

TN B/ (=1 T/ (k=1)
T[¢] = () +1(@) (;ﬁl) I

t
AR TS (%))
Z ey \& To— =1 )20

The last line follows from (5.4).

Since ¢ is sub-solution in Qr,, by (5.5) and that u = v on 9Q, t > Tp, we

obtain that v > ¢ on its parabolic boundary. Using Theorem 2.3,

7o\ M)
) > ola.0) = -+ (o) ()
7o V)
>y —e¢l (to> . V(z,t) € Q.

Observe that infq ¢(z,t) < infou(z,t) <wv.
If0<a<1/(k—1) we have

lim {to‘ (infu(x,t) - I/>:| = 0.
t—o0 Q

This proves the claim.

A. Change of variables and Existence for the elliptic problem

A.1. Change of Variables:
Recall from Subsection 2.2 that

Fy(u) = /u f(s)"Y*E=Dds u > 0.

Setting w = Fy(u), we get
Du= f(u)/* VDw, u = fu)/* D,
D2y = f(u)Y/+=1 {D2w + [f(w)Y* D) Dw Dw} .
Hence,

H(Du, D*u) — f(u)u,

= f(u)*/*-D [H (Dw,DQw + [f(w)* D) Dw @ Dw) - wt} :
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A.2. Existence for the elliptic problem:

The work overlaps with the work in [7]. We begin with a version of the comparison
principle that will be used in this section. Let  C R™ be a bounded domain. We
recall a result proven in [6].

Lemma A.1. Let f;: Q xR = R, i = 1,2, be continuous as in (2.2). Suppose

that u € usc(Q) and v € lsc(Q) are solutions to
H(Du, D*u) > fi(z,u(x)) and H(Dv,D*v) < fo(z,v(z)), in Q.
If supq (u — v) > supgq(u — v) then there is a point z € Q such that

(u=v)(2) = sup(u —v) and fi(z,u(2)) < fol2,v(2))-

Proof. A proof can be worked out as in Theorem 4.1 in [[6]: Section 4]. O

Corollary A.2 (Comparison Principle). Suppose that s, t € R are such that

|s| + || > 0, and s <t. Let u € usc(Q) and v € lsc(Q) satisfy
H(Du,D?u) >t, and H(Dv,D?v)<s inQ.
Then u — v < supgq (u — v).

Proof. Consider s < t. By taking f; = t and f = s, Lemma A.1 implies that
u— v < supgg(u — v).

Assume now that t = s. We take § > 1ift > 0, and 0 < 0 < 1if ¢t < 0.
The function ug = u solves H(Dug, D*ug) = 0*H(Du, D*u) > t0* > s. Thus,
ug — v < supyq (ug — v). The conclusion follows by letting 0 — 1. O

A.3. Existence for Lemma 5.1

Let 6 > 0 and # € R. We show now the existence of viscosity solutions to the
following problems by using the Perron method.

(a) H(Du, D*u) = 6, in Q, u = 6 on 92, and
(b) H(Du, D*u) = —4, in Q, u = 6 on 0. (A1)

Corollary A.2 provides the necessary comparison principle. Define
d = diam(92). (A.2)

By the outer ball condition, for any y € 9, there is a p > 0 and a ¢ € R™\
such that o
B,(q) CRN\Q and ye€dQnB,(q). (A.3)

Sub and Super solutions to (A.1)(a): Note that w(xz) = 6 is a super-
solution of (A.1)(a). Our effort is to construct sub-solutions.
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Let y € 0Q. With p and ¢, as in (A.3), set 7 = |z — ¢|. Define

1 1
vy(x):9+E(—pa), Vo € Q.

T.a

where F > 0 and « > 0 are to be determined. Using (2.1), we get, in r > p,

—-a -« ala+1)
H(D’Uy,DQ’Uy) = EkH (Ta+1€7ra+2(l— €®€) + Me@e)

o)k
= %H(e, (a+2)e®e—1). (A.4)

Setting A = « + 2, and recalling (1.6) and Condition C(ii) in Section 1 (see

(1.7)),
min H(e,Ae®@e—1)>—-M(A) >0, if A>A;.

le|=1

Choose A > A; and a = A — 2. Since p <1 < p+d, Vo € Q, (A.4) yields in Q,

(Ea)*|M(A)]

if E is chosen large enough. With this choice, we obtain that
H(Dv,, D*v,) >4, wv,(y) =0, and wv, <@ on 9Q.

For every y € 01, the sub-solution v, attains the boundary value 6 at y. The
Perron Method leads to a solution v, < u < w =6 of (A.1)(a).

Sub and Super solutions to (A.1)(b): Observe that v(z) = 6 is a sub-
solution. Our effort is to construct super-solutions.

Let y € 0. With d as in (A.2), and p and ¢ as in (A.3), set r = |x — ¢|. Define

wy(m)zﬁ—i—E(l—:Ot), Vo €,

(03

where E > 0 and o > 0 are to determined. Using (2.1), and (A.4), we get, in
r >0,

(Ea)*

H(Dwy, Dwa) = m

H(e,I - (a+2)e®e).

Set A = a+2. From (1.6) and Condition C(ii), ma>§H(e7 I-Ae®e) < M(A) <O,

le
if A > A;. Choose a > A — 2. Since, p <1 < p+d, we see that if £ > 0 is large
enough,

(Ea)*

rak+k+1 -0 <0.

H(e, ] —(a+2)e®e) < (Ea)*M(A)

2,0\ _
H(Dw,,, D*w,) = = (xRt =

Thus, H(Dw,, D*w,) < =6, in Q, w,(y) = 0, and w, > 6, on 9. By the

Perron method, there is a solution u such that 0 = v < u < w,,. O
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