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Strong partially greedy bases with respect to an arbitrary
sequence

Hung Viét Chu

Abstract. For Schauder bases, Dilworth et al. introduced and characterized the partially greedy
property, which is strictly weaker than the (almost) greedy property. Later, Berasategui et al.
defined and studied the strong partially greedy property for general bases. Let n be any strictly
increasing sequence of positive integers. In this paper, we define the strong partially greedy prop-
erty with respect to n, called the (n, strong partially greedy) property. We give characterizations
of this new property, study relations among (mn, strong partially greedy) properties for different
sequences n, establish Lebesgue-type inequalities for the (n, strong partially greedy) parameter,
tnvestigate (n, strong partially greedy) bases with gaps, and weighted (n, strong partially greedy)
bases, to name a few. Furthermore, we introduce the (n, almost greedy) property and equate the
property to a strengthening of the (n, strong partially greedy) property. This paper can be viewed
both as a survey of recent results regarding strong partially greedy bases and as an extension of

these results to an arbitrary sequence instead of N.

1. Introduction

1.1. Settings and classical results

Let X be a separable, infinite dimensional Banach space over the field F = R or
C with the dual space X*. A countable set B = (e,)52; C X is said to be a
semi-normalized basis (or basis, for short) of X if

a) span{e, : n € N} is norm-dense in X;

b) there is a semi-normalized sequence (e},);2; C X™ such that e} (ex) = d;x
for all j,k € N;

¢) there exist ¢1,co > 0 such that

0 < co:=nf{flenll,[le I} < sup{llenll,[lell} =: ca < oo
n

For a basis B, we represent each vector x € X with the formal series ) | e (2)en.
It is possible that two different vectors have the same representation unless B is a
Markushevich basis, which, in addition to items a), b), and c¢) above, also satisfies

*

d) span{e;‘l:nGN}uj = X"
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A Schauder basis satisfies items from a) to d), and there exists the least constant

Ky, called the basis constant, such that [|S,,(z)]] < Kp||z|, for all z € X and

m € N, where S,,(z) = 3", e’ (x)e,. When K, = 1, we say that B is monotone.
By a density argument, it is easy to see that if 15 is a basis, then

lim |ey(x)] = 0,Vz € X. (1.1)
n—oo
We now introduce notation, some of which have been frequently used in the litera-
ture: fixing x € X, finite subsets A, B of positive integers, and a strictly increasing
sequence of positive integers n = nq,no, ..., we define

1. asign € to be a sequence (€,)22; of scalars of modulus 1.
2. 1a=> caenand loqa =) 4 €enen, for a given sign ¢.
- Pa(x) =3 caern(w)e, and Pae(x) = 2 — Pa(x).

3

4. ||z]|e = maxy, |ek(z)| and supp(x) = {n: e} (x) # 0}.

5. A < B to mean that a < b for all a € A,b € B. It holds vacuously that
< Aand 0 > A. Also, n < A for a number n means {n} < A.

6. AUB to mean ANB = (). Hence, D < (AU B)NE for two sets D, E means
that D < (AUB)NE and AN B = ().

7. T(n) to be the collection of all ordered pairs of finite sets (A4, B) such that
ACn, |Al <|B|,and A < BNn.

8. S(n) to be the collection of all ordered pairs of finite sets (A4, B) such that
A Cnand |4 <|B|.

9. for a number a, A|, = {n € A : n > a}. Furthermore, for sets A, B,C,
A < (BUC)|min 4 means that BUC and either A =0 or A < (BUC)|min4-

10. for m > 0, Z™ := {A C N : |A| = m and A is an interval}, T=™ :=
Urt<k<mZ®, and T := U,,5oZ(™.

The limit (1.1) enables the definition of the thresholding greedy algorithm
(TGA), introduced by Konyagin and Temlyakov in 1999 [29]. For each x € X, the
algorithm chooses the largest coefficients (in modulus) with respect to B: a set
A C Nis a greedy set of x of order m if |A| = m and

min e, (x)] > max e} (z)].

The corresponding greedy sum is Gy, () := Pa(z). Let G(x,m) denote the set
of all greedy sets of x of order m. The TGA thus produces a (possibly nonunique)
sequence (G, (2))5°_, for each z € X.

Konyagin and Temlyakov [29] then defined and characterized greedy bases as
being unconditional and democratic. In particular,
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Definition 1.1. A basis B is greedy if there exists C > 1 such that

|z — Gp(2)]] < Cop(x), Vo € X, Ym €N, VG, (), (1.2)

:A|:m}.

Definition 1.2. A basis B is unconditional if there exists K > 1 such that for all

N e N,
N N
S ane| < K|S buer
n=1 n=1

whenever |a,| < |b,| for all 1 < n < N. The least constant K is denoted by K,,
called the unconditional constant of B. Equivalently, there exists the so-called

suppression-unconditional constant K, , which is the smallest constant such that
[[Pa(2)|| < Kgyllz|| for all A C N.

where

T — E Apén

neA

om(x) = inf {

an€F

If C satisfies (1.2), we say that B is C-greedy.

< K

)

Definition 1.3. A basis B is superdemocratic if there is C > 1 such that
lteall < ClLssl, (1.3)

for all finite sets A, B C N with |A| < |B]| and for all signs €,d. Let Cyq be the
smallest constant for (1.3) to hold. If (1.3) holds for ¢ = § = 1, then we say that
B is C-democratic; the smallest constant in this case is denoted by Cgy.

Theorem 1.4 (Konyagin and Temlyakov [29]). A basis B in a Banach space is
greedy if and only if it is unconditional and democratic.

Continuing the work, Dilworth et al. [23] defined and characterized the so-
called almost greedy bases as being quasi-greedy and democratic.

Definition 1.5. A basis B is almost greedy if there exists C > 1 such that
|z — G ()] < Cop(x), Vo € X,¥Vm € N,VG,,(x), (1.4)

where 7., (x) := inf{||x — Pa(x)| : |A| = m}. If C verifies (1.4), then B is said to
be C-almost greedy.

Definition 1.6. A basis B is quasi-greedy if there exists C > 0 such that
|G ()] < Cllz||,Vz € X,m € N,VG,,(x).

The least such C is denoted by C,, called the quasi-greedy constant. Also when
B is quasi-greedy, let C, be the least constant such that

Iz — Gm(@)l| < Collall,¥2 € X, m € N,YG (2).

We call C; the suppression quasi-greedy constant.
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Theorem 1.7 (Dilworth et al. [23]). A basis B in a Banach space is almost greedy
if and only if it is quasi-greedy and democratic.

Remark 1.8. By definition, any greedy basis is almost greedy. However, [4,
Example 10.2.9] is an almost greedy basis that is not greedy.

Another popular greedy-type basis is the so-called partially greedy, also in-
troduced by Dilworth et al. for Schauder bases [23]. Later, Berasategui et al.
defined strong partially greedy bases for general bases [10]. Both partially greedy
Schauder bases and strong partially greedy bases can be characterized as being
quasi-greedy and conservative. Since we work with general bases, we shall use the
definition of strong partially greedy bases.

Definition 1.9. A basis B is strong partially greedy if there exists C > 1 such
that
|z — Gm(2)|| < Con(x),Vz e X,¥m € N,VG,,(z). (1.5)

where 0, () := mino<g<m |7 — Py, 1y (2)||. If C verifies (1.4), then B is said to
be C-strong partially greedy.

Definition 1.10. A basis B is superconservative if there is C > 0 such that
1eall < CllLsall, (1.6)

for all finite sets A, B C N with |A| < |B|, A < B and for all signs ¢,d. Let Cs,
be the smallest constant for (1.6) to hold. If (1.6) holds for ¢ = § = 1, then we
say that B is C-conservative; the smallest constant in this case is denoted by C..

Theorem 1.11 ([14, Theorem 4.2]). A basis B is strong partially greedy if and
only if it is quasi-greedy and conservative.

1.2. Motivation and outline

Throughout the paper, let n = nj,n9,... be a strictly increasing sequence of
positive integers. The first motivation comes from a natural extension of strong
partially greedy bases. While &, (z) measures the distance between x and the
projection of x onto the first m vectors in B, this paper investigates the resulting
bases that satisfy (1.5) with &,,,(z) replaced by &5, (x), where %, (x) measures the
distance between z and the projection of x onto the first m vectors in (e,)nen-
Formally, for each = € X, let P2 (z) := ;" e} (x)en,. Define

=1 "N,

on(r) = min |- PP@)]|

Definition 1.12. A basis B in a Banach space is said to be (n, strong partially
greedy) if there exists C > 1 such that

|z — Gm(z)|| < C6%(z), Vo € X, ¥m € N, YGpm(z). (1.7)

The smallest constant C for (1.7) to hold is denoted by Cj sp. Note that when
n = N, we have strong partially greedy bases.
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The second motivation comes from recent work by Berasategui et al. [9], where
the authors let

Fm(x) = inf{||z — Pr(x)| : I € Z,|I| =m}
and define consecutive almost greedy bases of type I.

Definition 1.13. A basis B is said to be consecutive almost greedy of type I
(CAG()) if there exists C > 1 such that

|z — G ()] < Con(x), Vo € X,¥Ym € N,VG,,(x). (1.8)
Theorem 1.14 (]9, Theorem 1.7]). A basis B is CAG(I) if and only if
|z — G (2)]|| < Cog(x),Vz € X,¥Ym € N,Vk < m.

It can be seen from Definition 1.13 that the notion of CAG(I) bases is a
strengthening of the notion of strong partially greedy bases. Specifically, instead
of projecting x onto the first m vectors in B, we project x onto any set of m
consecutive vectors arbitrarily to the right. We have the implications

greedy = almost greedy = CAG(I) = strong partially greedy.

Surprisingly, Theorem 1.14 states that a basis is CAG(I) if and only if it is almost
greedy. By introducing (n, strong partially greedy) bases, we would like to explore
whether we still obtain almost greedy bases if we project x onto vectors with
consecutive indices in n. We predict that the answer is negative at least in the
case N\n is infinite, since then, there are certain parts of B that are never projected
on. Then we would have a new type of greedy bases that lie strictly between being
almost greedy and being (n, strong partially greedy). Our prediction is confirmed
by Proposition 6.4 and Theorem 6.7.

The third motivation comes from the following property of unconditional bases
of the classical space £, ® ¢, for 1 < p < ¢ < oo. Edel’stein and Wojtaszczyk
[27] showed that any uncondltlonal basis B of the direct sum ¢, @ ¢, consists of
two subsequences, one of which, denoted by Bj, is a basis for Ep, Whﬂe the other,
denoted by Bs, is a basis for ¢,. By [4, Proposition 2.1.3], we can find subsequences
of B, and B3 that are equivalent to the canonical bases of £, and /,, respectively.
We now use the same reasoning as in [4, Example 10.4.4] to conclude that B is not
conservative. By Theorem 1.11, B is not strong partially greedy. In short, if B is
an unconditional basis of £, @ ¢,, then B is not strong partially greedy. However,
there exists an unconditional basis of ¢, @& ¢, that is (n, strong partially greedy)
for some n. For example, let B = (e,), be the direct sum of the standard unit
vector bases of the two spaces to have

00 1/p 00 1/q
_ (zmzw) +(za2k|q) |

k=0 k=1

[e%S)
E QAn€n
n=1
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Let n = 2,4,6,8,... and (A, B) € T(n). Setting B; = BNn and By = B\By, we
have
[Lall < [A]Y9 and [[15] = [Bi|"/? + |Bs|"/?.

If |By| > |A|, then ||15]| = ||1all. If | Bi| < |A|, then
[Tall < [AV9 < BV 4 (JA] = [Bi])V9 < B9+ By < |1

We have shown that ||14]| < ||1p]|| for all (A, B) € T(n). As we shall see later, it
follows that B is (n, strong partially greedy).

We study various aspects of (n, strong partially greedy) bases in this paper,
which can be viewed both as a survey of recent results regarding strong partially
greedy bases and as an extension of these results to an arbitrary sequence instead
of N. The paper structure is as follows:

e Section 2 defines (n, (super)conservative bases) and (n, partial symmetry for
largest coefficients) (or (n, PSLC), for short) and characterizes (n, strong
partially greedy) bases in the same manner as Theorems 1.4, 1.7, and 1.11.

e Section 3 utilizes results in Section 2 to examine when an (m, strong partially
greedy) basis is (n, strong partially greedy) for two different sequences m
and n. In particular, let Ay, n be the difference set of the two sequences m
and n. We prove that the (m, strong partially greedy) property is equivalent
to the (n, strong partially greedy) property if and only if Ay,  is finite.

e Section 4 establishes some Lebesgue-type estimates (previously studied in
[10, 15, 16, 18]) for the (n, strong partially greedy) parameter, denoted by
f_,?n Our results extend several inequalities proved in [10]. We also give
examples, which are modifications of [10, Examples 3.4 and 3.5], to show the

optimality of the estimates.

e Section 5 gives two characterizations of 1-(n, strong partially greedy) bases.
Furthermore, for any sequences m, n with infinite Ay, n, we construct a 1-(n,
strong partially greedy) basis that is not (m, conservative). This strengthens
[10, Example 4.3].

e Section 6 introduces (n, almost greedy) bases, which can be shown to be
equivalent to a strengthening of the (n, strong partially greedy) property.
For two sequences m and n such that {i : ¢ € m,i ¢ n}, we prove that there
exists an (n, almost greedy) basis that is not (m, almost greedy). However,
if {i :4 € m,i ¢ n} is finite, then any (n, almost greedy) basis is (m, almost
greedy).

e Section 7 studies (n, strong partially greedy) bases with gaps including their
implications and characterizations. We generalize several results in [8] to the
case of an arbitrary sequence n.
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e Section 8 investigates bases that satisfy (1.7) with G, (z) replaced by Gym1(z).
The replacement by a larger greedy sum was started by Dilworth et al. [23],
followed by the author of the present paper in [19].

e Section 9 discusses weighted (n, strong partially greedy) bases. Let ( =
(8n)n € (0,00)N. For n # N, we prove the following distinction between
(-strong partially greedy bases and (-(n, strong partially greedy) bases:
while there is a ( such that all quasi-greedy bases are (-strong partially
greedy, there is no ¢ such that all quasi-greedy bases are (-(n, strong par-
tially greedy).

It is worth mentioning that while all of our results are concerned with strong
partially greedy bases, we expect their analogs to hold for reverse partially greedy
bases (introduced by Dilworth and Khurana [24]) due to various evidence that the
two types of bases are companions [14, 21, 24, 28].

2. Characterizations of (n, strong partially greedy) bases

2.1. Truncation operator, (super)conservative bases, and PSLC

First, we recall the uniform boundedness of the truncation operator for quasi-
greedy bases. Fixing a > 0, we define the truncation function T, as follows: for
bel,

sgn(b)a, if |b] > «a,
S L CT
b, if o] < .
The truncation operator T, : X — X is defined as

oo

To(z) = Y Tale)(@)en = aler, () + Pre (o) (2),
n=1

where Ty, (z) = {n : |e(z)| > a} and & = (sgn(e (x))).
Theorem 2.1 ([15, Lemma 2.5]). Let B be a Cy-suppression quasi-greedy of a
Banach space. Then for any o > 0, | T| < Cq.

Definition 2.2. A basis B in a Banach space is said to be (n, superconservative)
if there exists C > 0 such that

1eall < CllLssll, (2.1)

for all (A, B) € T(n) and for all signs £,d. The smallest constant C for (2.1) to
hold is denoted by Ay se. If (2.1) holds for ¢ = § = 1, then we say that B is (n,
conservative), and the smallest C in this case is denoted by Ay .. Note that “(N,
superconservative)” is the same as “superconservative”.

Next, we introduce the notion of (n, partial symmetry for largest coefficients)
(or (n, PSLC), for short).
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Definition 2.3. A basis B in a Banach space is said to be (n, PSLC) if there
exists C > 1 such that
[+ Teall < Cllz+ 158, (2.2)

for all z € X with ||z]|e < 1, for all (A, B) € T(n) with A < (B Usupp(z)) Nn,

and for all signs €,d. The smallest C for which (2.2) holds is denoted by Ay p;.
When n = N, we say that B is PSLC as in [10, Definition 1.9].

Remark 2.4. i) Clearly, (n, PSLC) = (n, superconservative).

ii) It is well-known that a quasi-greedy basis has the UL property: there exist
C1,C5 > 0 such that

1
amin|a,L\\\1A|| <

g an en

neA

< Cymax|ag|||14ll,

which was first proved in [23]. Tt follows that a quasi-greedy and (n, conser-
vative) basis is (n, superconservative).

Lemma 2.5. If B is C,-quasi-greedy and Ay sc-(n, superconservative), then B is
An pi-(m, PSLC) with Ap p <1+ Cy+ Ap s.Cq.

Proof. Let x, A, B,&,§ be chosen as in Definition 2.3. We have
[zl < llz+ Ligll + [1s5] < (1+Cg)llz + 1s5]-

Furthermore,
[leall < Anselllssll < An,sccq”x""l&B”'

By the triangle inequality, we get
lo + Leal < Nzl + 1eall < (14 Cq+ AnocCo)llz + L]l

This completes our proof. O

2.2. Characterizations of (n, strong partially greedy) bases

We state the main result of this section.
Theorem 2.6. Let B be a basis in a Banach space. The following are equivalent:
i) B is (n, strong partially greedy).
it) B is quasi-greedy and (n, PSLC).
iit) B is quasi-greedy and (n, superconservative).
i) B is quasi-greedy and (m, conservative).

Proposition 2.7. If a basis B is Cn sp-(n, strong partially greedy), then B is
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i) Cy-suppression quasi-greedy with Cp < Cp, sp.
i) Appi-(m, PSLC) with Ay pi < Chp sp-
Proof. i) From (1.7), we obtain
|z — Gm(z)]| < Ca,spllzll, Vo € X,Vm € N,VGy, ().

This yields the desired conclusion.
ii) Choose z, A, B,e,0 as in Definition 2.3. Let n,, = maxA and D =
{n1,...,nm}\A. Then

IDUB| = [B|+|D| = |A|+|D| = m.

Set
y = lea+1p+a+ 1sp.

Since D U B is a greedy sum of y of order at least m, we have
[z +1call = lly = Pous@®)ll < Cnsplly = Pa@)ll = Cnsplle+ 15|
This completes our proof. O

Proposition 2.8. If a basis B is C¢-suppression quasi-greedy and Ay pi-(n, PSLC),
then it is Cy sp-(n, strong partially greedy) with Cp sp < Cpln pi-

Before proving Proposition 2.8, we need the following lemma.

Lemma 2.9. A basis B is Ap pi-(m, PSLC) if and only if
[zl < Anpillz — Pa(z) + Lep|, (2.3)

for all x € X with ||z]|se < 1, for all signs e, and for all (A,B) € T(n) with
A < (supp(z — Pa(z)) UB) Nn.

Proof. Suppose that B satisfies (2.3). Choose z, A, B, ¢, § as in Definition 2.3. Let
y=x+ 1l.4. We have
(2.3)
lz+Leall = lyll < Anplly = Paly) + Lsell = Anpllz + Lss].
Conversely, suppose that B is Ay, p-(n, PSLC). Choose z, 4, B, ¢ as in (2.3).
We have

x— Ps(z) + Z er(x)en

neA

IN

sug) |z — Pa(z) + 154l
(6

Anpillz = Pa(z) + 1epll.

] =

IN

This completes our proof. O
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Proof of Proposition 2.8. Let € X, m € Nand A € G(z,m). Fix k < m. We
need to show that
|z = Pa(x)l < Colnplle — B (x)]].

Let E = {n1,na,...,nx}\A, F = A\{n1,na,...,nk}, and o = minyea |e} ()|
We verify that @ — Pa(x), E, and F satisfy the condition of Lemma 2.9:

i) by definition, E C n;
ii) that & < m implies that |E| < |F|;

iii) by definition, supp(x — Pa(z) — Pe(z)) UF; E < FNn; E < supp(x —
PA(IE) — PE(JS)) Nn.

By Lemma 2.9 and Theorem 2.1, we get

|z = Pa(@)| < Anpi ||z = Pa(@) = Pe(z) +a Y sgn(e;(z))en
ner
< Anpi | Tolz — Pa(z) — Pp(x) + Pr(2))|
< An,pleHx - P]?(.%‘)H,
as desired. O

Proof of Theorem 2.6. By Propositions 2.7 and 2.8, we have i) <= ii). By Re-
mark 2.4, ii) = iii) and iii) <= iv). Finally, Lemma 2.5 gives iii) = ii). O

3. Strong partially greedy bases with respect to different se-
quences

In this section, we answer the question of when an (m, strong partially greedy) ba-
sis is necessarily (n, strong partially greedy) for two arbitrary sequences m and n.
First, we define (n, (super)democratic), which is stronger than (n, conservative).

Definition 3.1. A basis B in a Banach space is said to be (n, superdemocratic)
if there exists C > 1 such that

1eall < CllLsall, (3.1)
for all (A, B) € S(n) and for all signs &,d. The smallest constant C for (3.1) to

hold is denoted by Ay sq. If (3.1) holds for ¢ = § = 1, then we say that B is (n,
democratic), and the smallest C in this case is denoted by Ay 4.
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3.1. (n, strong partially greedy) but not strong partially greedy bases

Theorem 3.2. Let n be any strictly increasing sequence such that N\n is infinite.
There exists a 1-unconditional basis B that is (n, strong partially greedy) but is
not conservative and thus, not strong partially greedy.

Proof. Define the sequence of weights w,, = ﬁ forn > 1. Let X be the completion
of ¢gp with respect to the following norm: for x = (x1, 9, ...),

el = Supzww()lwm + D lanl,

n¢n

where 7 is a bijection on N. Let B be the canonical basis. Then B is normalized
and 1-unconditional. We prove the following:

i) B is 1-(n, superdemocratic) and thus, is (n, strong partially greedy).
ii) B is not conservative and thus, is not strong partially greedy.
i) For all finite sets (A4, B) € S(n) and for all signs €, §, we have

|A]| |B1]

[1eall = Z = and [[Lsp] = Z =+ 1Bz,

where B, — Bn and B, = B\B1. If [By| > |A|, then |[1a]| < |15l
|B1| < |A|, then

|B1] |A]| |B1] |B1]

Ieall = 27+ 3 f/ ZJ+|A| B)| < Z7+|32 Lozl

|B1|+1

ii) Fix N € N. Choose N numbers in N\n to form a set D. Let E consists
of N numbers in n such that £ > D. While ||1p|| = N, |[1g| < 2v/N. Since
I1pll/II1E|| = oo as N — oo, we know that B is not conservative. O

3.2. (n, strong partially greedy) but not (m, strong partially greedy)
bases

Let m = mq,mo,... be another strictly increasing sequence. The example in
Theorem 3.2 is (n, democratic). In the next example, we give a basis that is (n,
conservative) but is not (n, democratic). Also, we can extend Theorem 3.2 to two
sequences m and n:

Theorem 3.3. Let m,n be two strictly increasing sequences such that the set
{i:i€m,i¢n} is infinite. There exists a 1-unconditional basis B that is

i) (n, strong partially greedy).

it) not (m, strong partially greedy).
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iii) not (m, democratic).

Remark 3.4. The basis we construct for Theorem 3.3 is in fact 1-(n, strong
partially greedy), which will be proved in Section 5 when we have characterizations
of 1-(n, strong partially greedy) bases.

Proof of Theorem 8.53. Let F := {F C N: vmin F > |F|} and w,, = ﬁ forn > 1.
Write n = ny,ng,.... Define f : n — N by f(ng) = k. Let X be the completion
of ¢gp under the following norm: for z = (z1, 2, ...),

el = Sup wa olen | + Y laal,

7r zeF n¢n

where 7 is a bijection on N. Let B be the canonical basis, which is 1-unconditional.
i) (n, strong partially greedy): we need only to show that B is 1-(n, conserva-
tive). Choose (A, B) € T(n). Pick F € F with F C f(A) and a bijection 7 on N.

We have
|F|

> wriilen, (1)) Z
i€F \[
Set B1 = BNn and B2 = B\B1

Case 1: |By| > |F|. Let F' C f(By) such that |F'| = |F|. Since BNn > A,
we know that F' > F and so, F/ € F. Choose a bijection o on N such that
o(F")={1,...,|F'|}. We obtain

|F| |F'|

Zf Z\/ > wowlen(16,)] < sl

i€l

Case 2: |By| < |F|. Since |B1|+|Bs| > |A|, we know that |Ba| > |A|— |F|. Let
F' = f(By),so F' > F and |F'| < |F|. Hence, F’ € F. Letting o be a bijection
on N such that o(F') = {1,...,|F’|}, we obtain

Bl = > woaler, (1e,)] + Bzl

i€ F’
| B1| |B| 1 | Al 1 |F'| 1
= 27+|BQ > ;W > ;W > ;%

In both cases, we get ||1]| > ZlF‘ L =¥ cpwrlen (1a)]. Let F € F and
m vary to conclude that ||15|| > [|14].

ii) not (m, strong partially greedy): we show that B is not (m, conservative).
Let D := {i : ¢ € m,i ¢ n} and N € N. Since D is infinite, we can choose

E C D with |E| = N. Also choose F' C n such that F' > E and |F| = N. Then
gl = N, while |[15]] < S5 7= <2VN. Hence, ||[1g|/|1F|| = co as N — co.

We conclude that B is not (m, conservative).
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ili) not (n, democratic): Let N € N. Write n = nj,ns,.... Choose E =
{ni1,...,ny} and F = {ny2y1,nn249,...,nn24n}. Clearly, ||1p| = Zi\il % >

2(v/N 4+ 1—1). We find an upper bound for |1g||. Let G € F with G C {1,...,N}
and a bijection m on N. Set m = minG.

Case 1: /m >N —m+ 1. ThenmzN—ivM;%—l—%and |G| < N—m+1.
Hence,

N—m+1
1
Y welen,(1p) <> 7 < 2V/N-m+1 < v24/V4AN +5 1.
. ; 1
i€G =1

Case 2: /m < N —m+1. Then m < N — Y2042 4 3 and |G| < \/m. Hence,

Lvm]

. 1 VINTS 3
Zwﬂ(l)|em(1E)| < Z 7 < 2Ym < 24 N_T—i_i
i€G i-1 V!

We conclude that |1z < VN and so, |1¢||/||1x|| — oo as N — oo. Therefore,
B is not (n, democratic). O

The norm in the proof of Theorem 3.3 is independent of m. We can, therefore,
have a stronger version of Theorem 3.3.

Theorem 3.5. Let n be a strictly increasing sequence. Then there exists a 1-
unconditional basis B that is

i) (n, strong partially greedy).

it) not (m, strong partially greedy) for all strictly increasing sequence m with
{i:i €m,i¢n} is infinite.

iit) not (m, democratic).

We now investigate whether the conclusion in Theorem 3.3 holds if we drop the
condition “{i: i € m,i ¢ n} is infinite”. The answer depends on the cardinality of
theset “D ={i: ¢ €n,i ¢ m}”. If D is infinite, then we have the same conclusion
as in Theorem 3.3.

Theorem 3.6. Let m,n be two strictly increasing sequences such that the set
{i:1€mn,i¢m} isinfinite. There exists a 1-unconditional basis B that is

i) (n, strong partially greedy).
i1) not (m, strong partially greedy).

i11) not (m, democratic).
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Proof. If {i : i € m,i ¢ n} is infinite, then by Theorem 3.3, we are done. Assume,
for the rest of the proof, that {i : ¢ € m,i ¢ n} is finite. Let D = {i : i €
n,i ¢ m} ={dy,ds,...}, fordi <dy <---, F={F CN:vVminF > |F|}, and
Wy, = ﬁ for n > 1. Write n = nq,ng,... and m = my,mo,.... Let X be the
completion of ¢op with respect to the following norm: for x = (z1,z2, 23, ...),

=]l = sup (wa(i)xmi + Zwa(i) Z |$i|>7

FF GJ-' i€l i€ F i¢nUm

where 7,0 are bijections on N. Define f : m — N such that f(my) = k and
g : D — N such that f(dy) = k. Let B be the canonical basis.

i) (n, strong partially greedy): we need only to show that B is (n, conservative).
Let (A,B) € T(n) and M :=[{i: i € m,i ¢ n}|. If |A| <|B| < 12M, then

[1all < 12Msup|len || < 12M sup [leq || sup [le}, |16 < 12Mc3|15].
n n m

Assume that |B| > 12M. Set A1 = AN m and Ay = A\A;. Pick bijections
m,0:N— Nand F, F’ € F such that F' C f(A;) and F’' C g(A3). Then

|7 |F|

wa(l)‘em7 (14) |+ng()|6d (14)] Z\[ Z\/ < 22\[

i€F i€F
where ¢ = max{|F|,|F’|}. We estimate ||15||. Set By = BNm, B, = BN D, and
Bs = B\(B; U Bz). We proceed by case analysis.

Case 1: |Bs| > |B|/3. Then

0

Bl _ A _ ¢ 11

15l > |B3] > — > — > - > — —.
sl 2 1Bo] 2 5 2 B2 2 22 2

Case 2: |By| > |B|/3. Since |B| > |A|, we have |Bs| > |A|/3 > £/3. Choose
F" C g(B3) such that |F"| = [¢/3] < {. Since A < BN n, we know that F”' > F
and F” > F'. Hence, F" € F. We have

|F"| [¢/31

sl = Z\/ Z\[

Case 3: |B;| > |B|/3. Write By = B11UBj 3, where By = BN{i:ic€m,i ¢
n} and By 2 = BNmNn. We have

B |B | B |B
— |B >|B|-M > ——-—M>— — - M —
| = | 171|_| 1] < 3 = + 2 > 1

The same argument as in Case 2 (applied to By 2) gives that

A
15 > 3 =
sl = > 7

=1
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In all cases, we obtain

[¢/4] 1 Vi
1 1 1 1 1 1
el 2 25 2 > Lyl (22)
34 Vi T 2&vi o u\"&i

=1

1 * *
2 21 (Z Waiylen, (La) + > wd(i)edi(lA”) :

icF icF’
Letting 7, o, F, F’ vary, we conclude that
24|1pll = (14l
ii) not (m, conservative): Let N € N. Choose
A={dy,...,dy} and B={my211,...,mpn24nN}.

Clearly, (B, A) € T(m). Using the same argument as in the proof of item iii) in
Theorem 3.3, we have that ||1g]/||14] = 0o as N — oc.

iii) not (n, democratic): Since {i : i € m,i ¢ n} is finite, we know that
B ={mpy211,...,mn24n} C n for sufficiently large N. Therefore, item ii) implies
that B is not (n, democratic). O

Remark 3.7. The example in the proof of Theorem 3.6 is not 1-(n, strong par-
tially greedy) (see Remark 5.4). However, there does exist a 1-(n, strong partially
greedy) basis that satisfies the conclusion of Theorem 3.6. For an example of such
a basis, see Case 2 in the proof of Theorem 5.3.

The following theorem is immediate from Theorems 3.3 and 3.6.

Theorem 3.8. Let m,n be two strictly increasing sequences such that the differ-
ence set Apm n s infinite. There exists a 1-unconditional basis B that is

i) (n, strong partially greedy).
it) not (m, strong partially greedy).
i11) not (m, democratic).

3.3. When (n, strong partially greedy) is the same as (m, strong par-
tially greedy)

We consider the remaining case when the difference set Ay,  is finite.

Theorem 3.9. Let m,n be two strictly increasing sequences such that the differ-
ence set Am n 15 finite. Then a basis B is (n, strong partially greedy) if and only
if it is (m, strong partially greedy).
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Proof. Assume that B is Cy p-(n, strong partially greedy). Let Dy = {i : i €
m,i ¢ n} and Dy = {i : i € n,i ¢ m}. Since D; and D, are finite, there exists
N such that n;, m; > N implies that m; € n, n; € m. According to Theorem 2.6,
we need only to show that B is (m, conservative). Pick finite sets (A4, B) € T(m)
with 2(N + 1) < |A| < |B|. Define

Al = {ZEAZSN}aHdAQ = A\Al,
B, = {icB:i<N}and B, = B\B.

For j € B, we have

[1a,]] < Nsupllen|| and [[1p]supfley]| > |ej(1s)| = 1.
n n
Hence,
14, < Nsup|lea]supllepll1s] < Ne3lip|. (3.2)
n n

We claim that Ay < Bs Nn. Suppose otherwise; that is, there exist kK € BoNn
and j € Ay such that j > k. Since k € BoNn, k € BNm. Since j € As, j € A.
However, the fact that j > k contradicts our assumption that A < BN m.
Case 1: |As| < |Bsl. Since B is Cy op-(n, conservative) and Cy, gp-suppression
quasi-greedy, we get
ITall € Cospllell < Chulltsl,
which, together with (3.2), gives
Lall < [Itay )l + 14l £ (N3 +CF )lIsll-
Case 2: |Az2| > |Ba|. We have |As| < |A| and |Bz| > |B|— N > |A| — N. Since
|A] > 2(N + 1), we get
A A
|722|+1 < %—i—l < |A]= N < |By.
Therefore, we can partition A, into two disjoint sets Ay and Ao whose sizes
|Az.1],|A2,2] < |Bz|. Using the same argument as in Case 1, we obtain

M, |l < Ch sl fori=1,2.
Hence,
11all < 1lall+ Ila,ll € (Ne3+2C2 )15l

We have shown that for (A, B) € T(m) with 2(N + 1) < |A] < |B|, it holds
that
all < (Ne3 +2C7 ,)l15]-

If |A| < 2(N + 1), then
[1all < 2(N + 1) sup len ]| < 2(N + 1) sup [len | sup [le;,[[[15]] < 2(N + 1)c3||15]-

This completes our proof that B is (m, conservative) and thus, (m, strong partially
greedy). O
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4. Lebesgue inequalities for the (n, strong partially greedy)
parameter L)

4.1. (n, strong partially greedy)-type parameters

For m € Ny := NU {0}, we capture the error term of the TGA by

Ym(z) = sup ||z — Gum(2)]].
GM(I)

Let f;;‘l denote the smallest constant such that

~

ym(z) < Lnar(x), Vo e X.

A greedy operator, G,, : X — X, maps each x to a greedy sum of = of order m in
G(x,m); that is, G,,(z) = Pa(x) for some A € G(x,m). Given two greedy opera-
tors G, and Gy, we write G,,, < G,, when m < n and supp(G,,(z)) C supp(G,(x))
for all z € X. We list (n, strong partially greedy)-type parameters that are of
interests:

1. Quasi-greedy constants:

gm = sup{||Ge|| : k < m} and g, = sup{[[] — Gk : k <m},
gm = sup{[|Gx — Gjl| : 0 < k < j <m, Gy <G}

2. (n, superconservative) constant:

1
sep = sup{”lzgn : (A, B) € T(n),|A| < |B| <m, A < n,y,, signs 5,6}.

3. (n, PSLC) constant:
. pu+nu| MVWE<WLA<®WM@HBWW}
wpy = SUp 4 g .
eo e+ 15|l A<n,, ACn

lzlloo <1
Lemma 4.1 ([15, Lemmas 2.3 and 2.5]). If z € X and e = (sgn(el(x))), then
) minen |65 (@) Leal]l < G 2], VA € Gl m).

i) | Ta(@) || < giy, 12l

where Ty, is the truncation operator at o and A, = {n : |ei(z)| > a}.
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4.2. Bounds for f;%

Theorem 4.2 (Upper bounds). For m € N,
i) L® < 1+ 2km, where k = sup; 1, llejllllex |-
i) L2 < g%, + Gmsc,.
i) IR < ge _wn.
Theorem 4.3 (Lower bounds). For m € N,

c n Tn
max{gs ,wh} <  max L:.

Corollary 4.4. It holds that L® = wi.

Proof. By Theorem 4.2 item iii), f;i‘ < g6w! = wi. By Theorem 4.3, wi' < f{‘
Hence, wi* = LT O

Before proving Theorem 4.2, we need the following lemma.

Lemma 4.5. For m € N, let

on =
[El
JJA| < |B| <m, A< - P UB)Nn .
[ S\|gp<1 {||x — Py(z) + 18| A< B <m (bupp(z ~ Pa(=)) L B) (1m
ACn,jgnm

n _ Nn
Then wy, = Wy,

Proof. Let x, A, B, e be as in the definition of @f,. We have

IN

St;p lz — Pa(z) + 154l

IN

wi, [ — Pa(x) + 18-

Hence, @8 < wi.
Now, let z, A, B,e,0 be as in the definition of w},. Let y = x + 1.4. We have

[+ 1eall = llyll < @nlly — Paly) + Lssll = @nlle+ 15|
Hence, &P > wh, and we conclude that &F = wh,. O

Proof of Theorem 4.2. i) For m > 1, let L., be the smallest constant such that
Ym () < Lpom(z).

By [15, Theorem 1.8], f‘m <1+ 2xm. Since f_% < im, we obtain f;ﬁL <14 2km.
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ii) Pick z € X, m € N, and A € G(z,m). Choose D = {ny,...,n;} for some

k < m. Write

r — Pa(x) = Pup)(x) + Pp\a(®).
Since A\D is a greedy set of z — P*(x) and

Piaupye(z) = (I — Pap)(w — P (x)),

we have
[ Peaupye (@) < gmllz — B (@)]-
Let € = (sgn(e}(x))). Observe the following:
i) D\A < (A\D) Nn;
ii) D\A C n, D\A < ny,;
iii) |[D\A4| < |A\D| < m;

therefore, ||15(p\a)ll < sch, l[1cca\pyl| for all signs §. We have

[Ppoya(z)|| < max \e;(xﬂs%pﬂlg(D\A)H by convexity

neD\A

A

n . * _ pn 1
< e, min [¢3(o — PP L]
< Gmscy|lz — Pgt(x)]| by Lemma 4.1
By (4.1), (4.2), and (4.3), we obtain
[z = Pa(@)l < (g + Gmscp,)llz — B ()],

and so, L2, < g2 + Ginsch.

(4.1)

iii) Let z € X, m € N, and A € G(z,m). Fix k <m. Set E={1,...,ni}\A4,
F=A\{1,...,n;}, and @ = minge 4 |e (z)|. We check that z— Py (z), E, F satisfy

the definition of &}
a) |E| <|F|<m, ECn,and E < n,y,
b) [z = Pa(z)]ec < a,
¢) E < (supp(x — Pa(z) — Pe(z))U F)Nn.
Let € = (sgn(e’ (z)) By Lemma 4.5 and Lemma 4.1, we get

e = Pa(@)]| < whlle — Pa(@) - Po(a) + aler|

wi, | T (2 — Paup(x) + Pr(z))|

windia.llz = P )],

IN

where A, = {n : |e}(z — PP(z))| > a}. Since |[Ay| < m — 1, we obtain

2 = Pa(@)] < whgp—illz — B (@)

This completes our proof that f_,?n <wpgr 1.
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Proof of Theorem 4.3. First, we show that maxi<i<m f;}; > go,. Pick z € X,
m €N, and A € G(x,j) for some j < m. We have

I-P < L min ||z — P® < L2z
II( )zl < ngglg_lllw e (z)]| < ax Rl

~

Therefore, g5, < maxi<p<m L}.

Next, we show that maxi<p<m f;’,‘c‘ > wp. Let z,A,B,e,0 be chosen as in
the definition of w),. Let ny = max A. Choose D C n such that max D < ng,
DUA, and s <t := |DUB| < m. We show that D actually exists, consider
D" :={n1,...,ns}\A and have

ID’UB| = [D'|+|B] = s+ (IB|-|4]) > s.

If |D’ U B| < m, then choose D = D'. If |[D’ U B| = m + p for some p > 1, then
|D’| > p. Discard p numbers from D’ to get D. Set

y = lea+1p +2+ 1spB.

We have
lo+1eall = lly = Poon@) < Liouglly— PRI < max B2l + 1]
SKRSM
We have shown that w}, < maxi<p<m f;}; O

4.3. Examples of optimality

Our first example is a slight modification of [10, Example 3.4] (the summing basis),
which shows the optimality of Theorem 4.2 item i) and Theorem 4.3.

Example 4.6. Let X be the completion of cyg under the following norm: for

x = (x1,22,...),
m
|l = sup |Y
=1

p + max |z,
m>1 | ng¢n

The canonical basis B = (e,)$; is monotone and normalized. The following hold
i) [le|| =1 for all n & n; |ley, || = 1; |le;; || = 2 for all s > 1.
i) w2 = L2 = max;<p<pm L2 = 1+ 4m.

Proof of i). Let n ¢ n. Fix © = (x1,22,...) € X. We have |eX (2)]| = |z,| < ||z||.
Hence, ||e|| < 1. On the other hand, eX(e,) =1, so ||| > 1. We conclude that
llenll = 1.

Assume n = n, € n and s > 1. We have

s—1
E H
=1

nl
n

len(@)] = |on| < + < 2ffl;

S
E T,
i=1
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hence, ||eX|| < 2. For a lower bound, we consider y = —e,,__, +2e,,_. Then |ly|| = 1,
while |ef(y)] = 2. Therefore, ||e}| > 2; we conclude that ||ef || = 2.
Finally, it is easy to check that |le} || = 1. O

|

Proof of #i). By Theorem 4.2 item i), we have IAJ}‘C‘ < 1+ 4k, for k = 2. Hence,
maxi<ip<m Lj <14 4m. We show that w}, > 14 4m. Let

A = {nlanQanSa"'7nm}7
B = {nm+2a nerS’ nm+87 s 7n4m71};
C = {nerlv N4, 475 - - - vn4m72} U {nm+37 Nm4-65 - - - 7n4m} U {n4m+1}'

Let # = 11c. Observe that [A| = |[B] = m, A < (BUsupp(z)) Nn, A C n,
A < nyy,. Clearly, ||z + 14| = 2m + 3, while ||z — 1p|| = 1. Hence,

1
no> llz+1all _ dm+1,
[z — 15
as desired. Therefore,

dm+1 < wy, < max IAJ}‘: < 1+4m.
1<k<m

Using L® < 1+ 4k for all k € N, we obtain item ii). O

Next, we modify [10, Example 3.5] to show the optimality of Theorem 4.2
items ii) and iii).

Example 4.7. Let X be the completion of cyg with respect to the following norm:
for x = (21, 29,...),

oo
”‘TH = max{Z|xn2i_1|,max|xn|,max|xn% }
n¢n %

i=1

Let B = (en)n be the canonical basis of X. Then B is 1-unconditional and nor-
malized. The following hold

D) 9m = Gm =g = 1.
il) scb,, = sch,_1 =m.
i) wi =wd  =LB =LB =m+4l.
Proof of ). Item i) follows from the 1-unconditionality of 5. O

Proof of ii). Let m € N. Taking any set A C n with A < ny,, and sign ¢, we have
[Il1cal] < m. Also, for any nonempty B C N and sign §, we have ||155]| > 1. Hence,
sc8,, < m. Since (sc,)m i increasing, it suffices to show that scb,,_; > m. Let

A ={n1,n3,...,nom—1} and By, = {nom+2, Nom+a, - -, am I
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Then |A,;,| = |Bm| =m, Ay Cn, Ay < nom-1, and A, < By, Nn. We have
1, = m, while 15[ = 1.
Hence, sc3,,_; > m. We conclude that scg,,_; = scj,, = m. O

Proof of iii). By items i), ii), and Theorem 4.2 item ii), we obtain igm_l <m+1
and L3, <m + 1. Observe that

||1Am +67L2m+1” = m+ 17 Whlle Hle +€7L2m+1“ = 1

Hence, w¥,,_; > m+ 1. According to Theorem 4.3, we get

m+1 < wh, | < wh, < max f,}; < m+1L (4.4)

1<k<2m

Let n > 0 and set
xr = 1Am + 6n2.m+1 + (1 + n)lBZTn

Then
|2 = Gom-1(2)]| = |z — Gam ()| = |14, +e€nypinll = m+1.
On the other hand,
o = Po(2)|| < [lo = Py 1 (@) = llengyen + 1 +0)1,, [ = 1+0.

Letting n — 0, we get ﬁé‘m,l >m+ 1 and igm > m + 1, which, combined with
(4.4), gives iii). O

5. Characterizations of 1-(n, strong partially greedy) bases

5.1. Characterizations of 1-(n, strong partially greedy) bases

Researchers have studied different greedy-type bases with constant 1. Albiac and
Wojtaszcezyk [5] characterized 1-greedy bases using 1-suppression unconditionality
and the so-called Property (A). Later, Albiac and Anserona [1] showed that a basis
is 1-quasi-greedy if and only if it is 1-suppression unconditional. They also showed
that a basis is 1-almost greedy if and only if it has Property (A) [2]. It is an open
problem whether there exists a conditional basis which has Property (A). Recent
advance in this direction gives an example of a basis that has Property (A) but is
not 1l-suppression unconditional [3].

Recently, Berasategui et al. characterized 1-strong partially greedy bases as
being 1-partially symmetric for largest coefficients [10]. We have the corresponding
characterization of 1-(n, strong partially greedy) bases.

Theorem 5.1. A basis B is 1-(n, strong partially greedy) if and only if it is 1-(n,
PSLC).
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Proof. If B is 1-(n, strong partially greedy), then Proposition 2.7 states that it is
1-(n, PSLC). Assume that B is 1-(n, PSLC), we know that w), =1 for all m € N.
Let j € Ng. By Theorem 4.2 item iii) and Theorem 4.3, we get

C An C
> max LI > ¢5.q;
gj = 1<k<jt1 kE = gg+1,

hence, gj > gj,, for all j € No. However, by definition, g§ < g5,,. Therefore,
g5 = gj4q for all j € Ny. Since g§ = 1, we obtain that gf = 1 for all j € Np. This
gives fJ;‘ =1 for all j € Ny and so, B is 1-(n, strong partially greedy). O

Proposition 5.2. Let B be a basis of a Banach space X. The following are
equivalent:

i) B is 1-(m, PSLC).
i1) B satisfies the two following conditions simultaneously:
a) For x € X with ||z]lec <1 and for all k ¢ supp(z),

el < e+ ekl (5.1)

b) Forx € X with ||z||cc <1, fors,t € F with |s| = |t| =1, and for j € n,
j < ({k} Usupp(z)) N,

[+ sejll <z + tex]. (5.2)

Proof. Clearly, if B is 1-(n, PSLC), then B satisfies (5.1) and (5.2). Suppose that
B satisfies both (5.1) and (5.2). Choose z, A, B,e,d as in the definition of (n,
PSLC). We show that

[z +1call < [lz+ Lss] (5.3)

inductively on |B|. Base case: |B| = 1. If A = (), then (5.1) implies (5.3). If
|A] = 1, then (5.2) implies (5.3). Inductive hypothesis (I.H.): assume that for
some k € N, (5.3) holds for |B| < k. We show that (5.3) holds for |B| = k+ 1. If
A = (), then we use (5.1) inductively to obtain (5.3). Assume that |A| > 1. Let
p=maxA, ¢ € B, A’ = A\{p}, and B’ = B\{q}. We have

[+ 1eall = [l(x +epep) + Learll < ||(z +&pep) + 1sp/[| by LH.

||($ + 6k€k) + 1(53/” by (5.2)
|z + 155]-

<
<

This shows that B is 1-(n, PSLC). O
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5.2. An 1-(n, PSLC) basis that is not (m, conservative)

Berasategui et al. gave [10, Example 4.3] of a basis that is 1-PSLC but is not
democratic, thus answering negatively the question of whether a 1-strong partially
greedy basis is necessarily almost greedy. We now offer a stronger example than
[10, Example 4.3].

Theorem 5.3. Let m, n be sequences such that the difference set Am n is infi-
nite. There exists a 1-unconditional basis B that is 1-(m, PSLC) but is not (m,
conservative) (and thus, not democratic).

Proof. Case 1: {i:4i € m,i ¢ n} is infinite. We reuse the example in Theorem 3.3:
let F:={F CN:vminF > |F|} and w, = ﬁ for n > 1. Write n = ny,no,.. ..
Define f : n — N by f(ng) = k. Let X be the completion of cog under the
following norm: for « = (x1,z2,...),

]l = Sup wa olan] + ) lzal,
7r zeF n¢n

where 7 is a bijection on N. Let B be the canonical basis, which is 1-unconditional
and thus, satisfies (5.1). Let us check that B satisfies (5.2). Choose z,j, k, s,t as
n (5.2). Let F' € F and 7 be a bijection. Consider

hpx(z + sej) = Zwﬁ(,)|en7 (x + sej) H—Z ley, (z + se;)|
i€F né¢n
= Y wagplen, (@ 4 sep)| + Y len (@)
i€F n¢n

i) Case 1.1: f(j) ¢ F. Then
hpr(x+se;) < |z < |lz+ te].

ii) Case 1.2: f(j) € F and k € n. Without loss of generality, assume that
f(k) ¢ F because k ¢ supp(z + se;). Define FV = (F\f(j)) U f(k). Since
j < kand |F|=|F'|, we know that F’ € F. Define a bijection 7’ on N such

m(n) if n# f(5), f (k)
that 7'(n) =< 7(f(4)) ifn=f(k) . We have

(
m(f(k)) ifn=f(j)
|z +ter| > hp o (x+tey)
- wa’( len, (z + tek |+Z|e (x + teg)|

iEF’ n¢n

= Z wﬂ,/(i)|€:li (.’B)l + War (f(k)) + Z |€:L($>
1EF\f(4) n¢n

= Y welen (@) + weipgy + Y len(x)
i€F\f(J) n¢n

= hp(z+ se;).
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iii) Case 1.3: f(j) € F and k ¢ n. By definition of || - ||,

o +texl = llzll +1 = [lz] + [[se;ll = [lo+ se;l.

Since F' and 7 are arbitrary, we obtain from the three cases that ||z + se;|| <
||z +tex||. By Proposition 5.2, B is 1-(n, PSLC). The proof of Theorem 3.3 shows
that B is not (m, conservative).

Case 2: {i : ¢ € n,i ¢ m} is infinite. By Case 1, we can assume that H :=
{i:i€m,i¢n}isfinite. Let K ={i:i€n,i ¢ m} =k < ke <---. Define a
function ¢ : n — N as

1 lfTLS kl,
én) = . . ‘
j ifkj+1<n<kjpq for some j > 1.

Let X be the completion of ¢y under the following norm: for x = (21, z3,...),

ol = sup (Z AR |$m> ,

n¢n meF

where F' C n and y/¢(min F) > |F|. Let B be the canonical basis, which is 1-
unconditional and normalized. Clearly, B satisfies (5.1). We now verify that B
satisfies (5.2). Choose z,k,j,s,t as in (5.2). Let F C n and y/¢(min F') > |F|.
Consider

hp(z+ sej) :

D len(x +ses)l+ D leh,(x + sej)

né¢n meF

= Y len@)l+ D leg, (@ + sej)l.

n¢n mekr
We shall prove that hp(x + se;) < ||z + tex]|.

i) Case 2.1: j ¢ F. Then se; does not contribute to hr(z + se;). Hence,

hi(z +sej) = hp(r) < [zl < [+ texl|.
ii) Case 2.2: j € F and k ¢ n. We have

|2+ tenl > hp(z+ter) = Y len(z+ter)|+ > lem(a+ter)|

n¢n meF
= Z len(x)| +1+ Z lex.(
n¢n meF
:Z\e |—|—Z\e (x + sej)|
n¢n meF

= hp(z + se;).
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iii) Case 2.3: j € F and k € n. Then j < k because j < (supp(z) U {k}) N n.
Without loss of generality, assume that k ¢ F, since k ¢ supp(x+se;). Form
F' = (F\{j})U{k}. Then |F’'| = |F|, while ¢(min F’) > ¢(min F’). It follows
that F' € F. It is easy to check that hp(z +se;) = hp (z+ter) < ||z +teg].

In all cases, we obtain hp(z + se;) < ||z + teg||. Since F' is arbitrary, ||z + se;|| <
|z + tex|| and so, B is 1-(n, PSLC).

We show that B is not (m, conservative). Let M € N, B = {ky,ka,..., km},
ACmnNn, |A] = M, and min A is sufficiently large such that \/¢(min A) > M.
Observe that (A, B) € T(m). While ||14]| = M, the same argument as in Theorem
3.3 item iii) gives ||15] < VM. Therefore, ||14]|/|/15| — oo as M — oo, which
shows that B is not (m, conservative). O

Remark 5.4. The example in the proof of Theorem 3.6 is not 1-(n, PSLC).
Indeed, since [{i : i € m,i ¢ n}| < oo, pick ip € m N n. Choose ny,ny € {i: i €
n,i ¢ m}, which is infinite, such that ig < n; < nz. We obtain

. 1
Henl +61'0H = 2, while Henl +enzH =1+—

\/57

which violates (5.2).

6. Consecutive projections onto a sequence n

6.1. Characterization of (n, almost greedy) bases

We define (n, almost greedy) bases that shall be shown to lie strictly between the
realm of almost greedy bases and the realm of (n, strong partially greedy) bases.

Definition 6.1. A basis B is said to be (n, almost greedy) if there exists a constant
C > 1 such that

|z — G (2)]] < Cop(x),Vz € X,¥Ym € N,VG,,(x),

where
om(x) = inf{||Jx — Pa(z)]| : A Cn,|A] =m}.

m

The least such C is denoted by Cy, 4.

Proposition 6.2. Let B be ¢ Cp o-(n, almost greedy) basis. Then

|z — Gm(2)]] < Chya Og}fiélmﬁz(x), Ve e X, Vm € N, VG, (). (6.1)

Proof. Fix x € X, m € N, G,,,(x), and 0 < k < m. Let A C n with |[A| = k. We
shall show that ||z — Gy (2)|| < Caellz — Pa(z)||. Choose a set By C n such that
By > max A+ N, and |By| = m—k. Since B is Cp,q-(n, almost greedy), we have

J&—Gm(@)|| < Cuallz—Pa(@)—Poy(2)] < Cua

2= Pa(2)[[4+Cn.al Poy (2)]].
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Let an = max,smax A+ N |65 (x)]. We get

|1Pey (@) < manysuplle,] < mancz — 0as N — oco.
n

Therefore, ||z — G, (2)]] < Cnullz — Pa(z)|], as desired. O

Theorem 6.3. A basis B is (n, almost greedy) if and only if B is quasi-greedy
and (n, democratic).

Proof. Assume that B is Cp o-(n, almost greedy). Substituting k& = 0 into (6.1),
we see that B is Cp 4-suppression quasi-greedy. Now take (A, B) € S(n). Let
= 1aup. We have

Ml < llz = Peya(@) < Cnadfayp)(®) < Cnallz—Pas(@)] = Cualllsll

Therefore, B is Cp q-(n, democratic).

Next, assume that B is C,-quasi-greedy and A, 4-(n, democratic). By Re-
mark 2.4, B is Ay, s4-(n, superdemocratic). Pick z € X, m € N, A € G(z,m), and
B C n with |B| = m. Write

& — Pa(x) = Ppe(x)+ Pp\a(x) — Pa\p(2).
Let € = (sgn(ej,(7)))n. We have ||Py\p(z)|| < Cyllz — Pp(x)|| and

| Pa\a ()]

IN

Jmax fer, (@) sup | Loz

IA

i w(@)|An,salll
min e, (@) An,sdll Le(ars) |

IN

2C, Ay sdllz — Pg(x)|| by Lemma 4.1.
We conclude that
|z — Pa(z)| < (14 (14 2An,:a)Cq)llz — Pp(x)]|.

This completes our proof. O

6.2. The realm of (n, almost greedy) bases

From definitions, we know that for any sequence n, almost greedy = (n, almost
greedy) = (n, strong partially greedy). We now show that neither of the reverse
implications hold. In fact, we show more general results.

Proposition 6.4. i) If {i : i € m,i ¢ n} is infinite, then there exists an (n,
almost greedy) basis that is not (m, almost greedy).

it) If {i : i € m,i ¢ n} is finite, then an (n, almost greedy) basis is necessarily
(m, almost greedy).

i11) For every sequence n, there exists a 1-(n, strong partially greedy) basis that
is not (n, almost greedy).
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Proof. 1) The set {i : i € m,i ¢ n} is infinite. Let w,, = T for n > 1 and X be

the completion of coy under the following norm:

(i)l = maX{II i) IIW,suprw oleil; lezl}

i€n i¢n

where 7 : n — N is a bijection. Let B be the canonical basis. Since B is 1-
unconditional, by Theorem 6.3, we need only to show that B is (n, democratic)
but is not (m, democratic).

Pick N € N, Ay € {i : i € m,i ¢ n} with |[Ay| = N, and By C n with
|By| = N. Tt is easy to check that |[14,]| = N and ||1g,] < 2V/N. Since
llaxll/IlBx]l = 00 as N — oo, B is not (m, democratic).

Pick (A, B) € S(n). Assume that |B| > 2, since when |B| < 1, we always get
I1a]l < I1|l- Let us estimate ||[1p||. Write By = BN n and By = B\Bj.
|B:1| > |B|/2, then

LIB1/2]

el > >

n=1

If | Bs| > |B|/2, then

A
Z = L1al.
ot 2

l\D\»—t

ok

s
l\.’)M—A

IA\

BUs la s Zf = il

sl =

Therefore, B is (n, democratic).

i) By Theorem 6.3, it suffices to show that a A, 4-(n, democratic) basis is
(m, democratic). Since {i:47 € m,i ¢ n} is finite, there exists N € N such that if
mnN[N,00) C n. Let (A, B) € S(m). Write A = A1 UA,, where A; = AN[1, N —1]
and As = AN[N,00) C n. We have

a, I < (N =1)sup|len|l < (N = Dezsuplle; sl < (N -1z,

A

[Tl < Analllsll-

Hence,
Lall < [agll + 11l < (N =13+ Ana) 18]

This completes our proof.
iii) Use the example in Case 2 in the proof of Theorem 5.3. O

6.3. (n, consecutive almost greedy) bases and characterizations

We now strengthen the notion of (n, strong partially greedy) bases and show that
the new notion is equivalent to the (n, almost greedy) property. For m € Ny, let

70M) — fACn: A= {ngi1,Nkt2, ... Nhpm} for some k > 0},

= = ) Wand1™ = J 7M.
0<k<m meNy
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Definition 6.5. A basis B is said to be (n, consecutive almost greedy) of type I
(or CAG(n, I), for short) if there exists a constant C > 1 such that

|z — G ()] < Coy(x),Vz € X,Ym € N,VG,,(x),

where
5 () = inf {||x —Pa)|: T e z“»<m)} .

m
The least constant C is denoted by Cp, ¢q.

Remark 6.6. For the definition of CAG(n, I), we still project on consecutive
vectors with indices in the sequence n, but we do not restrict the projection to the
first m vectors in n.

Consider the condition: there exists a constant C > 1 such that

|z — G ()] < Cogiélm(?,'ﬁ‘(a:),vgs € X,¥m € N,VG,,(z). (6.2)

Theorem 6.7 (Generalization of Theorem 1.7 in [9]). Let B be a basis of a Banach
space X. The following statements are equivalent:

i) B is (m, almost greedy).
ii) B satisfies (6.2).
iii) B is CAG(, I).
Proof. By Proposition 6.2, i) = ii). That ii) = iii) is obvious. We shall show
that iii) = i). Assume that B is Cp ,-CAG(n, I). Using Theorem 6.3, we need
to show that B is quasi-greedy and (n, democratic).

i) B is quasi-greedy: Pick # € X and m € N. Let Iy = {nn41,---sWN+tm -
Since B is CAG(n, I),

2 = Gm(2)| < Cncallr = Pry (@) < Cucalllzl + [|Pry ()])-

Clearly,

|1Pry (z)]] < mmaxl|e)(z)|sup|lee]] < mepmax|e)(z)] — 0as N — 0.
n>N ¢ n>N

Hence,
[z = Gm(@)| < Cncalll,

which shows that B is Cy, c,-suppression quasi-greedy.
ii) B is (n, democratic): Let (A, B) € S(n). First, assume that |A] is even.
Pick 11,12 € I™ such that I; U IQ, AC LU IQ, and

[ANL| = |[AnL] = |A]/2.
Then either |B\I1| > |A|/2 or |B\I2| > |A|/2. Otherwise, we have the contradic-

tion

Al < [B] < [B\Ii| +[B\I2| < |A].
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Without loss of generality, assume that |B\I1| > |A|/2. Choose By C B\I; such
that |Bq| = |A|/2. Let
x = lann +1\a+ 1B,

Since B is Cp,ca-CAG(n, I) and C,, ¢o-suppression quasi-greedy, we have
Lann | = 2 = Pupayus, ()|l < Cacall = Pr, ()] = Cucallls, | < C; alllsll-
Let

y = lann, + 14 + lang -

Observe that
|Is] = |[ANL|+|L\A| = [ANL]|+|L\A|.

We have
Ilanell = lly = Paayuany @)l < Cacally — Pr (v)]]
< Cuealllann |l < C} 15l
We obtain

IN

ILall < [lann |+ lanell < (CF o + Chca) 115

We consider the case when |A]| is odd. Let A" = A\{max A}. By above, we
have

n,ca

arll < lall +e2 < (Cq +Cf1,ca)|\1BH+6281;p||62|\||13||

< (Chea + Caca + )15l

n,ca
Therefore, B is (n, democratic). O

In order to obtain tight estimates as in [2, Theorem 3.3], [25, Theorem 2], [17,
Theorems 4.1 and 4.3], and [20, Theorems 1.14 and 1.15], we define another type
of (n, consecutive almost greedy) bases and what we call (n, restricted symmetry
for largest coefficients) (or (n, RSLC)).

Definition 6.8. A basis B is said to be (n, consecutive almost greedy) of type II
(or CAG(n, II), for short) if there exists a constant C > 1 such that

|z — Gn(z)]| < Coap(z),Vr e X,¥m e N,VG,,(z), (6.3)

where
on(x) = inf{||lx — Pr(x)|| : I € Z%,|I Nsupp(z)| < m}.

m

The least constant C is denoted by C;, .

Definition 6.9. A basis B is (n, RSLC) if there exists the least constant Cy, s > 1
such that

||37 + 15A|| < (jn,'r's”-ij + 16BHa
forall z € X with ||z|lec < 1, for all (A, B) € S(n) with A < (supp(z)UB)|min 4NN,
and for all signs ¢, 6.
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Proposition 6.10. A basis B is Cyn rs-(m, RSLC) if and only if
[z < Cnpslle — Pa(z) + 1es],

for all x € X with ||z||cc <1, for all (A, B) € S(n) with A < (supp(z — Pa(z)) U

B)|mina N1, and for all signs €.
Theorem 6.11. Let B be a basis of a Banach space. The following hold

i) If B is C,, .,-CAG(n, II), then B is C,, .,-suppression quasi-greedy and

n,ca

Cl, ca-(n, RSLC).

it) If B is Cy-suppression quasi-greedy and Cy rs-(m, RSLC), then the basis B
is CyCn,rs-CAG(m, II).
Proof. (1) Assume that B is C!, .,-CAG(II). Taking I = () in (6.3), we know that B

n,ca
is C}, .,-suppression quasi-greedy. We shall prove that B is Cj, .,-(n, RSLC). Let
x, A, B,e,8 be chosen as in Definition 6.9. Set y =z + 1.4 + 1sg. If A =0, then
lz]] < Ch.callz+ 155 because B is C;, .,-suppression quasi-greedy. Otherwise, let

D = [min A, max A] N n.

Claim 6.12. We have D Nsupp(y) = A.

Proof. Clearly, A C D Nsupp(y). Suppose, for a contradiction, that there exists
j € (DNsupp(y))\A. Then j € (supp(z) UB)Nn and min A < j < max A, which
contradicts that A < (supp(z) U B)|min 4 N n. O

Hence, |D Nsupp(y)| = |A] < |B|. We have

[z+1call = ly=PpW)] < Cheadln(¥) = Chelly=Po) = Cyhallz+1ss]-

Therefore, B is Cy, .,-(n, RSLC).

(2) Assume that B is C,-suppression quasi-greedy and Cy, ,s-(n, RSLC). We
show that B is C,C,s-CAG(n, II). Let z € X, A € G(x, m) for some m € N and
A Csupp(z). Let B = {ng41,ng42,...,Ng4+p} with |B Nsupp(x)| < |A|. We need
to show that

|2 = Pa(2)|| < CnrsCollz — Pp(2)].

Set D = B Nsupp(x), € = (sgn(el(x)))n. Let B = D\A and F' = A\D. Since
|D| < |A|, we have |E| < |F|. Furthermore, E C n. If E = 0, then D C A. We
have

|z = Pa(x)l = [lz = Pp(z) = Payp()l| < Cllz — Pp(z)]]

because A\D is a greedy set of x — Pp(x). For the rest of the proof, assume that
E # 0.

Claim 6.13. We have F|pming Nn > E.
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Proof. We have

min B

> minD > >
max ' < maxD < maxB < ngyyp.

min F

Hence, it suffices to show that F|, ., Nn > ngy,. Suppose, for a contradiction,
that there exists £ € F'Nn such that £ > ng4q and £ < ngyp. Hence, £ € BN F,
which implies that ¢ ¢ supp(x). However, that ¢ € F implies that £ € A C supp(x),
a contradiction. O

Claim 6.14. We have supp(z — Pa(z) — Pg(2))|mine NN > E.

Proof. Since min £ > ng4q and max F < ng4,p, it suffices to show that

SUpp(@ — Pave(@))lnys N0 > ngpp

Suppose, for a contradiction, that there exists ny € supp(x — Payg(z)) such that
Ng+1 < ng < Ngyp. Then ny, € BNsupp(x) = D. However, ng € supp(z—Paup(x))
implies that ny ¢ AUE = AU D. Hence, ny ¢ D, a contradiction. O

Set o = min,ep |ef(z)|. By the above claims, we can apply Proposition 6.10
and Theorem 2.1 to have

|2 — Pa(z)| < Cnaprsllz — Palz) — Pp(z) + alep||
Cnﬂ“SHTa(m — Pa(x) — Pr(x) + Pr(2))||
< CursCollz — Pp(z)|| = Cn,rsCZHx — Pp(=)]],

as desired. This completes our proof. O

Definition 6.15. A basis B is (n, symmetric for largest coefficients) (or (n, SLC),
for short) if there exists the least constant C, s such that

||x + leA” < Cn,snx =+ 1éBHa

for all x € X with ||z]l < 1, for all (A4, B) € S(n) with A U B Usupp(z), and for
all signs €, 6.

Proposition 6.16. Let B be C,-quasi-greedy. Then B is Cy s-(m, SLC) if and
only if B is Cy rs-(m, RSLC). Moreover, Cp s < Cn s and
Cns < 1+ (14C2

n,rs

)Cy-

Proof. Observe that if (A,B) € S(n) and A < (B U supp(z))|mina N n, then
AU B Usupp(z). Hence, if B is Cy, s-(n, SLC), then B is Cy s-(n, RSLC).

We prove the implication (n, RSLC) = (n, SLC). Assume that B is Cp, ,s-(n,
RSLC).

Claim 6.17. If (A, B) € S(n), then |14l < C3Z |15l for all signs €, 6.
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Proof. Choose D C n such that AUB < D and |D| = |A|. Due to (n, RSLC), we
have
[1call < Cupsllipll and [[1p]| < Cusllss]-

Therefore, ||1.4] < CflyrsHléB”- -

We are ready to show that B is (n, SLC). Let z, A, B,&,6 be chosen as in
Definition 6.15. We have

[+ Teall < llz+1sall + Lol + [[1eall
< (14 Cy)llz + 1sp| + C3 ,.ll1s5] by Claim 6.17
< (1 + Cq + C?l,rscq)”'r + 15BH'
This shows that B is (n, SLC). O

Corollary 6.18. Let B be a basis of a Banach space. The following are equivalent

i) B is (n, almost greedy).

ii) B is CAG(n, I).

i1t) B is CAG(n, II).

iv) B is quasi-greedy and (m, RSLC).

v) B is quasi-greedy and (n, SLC).

vi) B is quasi-greedy and (n, democratic).

vii) B is quasi-greedy and (n, superdemocratic).

Proof. Theorems 6.3 and 6.7 give i) <= ii) <= vi). That iii) <= iv) <= v) is
due to Theorem 6.11 and Proposition 6.16. Claim 6.17 shows that (n, RSLC) =
(n, democratic), so iv) = vi). Furthermore, the proof of Proposition 6.16 gives
that vi) = v). Finally, Remark 2.4 gives vi) <= vii). O

6.4. 1-CAG(n, I) and 1-CAG(n, IT) bases
First, we characterize 1-(n, almost greedy) bases and 1-(n, SLC) bases.

Proposition 6.19. A basis B is 1-(n, almost greedy) if and only if for any x € X
and j € n,
o = Gi(@)] < [lz—ej(x)e;ll. (6.4)

Proof. If B is 1-(n, almost greedy), then clearly, B satisfies (6.4). We prove the
converse. Let A be a greedy set of = of order m and B C n with |B| = m. Let
D=ANDB and y =2 — Pp(z). We have

r— Pa(z) = y— Pap(y) and x — Pp(r) = y— Pp\p(y).
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Note that (A\D)U(B\D) and |A\D| = |B\D|. For ease of notation, let E = A\D
and F' = B\D. Write E = {ki,...,k g}, where |e} (y)| > --- > |e,’;‘E|(y)| and
write F' = {{1,...,{|p|}. Since E is a greedy set of y, we have

1y =Pe@l = 11y = Peviro3(¥) = €k (4 = Prvgr g} () kg
(

(o2}
=

ININCIN;

)
|y = P\ (k53 (¥) — €, (Y — Pk 3 (¥)) ey |
1y = Pr\ (k53 (¥) — €7, (¥)ee, ||
- < ly=Pry)ll

Substituting y =  — Panp(z) to get
|z = Pa(z)|| < [l — Pp(z)].
This completes our proof. O

Proposition 6.20. A basis B is 1-(m, SLC) if and only if for any x € X with
|z|loo < 1, we have
o+ se;ll < [l + texl], (6.5)

for any j € n, {k}U{j} Usupp(z), and for any scalars s,t such that |s| = |t| = 1.

Proof. Clearly, if B is 1-(n, SLC), then B satisfies (6.5). Conversely, assume that
B satisfies (6.5). We claim that B satisfies the following condition

zll < [l + texl], (6.6)

for any k € N\supp(z) and for any scalar ¢ with |¢| = 1. Indeed, let x,¢,k be
chosen as in (6.6). Pick j € n N (N\(supp(z) U {k})) (here we use density to
assume supp(x) is finite). We have

(3.2)
[z < sup |lz+sej|| < |z + tex].
|s]=1

Let z, A, B,e,0 be chosen as in Definition 6.15. If A = (), then we use (6.6)
inductively to show that ||| < ||z + 1sp|. Suppose that |A] > 1. Write A =
{a1,as,... a4} and B = {b1,b,...,b;p}. We have

(6.5)
lz+1eall = llz+lea(ay) tEalall < 2+ 1e(arfar}) + 0o e,
(6.5) (6.5)
< - < ||"'L‘+16{b17~u,b‘A\}||
(6.6)
<z + 155l
Hence, B is 1-(n, SLC). O

Corollary 6.21. If a basis B is 1-(n, SLC), then it is 1-suppression quasi-greedy.
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Proof. Use (6.6) inductively. O

Theorem 6.22 (Generalization of Theorem 2.3 in [2]). A basis B is 1-(n, almost
greedy) if and only if B is 1-(mn, SLC).

Proof. Assume that B is 1-(n, almost greedy). Let x,j,k,s,t be as in (6.5) and
set y = x + se; + tex. We have

&+ sejll = lly —texl] < o7(y) < lly—se;ll = [+ texl].

Hence, B satisfies (6.5) and thus, is 1-(n, SLC).

Next, assume that B is 1-(n, SLC). We follow the proof of [2, Theorem 2.3].
Let z € X, j € n, and k € N such that Gi(z) = e} (x)er. By Proposition 6.19,
it suffices to show that ||z — ej(z)ex|| < ||z — €} (z)e;. Assume that k # j. Let

*

y =z —ej(v)ej — e (z)ex. Since |e}(x)| < |ej(z)|, we know that
* * * (6.5) *
[ —ep(z)erll = lly+ej()e;|l < Sup ly + ser(@)e;ll <y + e (@)ex
S|=
= llz —ej(@)e,
as desired. O

We now show that being 1-CAG(n, I) and being 1-CAG(n, IT) are both equiv-
alent to being 1-(n, almost greedy).

Proposition 6.23. A basis B is 1-CAG(n, II) if and only if B is 1-(m, RSLC).

Proof. According to Theorem 6.11, we need only to prove that a 1-(n, RSLC)
basis is 1-suppression quasi-greedy. In Definition 6.9, set A = @ and let B be a
singleton to see that 1-(n, RSLC) implies (6.6), which, by induction, shows that
B is 1-suppression quasi-greedy. O

Proposition 6.24. A basis B is 1-(m, SLC) if and only if B is 1-(m, RSLC).

Proof. By definitions, 1-(n, SLC) = 1-(n, RSLC). Conversely, assume that B is
1-(n, RSLC). Take z, j, k, s,t as in (6.5). Using the notation in Definition 6.9, we
set A= {j} and B = {k}. Clearly, A < (supp(z) U B)|min 4 N 1. Therefore,

o+ sesll <z -+ texll
By Proposition 6.20, B is 1-(n, SLC). O

Corollary 6.25. Let B be a basis of a Banach space and n be a sequence. The
following are equivalent:

i) B is 1-(m, almost greedy),
i) B is 1-CAG(n, I),
iii) B is 1-CAG(n, II),
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i) B is 1-(n, SLC),
v) B is 1-(m, RSLC).

Proof. By Theorem 6.22 and Propositions 6.23 and 6.24, i) <= iv) <= v) <= iii).
By definitions, we know that iii) = ii). We show that ii) = iv) or equivalently,
ii) = (6.5). Choose z, j, k, s,t as in (6.5). We have

|z + se;|| = ||[(x+ sej +tex) —tex| < o7(x+ se; +tey) < |lz+tex].

This completes our proof. O]

7. On (n, strong partially greedy) bases with gaps

7.1. The theory of greedy-type properties with gaps

In 2017, Oikhberg [30] defined and studied the n-quasi-greedy property, a variant
of the quasi-greedy property, as follows: let s = s1, s2,... be a strictly increasing
sequence of positive integers;! a basis B is said to be s-quasi-greedy if

lignGsi(x) = z,Vx € X,Y(Gs, (2));. (7.1)

[30, Theorem 2.1] states that for a Markushevich basis, (7.1) is equivalent to the
condition: there exists a constant C > 0 such that

|Gs, ()] < Cllz||,Vz € X,Vi € N,VG;, ().

Clearly, a quasi-greedy basis is s-quasi-greedy for any sequence s. However, the
reverse is not true.

Definition 7.1. A strictly increasing sequence s is said to have bounded quotient
gaps if there exists £ € N>, such that
Sk+1
E Sk

< L

We then say that s has /-bounded quotient gaps. On the other hand, if

Sk+1
E Sk

we say that s has arbitrarily large quotient gaps.

Definition 7.2. A strictly increasing sequence n is said to have bounded additive
gaps if there is £ € N such that

m]?X(nkH —ng) < L.

n the literature of gaps, the standard notation for a gap sequence is n; however, we use s to
not confuse ourselves with our sequence n in the definition of (n, strong partially greedy) bases.
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We then say that n has /-bounded additive gaps. On the other hand, if
sup(ng41 — ng) = 09,
k

we say that n has arbitrary large additive gaps.

Theorem 7.3 ([30, Proposition 3.1]). If's has arbitrarily large quotient gaps, there
exists a Banach space with an s-quasi-greedy Schauder basis that is not quasi-
greedy.

Interestingly, if s has bounded quotient gaps, then for a Schauder basis, the
s-quasi-greedy property is equivalent to the quasi-greedy property (see [6, The-
orem 5.2]). Recently, research on greedy-type properties with gaps has made
much progress. For example, Berasategui and Bern4 [7] investigated s-democracy-
like properties including unconditionality for constant coefficients, UL-property,
democracy, symmetry for largest coefficients, to name a few. Meanwhile, [8] stud-
ied more in depth s-quasi-greedy bases, s-bidemocracy (another popular and useful
notion in the literature), s-semi-greedy bases (first introduced in [22]), and s-strong
partially greedy bases.

By definition, we have the following implications, none of which can be reversed

greedy = almost greedy = strong partially greedy = quasi-greedy.
Definition 7.4. A basis B is s-greedy if there exists a constant C > 1 such that
|z — Gp(2)]] < Cop(x),Vz € X,Ym € s,VG,,(z).
The definition of s-almost greedy bases replaces oy, (z) with &,,(z).

By [30, Remark 1.1], the greedy (almost greedy, resp.) property is so strong
that for any sequence s, the s-greedy (s-almost greedy, resp.) property implies
greedy (almost greedy, resp.) property. Berasategui and Lassalle [11] proved that
a Markushevich basis is almost greedy if and only if it is semi-greedy, which gave
the conjecture that for any sequence s, an s-semi-greedy Markushevich basis is
also semi-greedy. Indeed, [8, Theorem 5.2] confirmed the conjecture. However,
the strong partially greedy property and the quasi-greedy property are not as
strong for the same conclusion to hold.

Definition 7.5. A basis B is s-(n, strong partially greedy) if there exists C > 1
such that

|z — G (x)]| < Cop(x), Vo € X, Ym € s, VG, (2).

For pedagogical purpose, we use the term “(N, strong partially greedy)” in
place of “strong partially greedy” and “(N, conservative)” in place of ”conserva-
tive” (Definitions 1.12 and 2.2). Berasategui and Bernd [8] proved the following
proposition.
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Proposition 7.6 ([8, Proposition 6.9 and Proposition 6.14]).

i) Let s be a sequence with arbitrarily large quotient gaps. There is a Banach
space X with a monotone Schauder basis B that is s-(N, strong partially
greedy), but the basis is neither (N, conservative) nor quasi-greedy.

it) Let s be a sequence with arbitrarily large additive gaps. There is a Banach
space X with a 1-unconditional basis B that is s-(N, strong partially greedy),
but the basis is not (N, conservative), and thus not strong partially greedy.

Remark 7.7. Unlike quasi-greedy bases, even when s has bounded quotient gaps,
an s-(N, strong partially greedy) Schauder basis is not necessarily (N, strong par-
tially greedy). However, by [8, Lemma 6.16], if s has bounded additive gaps, an
s-(N, strong partially greedy) Markushevich basis is (N, strong partially greedy).

Berasategui and Bernd characterized s-(N, strong partially greedy) Schauder
bases when s has bounded quotient gaps. Let T(n,s) be the collection of all
ordered pairs of finite sets (A, B) such that A C n,|A| <|B|,A <ns < BNn for
some s € s. Obviously,

T(n,s) C T(n),Vn,s.
Remark 7.8. Let (4,B) € T(n). If BNn = (), then (A, B) € T(n,s). Indeed,
choose s € s such that A < ng. Since BNn =0, we get A < ny < BN n. Hence,
(A,B) € T(n,s).

Definition 7.9. A basis B in a Banach space X is s-order-(n, superconservative)
if there exists C > 0 such that

Meall < Clltsall; (7.2)

for all (A, B) € T(n,s) and for all signs e, §. The smallest constant satisfying
(7.2) is denoted by AL, ., and we say B is Al -s-order-(n, superconservative). If
(7.2) holds for ¢ = 0 = 1, we say that B is AL -s-order-(n, conservative), where
AP is the smallest constant for the inequality to hold. When n = N, we obtain

[8, Definition 6.5] in the case of a Schauder basis (see [8, Remark 6.6]).

Proposition 7.10 ([8, Proposition 6.13]). Let B be a Schauder basis. If s has
bounded quotient gaps, then B is s-(N, strong partially greedy) if and only if B is
quasi-greedy and s-order-(N, superconservative).

7.2. Generalization to s-(n, strong partially greedy) bases

We generalize the above results to (n, strong partially greedy) bases with gaps.

7.2.1. n-Schauder bases

Definition 7.11. A basis B is said to be n-Schauder if there exists C > 0 such
that

1P (@) < Cllz||,Vz € X,¥m € N.

The least constant C is called the n-basis constant.
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Proposition 7.12. If the difference set Ap m is finite, then a basis is n-Schauder
if and only if it is m-Schauder.

Proof. Assume that B is C-n-Schauder. Since Ay, m, is finite, there exists N € N
such that n N [N,00) C m and m N [N,00) C n. Pick M € N and x € X. Let
A ={mq,...,mp}N[N,00) and Ay = {my,...,mp}\A1. We have

[[Pa, ()] < ‘jlupNIIPAIIIIIH < (N =Dsup(fleallllen Dz < (N = 1)c3l]].
< n

Furthermore, since A; € Z™ and B is n-Schauder,
”PAl(x)H < ”P{m,...,maxAl}(x)” + HP{m,...,ns}(x)H < QCH'T”v
where n, is the number in n that is right before min A;. We obtain
[Py e} (@) < [[Pay ()] + [|1Pay ()] < (N = 1)¢5 +2C) |-
This shows that B is m-Schauder. O

Example 7.13. Let n = ny,n9,... be a strictly increasing sequence such that
N\n is infinite. We give an example of a basis B that is n-Schauder but is not
Schauder. Let (ey), be a Markushevich basis of a space X such that (ep), is
not Schauder, i.e., there exists nonzero and normalized (z,), C X such that
sup,, ||Sn(zn)||x = 0o0. Let Y = X @ ¢p under the ¢;-norm. Denote the canonical
basis of ¢y to be (fn)n. Let H : N\n — N be the increasing bijection. Define the
basis B = (gn)n, where g,, = (0, f;) and g, = (eg(n),0) for n ¢ n.
We check that B is n-Schauder. Pick y := (x,2’) € Y and m € N. We have

PRl = (D 0n,@Wan,|| = D@L < 2'le < lylly.
j=1 j=1

Y co

Now we show that B is not Schauder. Let m = H~!(n). Define y,, := (x,,0).
We have [|Sp, (yn)lly = ||Sn(2n)] x » while ||y,|ly = 1. Hence,

[1Sm (yu)lly _
Sup — —>— = 00,
m lynlly

so B is not Schauder.

Example 7.14. Let n = ny,ng, ... such that N\n is infinite. We give an example
of a basis B that is Schauder but is not n-Schauder. Since N\n is infinite, we can
find a subsequence n’ = nj,n5,... of n such that n’; — 1 ¢ n for all j € N. Let
m = mi,ma, ..., where mog;_1 = ns —1 and mg; = "3 for all j € N. Let X be the

completion of cpo under the following norm: for x = (21, zs,...),

N

|z|| = sup mej + max |z,
N = n¢m
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Let B be the canonical basis, which is clearly Schauder with basis constant 1.
To see that B is not n-Schauder, consider the vector za, = E?Zl(—l)iemi for
n € N. While ||z2,| = 1, for sufficiently large N := N,, ||Px(z2,)| = n. That
1Py (w2l

lzan = implies that B is not n-Schauder.

limy, o0

Remark 7.15. Examples 7.13 and 7.14 can be generalized to any two sequences
m and n having infinite difference set Am n.

7.2.2. Characterization of s-(n, strong partially greedy) bases

Proposition 7.16 (Generalization of Proposition 7.10). Let B be both a Schauder
and n-Schauder basis. If s has bounded quotient gaps, then B is s-(n, strong
partially greedy) if and only if B is quasi-greedy and s-order-(n, superconservative).

We give the definition and an useful characterization of s-order-(n, PSLC),
which shall be used in the proof of Proposition 7.16.

Definition 7.17. A basis B in a Banach space X is s-order-(n, PSLC) if there
exists C > 1 such that

[z +1call < Cllz+ 1ssl|, (7.3)

for all (A, B) € T(n,s), for all signs ¢, ¢, and for all z € X with ||z]s < 1 and
A < (supp(z) U B) Nn. The smallest constant satisfying (7.3) is denoted by A7,

Proposition 7.18. A basis B is A},-s-order-(n, PSLC) if and only if
[zl < Apllz — Pa(z) + 15|, (7.4)

for all (A,B) € T(n,s), for all signs €, and for all x € X with ||z]|c < 1 and
A < (supp(z — Pa(z)) UB) Nn.

Proof. Suppose that B satisfies (7.4). Choose z, A, B,e,d as in Definition 7.17.
Let y =2+ 1.4. We have
(7.4 n n
2+ 1eall = llyll < ARlly = Paly) + 158l = Aplle + 1ss]-

Conversely, suppose that B is A;‘l-s-order—(n, PSLC). Choose x, A, B, ¢ as in
(7.4). We have

x — Pa(z) + Z er(z)en

neA

IN

]l = sup [lz — Pa(z) + Lsall

(9)
Az — Pa(z) + 1cp]|-

IN

This completes our proof. O

Lemma 7.19. If B be C,-quasi-greedy and A%, -s-order-(n, superconservative),

osc

then B is A}, -s-order-(n, PSLC) with A}, <1+ C, + A7, Cy.

osc
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Proof. Let x, A, B,¢,§ be chosen as in Definition 7.17. We have
2l < llz+ 1ssll + Isall < (1+Cy)llz + s8]l

Furthermore,
[Leall < Afsclllonll < Al Cqllz + Lspl|-

osc osc

By the triangle inequality, we get
lo+Leall < llz + [leall < (1 +Cy +AZCy)lla + Lol
This completes our proof. O

Proof of Proposition 7.16. Assume that B is C-s-(n, strong partially greedy). We
have
|z — Gp(x)|]| < C|lz||,Vx € X,Vn € s,YVGy(z). (7.5)

By [6, Theorem 5.2], B is quasi-greedy. Let us show that B is s-order-(n, super-
conservative). Fix A, B,¢,0 as in Definition 7.9. Assume that A < n; < BNn for
some s € s. Let

z = lea+1p+ 1sm,

where D := {ny,...,ns}\A. Since D and B are disjoint,
IDUB| = |D|+|B| > |D|+ 4] = s

Let E C D U B such that |E| = s. By above, assume that B is Cy-suppression
quasi-greedy. By the s-(n, strong partially greedy) property, we have

I1all = llz = Pous(@)|l < Celle— Po(@)]| < CiCle—PR@)| = CiCllLssl.

Therefore, B is s-order-(n, superconservative).

Next, assume that B is Cg-suppression quasi-greedy and s-order-(n, super-
conservative). By Lemma 7.19, B is Af-s-order-(n, PSLC) for some constant
A% > 1. Letz € X, s € s, A € Gx,5). Set E := {n1,...,n}\A, F :=
A\{n1,...,ns}, and o = minyealel (). We verify that @ — Pa(z) — Pg(x),
E, and F satisfy the conditions in Proposition 7.18: note that (E, F') € T(n,s),
E < (supp(x — P4s(x) — Pg(x)) U F) Nn. By Proposition 7.18 and Theorem 2.1,
we obtain

lo = Pa(@)l| < AD |z — Pa(a) — Po(a) +a 3 sgn(e; (@))en

neF

AD o (x — Pa(x) — Pe(z) + Pr(z))||
AxpiCollz — P ()|

A>\7pngKna'?($),

IN

<
<

where K,, is the n-basis constant. Therefore, B is s-(n, strong partially greedy).
O
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We now give an example that shows the equivalence in Proposition 7.16 fails
when s has arbitrarily large quotient gaps. The example also shows that s-(n,
strong partially greedy) bases are not necessarily (n, strong partially greedy) when
s has arbitrarily large quotient gaps. Our example is a modification of the example
in [8, Proposition 6.9].

Proposition 7.20 (Generalization of Proposition 7.6 item i)). Let s be a sequence
with arbitrarily large quotient gaps. There exists a Banach space X with a Schauder
and n-Schauder basis B such that B is s-(n, strong partially greedy) but is neither
(n, conservative) nor quasi-greedy.

Proof. Define
S = {ScN:|S|esand ng <SNn}.

Since s has arbitrarily large quotient gaps, we can find a subsequence (sy,); such
that for all j,
Skj+1 > 3(5 + 1)5;€j. (7.6)

Let X be the completion of cyy with respect to the following norm: for x =

(SCl,I’Q, .. .),

Let B be the canonical basis of X. Clearly, B is both Schauder and n-Schauder.
Let By = 0 and B,, = {ny,...,ng} for m > 1.

i) B is s-(n, strong partially greedy): Pick © € X, s € 5, 0 < m < s, and
A € G(x,s). We shall show that

|z = Pa(z)|| < 2[lz — P (2)].
Case 1: ||z — Pa(2)|| = ||x — Pa(z)]|co. Then

e = Pa(z)]| < [l = PR(2)lec < [z — Pp(z)].

4
E xnskj +i

i=1

lall = max{n(m)i|oo,sup2|xi|,sup sup
Ses

ies  JeN1<i<jsy,

Case 2: ||z — Pa(z)|| = supges D eg € (x—Pa(z))|. Fix S € S. First, assume
that |S N (B, \A)| <|S N (A\By,)|. We have

> lei(z — Pa())l

i€S

= Y Je@-Pa@)l+ Y lei@)

i€S\(AUB,,) SN(Bm\A)

< *(p — PP B\ A :

< > lef(@—Ph(@)| + 150 (Ba\ )Iiesg(lgiwlez(w)l
1€S\(AUB,)

<D I PR@) IS0 (AB)]_ min el (e~ Pr))]
1€S\(AUB,,)

< lef(z— Pa@)| < llz—Ph(@)].

i€S
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Next, assume that |[S N (Byp\A)| > |S N (A\B,,)|. We write

|A] = |A\(B,, US)|+ SN (A\B)|+|ANB,, NS|+ (AN B)\S|
|Bpm| = |Bn\(AUS)|+ SN (B\A)|+ AN B, NS|+ (AN Bu)\S|.

Since |A| = s > m = |By,|, we know that
[ANBr US)| + S0 (A\Bp)| > [SO(Bn\A)| > [0 (A\Bp)|.
Therefore, there exists D C A\(B,, U S) such that
1SN (A\By)| + D] =[S0 (Bm\A)|.
Pick aset £ > AUB,, US, ENn > ng, and |E| = |S N (A\B,,)|. Form
S = (S\(SN(B\A)UDUE = (S\(Bn\A)UDUE.

Then |S'| = [S\(Bn\A)| + |D| + |E| = |S|. We check that S’ Nn > n|g. By how
we define S’, we need only to check that D Nn > ng. Since |SN(B,,\A)| >0, S
contains n; for some 1 < j < m. So, nis| <nm < DNnas DN B, = (. We have

> lei(z — Pa(a))|

€S

= Y EE-P@l+ Y @)
1€S\(AUB,,,) 1€SN(B \A)

< (p — P® *

< Y - PR +ISN BN max el (@)
i€S\(AUBm)

< (o — P2 D A\B,, *

S Y G- PREIF DU AB)] | min el (@)
i€S\(AUB,,)

< S lef@— Paa)| + > le3 ()]
i€S\(AUB,) i€ DUEU(SN(A\Bm))

= > lej (@ = PR(x)|+ Y lei (z — Py ()]
i€S'\(AUDUE) i€ DUEU(SNA)

= Z|e x_P:;lL )‘ < ||$— 7n( )”
€S’

Since S € S is arbitrary, we conclude that |z — Pa(z)|| < ||z — P2 (x)| in this
case.
Case 3:
‘

lo = Pa@)ll = sup sup |Sen (= Pa@)).
JEN 1§£§]sk]. =1 J

Fix j,£ € N such that 1 < ¢ < jsg,. First, assume that s = |A| < s5,. Choose
S C N such that S| = sy, ng,, < SMNn, and

AN {nskj+1, N ,nsij} c S.
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Then S € § and
B, < n,+1 < n\A|+1 < nskj+1 < nskj—i-l-

Therefore, we obtain

¢ ; ,
;ezskj (@ —Pa(z))| < ;62%“ (z)| + ; eZSij(PA(x))
¢
< D eny @ = PR@)[ D lel(@ — Pr(@))]
=1 icS
< 2lla~ PR@)||

Next, assume that |A| > sy,. Since |A| € s, [A| > sg;41. Let
D = {nskj+1, Mgy 425+ - ,nsijrg} and E = {ni,...,na}.

By (7.6), D C E. If D C A, then

14

Zeisk.+i(9€—PA($))‘ =0 < [z = PR(=)].
i=1 g

Suppose that D ¢ A. Since |[D\A| < |E\A| = |A\E|, we can choose S; C A\E
such that |Si| = |[D\A|. Choose Sy > max{n 4, max A} with [Sy| = [A| — [S1].
Form S = S; U Sy. We have |S| = |A], nj4 < SNn, and [D\A| = |[AN S|. Since
Ses, we get

I
N
2,
&
A

D\A :
ID\A] max e (a)

IN

A in_e;
401 S| min [ef (@)

< D lef(@ — Ph(a))
€S
<z = Br(@)]-

From these cases, we know that ||z — Pa(x)|| < 2|l — P5(x)||; therefore, B is
s-(n, strong partially greedy).
ii) B is not (n, conservative): Let

Dj = {nskj+1, RN ,n(j+1)skj } and EJ = {n(j+1)skj+1, N 7n2(j+1)skj } .

By the definition of || - ||, ||1p,|| = jsk;. We shall show that |[1g,| < sg,. If
j" < j, then
nGnse, < Ej
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while if j' > j, then by (7.6),
nskj,+1 > Ej.

Therefore,

¢
sup  sup = 0.
J'EN1SL<) 51,

e;klsk L, i (1EJ)
i=1 !

Pick S € S. If |S| > s, 41, then
Ej < ng . < ngp < SNn.

So, D g lei(1g;)] = 0. Since [S] € s, we can suppose that |S| < si,. Then

s, |l = maxq {15, lloc, sup Do leis)l < sy
‘Sés,cj i€S
We have
o, /15, = o0 as j — oc.
Therefore, B is not (n, conservative).

ili) B is not quasi-greedy. Let ¢ = (1,—1,1,—1,...) and consider ||1.p

oyl

Clearly,
¢
*
sup  sup e (lep.. )| = L
j'eN 1§Z§j/sk7,, ; nskj,+z € kj+1
Pick S € S. If [S| > sp,41, then SNn > Ny 41 = Bs, ., and so,
S let (e, )| = 0.

i€S
If |S] < sy,, then

Z|€?(1eBsk]_+l)| < Sk,

€S

We have shown that

||1635k]+1|| < Sk
On the other hand, it is easy to check that
HlBsij > JSk;-

Therefore, B does not have the UL property. By Remark 2.4, B is not quasi-
greedy. O
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The proof of Proposition 7.16 uses the Schauder condition to prove the quasi-
greedy property. We can drop the Schauder condition and require that s has
bounded additive gaps instead.

Proposition 7.21. Let B be an n-Schauder Markushevic basis. If s has bounded
additive gaps, then B is s-(n, strong partially greedy) if and only if B is quasi-greedy
and s-order-(n, superconservative).

Proof. The proof is similar to that of Proposition 7.16 but uses [30, Proposition
4.1] instead of [6, Theorem 5.2] to prove the quasi-greedy property. O

7.2.3. When an s-(n, strong partially greedy) basis is (n, strong partially
greedy)

Proposition 7.22 (Generalization of Lemma 6.16 in [8]). Ifs has bounded additive
gaps, an s-(n, strong partially greedy) Markushevich basis is (n, strong partially

greedy).
Proof. Assume that B is C-s-(n, strong partially greedy). We have

|z — Gp(x)|]| < C|lz||,Vx € X,Vn € s,VG,(z). (7.7)

By [30, Proposition 4.1], B is quasi-greedy. Using the same argument as in the
proof of Proposition 7.16, we know that B is AL, -s-order-(n, superconservative)

for some AR, > 0. Let us show that B is (n, superconservative). Pick (A4, B) €

T(n) and signs €,d. Let s = mins. We proceed by case analysis.
Case 1: BNn = (. By Remark 7.8, (4, B) € T(n,s), and we get
[leall < AZsclllssll-

Case 2: BNn # () and min(BNn) < n,. Then A < n,. Since A C n, A =0;
hence, ||l = 0 < 1551
Case 3: BNn # () and BNn > ns. Let N := max{k € s : n < BNn} and
A" ={a€ A:a<ny}. Observe that (A’,B) € T(n,s). Since B is A%, -s-order-
(n, superconservative),
Mearll < Agscllsal-

Consider A” = A\A’. Let M be the next number after N in s. We have
ny < A” < min(BNn) < ny and A” C n.

By hypothesis, s has ¢-bounded additive gaps for some ¢ > 1. Hence, |A”| < -1,
which gives

[lear|l < (€=1)suplenl] < (€—1)sup[len]sup lle;[l[[Lsa] < (¢ —1)c3][1s].
n n n
We obtain that
eall < [learll + Mearll < (A% + (€= 1)) | 15]l.

From these cases, we know that B is (n, superconservative). By Theorem 2.6,
B is (n, strong partially greedy). O
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When s has arbitrarily large additive gaps, we give an example of a Schauder
basis that is s-(n, strong partially greedy) but is not (n, strong partially greedy).

Proposition 7.23 (Generalization of Proposition 7.6 item ii)). Suppose s has
arbitrarily large additive gaps. There is a Banach space X with a 1-unconditional
basis that is s-(n, strong partially greedy) but is not (n, conservative).

Proof. We modify the example in [8, Proposition 6.14]. Choose a subsequence
(sk,); such that

Sky+1 — Sk, > 3107 (7.8)

and a decreasing sequence of positive numbers (pg)r so that

1 1
lim p, = 1and supj( — ) = 0. (7.9)
k—o0 j Pkj+1 Dk

A possible choice is

1

1
Pr,; = 1+;andpk2j+1 = 1+m

and then choose other pg’s such that (pg)g is decreasing. Define
Sk = {Scn:|S|=10" and ny, < S} and T} := {nskﬁ_l, .. ,nskj+10j}.
Let X be the completion of cgy with respect to the following norm:

1
Pk7+1

()il = max S [[(2:)illoo, | (@i)illr, sup | Y faifPri+t ;
7 \ieTy

where

1 1
PR PR
()il == sup [ > (Z |$z’|p’“> + (Z $i|p’“>
k \ses, \ies ign
Let B be the canonical basis, which is 1-unconditional and normalized.

i) B is s-(n, strong partially greedy): By the proof of Theorem 7.16, it suffices to
show that B is s-order-(n, conservative). Let (4, B) € T(n,s) with A < ny < BNn.
Pick j € N such that T; N A # (0. Since ng > A, we get BNn > ng > T i
|BNn| > |ANT}|, choose S € Sy, 11 such that [S N B| > |ANTj|. We obtain

1

Pkj+1 Pk]‘ﬁ
3 ler (L)t < (Ziemn%“) < [lg].

i€T; €S
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If |[BNn| < |ANT}|, choose S € Sk, 41 such that SN B = BNn. We have

3 lep (1)t
=y
1
Phj+1
< (Zie:amwl)
i€B
1 1
W Phkj+1
< DD lerap)Pat + Y leap)Pat < |1g].
i€SNB i€B\S

Next, pick k € N and S € S such that SN A # 0. If [BNn| > |SN A, choose
S’ € 8 such that |[S' N B| =[S N A|l. We obtain

(De:(lwk) "< (Z |e:<13>|pk) "< sl

i€S €S’

If |IBNn| < |SNA|, we use the same argument as above to obtain the same con-
clusion. We have shown that ||14]| < ||15]|; hence, B is s-order-(n, conservative).
ii) B is not (n, conservative): We have

pkjl"'l J
g ll > | D fer ()™ = 107h+1,
€Ty
Let
Dj; = {nskj+10j+17 Mgy, 4109425 - -+ 7nskj+10j+10j}'

By (7.8), we know that 7; N D; = () for all ¢,j € N. Pick k € Nand S € S;. If
k> k;+1, then S > Mgy, and so, SN Dj =0. Suppose that k < k;. We have

1
P

i
o 3 (i) <
<k ses, \ies
Observe that (Tj,D;) € T(n); however, by (7.9),
(4
Il pi(mma) ) o

Il

We conclude that B is not (n, conservative). By Theorem 2.6, B is not (n, strong
partially greedy). This completes our proof. O
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8. Larger greedy sums for (n, strong partially greedy) bases

Define ¢ : n — N as ¢(ng) = k.

8.1. (A, n, strong partially greedy) bases and their characterizations

Recall the condition in the definition of greedy bases: there exists C > 1 such that
|l = Gm(z)|| < Cop(x),Va € X,¥Ym € N,VG,,(z). (8.1)

Let A > 1. [23, Theorem 3.3] shows that if we replace G,,(x) in (8.1) by a larger
greedy sum Gym,1(z), then we have a condition that is equivalent to the almost
greedy property. Particularly, B is almost greedy if and only if there exists C > 1
such that

lz = Gram1(@)|| < Cop(z), Vo € X,Vm € N,VG,, (). (8.2)

Interestingly, enlarging the greedy sum size from m to [Am| moves us from the
greedy property to the almost greedy property. Motivated by the idea, the author
in [19] showed that while enlarging the greedy sum size in (1.4) still gives us almost
greedy bases, enlarging the greedy sum in (1.5) gives us strictly weaker bases (see
[19, Theorem 1.5]). In the same manner, we define

Definition 8.1. A basis B in a Banach space is said to be (A, n, strong partially
greedy) if there exists C > 1 such that

lz — Gram(@)|| < Cop,(z), Vo € X,Vm € N,VG,, (). (8.3)
The smallest constant C for (8.3) to hold is denoted by Cj n,sp-

We shall characterize (X, n, strong partially greedy) bases by the quasi-greedy
property and (A, n, PSLC).

Definition 8.2. A basis B is (A, n, PSLC) if there exists a constant C > 1 such
that

[z +1call < Cllz+ s8],
for all x € X with |||l <1, for all (A, B) € S(n) with (A—1)¢(max A)+|A| < |B]
and A < (supp(z)U B) Nn, and for all signs ¢,d. The least constant C is denoted
by A)\,n,pl-

Definition 8.3. A basis B is (A, n, superconservative) if there exists a constant
C > 0 such that
1eall < CllLsall,

for all (4, B) € T(n) with (A — 1)u(max A) + |A| < |B| and for all signs ,d. The
least constant C is denoted by Cy n sc. When e = § = 1, we say that B is (A, n,
conservative). The corresponding constant is denoted by Cy p c-

Theorem 8.4. Let B be a basis of a Banach space X. The following are equivalent:
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i) B is (A, n, strong partially greedy),

it) B is quasi-greedy and (A, n, PSLC),
iit) B is quasi-greedy and (A, n, superconservative),
iv) B is quasi-greedy and (A, n, conservative).

Before proving Theorem 8.4, we need the following lemmas, the first of which
reformulate (A, n, PSLC) into a more useful form. The proof is similar to that of
Lemma 2.9.

Lemma 8.5. A basis B is Ay npi-(A, n, PSLC) if and only if
[zl < Axnpille = Pa(z) + 1esl,

forallx € X with ||z]|e <1, for all (A, B) € S(n) with (A—1)c(max A)+|A| < |B|
and A < (supp(z — Pa(z)) U B) Nn, and for all signs .

Lemma 8.6. If a basis B is quasi-greedy and (A, n, superconservative), then B is
(A, n, PSLC).

Proof. Similar to the proof of Lemma 2.5. O

Lemma 8.7. Let B be a Cy-suppression quasi-greedy basis and A > 1. The fol-
lowing hold.

i) If B is Cxn,sp-(A, 1, strong partially greedy), then B is CyCxn sp-(A, N,
PSLC).

i) If B is Axnpi-(A, n, PSLC), then B is CoAxnpi-(A, n, strong partially
greedy).

Proof. i) Choose x, A, B,e,6 as in Definition (8.2). Let ny; = max A and set
D={ny,...,ns\A. Form y =z + 1.4 + 1p + 155. Observe that

|IDUB| = |[D|+|B] > (s—|A)+(A—1)s+|A| = As.
Choose £ C DU B such that |E| = [As] to have

[+ Teall = [ly = Pous@)ll < Celly = PE()ll < CeCxnspoi(y)

<
< CChnsplly — PRl
= CiCyn,spll + Lss].

ii) Let z € X, m €N, k <m, and A € G(x,[Am]). We need to show that

lz = Pa(@)[| < ColAxnpillz = B ()]
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Set E={ny,...,npx\A, F = A\{n1,...,n;}, and a = min,e 4 |e’ (z)]. We verify
that E, F,x — P4(x) satisfy the condition of Lemma 8.5: clearly, (E, F) € S(n)
and

A=1uE)+[E] < (A=D)m+ (m—[AN{n,... ,ng})
<Am—|AN{ny,...,m} <A — |[AN{n, ..., n}| = |F).

It is easy to check that
E < (supp(xz — Pa(z) — Pg(z))U F)Nn.

Let ¢ = (sgn(e(x)),. Using Lemma 8.5 and Theorem 2.1, we obtain

|z — Pa(@)| < Axnpillz — Palz) — Pe(z) + olp||
< Anpil|Ta(z = Pa(z) — Pp(z) + Pr(z))]
< A/\,n,plceHx - PI?(SC)H
This completes our proof. O

Lemma 8.8. If B is (A, n, strong partially greedy), then B is quasi-greedy.

Proof. Assume that B is Cy n sp-(A, n, strong partially greedy). For each m € N,
we have

[ = Gpm (@] < Crnspom (@) < Cxnsplll-

By [19, Lemma 2.3], we know that B is quasi-greedy. O

Proof of Theorem 8.4. Lemmas 8.7 and 8.8 show that i) <= ii). By definitions,
(A, n, PSLC) = (A, n, superconservative), so ii) = iii). Lemma 8.6 gives iii)
= ii). Finally, iii) <= iv) is due to Remark 2.4. O

By the characterizations in Theorem 8.4, we know that if Ay > A > 1, then a
(A2, n, strong partially greedy) basis is (A1, n, strong partially greedy). We now
provide a sufficient condition for the converse to hold.

Definition 8.9. Let NV € N. A basis B is said to be right-skewed if there exists
C > 0 such that for every finite set A C N, we can find a set of positive integers
B satisfying the condition: B > A, |B| = |A|, and ||15] < C||14]

Proposition 8.10. Fiz 1 < A\; < Ag. Let B be a (A2, n, conservative) basis that
is right-skewed. Then B is (A1, n, conservative).
A2

Proof. Set s := [ﬁff—‘ Assume that B is Ay, n (A2, n, conservative). Choose

(A, B) € T(n) with [A| + (A1 — 1)¢(max A) < [B]. Choose disjoint subsets (D;)5_,
satisfying |D;| = |B|, B < D1 < D3 < --- < Dy, and

1p,l < Clip,_,[,V2<j < sand |[1p,]| < C|1g].
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Set D = U;_;D;. Then (BUD)Nn > A and

\BUD| = |B|+|D| > |A|+(A1—1)L(maXA)—|—);\2 /\11|B| > [A[+(\a—1)u(max A).
—

Since B is (A2, n, conservative), we know that

[Tall < Axymelllsupll < Axyme(l1all+[110])

A

S
< A | 18]+ 11,

j=1
Axymc(1+C+C? -+ C%)|1p]

IN

cstl_q

< JBuneSetsll i C#£L
- A)\z,n,c(s =+ 1)”13” ifC=1.

Hence, B is (A1, n, conservative). O

Corollary 8.11. Let 1 < M\ < Ao. A right-skewed basis B is (A1, n, strong
partially greedy) if and only if B is (A2, n, strong partially greedy).

8.2. (A, n, strong partially greedy) but not (n, strong partially greedy)
bases

Theorem 8.12. There exists a Banach space X with an 1-unconditional basis B
that is (A, n, strong partially greedy) for all A > 1 but is not (n, strong partially
greedy).

Proof. Fix X > 1. Choose a subsequence n’ = (ny,) of n such that

In([(A = Dk;]) > 2¢/5. (8.4)

For each finite set F' C N, define the Weight sequences (wl’)

WoF — % if FCn',
if F¢n'

n as

1
n

Let X be the completion of ¢op under the following norm: for z = (x1,x2,...),

||| = sup {Z wf:(i)|xi\ : finite FCNand n: FF— {1,...,|F|} is a bijection} .
ieF
Let B be the canonical basis, which is normalized and 1-unconditional.
i) B is not (n, conservative) and thus, not (n, strong partially greedy): choose
N eN, Ay = {nk,,Mky, ..., Nyt and By C{i €n:i ¢ n'} with |[By| = N and
By > ng, . Clearly, (An, By) € T(n); however,

Yo N
||1AN|| = E_;Z and ||]‘BN|| = le
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Since [|[1ayll/l11By || = 00 as N — oo, our basis B is not (n, conservative).

ii) B is (A, n, conservative) and thus, (A, n, strong partially greedy): Let
(A,B) € T(n) with |A] + (A — 1)¢(max A) < |B]. Pick a finite set F' C N and a
bijection 7 : F' — {1,...,|F|}. If F ¢ n’, then

\A\ \BI
wa(iﬂ@f(h\ Z Z < |1g]-
i€F
If F C n', then write F' = {ng, ,ng, ,ng;. }. Without loss of generality,

assume that F C A (because for i € F\A |e (1A)| =0). Then

Bl > (A=1)¢(maxA) > (A—1)u(ng;,) = (A—=1)k;,, and

Zwﬁ(l\e (14)] < Z\[

i€EF
We have
IB\ f(k—l)ksl [(A=1)ks]+1
1 @ dx
IEESEEED I R Y

i=1

WA - kD) > 2v5 > 3wl e (1)l

i€l

Y

Letting F and 7 vary, we get ||[14|| < ||1p]. We have shown that B is (A, n,
strong partially greedy) for some A > 1. To show that B is (A, n, strong partially
greedy) for all A > 1, we verify that B is right-skewed and resort to Lemma 8.11.

iii) B is right-skewed: pick a finite set A C N. Choose B C {i € n:i ¢ n'}
such that B > A and |B| = |A|. Then

IBI IAI

1] = Z Z < 14l

This completes our proof. O

9. Weighted (n, strong partially greedy) bases

9.1. The theory of weighted greedy-type bases

As a variant of greedy-type bases, researchers have studied the sequentially weight-
ed version, where an arbitrary weight sequence ¢ = (s,)%%; € (0,00)" is used to
“weigh” each subset of N. For A C N, the ¢(-measure of A is ((A) =), 4 s;. Let
7 > 0 and define

ag(x) = inf{ x— Z anen

neA

DAl < 00,C(A) < n,an € IF}
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and

gy(z) = inf {[la = Pa(@)l| : |A] < 00,((A) <n}.

Definition 9.1. A basis is (-greedy if there exists a constant C > 1 such that
|z — Pa(z)|| < CUE(A)(x),Vx € X,VA € G(x,m) for some m € N.
A basis is (-almost greedy if there exists a constant C > 1 such that
|z — Pa(z)|| < C&é(A)(:E),Vx € X,VA € G(z,m) for some m € N.

Definition 9.2. A basis is (-democratic if there exists a constant C > 1 such
that
1all < Clisl,

for all finite sets A, B with ((A) < {(B).

Among other results, Dilworth et al. [26] characterized (-almost greedy bases
as being quasi-greedy and (-democratic ([26, Theorem 2.6]). Later, Bern4 et al.
[17] introduced the so-called (-Property (A) and showed that a basis B is (-greedy
(¢-almost greedy, resp.) if and only if it is unconditional (quasi-greedy, resp.)
and has the (-Property (A). Other results related to sequential weights include
characterizations of weighted weak semi-greedy bases and weighted semi-greedy
bases [12, 13, 26] and characterizations of weighted partially greedy and weighted
reverse partially greedy bases [28]. Recently, the author of the present paper [20]
generalized sequential weights to an arbitrary weight w on sets and gave an example
of a basis that is set-weighted greedy but is not sequence-weighted greedy for any
sequence. The goal of this section is to study set-weighted (n, strong partially
greedy) bases.

Definition 9.3. Let P(N) be the power set of N. A weight on set is a nonnegative
function w : P(N) — [0, cc] such that

i) w(®) =0,
i) w(A) € (0, 00] for each nonempty set A C N.

9.2. Weighted (n, strong partially greedy) bases and characterizations

For each m > 1, we define B, := {ni,...,n,} and By = (). Also let T*(n) be the
collection of all ordered pairs of finite sets (A, B) with A C n, w(A) < w(B), and
A< BNn.

Definition 9.4. A basis is said to be w-(n, strong partially greedy) if there exists
C > 1 such that for all z € X, m € N, and A € G(x, m), we have

|z — Pa(x)|| < Co“(), (9-1)

where
G4“(x) = inf{||z — Pp,, (2)| : w(Bn\A) < w(A\Bp)}.

The smallest C satisfying (9.1) is denoted by C%

n,sp*
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Definition 9.5. A basis is w-(n, PSLC) if there exists a constant C > 1 such that
|z +1call < Cllz + 1s5], (9.2)
for all x € X with ||zl < 1, for all (4, B) € T (n) with A < (B Usupp(z)) Nn,

and for all signs ¢,d. The bmallest C for which (9.2) holds is denoted by A%

n,pl*
We have an useful reformulation of w-(n, PSLC), whose proof is similar to the
proof of Lemma 2.9.

Lemma 9.6. A basis B is A}, ,-w-(n, PSLC) if and only if
[zl < AZ pillz — Pa(z) + Lepl,

for all x € X with ||z||ee < 1, for all signs €, and for all (A, B) € T%(n) with
A < (supp(z — Pa(z))UB)Nn

Theorem 9.7. Let B be a basis and w be a weight on subsets of N.

i) If B is Cy g,
quasi-greedy and C

-w-(mn, strong partially greedy), then B is C¥ . -suppression

wsp-w-(n, PSLC).

ii) If B is Cy-suppression quasi-greedy and AL -w-(m, PSLC), then B is CiAL -
w-(n, strong partially greedy).

n,sp

Proof. (i) Let B be C¥ _ -w-(n, strong partially greedy). Let z € X, m € N, and

n,sp

A € G(z,m). We have
[ = Pa() < Cf 05 (x) < Cq gllzll,

nspA n,sp

which shows that B is C§ , -suppression quasi-greedy. To show that B is Cj -
w-(n, PSLC), we choose x, A, B,¢,6 as in Definition 9.5. Let max A = ng and
y:=1lca+1p+a+ 1sp, where D = {ny,na,...,ns}\A. Since BU D is a greedy

set of y and w(A) < w(B), we have

Hx+1€A” = ”y_PBUD(y)” < ﬁspagSD(y)
< Choplly—PaupW)ll = Cf llz + 1spll-

(ii) Assume that B is Cy-suppression quasi-greedy and is A} -w-(n, PSLC).
Let z € X, m € N, and A € G(z,m). Fix By with w(Bp\A) < w(A\By). We need
to show that

|z — Pa(z)| < CeAL illz — Pp, (z)]-

Set E = Bip\A, F = A\ B, and a = mingep |ef(z)]. By Lemma 9.6 and Theorem
2.1, we obtain

[z = Pr(x) < Ay

n,pl

x— Pp(z) — Pp(z) + « Z sgn(e
ner

= AL i 1Ta (z = Pa(z) — Pp(2) + Pr(2))||
< CAy Ll — P (2)]],

as desired. O

A
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Definition 9.8. A basis B is w-(n, superconservative) if there exists a constant
C > 0 such that
[Teall < Cl1s8l, (9.3)

for all (A,B) € T¥(n) and for all signs ¢,4. The smallest C for (9.3) to hold
is denoted by A% If (9.3) holds for ¢ = 6 = 1, then B is said to be w-(n,

n,sc*

conservative), and the smallest constant in this case is denoted by Ay, ..

Similar to Lemma 2.5, we have
w

W sc-w-(n, superconservative), then B

w-(m, PSLC) with Ay, <1+ Cy+ Af [ Cy.

n,sc

Lemma 9.9. If B is C,-quasi-greedy and A
is AY

n,pl
Theorem 9.10. Let B be a basis and w be a weight on subsets of N. The following
are equivalent:
i) B is w-(n, strong partially greedy),
it) B is quasi-greedy and w-(m, PSLC),
iii) B is quasi-greedy and w-(n, superconservative),
i) B is quasi-greedy and w-(m, conservative).

Proof. That i) <= ii) is due to Theorem 9.7. By definition and Lemma 9.9, ii)
<= iii). Finally, iii) <= iv) is due to Remark 2.4. O

Corollary 9.11. A basis B is quasi-greedy if and only if B is w-(n, strong partially
greedy) for some w.

Proof. If B is w-(n, strong partially greedy) for some w, then B is quasi-greedy by
Theorem 9.10. Conversely, suppose that B is quasi-greedy. Define the weight w
onaset ACN
w(A) = 114 ?f A %s ﬁnite.,
00 if A is infinite.

By Theorem 9.10, we need to verify that B is w-(n, conservative). This is clearly
true as for any two finite sets A and B, we have ||14|| < ||15|| whenever w(A) <
w(B) by the definition of the weight w. O

9.3. Properties of (-(n, conservative) bases

We consider sequence-weighted (n, conservative) bases, which are a special case
of the set-weighted version. In particular, let ¢ = (s,,)n € (0,00)Y, then for each
subset A C N, ((A) := > .4 5n; that is, the weight of each set is determined by
the sequence . Hence, we do not have the freedom of assigning weights to sets as
in Definition 9.3.

Proposition 9.12. Let B be a basis of a Banach space X and { = (s,,)n € (0,00)N.
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i) Let B be C-(-(n, superconservative). If a finite set A C n has

((A) < limsupsy,,

n—oo
then sup, |14 < 2Cca.

it) If sup,, s, = oo and B is (-(n, superconservative), then (ey)nen is equivalent
to the canonical basis of cqg.

1) Let n # N. If inf, cn s, = 0 and B is C-(-(n, superconservative), then B
has a subsequence equivalent to the canonical basis of cq.

Proof. 1) Let A C n be a finite set with ((4) < limsup,,_,, $n. Choose ny >
n1 > A such that (A) < s, + 8n, = (({n1,n2}). Since (A, {n1,n2}) € T¢(n), we
obtain

[Leall < Cllen, +en,|| < 2Cco.

ii) Use item 1i).

iii) Pick N € N\n. Let (n}); C n be a sequence such that >, s, < sn.
For any finite set A C (n});, we have (A,{N}) € T¢(n). Hence, sup, ||lca| <
Cllen|| < Ceca. Therefore, (e,); is equivalent to the canonical basis of co. [

Proposition 9.13. Suppose that 0 < inf, s, < sup,, s, < co. Then B is (-(n,
superconservative) if and only if B is (n, superconservative).

Proof. Without loss of generality, let 0 < « := inf, s, < sup,, s, = 1. Assume
that B is An sc-(n, superconservative). Let (A, B) € T¢(n) and choose signs ¢, d.
We have a|A| < ((A) < {(B) <|BJ. If |A| < 2[1/a], then

[Teall < 2[1/a]sup flenll < 2[1/alsup [l suplle;, L5l < 2[1/alc3|1sa]-

We consider the case |A| > 2[1/a]. Then |B| > alA| > 2. Partition A into
N = [2/a] sets Ay, ..., Ax such that each set A; has

A B B
%jtl < u+1 < u+1 < |B].

Al <
||* - aN - 2

Hence, (A;, B) € T(n) and ||1.4,

N
eall < D l1ea,
i=1

We have shown that B is (-(n, superconservative).
Assume that Bis A§ . -(-(n, superconservative). Let (4, B) € T(n) and choose

signs €,0. If ((A) < ¢(B), then (A,B) € T¢(n) and so, ||[Leall < A§ /158l
Suppose that ((A4) > ((B).

< Ansclllsg||- Therefore,

2
< H AnsellTss]l
@]
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Case 1: ((B) > 2. Partition A into N sets A, Ao, ..., Ay such that 4; <
A <+ < AN, C(A;) <{(B) <((A;)+1for 1 <i< N -1, and ((An) < ¢(B).
Observe that for 1 <i < N — 1,

()

((A) > (B -1 > =5

Therefore,
¢(4) 2[4
N-1< <
T ¢(B)/2 T alB] T

2
o
se-C-(n, superconservative) and (A;, B) € T¢(n), we obtain

Since B is A$

n

N

||1€A|| < Z HlEAi

i=1

N
2
< ZAfl,scHLSB” < <1+Oé> Afl,scHltsB”'
i=1

Case 2: ((B) < 2. We have
alA] < a|B] < ((B) < 2

Hence, |A| < 2/a, which gives

2 2 2
eall < Zsupflen] < =suplenllsuplles, L5l < =2|155].
a p a n m 6]

This shows that B is (n, superconservative). O

Corollary 9.14. Let n # N and ¢ = (sp)n be such that either inf,, s,, > 0 or
infhensn = 0. If a basis B = (en)n is (-(m, strong partially greedy) for the
weight sequence ( = (Sp)n, then either B is (n, strong partially greedy) or B has a
subsequence that is equivalent to the canonical basis of cg.

Proof. Let B be (-(n, strong partially greedy) for some weight sequence ¢ = (sp,)y.
By Theorem 9.10, we know that B is quasi-greedy and {-(n, superconservative).

If 0 < inf, s, < sup, s, < oo, then Proposition 9.13 states that B is (n,
superconservative). By Theorem 2.6, B is (n, strong partially greedy).

If sup,, s, = 00, then Proposition 9.12 item ii) gives that (e, )nen is equivalent
to the canonical basis of cg.

If inf,,cn sn = 0, Proposition 9.12 item iii) gives that (e, )nen has a subsequence
that is equivalent to the canonical basis of c¢g. O

Corollary 9.15. Let n # N and Ann be finite. If a basis B = (en)n s ¢-(n,
strong partially greedy) for some weight sequence ¢ = (8n)n, then either B is (n,
strong partially greedy) or B has a subsequence that is equivalent to the canonical
basis of cg.

Proof. Ifinf s,, > 0, then the conclusion follows from Corollary 9.14. If inf, s, = 0,
then the finite Ay n implies that inf,cn s, = 0. Again the conclusion follows from
Corollay 9.14. O
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We shall use Corollary 9.14 to prove the next theorem.

Theorem 9.16. Let n be such that N\n is infinite. There exists a 1-unconditional
Schauder basis B that is w-(n, strong partially greedy) for some weight on sets w,
but B is not (-(n, strong partially greedy) for any weight sequence ¢ that satisfies
either inf,, s, > 0 or inf,,cn s, = 0.

Proof. We slightly modify the example in the proof of Theorem 5.3. Let K =
N\n =k < ky < ---. Define a function ¢ : N — N as

on) — {1 if n < ky,

j ifkj+1<n<kjqq for some j > 1.
Let X be the completion of ¢op under the following norm: for z = (x1,x2,...),

Izl = sup Y |wm] + |z
F meF

where F' C N and /¢(min F') > |F|. Let B be the canonical basis. Using the same
argument as in Case 2 of Theorem 5.3, we know that B is not (n, conservative)
and thus, not (n, strong partially greedy).

Define a weight w on each set A C N as follows:

) [1a] if A is finite,
w =
%) if A is infinite.

Since ||14|] = w(A) for each finite A C N, B is w-(n, conservative). Hence, we
know that B is w-(n, strong partially greedy) by Theorem 9.10.

Let us show that B is not ¢-(n, strong partially greedy) for any weight sequence
¢ that satisfies either inf,, s,, > 0 or inf,,cn s, = 0. By Corollary 9.14, we need only
to show that B has no subsequence equivalent to the canonical basis of ¢g. Let (f)n
be a subsequence of B and N € N, we have || ZTJLI full > VN = 00 as N — oo.
Hence, (fn)n is not equivalent to the canonical basis of ¢g, a contradiction. O

Remark 9.17. The weight w defined in the proof of Theorem 9.16 has some nice
properties

i) w(A) < o0 if A is finite,
i) w(d) =0as ) . ,w({n}) —0,and w(A) = o0 as ) ., w({n}) = oo,

iii) If A, B C N are finite sets such that ) # A C B, then w(B) —w(4) >n > 0,
where 7 depends only on |A| and |B|. In particular,

w(A) + (V1B = VIA]) < w(B).

Corollary 9.18. i) There exists a 1-unconditional basis B that is w-(N, strong
partially greedy) for some weight on sets w, but B is not - (N, strong partially
greedy) for any weight sequence ¢ with inf s,, > 0.
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ii) Let n # N and Ay n be finite. There exists a 1-unconditional basis B that is
w-(n, strong partially greedy) for some weight on sets w, but B is not ¢-(n,
strong partially greedy) for any weight sequence C.

iii) Let n be such that Ay is infinite. There exists a 1-unconditional Schauder
basis B that is w-(n, strong partially greedy) for some weight on sets w, but
B is not (- (n, strong partially greedy) for any weight sequence ¢ that satisfies
either inf,, s,, > 0 orinf, cn s, = 0.

Remark 9.19. Corollary 9.18 item i) is sharp in the sense that we cannot drop the
requirement inf s,, > 0. Indeed, Khurana [28] characterized (-(N, strong partially
greedy) bases by quasi-greediness and the so-called ¢-left-Property (A). By [28,
Remark 3.3], any basis trivially satisfies (-left-Property (A) with ¢ = (s,)52, =
(27™)%2,. Hence, if we have an w-(N, strong partially greedy) basis, it is quasi-
greedy by Theorem 9.10 and has (-left-Property (A) for s,, = 27™. Therefore, the
basis is automatically ¢(-(N, strong partially greedy).

As we shall show later, we can remove the condition “either inf,, s, > 0 or

infpen s, =07 in item iii) and bring items ii) and iii) into one theorem.

Proof of Corollary 9.18. Ttem i) is due to [20, Theorem 1.21], while iii) is due to
Theorem 9.16. We prove item ii). Suppose that n # N and N\n is finite. We use
the example of a basis B in [20, Section 4]. The basis B is w-(N, strong partially
greedy) for some weight on sets w, but B is neither (N, strong partially greedy)
nor has a subsequence equivalent to the canonical basis of cg.

We claim that B is not ¢-(n, strong partially greedy) for any weight sequence
¢. Suppose otherwise. By Corollary 9.15, B is either (n, strong partially greedy)
or B has a subsequence that is equivalent to the canonical basis of ¢y. Since the
difference set Ay p is finite, by Theorem 3.9, B is either (N, strong partially greedy)
or B has a subsequence that is equivalent to the canonical basis of ¢y. However,
neither of these holds. O

Theorem 9.20. Let n # N. There ezists a 1-unconditional Schauder basis B
that is w-(n, strong partially greedy) for some weight on sets w, but B is not {-(n,
strong partially greedy) for any weight sequence (.

Proof. Let s, = ﬁ and t,, = % for n > 1. Let X be the completion of c¢pg under
the following norm: for z = (x1, 2, ...),

oo
HJC” = SUI? Zsﬂ'(i)‘znzz‘71|+ Z tﬂ"(j)|xj‘ s
o 1=1 JEN\(n2i-1):

where m : N = N and 7’ : N\(ng;_1); — N are bijections. Consider the canonical
basis B, which is normalized and 1-unconditional. Define a weight w on each set
A C N as follows:

00 if A is infinite.

w(A) = {HlAH if A is finite,
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Since ||14]] = w(A) for each finite A C N, B is w-(n, conservative). Hence, we know
that B is w-(n, strong partially greedy) by Theorem 9.10. Besides, w satisfies all
properties listed in Remark 9.17. We show that B is not (-(n, strong partially
greedy) for any weight sequence ¢ = (s,,),. Suppose otherwise.

If either sup,, s,, = oo or inf,en s, = 0, then Proposition 9.12 items ii) and
iii) give that B has a subsequence that is equivalent to the canonical basis of ¢, a
contradiction.

For the rest of the proof, assume that 0 < o := inf,,cn 55, < sUp,, 85, =: B < 0
and set p = [B/a]. For each N € N, let Ay = {ni,ns3,...,non_1} and By =
{nan,nany2,. .., Nant2ppNn—1)}- Note that Ay Cn, Ay < By Nn, and

((An) < BN < pNa = [Bla < ((Bw).

Hence, (An, By) € T¢(n). However,

N pN
1 . 1
[1ayll = Z% > 2V/N +1-2, while ||1p,| = Z; < In(pN) + 1.
=1 =1

We have |14, |/l[1By]| = 00 as N — co. Therefore, B is not ¢-(n, conservative)
and thus, is not ¢-(n, strong partially greedy). O

Acknowledgements. The author acknowledges the summer funding from the
Department of Mathematics at the University of Illinois Urbana-Champaign. The
author is thankful to Timur Oikhberg for helpful feedback on earlier drafts of this

paper.

Reference

[1] Albiac, F., Ansorena, J. L.: Characterization of 1-quasi-greedy bases. J. Approx. Theory
201, 7-12 (2016)

[2] Albiac, F., Ansorena, J. L.: Characterization of 1-almost greedy bases. Rev. Mat. Complut.
30, 13-24 (2017)

[3] Albiac, F., Ansorena, J. L., Blasco, 0., Chu, H. V., Oikhberg, T.: Counterexamples in
isometric theory of symmetric and greedy bases, J. Approx. Theory 297, 1-20 (2024)

[4] Albiac, F., Kalton, N.: Topics in Banach Space Theory (2nd ed.). Graduate Texts in Math-
ematics 233, Springer, New York (2016)

[5] Albiac, F., Wojtaszczyk, P.: Characterization of 1-greedy bases. J. Approx. Theory 138,
65-86 (2006)

(6] Berasategui, M., Bernd, P. M.: Quasi-greedy bases for sequences with gaps. Nonlinear Anal.
208, 1-17 (2021)

[7] Berasategui, M., Bernd, P. M.: Extensions of democracy-like properties for sequences with
gaps. MIA, Math. Inequal. Appl. 25, 1155-1189 (2022)

[8] Berasategui, M., Bernd, P. M.: Extensions of greedy-like bases for sequences with gaps.
Preprint (2020)

[9] Berasategui, M., Bernd, P. M., Chu, H. V.: Extensions and new characterizations of some
greedy-type bases. Bull. Malaysian Math. Sci. Soc. 46, 1-18 (2023)

[10] Berasategui, M., Bernd, P. M., Lassalle, S.: Strong partially greedy bases and Lebesgue-type

inequalities. Constr. Approx. 54, 507-528 (2021)



62

H. V. Chu

(11]
(12]
13]
(14]
(15]
[16]
(17]
(18]
(19]

20]
(21]

[22]
23]
24]
[25]
[26]
27]
(28]
29]

(30]

Berasategui, M., Lassalle, S.: Weak greedy algorithms and the equivalence between semi-
greedy and almost greedy Markushevich bases. J. Fourier Anal. Appl. 29, 1-37 (2023)
Berasategui, M., Lassalle, S.: Weak weight-semi-greedy Markushevich bases. To appear in
Proc. Roy. Soc. Edinburgh Sect. A

Bernd, P. M.: Characterization of weight-semi-greedy bases. J. Fourier Anal. Appl. 26, 1-21
(2020)

Berné, P. M.: A note on partially-greedy bases in quasi-Banach spaces. Studia Math. 259,
225-239 (2021)

Bern4, P. M., Blasco, O., Garrigés, G.: Lebesgue inequalities for greedy algorithm in general
bases. Rev. Mat. Complut. 30, 369-392 (2017)

Berna, P. M., Blasco, ()., Garrigés, G., Hernandez, E., Oikhberg, T.: Lebesgue inequalities
for Chebyshev thresholding greedy algorithms. Rev. Mat. Complut. 33, 695-722 (2020)
Berna, P. M., Dilworth, S. J., Kutzarova, D., Oikhberg, T., Wallis, B.: The weighted
property (A) and the greedy algorithm. J. Approx. Theory 248, 1-18 (2019)

Chu, H. V.: Variations of property (A) constants and Lebesgue-type inequalities for the
weak thresholding greedy algorithms. J. Approx. Theory. 285, 1-28 (2023)

Chu, H. V.: Performance of the thresholding greedy algorithm with larger greedy sums. J.
Math. Anal. Appl. 525, 1-23 (2023)

Chu, H. V.: On weighted greedy-type bases. Bull. Braz. Math. Soc. (N.S.) 54, 1-20 (2023)
Chu, H. V.: Larger greedy sums for reverse partially greedy bases, Anal. Math. 50, 111-125
(2024)

Dilworth, S. J., Kalton, N. J., Kutzarova, D.: On the existence of almost greedy bases in
Banach spaces. Studia Math. 159, 67-101 (2003)

Dilworth, S. J., Kalton, N. J., Kutzarova, D., Temlyakov, V. N.: The thresholding greedy
algorithm, greedy bases, and duality. Constr. Approx. 19, 575-597 (2003)

Dilworth, S. J., Khurana D.: Characterizations of almost greedy and partially greedy bases.
Jaen J. Approx. 11, 115-137 (2019)

Dilworth, S. J., Kutzarova, D., Odell, E., Schlumprecht Th., Zsdk, A.: Renorming spaces
with greedy bases. J. Approx. Theory 188, 39-56 (2014)

Dilworth, S. J., Kutzarova, D., Temlyakov, V. N., Wallis, B.: Weight-almost greedy bases.
Proc. Steklov. Inst. Math. 303, 109-128 (2018)

Edel’étein7 1. S., Wojtaszczyk, P.: On projections and unconditional bases in direct sums of
Banach spaces. Studia Math. 56, 263-276 (1976)

Khurana, D.: Weight-partially greedy bases and weight-property (A). Ann. Funct. Anal.
11, 101-117 (2020)

Konyagin, S. V., Temlyakov, V. N.: A remark on greedy approximation in Banach spaces.
East J. Approx. 5, 365-379 (1999)

Oikhberg, T.: Greedy algorithm with gaps. J. Approx. Theory 225, 176-190 (2018)

Received: 18 June 2023/Accepted: 10 May 2024/Published online: 13 May 2024

Department of Mathematics, Texas AE&M University, College Station, TX 77843, USA
hungchul@tamu.edu

© The copyright of this article is retained by the Author(s).

Open Access. This article is published in open access form and licensed under the terms of the
Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International (CC BY-NC-SA
4.0) (http://creativecommons.org/licenses/by-nc-sa/4.0/).


http://creativecommons.org/licenses/by-nc-sa/4.0/

	Introduction
	Settings and classical results
	Motivation and outline

	Characterizations of (n, strong partially greedy) bases
	Truncation operator, (super)conservative bases, and PSLC
	Characterizations of (n, strong partially greedy) bases

	Strong partially greedy bases with respect to different sequences
	(n, strong partially greedy) but not strong partially greedy bases
	(n, strong partially greedy) but not (m, strong partially greedy) bases
	When (n, strong partially greedy) is the same as (m, strong partially greedy)

	Lebesgue inequalities for the (n, strong partially greedy) parameter mn
	(n, strong partially greedy)-type parameters
	Bounds for nm
	Examples of optimality

	Characterizations of 1-(n, strong partially greedy) bases
	Characterizations of 1-(n, strong partially greedy) bases
	An 1-(n, PSLC) basis that is not (m, conservative)

	Consecutive projections onto a sequence n
	Characterization of (n, almost greedy) bases
	The realm of (n, almost greedy) bases
	(n, consecutive almost greedy) bases and characterizations
	1-CAG(n, I) and 1-CAG(n, II) bases

	On (n, strong partially greedy) bases with gaps
	The theory of greedy-type properties with gaps
	Generalization to s-(n, strong partially greedy) bases
	n-Schauder bases
	Characterization of s-(n, strong partially greedy) bases
	When an s-(n, strong partially greedy) basis is (n, strong partially greedy)


	Larger greedy sums for (n, strong partially greedy) bases
	(, n, strong partially greedy) bases and their characterizations
	(, n, strong partially greedy) but not (n, strong partially greedy) bases

	Weighted (n, strong partially greedy) bases
	The theory of weighted greedy-type bases
	Weighted (n, strong partially greedy) bases and characterizations
	Properties of -(n, conservative) bases


