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Strong partially greedy bases with respect to an arbitrary
sequence

Hùng Viê.t Chu

Abstract. For Schauder bases, Dilworth et al. introduced and characterized the partially greedy

property, which is strictly weaker than the (almost) greedy property. Later, Berasategui et al.

defined and studied the strong partially greedy property for general bases. Let n be any strictly

increasing sequence of positive integers. In this paper, we define the strong partially greedy prop-

erty with respect to n, called the (n, strong partially greedy) property. We give characterizations

of this new property, study relations among (n, strong partially greedy) properties for different

sequences n, establish Lebesgue-type inequalities for the (n, strong partially greedy) parameter,

investigate (n, strong partially greedy) bases with gaps, and weighted (n, strong partially greedy)

bases, to name a few. Furthermore, we introduce the (n, almost greedy) property and equate the

property to a strengthening of the (n, strong partially greedy) property. This paper can be viewed

both as a survey of recent results regarding strong partially greedy bases and as an extension of

these results to an arbitrary sequence instead of N.

1. Introduction

1.1. Settings and classical results

Let X be a separable, infinite dimensional Banach space over the field F = R or
C with the dual space X∗. A countable set B = (en)

∞
n=1 ⊂ X is said to be a

semi-normalized basis (or basis, for short) of X if

a) span{en : n ∈ N} is norm-dense in X;

b) there is a semi-normalized sequence (e∗n)
∞
n=1 ⊂ X∗ such that e∗j (ek) = δj,k

for all j, k ∈ N;

c) there exist c1, c2 > 0 such that

0 < c1 := inf
n
{∥en∥, ∥e∗n∥} ≤ sup

n
{∥en∥, ∥e∗n∥} =: c2 < ∞.

For a basis B, we represent each vector x ∈ X with the formal series
∑

n∈N e∗n(x)en.
It is possible that two different vectors have the same representation unless B is a
Markushevich basis, which, in addition to items a), b), and c) above, also satisfies

d) span{e∗n : n ∈ N}
w∗

= X∗.
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A Schauder basis satisfies items from a) to d), and there exists the least constant
Kb, called the basis constant, such that ∥Sm(x)∥ ≤ Kb∥x∥, for all x ∈ X and
m ∈ N, where Sm(x) =

∑m
n=1 e

∗
n(x)en. When Kb = 1, we say that B is monotone.

By a density argument, it is easy to see that if B is a basis, then

lim
n→∞

|e∗n(x)| = 0,∀x ∈ X. (1.1)

We now introduce notation, some of which have been frequently used in the litera-
ture: fixing x ∈ X, finite subsets A,B of positive integers, and a strictly increasing
sequence of positive integers n = n1, n2, . . ., we define

1. a sign ε to be a sequence (εn)
∞
n=1 of scalars of modulus 1.

2. 1A =
∑

n∈A en and 1εA =
∑

n∈A εnen, for a given sign ε.

3. PA(x) =
∑

n∈A e∗n(x)en and PAc(x) = x− PA(x).

4. ∥x∥∞ = maxn |e∗n(x)| and supp(x) = {n : e∗n(x) ̸= 0}.

5. A < B to mean that a < b for all a ∈ A, b ∈ B. It holds vacuously that
∅ < A and ∅ > A. Also, n < A for a number n means {n} < A.

6. A⊔B to mean A∩B = ∅. Hence, D < (A⊔B)∩E for two sets D,E means
that D < (A ∪B) ∩ E and A ∩B = ∅.

7. T(n) to be the collection of all ordered pairs of finite sets (A,B) such that
A ⊂ n, |A| ≤ |B|, and A < B ∩ n.

8. S(n) to be the collection of all ordered pairs of finite sets (A,B) such that
A ⊂ n and |A| ≤ |B|.

9. for a number a, A|a = {n ∈ A : n ≥ a}. Furthermore, for sets A,B,C,
A < (B ⊔C)|minA means that B ⊔C and either A = ∅ or A < (B ∪C)|minA.

10. for m ≥ 0, I(m) := {A ⊂ N : |A| = m and A is an interval}, I≤m :=
∪1≤k≤mI(k), and I := ∪m≥0I(m).

The limit (1.1) enables the definition of the thresholding greedy algorithm
(TGA), introduced by Konyagin and Temlyakov in 1999 [29]. For each x ∈ X, the
algorithm chooses the largest coefficients (in modulus) with respect to B: a set
A ⊂ N is a greedy set of x of order m if |A| = m and

min
n∈A

|e∗n(x)| ≥ max
n/∈A

|e∗n(x)|.

The corresponding greedy sum is Gm(x) := PA(x). Let G(x,m) denote the set
of all greedy sets of x of order m. The TGA thus produces a (possibly nonunique)
sequence (Gm(x))∞m=1 for each x ∈ X.

Konyagin and Temlyakov [29] then defined and characterized greedy bases as
being unconditional and democratic. In particular,
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Definition 1.1. A basis B is greedy if there exists C ≥ 1 such that

∥x−Gm(x)∥ ≤ Cσm(x), ∀x ∈ X, ∀m ∈ N, ∀Gm(x), (1.2)

where

σm(x) := inf
an∈F

{∥∥∥∥∥x−
∑
n∈A

anen

∥∥∥∥∥ : |A| = m

}
.

If C satisfies (1.2), we say that B is C-greedy.

Definition 1.2. A basis B is unconditional if there exists K ≥ 1 such that for all
N ∈ N, ∥∥∥∥∥

N∑
n=1

anen

∥∥∥∥∥ ≤ K

∥∥∥∥∥
N∑

n=1

bnen

∥∥∥∥∥ ,
whenever |an| ≤ |bn| for all 1 ≤ n ≤ N . The least constant K is denoted by Ku,
called the unconditional constant of B. Equivalently, there exists the so-called
suppression-unconditional constant Ksu, which is the smallest constant such that
∥PA(x)∥ ≤ Ksu∥x∥ for all A ⊂ N.

Definition 1.3. A basis B is superdemocratic if there is C ≥ 1 such that

∥1εA∥ ≤ C∥1δB∥, (1.3)

for all finite sets A,B ⊂ N with |A| ≤ |B| and for all signs ε, δ. Let Csd be the
smallest constant for (1.3) to hold. If (1.3) holds for ε ≡ δ ≡ 1, then we say that
B is C-democratic; the smallest constant in this case is denoted by Cd.

Theorem 1.4 (Konyagin and Temlyakov [29]). A basis B in a Banach space is
greedy if and only if it is unconditional and democratic.

Continuing the work, Dilworth et al. [23] defined and characterized the so-
called almost greedy bases as being quasi-greedy and democratic.

Definition 1.5. A basis B is almost greedy if there exists C ≥ 1 such that

∥x−Gm(x)∥ ≤ Cσ̃m(x),∀x ∈ X,∀m ∈ N,∀Gm(x), (1.4)

where σ̃m(x) := inf{∥x− PA(x)∥ : |A| = m}. If C verifies (1.4), then B is said to
be C-almost greedy.

Definition 1.6. A basis B is quasi-greedy if there exists C > 0 such that

∥Gm(x)∥ ≤ C∥x∥,∀x ∈ X,m ∈ N,∀Gm(x).

The least such C is denoted by Cq, called the quasi-greedy constant. Also when
B is quasi-greedy, let Cℓ be the least constant such that

∥x−Gm(x)∥ ≤ Cℓ∥x∥,∀x ∈ X,m ∈ N,∀Gm(x).

We call Cℓ the suppression quasi-greedy constant.
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Theorem 1.7 (Dilworth et al. [23]). A basis B in a Banach space is almost greedy
if and only if it is quasi-greedy and democratic.

Remark 1.8. By definition, any greedy basis is almost greedy. However, [4,
Example 10.2.9] is an almost greedy basis that is not greedy.

Another popular greedy-type basis is the so-called partially greedy, also in-
troduced by Dilworth et al. for Schauder bases [23]. Later, Berasategui et al.
defined strong partially greedy bases for general bases [10]. Both partially greedy
Schauder bases and strong partially greedy bases can be characterized as being
quasi-greedy and conservative. Since we work with general bases, we shall use the
definition of strong partially greedy bases.

Definition 1.9. A basis B is strong partially greedy if there exists C ≥ 1 such
that

∥x−Gm(x)∥ ≤ Cpσm(x),∀x ∈ X,∀m ∈ N,∀Gm(x). (1.5)

where pσm(x) := min0≤k≤m ∥x− P{1,...,k}(x)∥. If C verifies (1.4), then B is said to
be C-strong partially greedy.

Definition 1.10. A basis B is superconservative if there is C > 0 such that

∥1εA∥ ≤ C∥1δB∥, (1.6)

for all finite sets A,B ⊂ N with |A| ≤ |B|, A < B and for all signs ε, δ. Let Csc

be the smallest constant for (1.6) to hold. If (1.6) holds for ε ≡ δ ≡ 1, then we
say that B is C-conservative; the smallest constant in this case is denoted by Cc.

Theorem 1.11 ([14, Theorem 4.2]). A basis B is strong partially greedy if and
only if it is quasi-greedy and conservative.

1.2. Motivation and outline

Throughout the paper, let n = n1, n2, . . . be a strictly increasing sequence of
positive integers. The first motivation comes from a natural extension of strong
partially greedy bases. While pσm(x) measures the distance between x and the
projection of x onto the first m vectors in B, this paper investigates the resulting
bases that satisfy (1.5) with pσm(x) replaced by pσn

m(x), where pσn
m(x) measures the

distance between x and the projection of x onto the first m vectors in (en)n∈n.
Formally, for each x ∈ X, let Pn

m(x) :=
∑m

i=1 e
∗
ni
(x)eni . Define

pσn
m(x) := min

0≤k≤m
∥x− Pn

k (x)∥.

Definition 1.12. A basis B in a Banach space is said to be (n, strong partially
greedy) if there exists C ≥ 1 such that

∥x−Gm(x)∥ ≤ Cpσn
m(x), ∀x ∈ X, ∀m ∈ N, ∀Gm(x). (1.7)

The smallest constant C for (1.7) to hold is denoted by Cn,sp. Note that when
n = N, we have strong partially greedy bases.
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The second motivation comes from recent work by Berasategui et al. [9], where
the authors let

qσm(x) := inf{∥x− PI(x)∥ : I ∈ I, |I| = m}

and define consecutive almost greedy bases of type I.

Definition 1.13. A basis B is said to be consecutive almost greedy of type I
(CAG(I)) if there exists C ≥ 1 such that

∥x−Gm(x)∥ ≤ Cqσm(x),∀x ∈ X,∀m ∈ N,∀Gm(x). (1.8)

Theorem 1.14 ([9, Theorem 1.7]). A basis B is CAG(I) if and only if

∥x−Gm(x)∥ ≤ Cqσk(x),∀x ∈ X,∀m ∈ N,∀k ≤ m.

It can be seen from Definition 1.13 that the notion of CAG(I) bases is a
strengthening of the notion of strong partially greedy bases. Specifically, instead
of projecting x onto the first m vectors in B, we project x onto any set of m
consecutive vectors arbitrarily to the right. We have the implications

greedy =⇒ almost greedy =⇒ CAG(I) =⇒ strong partially greedy.

Surprisingly, Theorem 1.14 states that a basis is CAG(I) if and only if it is almost
greedy. By introducing (n, strong partially greedy) bases, we would like to explore
whether we still obtain almost greedy bases if we project x onto vectors with
consecutive indices in n. We predict that the answer is negative at least in the
case N\n is infinite, since then, there are certain parts of B that are never projected
on. Then we would have a new type of greedy bases that lie strictly between being
almost greedy and being (n, strong partially greedy). Our prediction is confirmed
by Proposition 6.4 and Theorem 6.7.

The third motivation comes from the following property of unconditional bases
of the classical space ℓp ⊕ ℓq for 1 ≤ p < q < ∞. Èdel’̌stěin and Wojtaszczyk
[27] showed that any unconditional basis B of the direct sum ℓp ⊕ ℓq consists of
two subsequences, one of which, denoted by B1, is a basis for ℓp, while the other,
denoted by B2, is a basis for ℓq. By [4, Proposition 2.1.3], we can find subsequences
of B1 and B2 that are equivalent to the canonical bases of ℓp and ℓq, respectively.
We now use the same reasoning as in [4, Example 10.4.4] to conclude that B is not
conservative. By Theorem 1.11, B is not strong partially greedy. In short, if B is
an unconditional basis of ℓp ⊕ ℓq, then B is not strong partially greedy. However,
there exists an unconditional basis of ℓp ⊕ ℓq that is (n, strong partially greedy)
for some n. For example, let B = (en)n be the direct sum of the standard unit
vector bases of the two spaces to have∥∥∥∥∥

∞∑
n=1

anen

∥∥∥∥∥ =

( ∞∑
k=0

|a2k+1|p
)1/p

+

( ∞∑
k=1

|a2k|q
)1/q

.
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Let n = 2, 4, 6, 8, . . . and (A,B) ∈ T(n). Setting B1 = B ∩ n and B2 = B\B1, we
have

∥1A∥ ≤ |A|1/q and ∥1B∥ = |B1|1/q + |B2|1/p.

If |B1| ≥ |A|, then ∥1B∥ ≥ ∥1A∥. If |B1| < |A|, then

∥1A∥ ≤ |A|1/q ≤ |B1|1/q + (|A| − |B1|)1/q ≤ |B1|1/q + |B2|1/q ≤ ∥1B∥.

We have shown that ∥1A∥ ≤ ∥1B∥ for all (A,B) ∈ T(n). As we shall see later, it
follows that B is (n, strong partially greedy).

We study various aspects of (n, strong partially greedy) bases in this paper,
which can be viewed both as a survey of recent results regarding strong partially
greedy bases and as an extension of these results to an arbitrary sequence instead
of N. The paper structure is as follows:

• Section 2 defines (n, (super)conservative bases) and (n, partial symmetry for
largest coefficients) (or (n, PSLC), for short) and characterizes (n, strong
partially greedy) bases in the same manner as Theorems 1.4, 1.7, and 1.11.

• Section 3 utilizes results in Section 2 to examine when an (m, strong partially
greedy) basis is (n, strong partially greedy) for two different sequences m
and n. In particular, let ∆m,n be the difference set of the two sequences m
and n. We prove that the (m, strong partially greedy) property is equivalent
to the (n, strong partially greedy) property if and only if ∆m,n is finite.

• Section 4 establishes some Lebesgue-type estimates (previously studied in
[10, 15, 16, 18]) for the (n, strong partially greedy) parameter, denoted by
pLn
m. Our results extend several inequalities proved in [10]. We also give

examples, which are modifications of [10, Examples 3.4 and 3.5], to show the
optimality of the estimates.

• Section 5 gives two characterizations of 1-(n, strong partially greedy) bases.
Furthermore, for any sequences m,n with infinite ∆m,n, we construct a 1-(n,
strong partially greedy) basis that is not (m, conservative). This strengthens
[10, Example 4.3].

• Section 6 introduces (n, almost greedy) bases, which can be shown to be
equivalent to a strengthening of the (n, strong partially greedy) property.
For two sequences m and n such that {i : i ∈ m, i /∈ n}, we prove that there
exists an (n, almost greedy) basis that is not (m, almost greedy). However,
if {i : i ∈ m, i /∈ n} is finite, then any (n, almost greedy) basis is (m, almost
greedy).

• Section 7 studies (n, strong partially greedy) bases with gaps including their
implications and characterizations. We generalize several results in [8] to the
case of an arbitrary sequence n.
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• Section 8 investigates bases that satisfy (1.7) withGm(x) replaced byG⌈λm⌉(x).
The replacement by a larger greedy sum was started by Dilworth et al. [23],
followed by the author of the present paper in [19].

• Section 9 discusses weighted (n, strong partially greedy) bases. Let ζ =
(sn)n ∈ (0,∞)N. For n ̸= N, we prove the following distinction between
ζ-strong partially greedy bases and ζ-(n, strong partially greedy) bases:
while there is a ζ such that all quasi-greedy bases are ζ-strong partially
greedy, there is no ζ such that all quasi-greedy bases are ζ-(n, strong par-
tially greedy).

It is worth mentioning that while all of our results are concerned with strong
partially greedy bases, we expect their analogs to hold for reverse partially greedy
bases (introduced by Dilworth and Khurana [24]) due to various evidence that the
two types of bases are companions [14, 21, 24, 28].

2. Characterizations of (n, strong partially greedy) bases

2.1. Truncation operator, (super)conservative bases, and PSLC

First, we recall the uniform boundedness of the truncation operator for quasi-
greedy bases. Fixing α > 0, we define the truncation function Tα as follows: for
b ∈ F,

Tα(b) =

{
sgn(b)α, if |b| > α,

b, if |b| ≤ α.

The truncation operator Tα : X → X is defined as

Tα(x) =

∞∑
n=1

Tα(e
∗
n(x))en = α1εΓα(x) + PΓc

α(x)(x),

where Γα(x) = {n : |e∗n(x)| > α} and ε = (sgn(e∗n(x))).

Theorem 2.1 ([15, Lemma 2.5]). Let B be a Cℓ-suppression quasi-greedy of a
Banach space. Then for any α > 0, ∥Tα∥ ≤ Cℓ.

Definition 2.2. A basis B in a Banach space is said to be (n, superconservative)
if there exists C > 0 such that

∥1εA∥ ≤ C∥1δB∥, (2.1)

for all (A,B) ∈ T(n) and for all signs ε, δ. The smallest constant C for (2.1) to
hold is denoted by ∆n,sc. If (2.1) holds for ε ≡ δ ≡ 1, then we say that B is (n,
conservative), and the smallest C in this case is denoted by ∆n,c. Note that “(N,
superconservative)” is the same as “superconservative”.

Next, we introduce the notion of (n, partial symmetry for largest coefficients)
(or (n, PSLC), for short).
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Definition 2.3. A basis B in a Banach space is said to be (n, PSLC) if there
exists C ≥ 1 such that

∥x+ 1εA∥ ≤ C∥x+ 1δB∥, (2.2)

for all x ∈ X with ∥x∥∞ ≤ 1, for all (A,B) ∈ T(n) with A < (B ⊔ supp(x)) ∩ n,
and for all signs ε, δ. The smallest C for which (2.2) holds is denoted by ∆n,pl.
When n = N, we say that B is PSLC as in [10, Definition 1.9].

Remark 2.4. i) Clearly, (n, PSLC) =⇒ (n, superconservative).

ii) It is well-known that a quasi-greedy basis has the UL property: there exist
C1,C2 > 0 such that

1

C1
min |an|∥1A∥ ≤

∥∥∥∥∥∑
n∈A

anen

∥∥∥∥∥ ≤ C2 max |an|∥1A∥,

which was first proved in [23]. It follows that a quasi-greedy and (n, conser-
vative) basis is (n, superconservative).

Lemma 2.5. If B is Cq-quasi-greedy and ∆n,sc-(n, superconservative), then B is
∆n,pl-(n, PSLC) with ∆n,pl ≤ 1 +Cq +∆n,scCq.

Proof. Let x,A,B, ε, δ be chosen as in Definition 2.3. We have

∥x∥ ≤ ∥x+ 1δB∥+ ∥1δB∥ ≤ (1 +Cq)∥x+ 1δB∥.

Furthermore,
∥1εA∥ ≤ ∆n,sc∥1δB∥ ≤ ∆n,scCq∥x+ 1δB∥.

By the triangle inequality, we get

∥x+ 1εA∥ ≤ ∥x∥+ ∥1εA∥ ≤ (1 +Cq +∆n,scCq)∥x+ 1δB∥.

This completes our proof.

2.2. Characterizations of (n, strong partially greedy) bases

We state the main result of this section.

Theorem 2.6. Let B be a basis in a Banach space. The following are equivalent:

i) B is (n, strong partially greedy).

ii) B is quasi-greedy and (n, PSLC).

iii) B is quasi-greedy and (n, superconservative).

iv) B is quasi-greedy and (n, conservative).

Proposition 2.7. If a basis B is Cn,sp-(n, strong partially greedy), then B is
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i) Cℓ-suppression quasi-greedy with Cℓ ≤ Cn,sp.

ii) ∆n,pl-(n, PSLC) with ∆n,pl ≤ Cn,sp.

Proof. i) From (1.7), we obtain

∥x−Gm(x)∥ ≤ Cn,sp∥x∥,∀x ∈ X,∀m ∈ N,∀Gm(x).

This yields the desired conclusion.
ii) Choose x,A,B, ε, δ as in Definition 2.3. Let nm = maxA and D =

{n1, . . . , nm}\A. Then

|D ∪B| = |B|+ |D| ≥ |A|+ |D| = m.

Set
y := 1εA + 1D + x+ 1δB .

Since D ∪B is a greedy sum of y of order at least m, we have

∥x+ 1εA∥ = ∥y − PD∪B(y)∥ ≤ Cn,sp∥y − Pn
m(y)∥ = Cn,sp∥x+ 1δB∥.

This completes our proof.

Proposition 2.8. If a basis B is Cℓ-suppression quasi-greedy and ∆n,pl-(n, PSLC),
then it is Cn,sp-(n, strong partially greedy) with Cn,sp ≤ Cℓ∆n,pl.

Before proving Proposition 2.8, we need the following lemma.

Lemma 2.9. A basis B is ∆n,pl-(n, PSLC) if and only if

∥x∥ ≤ ∆n,pl∥x− PA(x) + 1εB∥, (2.3)

for all x ∈ X with ∥x∥∞ ≤ 1, for all signs ε, and for all (A,B) ∈ T(n) with
A < (supp(x− PA(x)) ⊔B) ∩ n.

Proof. Suppose that B satisfies (2.3). Choose x,A,B, ε, δ as in Definition 2.3. Let
y = x+ 1εA. We have

∥x+ 1εA∥ = ∥y∥
(2.3)

≤ ∆n,pl∥y − PA(y) + 1δB∥ = ∆n,pl∥x+ 1δB∥.

Conversely, suppose that B is ∆n,pl-(n, PSLC). Choose x,A,B, ε as in (2.3).
We have

∥x∥ =

∥∥∥∥∥x− PA(x) +
∑
n∈A

e∗n(x)en

∥∥∥∥∥ ≤ sup
(δ)

∥x− PA(x) + 1δA∥

≤ ∆n,pl∥x− PA(x) + 1εB∥.

This completes our proof.
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Proof of Proposition 2.8. Let x ∈ X, m ∈ N and A ∈ G(x,m). Fix k ≤ m. We
need to show that

∥x− PA(x)∥ ≤ Cℓ∆n,pl∥x− Pn
k (x)∥.

Let E = {n1, n2, . . . , nk}\A, F = A\{n1, n2, . . . , nk}, and α = minn∈A |e∗n(x)|.
We verify that x− PA(x), E, and F satisfy the condition of Lemma 2.9:

i) by definition, E ⊂ n;

ii) that k ≤ m implies that |E| ≤ |F |;

iii) by definition, supp(x − PA(x) − PE(x)) ⊔ F ; E < F ∩ n; E < supp(x −
PA(x)− PE(x)) ∩ n.

By Lemma 2.9 and Theorem 2.1, we get

∥x− PA(x)∥ ≤ ∆n,pl

∥∥∥∥∥x− PA(x)− PE(x) + α
∑
n∈F

sgn(e∗n(x))en

∥∥∥∥∥
≤ ∆n,pl ∥Tα(x− PA(x)− PE(x) + PF (x))∥
≤ ∆n,plCℓ∥x− Pn

k (x)∥,

as desired.

Proof of Theorem 2.6. By Propositions 2.7 and 2.8, we have i) ⇐⇒ ii). By Re-
mark 2.4, ii) =⇒ iii) and iii) ⇐⇒ iv). Finally, Lemma 2.5 gives iii) =⇒ ii).

3. Strong partially greedy bases with respect to different se-
quences

In this section, we answer the question of when an (m, strong partially greedy) ba-
sis is necessarily (n, strong partially greedy) for two arbitrary sequences m and n.
First, we define (n, (super)democratic), which is stronger than (n, conservative).

Definition 3.1. A basis B in a Banach space is said to be (n, superdemocratic)
if there exists C ≥ 1 such that

∥1εA∥ ≤ C∥1δB∥, (3.1)

for all (A,B) ∈ S(n) and for all signs ε, δ. The smallest constant C for (3.1) to
hold is denoted by ∆n,sd. If (3.1) holds for ε ≡ δ ≡ 1, then we say that B is (n,
democratic), and the smallest C in this case is denoted by ∆n,d.



Strong partially greedy bases with respect to a sequence 11

3.1. (n, strong partially greedy) but not strong partially greedy bases

Theorem 3.2. Let n be any strictly increasing sequence such that N\n is infinite.
There exists a 1-unconditional basis B that is (n, strong partially greedy) but is
not conservative and thus, not strong partially greedy.

Proof. Define the sequence of weights wn = 1√
n
for n ≥ 1. LetX be the completion

of c00 with respect to the following norm: for x = (x1, x2, . . .),

∥x∥ = sup
π

∑
i

wπ(i)|xni |+
∑
n/∈n

|xn|,

where π is a bijection on N. Let B be the canonical basis. Then B is normalized
and 1-unconditional. We prove the following:

i) B is 1-(n, superdemocratic) and thus, is (n, strong partially greedy).

ii) B is not conservative and thus, is not strong partially greedy.

i) For all finite sets (A,B) ∈ S(n) and for all signs ε, δ, we have

∥1εA∥ =

|A|∑
i=1

1√
i
and ∥1δB∥ =

|B1|∑
i=1

1√
i
+ |B2|,

where B1 = B ∩ n and B2 = B\B1. If |B1| ≥ |A|, then ∥1εA∥ ≤ ∥1δB∥. If
|B1| < |A|, then

∥1εA∥ =

|B1|∑
i=1

1√
i
+

|A|∑
|B1|+1

1√
i

≤
|B1|∑
i=1

1√
i
+ |A|− |B1| ≤

|B1|∑
i=1

1√
i
+ |B2| = ∥1δB∥.

ii) Fix N ∈ N. Choose N numbers in N\n to form a set D. Let E consists
of N numbers in n such that E > D. While ∥1D∥ = N , ∥1E∥ ≤ 2

√
N . Since

∥1D∥/∥1E∥ → ∞ as N → ∞, we know that B is not conservative.

3.2. (n, strong partially greedy) but not (m, strong partially greedy)
bases

Let m = m1,m2, . . . be another strictly increasing sequence. The example in
Theorem 3.2 is (n, democratic). In the next example, we give a basis that is (n,
conservative) but is not (n, democratic). Also, we can extend Theorem 3.2 to two
sequences m and n:

Theorem 3.3. Let m,n be two strictly increasing sequences such that the set
{i : i ∈ m, i /∈ n} is infinite. There exists a 1-unconditional basis B that is

i) (n, strong partially greedy).

ii) not (m, strong partially greedy).
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iii) not (n, democratic).

Remark 3.4. The basis we construct for Theorem 3.3 is in fact 1-(n, strong
partially greedy), which will be proved in Section 5 when we have characterizations
of 1-(n, strong partially greedy) bases.

Proof of Theorem 3.3. Let F := {F ⊂ N :
√
minF ≥ |F |} and wn = 1√

n
for n ≥ 1.

Write n = n1, n2, . . .. Define f : n → N by f(nk) = k. Let X be the completion
of c00 under the following norm: for x = (x1, x2, . . .),

∥x∥ = sup
F∈F
π

∑
i∈F

wπ(i)|xni
|+
∑
n/∈n

|xn|,

where π is a bijection on N. Let B be the canonical basis, which is 1-unconditional.
i) (n, strong partially greedy): we need only to show that B is 1-(n, conserva-

tive). Choose (A,B) ∈ T(n). Pick F ∈ F with F ⊂ f(A) and a bijection π on N.
We have ∑

i∈F

wπ(i)|e∗ni
(1A)| ≤

|F |∑
i=1

1√
i
.

Set B1 = B ∩ n and B2 = B\B1.
Case 1: |B1| ≥ |F |. Let F ′ ⊂ f(B1) such that |F ′| = |F |. Since B ∩ n > A,

we know that F ′ > F and so, F ′ ∈ F . Choose a bijection σ on N such that
σ(F ′) = {1, . . . , |F ′|}. We obtain

|F |∑
i=1

1√
i

=

|F ′|∑
i=1

1√
i

=
∑
i∈F ′

wσ(i)|e∗ni
(1B1)| ≤ ∥1B∥.

Case 2: |B1| < |F |. Since |B1|+ |B2| ≥ |A|, we know that |B2| > |A|−|F |. Let
F ′ = f(B1), so F ′ > F and |F ′| < |F |. Hence, F ′ ∈ F . Letting σ be a bijection
on N such that σ(F ′) = {1, . . . , |F ′|}, we obtain

∥1B∥ ≥
∑
i∈F ′

wσ(i)|e∗ni
(1B1

)|+ |B2|

=

|B1|∑
i=1

1√
i
+ |B2| ≥

|B|∑
i=1

1√
i

≥
|A|∑
i=1

1√
i

≥
|F |∑
i=1

1√
i
.

In both cases, we get ∥1B∥ ≥
∑|F |

i=1
1√
i
=
∑

i∈F wπ(i)|e∗ni
(1A)|. Let F ∈ F and

π vary to conclude that ∥1B∥ ≥ ∥1A∥.
ii) not (m, strong partially greedy): we show that B is not (m, conservative).

Let D := {i : i ∈ m, i /∈ n} and N ∈ N. Since D is infinite, we can choose
E ⊂ D with |E| = N . Also choose F ⊂ n such that F > E and |F | = N . Then

∥1E∥ = N , while ∥1F ∥ ≤
∑|F |

i=1
1√
i
≤ 2

√
N . Hence, ∥1E∥/∥1F ∥ → ∞ as N → ∞.

We conclude that B is not (m, conservative).
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iii) not (n, democratic): Let N ∈ N. Write n = n1, n2, . . .. Choose E =

{n1, . . . , nN} and F = {nN2+1, nN2+2, . . . , nN2+N}. Clearly, ∥1F ∥ =
∑N

i=1
1√
i
≥

2(
√
N + 1−1). We find an upper bound for ∥1E∥. Let G ∈ F with G ⊂ {1, . . . , N}

and a bijection π on N. Set m = minG.

Case 1:
√
m ≥ N −m+ 1. Then m ≥ N −

√
4N+5
2 + 3

2 and |G| ≤ N −m+ 1.
Hence,

∑
i∈G

wπ(i)|e∗ni
(1E)| ≤

N−m+1∑
i=1

1√
i

≤ 2
√
N −m+ 1 ≤

√
2

√√
4N + 5− 1.

Case 2:
√
m < N −m+ 1. Then m < N −

√
4N+5
2 + 3

2 and |G| ≤
√
m. Hence,

∑
i∈G

wπ(i)|e∗ni
(1E)| ≤

⌊
√
m⌋∑

i=1

1√
i

≤ 2 4
√
m ≤ 2

4

√
N −

√
4N + 5

2
+

3

2
.

We conclude that ∥1E∥ ≲ 4
√
N and so, ∥1F ∥/∥1E∥ → ∞ asN → ∞. Therefore,

B is not (n, democratic).

The norm in the proof of Theorem 3.3 is independent of m. We can, therefore,
have a stronger version of Theorem 3.3.

Theorem 3.5. Let n be a strictly increasing sequence. Then there exists a 1-
unconditional basis B that is

i) (n, strong partially greedy).

ii) not (m, strong partially greedy) for all strictly increasing sequence m with
{i : i ∈ m, i /∈ n} is infinite.

iii) not (n, democratic).

We now investigate whether the conclusion in Theorem 3.3 holds if we drop the
condition “{i : i ∈ m, i /∈ n} is infinite”. The answer depends on the cardinality of
the set “D = {i : i ∈ n, i /∈ m}”. If D is infinite, then we have the same conclusion
as in Theorem 3.3.

Theorem 3.6. Let m,n be two strictly increasing sequences such that the set
{i : i ∈ n, i /∈ m} is infinite. There exists a 1-unconditional basis B that is

i) (n, strong partially greedy).

ii) not (m, strong partially greedy).

iii) not (n, democratic).
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Proof. If {i : i ∈ m, i /∈ n} is infinite, then by Theorem 3.3, we are done. Assume,
for the rest of the proof, that {i : i ∈ m, i /∈ n} is finite. Let D = {i : i ∈
n, i /∈ m} = {d1, d2, . . .}, for d1 < d2 < · · · , F = {F ⊂ N :

√
minF ≥ |F |}, and

wn = 1√
n

for n ≥ 1. Write n = n1, n2, . . . and m = m1,m2, . . .. Let X be the

completion of c00 with respect to the following norm: for x = (x1, x2, x3, . . .),

∥x∥ = sup
π,σ

F,F ′∈F

(∑
i∈F

wπ(i)|xmi
|+

∑
i∈F ′

wσ(i)|xdi
|+

∑
i/∈n∪m

|xi|

)
,

where π, σ are bijections on N. Define f : m → N such that f(mk) = k and
g : D → N such that f(dk) = k. Let B be the canonical basis.

i) (n, strong partially greedy): we need only to show that B is (n, conservative).
Let (A,B) ∈ T(n) and M := |{i : i ∈ m, i /∈ n}|. If |A| ≤ |B| ≤ 12M , then

∥1A∥ ≤ 12M sup
n

∥en∥ ≤ 12M sup
n

∥en∥ sup
m

∥e∗m∥∥1B∥ ≤ 12Mc22∥1B∥.

Assume that |B| > 12M . Set A1 = A ∩ m and A2 = A\A1. Pick bijections
π, σ : N → N and F, F ′ ∈ F such that F ⊂ f(A1) and F ′ ⊂ g(A2). Then

∑
i∈F

wπ(i)|e∗mi
(1A)|+

∑
i∈F ′

wσ(i)|e∗di
(1A)| ≤

|F |∑
i=1

1√
i
+

|F ′|∑
i=1

1√
i

≤ 2

ℓ∑
i=1

1√
i
,

where ℓ = max{|F |, |F ′|}. We estimate ∥1B∥. Set B1 = B ∩m, B2 = B ∩D, and
B3 = B\(B1 ∪B2). We proceed by case analysis.

Case 1: |B3| ≥ |B|/3. Then

∥1B∥ ≥ |B3| ≥ |B|
3

≥ |A|
3

≥ ℓ

3
≥ 1

3

ℓ∑
i=1

1√
i
.

Case 2: |B2| ≥ |B|/3. Since |B| ≥ |A|, we have |B2| ≥ |A|/3 ≥ ℓ/3. Choose
F ′′ ⊂ g(B2) such that |F ′′| = ⌈ℓ/3⌉ ≤ ℓ. Since A < B ∩ n, we know that F ′′ > F
and F ′′ > F ′. Hence, F ′′ ∈ F . We have

∥1B∥ ≥
|F ′′|∑
i=1

1√
i

=

⌈ℓ/3⌉∑
i=1

1√
i
.

Case 3: |B1| ≥ |B|/3. Write B1 = B1,1∪B1,2, where B1,1 = B∩{i : i ∈ m, i /∈
n} and B1,2 = B ∩m ∩ n. We have

|B1,2| = |B1| − |B1,1| ≥ |B1| −M ≥ |B|
3

−M ≥ |B|
4

+

(
|B|
12

−M

)
>

|B|
4

.

The same argument as in Case 2 (applied to B1,2) gives that

∥1B∥ ≥
⌈ℓ/4⌉∑
i=1

1√
i
.
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In all cases, we obtain

∥1B∥ ≥ 1

3

⌈ℓ/4⌉∑
i=1

1√
i

≥ 1

12

ℓ∑
i=1

1√
i

=
1

24

(
2

ℓ∑
i=1

1√
i

)

≥ 1

24

(∑
i∈F

wπ(i)|e∗mi
(1A)|+

∑
i∈F ′

wσ(i)|e∗di
(1A)|

)
.

Letting π, σ, F, F ′ vary, we conclude that

24∥1B∥ ≥ ∥1A∥.

ii) not (m, conservative): Let N ∈ N. Choose

A = {d1, . . . , dN} and B = {mN2+1, . . . ,mN2+N}.

Clearly, (B,A) ∈ T(m). Using the same argument as in the proof of item iii) in
Theorem 3.3, we have that ∥1B∥/∥1A∥ → ∞ as N → ∞.

iii) not (n, democratic): Since {i : i ∈ m, i /∈ n} is finite, we know that
B = {mN2+1, . . . ,mN2+N} ⊂ n for sufficiently large N . Therefore, item ii) implies
that B is not (n, democratic).

Remark 3.7. The example in the proof of Theorem 3.6 is not 1-(n, strong par-
tially greedy) (see Remark 5.4). However, there does exist a 1-(n, strong partially
greedy) basis that satisfies the conclusion of Theorem 3.6. For an example of such
a basis, see Case 2 in the proof of Theorem 5.3.

The following theorem is immediate from Theorems 3.3 and 3.6.

Theorem 3.8. Let m,n be two strictly increasing sequences such that the differ-
ence set ∆m,n is infinite. There exists a 1-unconditional basis B that is

i) (n, strong partially greedy).

ii) not (m, strong partially greedy).

iii) not (n, democratic).

3.3. When (n, strong partially greedy) is the same as (m, strong par-
tially greedy)

We consider the remaining case when the difference set ∆m,n is finite.

Theorem 3.9. Let m,n be two strictly increasing sequences such that the differ-
ence set ∆m,n is finite. Then a basis B is (n, strong partially greedy) if and only
if it is (m, strong partially greedy).
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Proof. Assume that B is Cn,sp-(n, strong partially greedy). Let D1 = {i : i ∈
m, i /∈ n} and D2 = {i : i ∈ n, i /∈ m}. Since D1 and D2 are finite, there exists
N such that ni,mi > N implies that mi ∈ n, ni ∈ m. According to Theorem 2.6,
we need only to show that B is (m, conservative). Pick finite sets (A,B) ∈ T(m)
with 2(N + 1) ≤ |A| ≤ |B|. Define

A1 = {i ∈ A : i ≤ N} and A2 = A\A1,

B1 = {i ∈ B : i ≤ N} and B2 = B\B1.

For j ∈ B, we have

∥1A1
∥ ≤ N sup

n
∥en∥ and ∥1B∥ sup

n
∥e∗n∥ ≥ |e∗j (1B)| = 1.

Hence,
∥1A1

∥ ≤ N sup
n

∥en∥ sup
n

∥e∗n∥∥1B∥ ≤ Nc22∥1B∥. (3.2)

We claim that A2 < B2 ∩ n. Suppose otherwise; that is, there exist k ∈ B2 ∩ n
and j ∈ A2 such that j ≥ k. Since k ∈ B2 ∩ n, k ∈ B ∩m. Since j ∈ A2, j ∈ A.
However, the fact that j ≥ k contradicts our assumption that A < B ∩m.

Case 1: |A2| ≤ |B2|. Since B is Cn,sp-(n, conservative) and Cn,sp-suppression
quasi-greedy, we get

∥1A2
∥ ≤ Cn,sp∥1B2

∥ ≤ C2
n,sp∥1B∥,

which, together with (3.2), gives

∥1A∥ ≤ ∥1A1
∥+ ∥1A2

∥ ≤ (Nc22 +C2
n,sp)∥1B∥.

Case 2: |A2| > |B2|. We have |A2| ≤ |A| and |B2| ≥ |B| −N ≥ |A| −N . Since
|A| ≥ 2(N + 1), we get

|A2|
2

+ 1 ≤ |A|
2

+ 1 ≤ |A| −N ≤ |B2|.

Therefore, we can partition A2 into two disjoint sets A2,1 and A2,2 whose sizes
|A2,1|, |A2,2| ≤ |B2|. Using the same argument as in Case 1, we obtain

∥1A2,i
∥ ≤ C2

n,sp∥1B∥, for i = 1, 2.

Hence,
∥1A∥ ≤ ∥1A1∥+ ∥1A2∥ ≤ (Nc22 + 2C2

n,sp)∥1B∥.
We have shown that for (A,B) ∈ T(m) with 2(N + 1) ≤ |A| ≤ |B|, it holds

that
∥1A∥ ≤ (Nc22 + 2C2

n,sp)∥1B∥.
If |A| < 2(N + 1), then

∥1A∥ < 2(N + 1) sup
n

∥en∥ ≤ 2(N + 1) sup
n

∥en∥ sup
n

∥e∗n∥∥1B∥ ≤ 2(N + 1)c22∥1B∥.

This completes our proof that B is (m, conservative) and thus, (m, strong partially
greedy).
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4. Lebesgue inequalities for the (n, strong partially greedy)

parameter pLn
m

4.1. (n, strong partially greedy)-type parameters

For m ∈ N0 := N ∪ {0}, we capture the error term of the TGA by

γm(x) := sup
Gm(x)

∥x−Gm(x)∥.

Let pLn
m denote the smallest constant such that

γm(x) ≤ pLn
mpσn

m(x),∀x ∈ X.

A greedy operator, Gm : X → X, maps each x to a greedy sum of x of order m in
G(x,m); that is, Gm(x) = PA(x) for some A ∈ G(x,m). Given two greedy opera-
tors Gm and Gn, we write Gm < Gn when m < n and supp(Gm(x)) ⊂ supp(Gn(x))
for all x ∈ X. We list (n, strong partially greedy)-type parameters that are of
interests:

1. Quasi-greedy constants:

gm := sup{∥Gk∥ : k ≤ m} and gcm := sup{∥I − Gk∥ : k ≤ m},
g̃m := sup{∥Gk − Gj∥ : 0 ≤ k < j ≤ m,Gk < Gj}.

2. (n, superconservative) constant:

scnm := sup

{
∥1εA∥
∥1δB∥

: (A,B) ∈ T(n), |A| ≤ |B| ≤ m,A ≤ nm, signs ε, δ

}
.

3. (n, PSLC) constant:

ωn
m := sup

ε,δ
∥x∥∞≤1

{
∥x+ 1εA∥
∥x+ 1δB∥

:
|A| ≤ |B| ≤ m, A < (supp(x) ⊔B) ∩ n,

A ≤ nm, A ⊂ n

}
.

Lemma 4.1 ([15, Lemmas 2.3 and 2.5]). If x ∈ X and ε = (sgn(e∗n(x))), then

i) minn∈Λ |e∗n(x)|∥1εΛ∥ ≤ g̃m∥x∥,∀Λ ∈ G(x,m).

ii) ∥Tα(x)∥ ≤ gc|Λα|∥x∥,

where Tα is the truncation operator at α and Λα = {n : |e∗n(x)| > α}.
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4.2. Bounds for pLn
m

Theorem 4.2 (Upper bounds). For m ∈ N,

i) pLn
m ≤ 1 + 2κm, where κ = supj,k ∥ej∥∥e∗k∥.

ii) pLn
m ≤ gcm + g̃mscnm.

iii) pLn
m ≤ gcm−1ω

n
m.

Theorem 4.3 (Lower bounds). For m ∈ N,

max{gcm, ωn
m} ≤ max

1≤k≤m

pLn
k .

Corollary 4.4. It holds that pLn
1 = ωn

1 .

Proof. By Theorem 4.2 item iii), pLn
1 ≤ gc0ω

n
1 = ωn

1 . By Theorem 4.3, ωn
1 ≤ pLn

1 .

Hence, ωn
1 = pLn

1 .

Before proving Theorem 4.2, we need the following lemma.

Lemma 4.5. For m ∈ N, let

pωn
m :=

sup
ε

∥x∥∞≤1
A⊂n,A≤nm

{
∥x∥

∥x− PA(x) + 1εB∥
: |A| ≤ |B| ≤ m,A < (supp(x− PA(x)) ⊔B) ∩ n

}
.

Then ωn
m = pωn

m.

Proof. Let x,A,B, ε be as in the definition of pωn
m. We have

∥x∥ =

∥∥∥∥∥x− PA(x) +
∑
n∈A

e∗n(x)en

∥∥∥∥∥ ≤ sup
δ

∥x− PA(x) + 1δA∥

≤ ωn
m ∥x− PA(x) + 1εB∥ .

Hence, pωn
m ≤ ωn

m.
Now, let x,A,B, ε, δ be as in the definition of ωn

m. Let y = x+ 1εA. We have

∥x+ 1εA∥ = ∥y∥ ≤ pωn
m∥y − PA(y) + 1δB∥ = pωn

m∥x+ 1δB∥.

Hence, pωn
m ≥ ωn

m, and we conclude that pωn
m = ωn

m.

Proof of Theorem 4.2. i) For m ≥ 1, let L̃m be the smallest constant such that

γm(x) ≤ L̃mσ̃m(x).

By [15, Theorem 1.8], L̃m ≤ 1+ 2κm. Since pLn
m ≤ L̃m, we obtain pLn

m ≤ 1+ 2κm.
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ii) Pick x ∈ X, m ∈ N, and A ∈ G(x,m). Choose D = {n1, . . . , nk} for some
k ≤ m. Write

x− PA(x) = P(A∪D)c(x) + PD\A(x). (4.1)

Since A\D is a greedy set of x− Pn
k (x) and

P(A∪D)c(x) = (I − PA\D)(x− Pn
k (x)),

we have
∥P(A∪D)c(x)∥ ≤ gcm∥x− Pn

k (x)∥. (4.2)

Let ε = (sgn(e∗n(x))). Observe the following:

i) D\A < (A\D) ∩ n;

ii) D\A ⊂ n, D\A ≤ nm;

iii) |D\A| ≤ |A\D| ≤ m;

therefore, ∥1δ(D\A)∥ ≤ scnm∥1ε(A\D)∥ for all signs δ. We have

∥PD\A(x)∥ ≤ max
n∈D\A

|e∗n(x)| sup
δ

∥1δ(D\A)∥ by convexity

≤ scnm min
n∈A\D

|e∗n(x− Pn
k (x))|∥1ε(A\D)∥

≤ g̃mscnm∥x− Pn
k (x)∥ by Lemma 4.1 (4.3)

By (4.1), (4.2), and (4.3), we obtain

∥x− PA(x)∥ ≤ (gcm + g̃mscnm)∥x− Pn
k (x)∥,

and so, pLn
m ≤ gcm + g̃mscnm.

iii) Let x ∈ X, m ∈ N, and A ∈ G(x,m). Fix k ≤ m. Set E = {1, . . . , nk}\A,
F = A\{1, . . . , nk}, and α = minn∈A |e∗n(x)|. We check that x−PA(x), E, F satisfy
the definition of pωn

m:

a) |E| ≤ |F | ≤ m, E ⊂ n, and E ≤ nm,

b) ∥x− PA(x)∥∞ ≤ α,

c) E < (supp(x− PA(x)− PE(x)) ⊔ F ) ∩ n.

Let ε = (sgn(e∗n(x)) By Lemma 4.5 and Lemma 4.1, we get

∥x− PA(x)∥ ≤ ωn
m∥x− PA(x)− PE(x) + α1εF ∥

= ωn
m∥Tα(x− PA∪E(x) + PF (x))∥

≤ ωn
mgc|Λα|∥x− Pn

k (x)∥,

where Λα = {n : |e∗n(x− Pn
k (x))| > α}. Since |Λα| ≤ m− 1, we obtain

∥x− PA(x)∥ ≤ ωn
mgcm−1∥x− Pn

k (x)∥.

This completes our proof that pLn
m ≤ ωn

mgcm−1.
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Proof of Theorem 4.3. First, we show that max1≤k≤m
pLn
k ≥ gcm. Pick x ∈ X,

m ∈ N, and A ∈ G(x, j) for some j ≤ m. We have

∥(I − PA)x∥ ≤ pLn
j min

k≤j
∥x− Pn

k (x)∥ ≤ max
1≤k≤m

pLn
k∥x∥.

Therefore, gcm ≤ max1≤k≤m
pLn
k .

Next, we show that max1≤k≤m
pLn
k ≥ ωn

m. Let x,A,B, ε, δ be chosen as in
the definition of ωn

m. Let ns = maxA. Choose D ⊂ n such that maxD < ns,
D ⊔ A, and s ≤ t := |D ∪ B| ≤ m. We show that D actually exists, consider
D′ := {n1, . . . , ns}\A and have

|D′ ∪B| = |D′|+ |B| = s+ (|B| − |A|) ≥ s.

If |D′ ∪ B| ≤ m, then choose D = D′. If |D′ ∪ B| = m + p for some p ≥ 1, then
|D′| ≥ p. Discard p numbers from D′ to get D. Set

y := 1εA + 1D + x+ 1δB .

We have

∥x+ 1εA∥ = ∥y − PD∪B(y)∥ ≤ pLn
|D∪B|∥y − Pn

s (y)∥ ≤ max
1≤k≤m

pLn
k∥x+ 1δB∥.

We have shown that ωn
m ≤ max1≤k≤m

pLn
k .

4.3. Examples of optimality

Our first example is a slight modification of [10, Example 3.4] (the summing basis),
which shows the optimality of Theorem 4.2 item i) and Theorem 4.3.

Example 4.6. Let X be the completion of c00 under the following norm: for
x = (x1, x2, . . .),

∥x∥ = sup
m≥1

∣∣∣∣∣
m∑
i=1

xni

∣∣∣∣∣+max
n/∈n

|xn|.

The canonical basis B = (en)
∞
n=1 is monotone and normalized. The following hold

i) ∥e∗n∥ = 1 for all n /∈ n; ∥e∗n1
∥ = 1; ∥e∗ns

∥ = 2 for all s > 1.

ii) ωn
m = pLn

m = max1≤k≤m
pLn
k = 1 + 4m.

Proof of i). Let n /∈ n. Fix x = (x1, x2, . . .) ∈ X. We have |e∗n(x)| = |xn| ≤ ∥x∥.
Hence, ∥e∗n∥ ≤ 1. On the other hand, e∗n(en) = 1, so ∥e∗n∥ ≥ 1. We conclude that
∥e∗n∥ = 1.

Assume n = ns ∈ n and s > 1. We have

|e∗n(x)| = |xn| ≤

∣∣∣∣∣
s−1∑
i=1

xni

∣∣∣∣∣+
∣∣∣∣∣

s∑
i=1

xni

∣∣∣∣∣ ≤ 2∥x∥;
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hence, ∥e∗n∥ ≤ 2. For a lower bound, we consider y = −ens−1+2ens . Then ∥y∥ = 1,
while |e∗n(y)| = 2. Therefore, ∥e∗n∥ ≥ 2; we conclude that ∥e∗n∥ = 2.

Finally, it is easy to check that ∥e∗n1
∥ = 1.

Proof of ii). By Theorem 4.2 item i), we have pLn
k ≤ 1 + 4k, for κ = 2. Hence,

max1≤k≤m
pLn
k ≤ 1 + 4m. We show that ωn

m ≥ 1 + 4m. Let

A = {n1, n2, n3, . . . , nm},
B = {nm+2, nm+5, nm+8, . . . , n4m−1},
C = {nm+1, nm+4, nm+7, . . . , n4m−2} ∪ {nm+3, nm+6, . . . , n4m} ∪ {n4m+1}.

Let x = 1
21C . Observe that |A| = |B| = m, A < (B ⊔ supp(x)) ∩ n, A ⊂ n,

A ≤ nm. Clearly, ∥x+ 1A∥ = 2m+ 1
2 , while ∥x− 1B∥ = 1

2 . Hence,

ωn
m ≥ ∥x+ 1A∥

∥x− 1B∥
= 4m+ 1,

as desired. Therefore,

4m+ 1 ≤ ωn
m ≤ max

1≤k≤m

pLn
k ≤ 1 + 4m.

Using pLn
k ≤ 1 + 4k for all k ∈ N, we obtain item ii).

Next, we modify [10, Example 3.5] to show the optimality of Theorem 4.2
items ii) and iii).

Example 4.7. Let X be the completion of c00 with respect to the following norm:
for x = (x1, x2, . . .),

∥x∥ = max

{ ∞∑
i=1

|xn2i−1
|,max

n/∈n
|xn|,max

i
|xn2i

|

}
.

Let B = (en)n be the canonical basis of X. Then B is 1-unconditional and nor-
malized. The following hold

i) gm = g̃m = gcm = 1.

ii) scn2m = scn2m−1 = m.

iii) ωn
2m = ωn

2m−1 = pLn
2m−1 = pLn

2m = m+ 1.

Proof of i). Item i) follows from the 1-unconditionality of B.

Proof of ii). Let m ∈ N. Taking any set A ⊂ n with A ≤ n2m and sign ε, we have
∥1εA∥ ≤ m. Also, for any nonempty B ⊂ N and sign δ, we have ∥1δB∥ ≥ 1. Hence,
scn2m ≤ m. Since (scnm)m is increasing, it suffices to show that scn2m−1 ≥ m. Let

Am = {n1, n3, . . . , n2m−1} and Bm = {n2m+2, n2m+4, . . . , n4m}.
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Then |Am| = |Bm| = m, Am ⊂ n, Am ≤ n2m−1, and Am < Bm ∩ n. We have

∥1Am
∥ = m, while ∥1Bm

∥ = 1.

Hence, scn2m−1 ≥ m. We conclude that scn2m−1 = scn2m = m.

Proof of iii). By items i), ii), and Theorem 4.2 item ii), we obtain pLn
2m−1 ≤ m+1

and pLn
2m ≤ m+ 1. Observe that

∥1Am
+ en2m+1

∥ = m+ 1, while ∥1Bm
+ en2m+1

∥ = 1.

Hence, ωn
2m−1 ≥ m+ 1. According to Theorem 4.3, we get

m+ 1 ≤ ωn
2m−1 ≤ ωn

2m ≤ max
1≤k≤2m

pLn
k ≤ m+ 1. (4.4)

Let η > 0 and set
x := 1Am

+ en2m+1
+ (1 + η)1B2m

.

Then

∥x−G2m−1(x)∥ ≥ ∥x−G2m(x)∥ = ∥1Am + en2m+1∥ = m+ 1.

On the other hand,

∥x− Pn
2m(x)∥ ≤ ∥x− Pn

2m−1(x)∥ = ∥en2m+1
+ (1 + η)1B2m

∥ = 1 + η.

Letting η → 0, we get pLn
2m−1 ≥ m + 1 and pLn

2m ≥ m + 1, which, combined with
(4.4), gives iii).

5. Characterizations of 1-(n, strong partially greedy) bases

5.1. Characterizations of 1-(n, strong partially greedy) bases

Researchers have studied different greedy-type bases with constant 1. Albiac and
Wojtaszczyk [5] characterized 1-greedy bases using 1-suppression unconditionality
and the so-called Property (A). Later, Albiac and Anserona [1] showed that a basis
is 1-quasi-greedy if and only if it is 1-suppression unconditional. They also showed
that a basis is 1-almost greedy if and only if it has Property (A) [2]. It is an open
problem whether there exists a conditional basis which has Property (A). Recent
advance in this direction gives an example of a basis that has Property (A) but is
not 1-suppression unconditional [3].

Recently, Berasategui et al. characterized 1-strong partially greedy bases as
being 1-partially symmetric for largest coefficients [10]. We have the corresponding
characterization of 1-(n, strong partially greedy) bases.

Theorem 5.1. A basis B is 1-(n, strong partially greedy) if and only if it is 1-(n,
PSLC).
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Proof. If B is 1-(n, strong partially greedy), then Proposition 2.7 states that it is
1-(n, PSLC). Assume that B is 1-(n, PSLC), we know that ωn

m = 1 for all m ∈ N.
Let j ∈ N0. By Theorem 4.2 item iii) and Theorem 4.3, we get

gcj ≥ max
1≤k≤j+1

pLn
k ≥ gcj+1;

hence, gcj ≥ gcj+1 for all j ∈ N0. However, by definition, gcj ≤ gcj+1. Therefore,
gcj = gcj+1 for all j ∈ N0. Since gc0 = 1, we obtain that gcj = 1 for all j ∈ N0. This

gives pLn
j = 1 for all j ∈ N0 and so, B is 1-(n, strong partially greedy).

Proposition 5.2. Let B be a basis of a Banach space X. The following are
equivalent:

i) B is 1-(n, PSLC).

ii) B satisfies the two following conditions simultaneously:

a) For x ∈ X with ∥x∥∞ ≤ 1 and for all k /∈ supp(x),

∥x∥ ≤ ∥x+ ek∥. (5.1)

b) For x ∈ X with ∥x∥∞ ≤ 1, for s, t ∈ F with |s| = |t| = 1, and for j ∈ n,
j < ({k} ⊔ supp(x)) ∩ n,

∥x+ sej∥ ≤ ∥x+ tek∥. (5.2)

Proof. Clearly, if B is 1-(n, PSLC), then B satisfies (5.1) and (5.2). Suppose that
B satisfies both (5.1) and (5.2). Choose x,A,B, ε, δ as in the definition of (n,
PSLC). We show that

∥x+ 1εA∥ ≤ ∥x+ 1δB∥ (5.3)

inductively on |B|. Base case: |B| = 1. If A = ∅, then (5.1) implies (5.3). If
|A| = 1, then (5.2) implies (5.3). Inductive hypothesis (I.H.): assume that for
some k ∈ N, (5.3) holds for |B| ≤ k. We show that (5.3) holds for |B| = k + 1. If
A = ∅, then we use (5.1) inductively to obtain (5.3). Assume that |A| ≥ 1. Let
p = maxA, q ∈ B, A′ = A\{p}, and B′ = B\{q}. We have

∥x+ 1εA∥ = ∥(x+ εpep) + 1εA′∥ ≤ ∥(x+ εpep) + 1δB′∥ by I.H.

≤ ∥(x+ δkek) + 1δB′∥ by (5.2)

= ∥x+ 1δB∥.

This shows that B is 1-(n, PSLC).
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5.2. An 1-(n, PSLC) basis that is not (m, conservative)

Berasategui et al. gave [10, Example 4.3] of a basis that is 1-PSLC but is not
democratic, thus answering negatively the question of whether a 1-strong partially
greedy basis is necessarily almost greedy. We now offer a stronger example than
[10, Example 4.3].

Theorem 5.3. Let m, n be sequences such that the difference set ∆m,n is infi-
nite. There exists a 1-unconditional basis B that is 1-(n, PSLC) but is not (m,
conservative) (and thus, not democratic).

Proof. Case 1: {i : i ∈ m, i /∈ n} is infinite. We reuse the example in Theorem 3.3:
let F := {F ⊂ N :

√
minF ≥ |F |} and wn = 1√

n
for n ≥ 1. Write n = n1, n2, . . ..

Define f : n → N by f(nk) = k. Let X be the completion of c00 under the
following norm: for x = (x1, x2, . . .),

∥x∥ = sup
F∈F
π

∑
i∈F

wπ(i)|xni
|+
∑
n/∈n

|xn|,

where π is a bijection on N. Let B be the canonical basis, which is 1-unconditional
and thus, satisfies (5.1). Let us check that B satisfies (5.2). Choose x, j, k, s, t as
in (5.2). Let F ∈ F and π be a bijection. Consider

hF,π(x+ sej) :=
∑
i∈F

wπ(i)|e∗ni
(x+ sej)|+

∑
n/∈n

|e∗n(x+ sej)|

=
∑
i∈F

wπ(i)|e∗ni
(x+ sej)|+

∑
n/∈n

|e∗n(x)|.

i) Case 1.1: f(j) /∈ F . Then

hF,π(x+ sej) ≤ ∥x∥ ≤ ∥x+ tek∥.

ii) Case 1.2: f(j) ∈ F and k ∈ n. Without loss of generality, assume that
f(k) /∈ F because k /∈ supp(x + sej). Define F ′ = (F\f(j)) ∪ f(k). Since
j < k and |F | = |F ′|, we know that F ′ ∈ F . Define a bijection π′ on N such

that π′(n) =


π(n) if n ̸= f(j), f(k)

π(f(j)) if n = f(k)

π(f(k)) if n = f(j)

. We have

∥x+ tek∥ ≥ hF ′,π′(x+ tek)

=
∑
i∈F ′

wπ′(i)|e∗ni
(x+ tek)|+

∑
n/∈n

|e∗n(x+ tek)|

=
∑

i∈F\f(j)

wπ′(i)|e∗ni
(x)|+ wπ′(f(k)) +

∑
n/∈n

|e∗n(x)|

=
∑

i∈F\f(j)

wπ(i)|e∗ni
(x)|+ wπ(f(j)) +

∑
n/∈n

|e∗n(x)|

= hF,π(x+ sej).
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iii) Case 1.3: f(j) ∈ F and k /∈ n. By definition of ∥ · ∥,

∥x+ tek∥ = ∥x∥+ 1 = ∥x∥+ ∥sej∥ ≥ ∥x+ sej∥.

Since F and π are arbitrary, we obtain from the three cases that ∥x + sej∥ ≤
∥x+ tek∥. By Proposition 5.2, B is 1-(n, PSLC). The proof of Theorem 3.3 shows
that B is not (m, conservative).

Case 2: {i : i ∈ n, i /∈ m} is infinite. By Case 1, we can assume that H :=
{i : i ∈ m, i /∈ n} is finite. Let K = {i : i ∈ n, i /∈ m} = k1 < k2 < · · · . Define a
function ϕ : n → N as

ϕ(n) =

{
1 if n ≤ k1,

j if kj + 1 ≤ n ≤ kj+1 for some j ≥ 1.

Let X be the completion of c00 under the following norm: for x = (x1, x2, . . .),

∥x∥ := sup
F

(∑
n/∈n

|xn|+
∑
m∈F

|xm|

)
,

where F ⊂ n and
√
ϕ(minF ) ≥ |F |. Let B be the canonical basis, which is 1-

unconditional and normalized. Clearly, B satisfies (5.1). We now verify that B
satisfies (5.2). Choose x, k, j, s, t as in (5.2). Let F ⊂ n and

√
ϕ(minF ) ≥ |F |.

Consider

hF (x+ sej) :=
∑
n/∈n

|e∗n(x+ sej)|+
∑
m∈F

|e∗m(x+ sej)|

=
∑
n/∈n

|e∗n(x)|+
∑
m∈F

|e∗m(x+ sej)|.

We shall prove that hF (x+ sej) ≤ ∥x+ tek∥.

i) Case 2.1: j /∈ F . Then sej does not contribute to hF (x+ sej). Hence,

hF (x+ sej) = hF (x) ≤ ∥x∥ ≤ ∥x+ tek∥.

ii) Case 2.2: j ∈ F and k /∈ n. We have

∥x+ tek∥ ≥ hF (x+ tek) =
∑
n/∈n

|e∗n(x+ tek)|+
∑
m∈F

|e∗m(x+ tek)|

=
∑
n/∈n

|e∗n(x)|+ 1 +
∑
m∈F

|e∗m(x)|

=
∑
n/∈n

|e∗n(x)|+
∑
m∈F

|e∗m(x+ sej)|

= hF (x+ sej).
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iii) Case 2.3: j ∈ F and k ∈ n. Then j < k because j < (supp(x) ⊔ {k}) ∩ n.
Without loss of generality, assume that k /∈ F , since k /∈ supp(x+sej). Form
F ′ = (F\{j})∪{k}. Then |F ′| = |F |, while ϕ(minF ′) ≥ ϕ(minF ). It follows
that F ′ ∈ F . It is easy to check that hF (x+sej) = hF ′(x+ tek) ≤ ∥x+ tek∥.

In all cases, we obtain hF (x+ sej) ≤ ∥x+ tek∥. Since F is arbitrary, ∥x+ sej∥ ≤
∥x+ tek∥ and so, B is 1-(n, PSLC).

We show that B is not (m, conservative). Let M ∈ N, B = {k1, k2, . . . , kM},
A ⊂ m ∩ n, |A| = M , and minA is sufficiently large such that

√
ϕ(minA) ≥ M .

Observe that (A,B) ∈ T(m). While ∥1A∥ = M , the same argument as in Theorem
3.3 item iii) gives ∥1B∥ ≲

√
M . Therefore, ∥1A∥/∥1B∥ → ∞ as M → ∞, which

shows that B is not (m, conservative).

Remark 5.4. The example in the proof of Theorem 3.6 is not 1-(n, PSLC).
Indeed, since |{i : i ∈ m, i /∈ n}| < ∞, pick i0 ∈ m ∩ n. Choose n1, n2 ∈ {i : i ∈
n, i /∈ m}, which is infinite, such that i0 < n1 < n2. We obtain

∥en1
+ ei0∥ = 2, while ∥en1

+ en2
∥ = 1 +

1√
2
,

which violates (5.2).

6. Consecutive projections onto a sequence n

6.1. Characterization of (n, almost greedy) bases

We define (n, almost greedy) bases that shall be shown to lie strictly between the
realm of almost greedy bases and the realm of (n, strong partially greedy) bases.

Definition 6.1. A basis B is said to be (n, almost greedy) if there exists a constant
C ≥ 1 such that

∥x−Gm(x)∥ ≤ Cσ̃n
m(x),∀x ∈ X,∀m ∈ N,∀Gm(x),

where
σ̃n
m(x) = inf {∥x− PA(x)∥ : A ⊂ n, |A| = m} .

The least such C is denoted by Cn,a.

Proposition 6.2. Let B be a Cn,a-(n, almost greedy) basis. Then

∥x−Gm(x)∥ ≤ Cn,a min
0≤k≤m

σ̃n
k (x), ∀x ∈ X, ∀m ∈ N, ∀Gm(x). (6.1)

Proof. Fix x ∈ X, m ∈ N, Gm(x), and 0 ≤ k ≤ m. Let A ⊂ n with |A| = k. We
shall show that ∥x−Gm(x)∥ ≤ Cn,a∥x−PA(x)∥. Choose a set BN ⊂ n such that
BN > maxA+N , and |BN | = m−k. Since B is Cn,a-(n, almost greedy), we have

∥x−Gm(x)∥ ≤ Cn,a∥x−PA(x)−PBN
(x)∥ ≤ Cn,a∥x−PA(x)∥+Cn,a∥PBN

(x)∥.
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Let αN = maxn>maxA+N |e∗n(x)|. We get

∥PBN
(x)∥ ≤ mαN sup

n
∥en∥ ≤ mαNc2 → 0 as N → ∞.

Therefore, ∥x−Gm(x)∥ ≤ Cn,a∥x− PA(x)∥, as desired.

Theorem 6.3. A basis B is (n, almost greedy) if and only if B is quasi-greedy
and (n, democratic).

Proof. Assume that B is Cn,a-(n, almost greedy). Substituting k = 0 into (6.1),
we see that B is Cn,a-suppression quasi-greedy. Now take (A,B) ∈ S(n). Let
x = 1A∪B . We have

∥1A∥ ≤ ∥x−PB\A(x)∥ ≤ Cn,aσ̃
n
|A\B|(x) ≤ Cn,a∥x−PA\B(x)∥ = Cn,a∥1B∥.

Therefore, B is Cn,a-(n, democratic).
Next, assume that B is Cq-quasi-greedy and ∆n,d-(n, democratic). By Re-

mark 2.4, B is ∆n,sd-(n, superdemocratic). Pick x ∈ X, m ∈ N, A ∈ G(x,m), and
B ⊂ n with |B| = m. Write

x− PA(x) = PBc(x) + PB\A(x)− PA\B(x).

Let ε = (sgn(e∗n(x)))n. We have ∥PA\B(x)∥ ≤ Cq∥x− PB(x)∥ and

∥PB\A(x)∥ ≤ max
n∈B\A

|e∗n(x)| sup
δ

∥1δ(B\A)∥

≤ min
n∈A\B

|e∗n(x)|∆n,sd∥1ε(A\B)∥

≤ 2Cq∆n,sd∥x− PB(x)∥ by Lemma 4.1.

We conclude that

∥x− PA(x)∥ ≤ (1 + (1 + 2∆n,sd)Cq)∥x− PB(x)∥.

This completes our proof.

6.2. The realm of (n, almost greedy) bases

From definitions, we know that for any sequence n, almost greedy =⇒ (n, almost
greedy) =⇒ (n, strong partially greedy). We now show that neither of the reverse
implications hold. In fact, we show more general results.

Proposition 6.4. i) If {i : i ∈ m, i /∈ n} is infinite, then there exists an (n,
almost greedy) basis that is not (m, almost greedy).

ii) If {i : i ∈ m, i /∈ n} is finite, then an (n, almost greedy) basis is necessarily
(m, almost greedy).

iii) For every sequence n, there exists a 1-(n, strong partially greedy) basis that
is not (n, almost greedy).
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Proof. i) The set {i : i ∈ m, i /∈ n} is infinite. Let wn = 1√
n
for n ≥ 1 and X be

the completion of c00 under the following norm:

∥(xi)i∥ = max

{
∥(xi)i∥∞, sup

π

∑
i∈n

wπ(i)|xi|,
∑
i/∈n

|xi|

}
,

where π : n → N is a bijection. Let B be the canonical basis. Since B is 1-
unconditional, by Theorem 6.3, we need only to show that B is (n, democratic)
but is not (m, democratic).

Pick N ∈ N, AN ⊂ {i : i ∈ m, i /∈ n} with |AN | = N , and BN ⊂ n with
|BN | = N . It is easy to check that ∥1AN

∥ = N and ∥1BN
∥ ≤ 2

√
N . Since

∥1AN
∥/∥1BN

∥ → ∞ as N → ∞, B is not (m, democratic).
Pick (A,B) ∈ S(n). Assume that |B| ≥ 2, since when |B| ≤ 1, we always get

∥1A∥ ≤ ∥1B∥. Let us estimate ∥1B∥. Write B1 = B ∩ n and B2 = B\B1. If
|B1| ≥ |B|/2, then

∥1B∥ ≥
⌊|B|/2⌋∑
n=1

1√
n

≥ 1

2

|B|∑
n=1

1√
n

≥ 1

2

|A|∑
n=1

1√
n

=
1

2
∥1A∥.

If |B2| ≥ |B|/2, then

∥1B∥ ≥ |B|
2

≥ 1

2
|A| ≥ 1

2

|A|∑
n=1

1√
n

=
1

2
∥1A∥.

Therefore, B is (n, democratic).
ii) By Theorem 6.3, it suffices to show that a ∆n,d-(n, democratic) basis is

(m, democratic). Since {i : i ∈ m, i /∈ n} is finite, there exists N ∈ N such that if
m∩ [N,∞) ⊂ n. Let (A,B) ∈ S(m). Write A = A1∪A2, where A1 = A∩ [1, N−1]
and A2 = A ∩ [N,∞) ⊂ n. We have

∥1A1
∥ ≤ (N − 1) sup

n
∥en∥ ≤ (N − 1)c2 sup

n
∥e∗n∥∥1B∥ ≤ (N − 1)c22∥1B∥,

∥1A2
∥ ≤ ∆n,d∥1B∥.

Hence,
∥1A∥ ≤ ∥1A1

∥+ ∥1A2
∥ ≤ ((N − 1)c22 +∆n,d)∥1B∥.

This completes our proof.
iii) Use the example in Case 2 in the proof of Theorem 5.3.

6.3. (n, consecutive almost greedy) bases and characterizations

We now strengthen the notion of (n, strong partially greedy) bases and show that
the new notion is equivalent to the (n, almost greedy) property. For m ∈ N0, let

In,(m) = {A ⊂ n : A = {nk+1, nk+2, . . . , nk+m} for some k ≥ 0},

In,≤m =
⋃

0≤k≤m

In,(k) and In =
⋃

m∈N0

In,(m).
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Definition 6.5. A basis B is said to be (n, consecutive almost greedy) of type I
(or CAG(n, I), for short) if there exists a constant C ≥ 1 such that

∥x−Gm(x)∥ ≤ Cqσn
m(x),∀x ∈ X,∀m ∈ N,∀Gm(x),

where
qσn
m(x) = inf

{
∥x− PI(x)∥ : I ∈ In,(m)

}
.

The least constant C is denoted by Cn,ca.

Remark 6.6. For the definition of CAG(n, I), we still project on consecutive
vectors with indices in the sequence n, but we do not restrict the projection to the
first m vectors in n.

Consider the condition: there exists a constant C ≥ 1 such that

∥x−Gm(x)∥ ≤ C min
0≤k≤m

qσn
k (x),∀x ∈ X,∀m ∈ N,∀Gm(x). (6.2)

Theorem 6.7 (Generalization of Theorem 1.7 in [9]). Let B be a basis of a Banach
space X. The following statements are equivalent:

i) B is (n, almost greedy).

ii) B satisfies (6.2).

iii) B is CAG(n, I).

Proof. By Proposition 6.2, i) =⇒ ii). That ii) =⇒ iii) is obvious. We shall show
that iii) =⇒ i). Assume that B is Cn,ca-CAG(n, I). Using Theorem 6.3, we need
to show that B is quasi-greedy and (n, democratic).

i) B is quasi-greedy: Pick x ∈ X and m ∈ N. Let IN = {nN+1, . . . , nN+m}.
Since B is CAG(n, I),

∥x−Gm(x)∥ ≤ Cn,ca∥x− PIN (x)∥ ≤ Cn,ca(∥x∥+ ∥PIN (x)∥).

Clearly,

∥PIN (x)∥ ≤ mmax
n>N

|e∗n(x)| sup
ℓ

∥eℓ∥ ≤ mc2 max
n>N

|e∗n(x)| → 0 as N → 0.

Hence,
∥x−Gm(x)∥ ≤ Cn,ca∥x∥,

which shows that B is Cn,ca-suppression quasi-greedy.
ii) B is (n, democratic): Let (A,B) ∈ S(n). First, assume that |A| is even.

Pick I1, I2 ∈ In such that I1 ⊔ I2, A ⊂ I1 ∪ I2, and

|A ∩ I1| = |A ∩ I2| = |A|/2.

Then either |B\I1| ≥ |A|/2 or |B\I2| ≥ |A|/2. Otherwise, we have the contradic-
tion

|A| ≤ |B| ≤ |B\I1|+ |B\I2| < |A|.
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Without loss of generality, assume that |B\I1| ≥ |A|/2. Choose B1 ⊂ B\I1 such
that |B1| = |A|/2. Let

x = 1A∩I1 + 1I1\A + 1B1
.

Since B is Cn,ca-CAG(n, I) and Cn,ca-suppression quasi-greedy, we have

∥1A∩I1∥ = ∥x− P(I1\A)∪B1
(x)∥ ≤ Cn,ca∥x− PI1(x)∥ = Cn,ca∥1B1∥ ≤ C2

n,ca∥1B∥.

Let
y = 1A∩I2 + 1I2\A + 1A∩I1 .

Observe that
|I2| = |A ∩ I2|+ |I2\A| = |A ∩ I1|+ |I2\A|.

We have

∥1A∩I2∥ = ∥y − P(I2\A)∪(A∩I1)(y)∥ ≤ Cn,ca∥y − PI2(y)∥
≤ Cn,ca∥1A∩I1∥ ≤ C3

n,ca∥1B∥.

We obtain

∥1A∥ ≤ ∥1A∩I1∥+ ∥1A∩I2∥ ≤ (C2
n,ca +C3

n,ca)∥1B∥.

We consider the case when |A| is odd. Let A′ = A\{maxA}. By above, we
have

∥1A′∥ ≤ ∥1A∥+ c2 ≤ (C2
n,ca +C3

n,ca)∥1B∥+ c2 sup
k

∥e∗k∥∥1B∥

≤ (C2
n,ca +C3

n,ca + c22)∥1B∥.

Therefore, B is (n, democratic).

In order to obtain tight estimates as in [2, Theorem 3.3], [25, Theorem 2], [17,
Theorems 4.1 and 4.3], and [20, Theorems 1.14 and 1.15], we define another type
of (n, consecutive almost greedy) bases and what we call (n, restricted symmetry
for largest coefficients) (or (n, RSLC)).

Definition 6.8. A basis B is said to be (n, consecutive almost greedy) of type II
(or CAG(n, II), for short) if there exists a constant C ≥ 1 such that

∥x−Gm(x)∥ ≤ Cσn
m(x),∀x ∈ X,∀m ∈ N,∀Gm(x), (6.3)

where
σn
m(x) = inf {∥x− PI(x)∥ : I ∈ In, |I ∩ supp(x)| ≤ m} .

The least constant C is denoted by C′
n,ca.

Definition 6.9. A basis B is (n, RSLC) if there exists the least constantCn,rs ≥ 1
such that

∥x+ 1εA∥ ≤ Cn,rs∥x+ 1δB∥,
for all x ∈ X with ∥x∥∞ ≤ 1, for all (A,B) ∈ S(n) with A < (supp(x)⊔B)|minA∩n,
and for all signs ε, δ.
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Proposition 6.10. A basis B is Cn,rs-(n, RSLC) if and only if

∥x∥ ≤ Cn,rs∥x− PA(x) + 1εB∥,

for all x ∈ X with ∥x∥∞ ≤ 1, for all (A,B) ∈ S(n) with A < (supp(x− PA(x)) ⊔
B)|minA ∩ n, and for all signs ε.

Theorem 6.11. Let B be a basis of a Banach space. The following hold

i) If B is C′
n,ca-CAG(n, II), then B is C′

n,ca-suppression quasi-greedy and
C′

n,ca-(n, RSLC).

ii) If B is Cℓ-suppression quasi-greedy and Cn,rs-(n, RSLC), then the basis B
is CℓCn,rs-CAG(n, II).

Proof. (1) Assume that B is C′
n,ca-CAG(II). Taking I = ∅ in (6.3), we know that B

is C′
n,ca-suppression quasi-greedy. We shall prove that B is C′

n,ca-(n, RSLC). Let
x,A,B, ε, δ be chosen as in Definition 6.9. Set y = x+ 1εA + 1δB . If A = ∅, then
∥x∥ ≤ C′

n,ca∥x+1δB∥ because B is C′
n,ca-suppression quasi-greedy. Otherwise, let

D = [minA,maxA] ∩ n.

Claim 6.12. We have D ∩ supp(y) = A.

Proof. Clearly, A ⊂ D ∩ supp(y). Suppose, for a contradiction, that there exists
j ∈ (D ∩ supp(y))\A. Then j ∈ (supp(x)∪B)∩n and minA < j < maxA, which
contradicts that A < (supp(x) ⊔B)|minA ∩ n.

Hence, |D ∩ supp(y)| = |A| ≤ |B|. We have

∥x+1εA∥ = ∥y−PB(y)∥ ≤ C′
n,caσ

n
|B|(y) = C′

n,ca∥y−PD(y)∥ = C′
n,ca∥x+1δB∥.

Therefore, B is C′
n,ca-(n, RSLC).

(2) Assume that B is Cℓ-suppression quasi-greedy and Cn,rs-(n, RSLC). We
show that B is CℓCrs-CAG(n, II). Let x ∈ X, A ∈ G(x,m) for some m ∈ N and
A ⊂ supp(x). Let B = {nq+1, nq+2, . . . , nq+p} with |B ∩ supp(x)| ≤ |A|. We need
to show that

∥x− PA(x)∥ ≤ Cn,rsCℓ∥x− PB(x)∥.

Set D = B ∩ supp(x), ε = (sgn(e∗n(x)))n. Let E = D\A and F = A\D. Since
|D| ≤ |A|, we have |E| ≤ |F |. Furthermore, E ⊂ n. If E = ∅, then D ⊂ A. We
have

∥x− PA(x)∥ = ∥x− PD(x)− PA\D(x)∥ ≤ Cℓ∥x− PD(x)∥

because A\D is a greedy set of x− PD(x). For the rest of the proof, assume that
E ̸= ∅.

Claim 6.13. We have F |minE ∩ n > E.
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Proof. We have

minE ≥ minD ≥ minB ≥ nq+1,

maxE ≤ maxD ≤ maxB ≤ nq+p.

Hence, it suffices to show that F |nq+1
∩ n > nq+p. Suppose, for a contradiction,

that there exists ℓ ∈ F ∩ n such that ℓ ≥ nq+1 and ℓ ≤ nq+p. Hence, ℓ ∈ B ∩ F ,
which implies that ℓ /∈ supp(x). However, that ℓ ∈ F implies that ℓ ∈ A ⊂ supp(x),
a contradiction.

Claim 6.14. We have supp(x− PA(x)− PE(x))|minE ∩ n > E.

Proof. Since minE ≥ nq+1 and maxE ≤ nq+p, it suffices to show that

supp(x− PA∪E(x))|nq+1
∩ n > nq+p.

Suppose, for a contradiction, that there exists nℓ ∈ supp(x− PA∪E(x)) such that
nq+1 ≤ nℓ ≤ nq+p. Then nℓ ∈ B∩supp(x) = D. However, nℓ ∈ supp(x−PA∪E(x))
implies that nℓ /∈ A ∪ E = A ∪D. Hence, nℓ /∈ D, a contradiction.

Set α = minn∈F |e∗n(x)|. By the above claims, we can apply Proposition 6.10
and Theorem 2.1 to have

∥x− PA(x)∥ ≤ Cn,rs∥x− PA(x)− PE(x) + α1εF ∥
= Cn,rs∥Tα(x− PA(x)− PE(x) + PF (x))∥
≤ Cn,rsCℓ∥x− PD(x)∥ = Cn,rsCℓ∥x− PB(x)∥,

as desired. This completes our proof.

Definition 6.15. A basis B is (n, symmetric for largest coefficients) (or (n, SLC),
for short) if there exists the least constant Cn,s such that

∥x+ 1εA∥ ≤ Cn,s∥x+ 1δB∥,

for all x ∈ X with ∥x∥∞ ≤ 1, for all (A,B) ∈ S(n) with A ⊔B ⊔ supp(x), and for
all signs ε, δ.

Proposition 6.16. Let B be Cq-quasi-greedy. Then B is Cn,s-(n, SLC) if and
only if B is Cn,rs-(n, RSLC). Moreover, Cn,rs ≤ Cn,s and

Cn,s ≤ 1 + (1 +C2
n,rs)Cq.

Proof. Observe that if (A,B) ∈ S(n) and A < (B ⊔ supp(x))|minA ∩ n, then
A ⊔B ⊔ supp(x). Hence, if B is Cn,s-(n, SLC), then B is Cn,s-(n, RSLC).

We prove the implication (n, RSLC) =⇒ (n, SLC). Assume that B is Cn,rs-(n,
RSLC).

Claim 6.17. If (A,B) ∈ S(n), then ∥1εA∥ ≤ C2
n,rs∥1δB∥ for all signs ε, δ.
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Proof. Choose D ⊂ n such that A∪B < D and |D| = |A|. Due to (n, RSLC), we
have

∥1εA∥ ≤ Cn,rs∥1D∥ and ∥1D∥ ≤ Cn,rs∥1δB∥.

Therefore, ∥1εA∥ ≤ C2
n,rs∥1δB∥.

We are ready to show that B is (n, SLC). Let x,A,B, ε, δ be chosen as in
Definition 6.15. We have

∥x+ 1εA∥ ≤ ∥x+ 1δB∥+ ∥1δB∥+ ∥1εA∥
≤ (1 +Cq)∥x+ 1δB∥+C2

n,rs∥1δB∥ by Claim 6.17

≤ (1 +Cq +C2
n,rsCq)∥x+ 1δB∥.

This shows that B is (n, SLC).

Corollary 6.18. Let B be a basis of a Banach space. The following are equivalent

i) B is (n, almost greedy).

ii) B is CAG(n, I).

iii) B is CAG(n, II).

iv) B is quasi-greedy and (n, RSLC).

v) B is quasi-greedy and (n, SLC).

vi) B is quasi-greedy and (n, democratic).

vii) B is quasi-greedy and (n, superdemocratic).

Proof. Theorems 6.3 and 6.7 give i) ⇐⇒ ii) ⇐⇒ vi). That iii) ⇐⇒ iv) ⇐⇒ v) is
due to Theorem 6.11 and Proposition 6.16. Claim 6.17 shows that (n, RSLC) =⇒
(n, democratic), so iv) =⇒ vi). Furthermore, the proof of Proposition 6.16 gives
that vi) =⇒ v). Finally, Remark 2.4 gives vi) ⇐⇒ vii).

6.4. 1-CAG(n, I) and 1-CAG(n, II) bases

First, we characterize 1-(n, almost greedy) bases and 1-(n, SLC) bases.

Proposition 6.19. A basis B is 1-(n, almost greedy) if and only if for any x ∈ X
and j ∈ n,

∥x−G1(x)∥ ≤ ∥x− e∗j (x)ej∥. (6.4)

Proof. If B is 1-(n, almost greedy), then clearly, B satisfies (6.4). We prove the
converse. Let A be a greedy set of x of order m and B ⊂ n with |B| = m. Let
D = A ∩B and y = x− PD(x). We have

x− PA(x) = y − PA\D(y) and x− PB(x) = y − PB\D(y).
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Note that (A\D)⊔ (B\D) and |A\D| = |B\D|. For ease of notation, let E = A\D
and F = B\D. Write E = {k1, . . . , k|E|}, where |e∗k1

(y)| ≥ · · · ≥ |e∗k|E|
(y)| and

write F = {ℓ1, . . . , ℓ|F |}. Since E is a greedy set of y, we have

∥y − PE(y)∥ = ∥y − PE\{k|E|}(y)− e∗k|E|
(y − PE\{k|E|}(y))ek|E|∥

(6.4)

≤ ∥y − PE\{k|E|}(y)− e∗ℓ1(y − PE\{k|E|}(y))eℓ1∥
≤ ∥y − PE\{k|E|}(y)− e∗ℓ1(y)eℓ1∥
≤ · · · ≤ ∥y − PF (y)∥.

Substituting y = x− PA∩B(x) to get

∥x− PA(x)∥ ≤ ∥x− PB(x)∥.

This completes our proof.

Proposition 6.20. A basis B is 1-(n, SLC) if and only if for any x ∈ X with
∥x∥∞ ≤ 1, we have

∥x+ sej∥ ≤ ∥x+ tek∥, (6.5)

for any j ∈ n, {k} ⊔ {j} ⊔ supp(x), and for any scalars s, t such that |s| = |t| = 1.

Proof. Clearly, if B is 1-(n, SLC), then B satisfies (6.5). Conversely, assume that
B satisfies (6.5). We claim that B satisfies the following condition

∥x∥ ≤ ∥x+ tek∥, (6.6)

for any k ∈ N\ supp(x) and for any scalar t with |t| = 1. Indeed, let x, t, k be
chosen as in (6.6). Pick j ∈ n ∩ (N\(supp(x) ∪ {k})) (here we use density to
assume supp(x) is finite). We have

∥x∥ ≤ sup
|s|=1

∥x+ sej∥
(3.2)

≤ ∥x+ tek∥.

Let x,A,B, ε, δ be chosen as in Definition 6.15. If A = ∅, then we use (6.6)
inductively to show that ∥x∥ ≤ ∥x + 1δB∥. Suppose that |A| ≥ 1. Write A =
{a1, a2, . . . , a|A|} and B = {b1, b2, . . . , b|B|}. We have

∥x+ 1εA∥ = ∥x+ 1ε(A\{a1}) + εa1
ea1

∥
(6.5)

≤ ∥x+ 1ε(A\{a1}) + δb1eb1∥
(6.5)

≤ · · ·
(6.5)

≤ ∥x+ 1δ{b1,...,b|A|}∥
(6.6)

≤ ∥x+ 1δB∥.

Hence, B is 1-(n, SLC).

Corollary 6.21. If a basis B is 1-(n, SLC), then it is 1-suppression quasi-greedy.
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Proof. Use (6.6) inductively.

Theorem 6.22 (Generalization of Theorem 2.3 in [2]). A basis B is 1-(n, almost
greedy) if and only if B is 1-(n, SLC).

Proof. Assume that B is 1-(n, almost greedy). Let x, j, k, s, t be as in (6.5) and
set y = x+ sej + tek. We have

∥x+ sej∥ = ∥y − tek∥ ≤ σ̃n
1 (y) ≤ ∥y − sej∥ = ∥x+ tek∥.

Hence, B satisfies (6.5) and thus, is 1-(n, SLC).
Next, assume that B is 1-(n, SLC). We follow the proof of [2, Theorem 2.3].

Let x ∈ X, j ∈ n, and k ∈ N such that G1(x) = e∗k(x)ek. By Proposition 6.19,
it suffices to show that ∥x − e∗k(x)ek∥ ≤ ∥x − e∗j (x)ej∥. Assume that k ̸= j. Let
y = x− e∗j (x)ej − e∗k(x)ek. Since |e∗j (x)| ≤ |e∗k(x)|, we know that

∥x− e∗k(x)ek∥ = ∥y + e∗j (x)ej∥ ≤ sup
|s|=1

∥y + se∗k(x)ej∥
(6.5)

≤ ∥y + e∗k(x)ek∥

= ∥x− e∗j (x)ej∥,

as desired.

We now show that being 1-CAG(n, I) and being 1-CAG(n, II) are both equiv-
alent to being 1-(n, almost greedy).

Proposition 6.23. A basis B is 1-CAG(n, II) if and only if B is 1-(n, RSLC).

Proof. According to Theorem 6.11, we need only to prove that a 1-(n, RSLC)
basis is 1-suppression quasi-greedy. In Definition 6.9, set A = ∅ and let B be a
singleton to see that 1-(n, RSLC) implies (6.6), which, by induction, shows that
B is 1-suppression quasi-greedy.

Proposition 6.24. A basis B is 1-(n, SLC) if and only if B is 1-(n, RSLC).

Proof. By definitions, 1-(n, SLC) =⇒ 1-(n, RSLC). Conversely, assume that B is
1-(n, RSLC). Take x, j, k, s, t as in (6.5). Using the notation in Definition 6.9, we
set A = {j} and B = {k}. Clearly, A < (supp(x) ⊔B)|minA ∩ n. Therefore,

∥x+ sej∥ ≤ ∥x+ tek∥.

By Proposition 6.20, B is 1-(n, SLC).

Corollary 6.25. Let B be a basis of a Banach space and n be a sequence. The
following are equivalent:

i) B is 1-(n, almost greedy),

ii) B is 1-CAG(n, I),

iii) B is 1-CAG(n, II),
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iv) B is 1-(n, SLC),

v) B is 1-(n, RSLC).

Proof. By Theorem 6.22 and Propositions 6.23 and 6.24, i)⇐⇒ iv)⇐⇒ v)⇐⇒ iii).
By definitions, we know that iii) =⇒ ii). We show that ii) =⇒ iv) or equivalently,
ii) =⇒ (6.5). Choose x, j, k, s, t as in (6.5). We have

∥x+ sej∥ = ∥(x+ sej + tek)− tek∥ ≤ qσn
1 (x+ sej + tek) ≤ ∥x+ tek∥.

This completes our proof.

7. On (n, strong partially greedy) bases with gaps

7.1. The theory of greedy-type properties with gaps

In 2017, Oikhberg [30] defined and studied the n-quasi-greedy property, a variant
of the quasi-greedy property, as follows: let s = s1, s2, . . . be a strictly increasing
sequence of positive integers;1 a basis B is said to be s-quasi-greedy if

lim
i

Gsi(x) = x, ∀x ∈ X,∀(Gsi(x))i. (7.1)

[30, Theorem 2.1] states that for a Markushevich basis, (7.1) is equivalent to the
condition: there exists a constant C > 0 such that

∥Gsi(x)∥ ≤ C∥x∥,∀x ∈ X,∀i ∈ N,∀Gsi(x).

Clearly, a quasi-greedy basis is s-quasi-greedy for any sequence s. However, the
reverse is not true.

Definition 7.1. A strictly increasing sequence s is said to have bounded quotient
gaps if there exists ℓ ∈ N≥2 such that

sup
k

sk+1

sk
≤ ℓ.

We then say that s has ℓ-bounded quotient gaps. On the other hand, if

sup
k

sk+1

sk
= ∞,

we say that s has arbitrarily large quotient gaps.

Definition 7.2. A strictly increasing sequence n is said to have bounded additive
gaps if there is ℓ ∈ N such that

max
k

(nk+1 − nk) ≤ ℓ.

1In the literature of gaps, the standard notation for a gap sequence is n; however, we use s to
not confuse ourselves with our sequence n in the definition of (n, strong partially greedy) bases.
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We then say that n has ℓ-bounded additive gaps. On the other hand, if

sup
k
(nk+1 − nk) = ∞,

we say that n has arbitrary large additive gaps.

Theorem 7.3 ([30, Proposition 3.1]). If s has arbitrarily large quotient gaps, there
exists a Banach space with an s-quasi-greedy Schauder basis that is not quasi-
greedy.

Interestingly, if s has bounded quotient gaps, then for a Schauder basis, the
s-quasi-greedy property is equivalent to the quasi-greedy property (see [6, The-
orem 5.2]). Recently, research on greedy-type properties with gaps has made
much progress. For example, Berasategui and Berná [7] investigated s-democracy-
like properties including unconditionality for constant coefficients, UL-property,
democracy, symmetry for largest coefficients, to name a few. Meanwhile, [8] stud-
ied more in depth s-quasi-greedy bases, s-bidemocracy (another popular and useful
notion in the literature), s-semi-greedy bases (first introduced in [22]), and s-strong
partially greedy bases.

By definition, we have the following implications, none of which can be reversed

greedy =⇒ almost greedy =⇒ strong partially greedy =⇒ quasi-greedy.

Definition 7.4. A basis B is s-greedy if there exists a constant C ≥ 1 such that

∥x−Gm(x)∥ ≤ Cσm(x),∀x ∈ X,∀m ∈ s,∀Gm(x).

The definition of s-almost greedy bases replaces σm(x) with σ̃m(x).

By [30, Remark 1.1], the greedy (almost greedy, resp.) property is so strong
that for any sequence s, the s-greedy (s-almost greedy, resp.) property implies
greedy (almost greedy, resp.) property. Berasategui and Lassalle [11] proved that
a Markushevich basis is almost greedy if and only if it is semi-greedy, which gave
the conjecture that for any sequence s, an s-semi-greedy Markushevich basis is
also semi-greedy. Indeed, [8, Theorem 5.2] confirmed the conjecture. However,
the strong partially greedy property and the quasi-greedy property are not as
strong for the same conclusion to hold.

Definition 7.5. A basis B is s-(n, strong partially greedy) if there exists C ≥ 1
such that

∥x−Gm(x)∥ ≤ Cpσn
m(x), ∀x ∈ X, ∀m ∈ s, ∀Gm(x).

For pedagogical purpose, we use the term “(N, strong partially greedy)” in
place of “strong partially greedy” and “(N, conservative)” in place of ”conserva-
tive” (Definitions 1.12 and 2.2). Berasategui and Berná [8] proved the following
proposition.



38 H. V. Chu

Proposition 7.6 ([8, Proposition 6.9 and Proposition 6.14]).

i) Let s be a sequence with arbitrarily large quotient gaps. There is a Banach
space X with a monotone Schauder basis B that is s-(N, strong partially
greedy), but the basis is neither (N, conservative) nor quasi-greedy.

ii) Let s be a sequence with arbitrarily large additive gaps. There is a Banach
space X with a 1-unconditional basis B that is s-(N, strong partially greedy),
but the basis is not (N, conservative), and thus not strong partially greedy.

Remark 7.7. Unlike quasi-greedy bases, even when s has bounded quotient gaps,
an s-(N, strong partially greedy) Schauder basis is not necessarily (N, strong par-
tially greedy). However, by [8, Lemma 6.16], if s has bounded additive gaps, an
s-(N, strong partially greedy) Markushevich basis is (N, strong partially greedy).

Berasategui and Berná characterized s-(N, strong partially greedy) Schauder
bases when s has bounded quotient gaps. Let T(n, s) be the collection of all
ordered pairs of finite sets (A,B) such that A ⊂ n, |A| ≤ |B|, A ≤ ns < B ∩ n for
some s ∈ s. Obviously,

T(n, s) ⊂ T(n),∀n, s.

Remark 7.8. Let (A,B) ∈ T(n). If B ∩ n = ∅, then (A,B) ∈ T(n, s). Indeed,
choose s ∈ s such that A < ns. Since B ∩ n = ∅, we get A < ns < B ∩ n. Hence,
(A,B) ∈ T(n, s).

Definition 7.9. A basis B in a Banach space X is s-order-(n, superconservative)
if there exists C > 0 such that

∥1εA∥ ≤ C∥1δB∥, (7.2)

for all (A,B) ∈ T(n, s) and for all signs ε, δ. The smallest constant satisfying
(7.2) is denoted by ∆n

osc, and we say B is ∆n
osc-s-order-(n, superconservative). If

(7.2) holds for ε ≡ δ ≡ 1, we say that B is ∆n
oc-s-order-(n, conservative), where

∆n
oc is the smallest constant for the inequality to hold. When n = N, we obtain

[8, Definition 6.5] in the case of a Schauder basis (see [8, Remark 6.6]).

Proposition 7.10 ([8, Proposition 6.13]). Let B be a Schauder basis. If s has
bounded quotient gaps, then B is s-(N, strong partially greedy) if and only if B is
quasi-greedy and s-order-(N, superconservative).

7.2. Generalization to s-(n, strong partially greedy) bases

We generalize the above results to (n, strong partially greedy) bases with gaps.

7.2.1. n-Schauder bases

Definition 7.11. A basis B is said to be n-Schauder if there exists C > 0 such
that

∥Pn
m(x)∥ ≤ C∥x∥,∀x ∈ X,∀m ∈ N.

The least constant C is called the n-basis constant.
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Proposition 7.12. If the difference set ∆n,m is finite, then a basis is n-Schauder
if and only if it is m-Schauder.

Proof. Assume that B is C-n-Schauder. Since ∆n,m is finite, there exists N ∈ N
such that n ∩ [N,∞) ⊂ m and m ∩ [N,∞) ⊂ n. Pick M ∈ N and x ∈ X. Let
A1 = {m1, . . . ,mM} ∩ [N,∞) and A2 = {m1, . . . ,mM}\A1. We have

∥PA2(x)∥ ≤ sup
|A|<N

∥PA∥∥x∥ ≤ (N − 1) sup
n
(∥en∥∥e∗n∥)∥x∥ ≤ (N − 1)c22∥x∥.

Furthermore, since A1 ∈ In and B is n-Schauder,

∥PA1(x)∥ ≤ ∥P{n1,...,maxA1}(x)∥+ ∥P{n1,...,ns}(x)∥ ≤ 2C∥x∥,

where ns is the number in n that is right before minA1. We obtain

∥P{m1,...,mM}(x)∥ ≤ ∥PA1
(x)∥+ ∥PA2

(x)∥ ≤ ((N − 1)c22 + 2C)∥x∥.

This shows that B is m-Schauder.

Example 7.13. Let n = n1, n2, . . . be a strictly increasing sequence such that
N\n is infinite. We give an example of a basis B that is n-Schauder but is not
Schauder. Let (en)n be a Markushevich basis of a space X such that (en)n is
not Schauder, i.e., there exists nonzero and normalized (xn)n ⊂ X such that
supn ∥Sn(xn)∥X = ∞. Let Y = X ⊕ c0 under the ℓ1-norm. Denote the canonical
basis of c0 to be (fn)n. Let H : N\n → N be the increasing bijection. Define the
basis B = (gn)n, where gnj

= (0, fj) and gn = (eH(n), 0) for n /∈ n.
We check that B is n-Schauder. Pick y := (x, x′) ∈ Y and m ∈ N. We have

∥Pn
m(y)∥Y =

∥∥∥∥∥∥
m∑
j=1

g∗nj
(y)gnj

∥∥∥∥∥∥
Y

=

∥∥∥∥∥∥
m∑
j=1

f∗
j (x

′)fj

∥∥∥∥∥∥
c0

≤ ∥x′∥c0 ≤ ∥y∥Y.

Now we show that B is not Schauder. Let m = H−1(n). Define yn := (xn, 0).
We have ∥Sm(yn)∥Y = ∥Sn(xn)∥X , while ∥yn∥Y = 1. Hence,

sup
m

∥Sm(yn)∥Y
∥yn∥Y

= ∞,

so B is not Schauder.

Example 7.14. Let n = n1, n2, . . . such that N\n is infinite. We give an example
of a basis B that is Schauder but is not n-Schauder. Since N\n is infinite, we can
find a subsequence n′ = n′

1, n
′
2, . . . of n such that n′

j − 1 /∈ n for all j ∈ N. Let
m = m1,m2, . . ., where m2j−1 = n′

j − 1 and m2j = n′
j for all j ∈ N. Let X be the

completion of c00 under the following norm: for x = (x1, x2, . . .),

∥x∥ = sup
N

∣∣∣∣∣∣
N∑
j=1

xmj

∣∣∣∣∣∣+max
n/∈m

|xn|.
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Let B be the canonical basis, which is clearly Schauder with basis constant 1.
To see that B is not n-Schauder, consider the vector x2n =

∑2n
i=1(−1)iemi

for
n ∈ N. While ∥x2n∥ = 1, for sufficiently large N := Nn, ∥Pn

N (x2n)∥ = n. That

limn→∞
∥Pn

N (x2n)∥
∥x2n∥ = ∞ implies that B is not n-Schauder.

Remark 7.15. Examples 7.13 and 7.14 can be generalized to any two sequences
m and n having infinite difference set ∆m,n.

7.2.2. Characterization of s-(n, strong partially greedy) bases

Proposition 7.16 (Generalization of Proposition 7.10). Let B be both a Schauder
and n-Schauder basis. If s has bounded quotient gaps, then B is s-(n, strong
partially greedy) if and only if B is quasi-greedy and s-order-(n, superconservative).

We give the definition and an useful characterization of s-order-(n, PSLC),
which shall be used in the proof of Proposition 7.16.

Definition 7.17. A basis B in a Banach space X is s-order-(n, PSLC) if there
exists C ≥ 1 such that

∥x+ 1εA∥ ≤ C∥x+ 1δB∥, (7.3)

for all (A,B) ∈ T(n, s), for all signs ε, δ, and for all x ∈ X with ∥x∥∞ ≤ 1 and
A < (supp(x) ⊔B) ∩ n. The smallest constant satisfying (7.3) is denoted by ∆n

pl.

Proposition 7.18. A basis B is ∆n
pl-s-order-(n, PSLC) if and only if

∥x∥ ≤ ∆n
pl∥x− PA(x) + 1εB∥, (7.4)

for all (A,B) ∈ T(n, s), for all signs ε, and for all x ∈ X with ∥x∥∞ ≤ 1 and
A < (supp(x− PA(x)) ⊔B) ∩ n.

Proof. Suppose that B satisfies (7.4). Choose x,A,B, ε, δ as in Definition 7.17.
Let y = x+ 1εA. We have

∥x+ 1εA∥ = ∥y∥
(7.4)

≤ ∆n
pl∥y − PA(y) + 1δB∥ = ∆n

pl∥x+ 1δB∥.

Conversely, suppose that B is ∆n
pl-s-order-(n, PSLC). Choose x,A,B, ε as in

(7.4). We have

∥x∥ =

∥∥∥∥∥x− PA(x) +
∑
n∈A

e∗n(x)en

∥∥∥∥∥ ≤ sup
(δ)

∥x− PA(x) + 1δA∥

≤ ∆n
pl∥x− PA(x) + 1εB∥.

This completes our proof.

Lemma 7.19. If B be Cq-quasi-greedy and ∆n
osc-s-order-(n, superconservative),

then B is ∆n
pl-s-order-(n, PSLC) with ∆n

pl ≤ 1 +Cq +∆n
oscCq.
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Proof. Let x,A,B, ε, δ be chosen as in Definition 7.17. We have

∥x∥ ≤ ∥x+ 1δB∥+ ∥1δB∥ ≤ (1 +Cq)∥x+ 1δB∥.

Furthermore,
∥1εA∥ ≤ ∆n

osc∥1δB∥ ≤ ∆n
oscCq∥x+ 1δB∥.

By the triangle inequality, we get

∥x+ 1εA∥ ≤ ∥x∥+ ∥1εA∥ ≤ (1 +Cq +∆n
oscCq)∥x+ 1δB∥.

This completes our proof.

Proof of Proposition 7.16. Assume that B is C-s-(n, strong partially greedy). We
have

∥x−Gn(x)∥ ≤ C∥x∥,∀x ∈ X,∀n ∈ s,∀Gn(x). (7.5)

By [6, Theorem 5.2], B is quasi-greedy. Let us show that B is s-order-(n, super-
conservative). Fix A,B, ε, δ as in Definition 7.9. Assume that A ≤ ns < B ∩n for
some s ∈ s. Let

x := 1εA + 1D + 1δB ,

where D := {n1, . . . , ns}\A. Since D and B are disjoint,

|D ∪B| = |D|+ |B| ≥ |D|+ |A| = s.

Let E ⊂ D ∪ B such that |E| = s. By above, assume that B is Cℓ-suppression
quasi-greedy. By the s-(n, strong partially greedy) property, we have

∥1εA∥ = ∥x−PD∪B(x)∥ ≤ Cℓ∥x−PE(x)∥ ≤ CℓC∥x−Pn
s (x)∥ = CℓC∥1δB∥.

Therefore, B is s-order-(n, superconservative).
Next, assume that B is Cℓ-suppression quasi-greedy and s-order-(n, super-

conservative). By Lemma 7.19, B is ∆n
pl-s-order-(n, PSLC) for some constant

∆n
pl ≥ 1. Let x ∈ X, s ∈ s, A ∈ G(x, s). Set E := {n1, . . . , ns}\A, F :=

A\{n1, . . . , ns}, and α = minn∈A |e∗n(x)|. We verify that x − PA(x) − PE(x),
E, and F satisfy the conditions in Proposition 7.18: note that (E,F ) ∈ T(n, s),
E < (supp(x − PA(x) − PE(x)) ⊔ F ) ∩ n. By Proposition 7.18 and Theorem 2.1,
we obtain

∥x− PA(x)∥ ≤ ∆n
pl

∥∥∥∥∥x− PA(x)− PE(x) + α
∑
n∈F

sgn(e∗n(x))en

∥∥∥∥∥
≤ ∆n

pl ∥Tα (x− PA(x)− PE(x) + PF (x))∥
≤ ∆λ,plCℓ∥x− Pn

s (x)∥
≤ ∆λ,plCℓKnpσn

s (x),

where Kn is the n-basis constant. Therefore, B is s-(n, strong partially greedy).
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We now give an example that shows the equivalence in Proposition 7.16 fails
when s has arbitrarily large quotient gaps. The example also shows that s-(n,
strong partially greedy) bases are not necessarily (n, strong partially greedy) when
s has arbitrarily large quotient gaps. Our example is a modification of the example
in [8, Proposition 6.9].

Proposition 7.20 (Generalization of Proposition 7.6 item i)). Let s be a sequence
with arbitrarily large quotient gaps. There exists a Banach space X with a Schauder
and n-Schauder basis B such that B is s-(n, strong partially greedy) but is neither
(n, conservative) nor quasi-greedy.

Proof. Define
S :=

{
S ⊂ N : |S| ∈ s and n|S| < S ∩ n

}
.

Since s has arbitrarily large quotient gaps, we can find a subsequence (skj
)j such

that for all j,
skj+1 > 3(j + 1)skj . (7.6)

Let X be the completion of c00 with respect to the following norm: for x =
(x1, x2, . . .),

∥x∥ := max

{
∥(xi)i∥∞, sup

S∈S

∑
i∈S

|xi|, sup
j∈N

sup
1≤ℓ≤jskj

∣∣∣∣∣
ℓ∑

i=1

xnskj
+i

∣∣∣∣∣
}
.

Let B be the canonical basis of X. Clearly, B is both Schauder and n-Schauder.
Let B0 = ∅ and Bm = {n1, . . . , nk} for m ≥ 1.

i) B is s-(n, strong partially greedy): Pick x ∈ X, s ∈ s, 0 ≤ m ≤ s, and
A ∈ G(x, s). We shall show that

∥x− PA(x)∥ ≤ 2∥x− Pn
m(x)∥.

Case 1: ∥x− PA(x)∥ = ∥x− PA(x)∥∞. Then

∥x− PA(x)∥ ≤ ∥x− Pn
m(x)∥∞ ≤ ∥x− Pn

m(x)∥.

Case 2: ∥x−PA(x)∥ = supS∈S
∑

i∈S |e∗i (x−PA(x))|. Fix S ∈ S. First, assume
that |S ∩ (Bm\A)| ≤ |S ∩ (A\Bm)|. We have∑

i∈S

|e∗i (x− PA(x))|

=
∑

i∈S\(A∪Bm)

|e∗i (x− PA(x))|+
∑

S∩(Bm\A)

|e∗i (x)|

≤
∑

i∈S\(A∪Bm)

|e∗i (x− Pn
m(x))|+ |S ∩ (Bm\A)| max

i∈S∩(Bm\A)
|e∗i (x)|

≤
∑

i∈S\(A∪Bm)

|e∗i (x− Pn
m(x))|+ |S ∩ (A\Bm)| min

i∈S∩(A\Bm)
|e∗i (x− Pn

m(x))|

≤
∑
i∈S

|e∗i (x− Pn
m(x))| ≤ ∥x− Pn

m(x)∥.
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Next, assume that |S ∩ (Bm\A)| > |S ∩ (A\Bm)|. We write

|A| = |A\(Bm ∪ S)|+ |S ∩ (A\Bm)|+ |A ∩Bm ∩ S|+ |(A ∩Bm)\S|
|Bm| = |Bm\(A ∪ S)|+ |S ∩ (Bm\A)|+ |A ∩Bm ∩ S|+ |(A ∩Bm)\S|.

Since |A| = s ≥ m = |Bm|, we know that

|A\(Bm ∪ S)|+ |S ∩ (A\Bm)| ≥ |S ∩ (Bm\A)| > |S ∩ (A\Bm)|.

Therefore, there exists D ⊂ A\(Bm ∪ S) such that

|S ∩ (A\Bm)|+ |D| = |S ∩ (Bm\A)|.

Pick a set E > A ∪Bm ∪ S, E ∩ n > n|S|, and |E| = |S ∩ (A\Bm)|. Form

S′ := (S\(S ∩ (Bm\A))) ∪D ∪ E = (S\(Bm\A)) ∪D ∪ E.

Then |S′| = |S\(Bm\A)|+ |D|+ |E| = |S|. We check that S′ ∩ n > n|S|. By how
we define S′, we need only to check that D ∩n > n|S|. Since |S ∩ (Bm\A)| > 0, S
contains nj for some 1 ≤ j ≤ m. So, n|S| < nm < D ∩ n as D ∩Bm = ∅. We have∑

i∈S

|e∗i (x− PA(x))|

=
∑

i∈S\(A∪Bm)

|e∗i (x− PA(x))|+
∑

i∈S∩(Bm\A)

|e∗i (x)|

≤
∑

i∈S\(A∪Bm)

|e∗i (x− Pn
m(x))|+ |S ∩ (Bm\A)| max

i∈S∩(Bm\A)
|e∗i (x)|

≤
∑

i∈S\(A∪Bm)

|e∗i (x− Pn
m(x))|+ |D ∪ (S ∩ (A\Bm))| min

i∈D∪(S∩(A\Bm))
|e∗i (x)|

≤
∑

i∈S\(A∪Bm)

|e∗i (x− Pn
m(x))|+

∑
i∈D∪E∪(S∩(A\Bm))

|e∗i (x)|

=
∑

i∈S′\(A∪D∪E)

|e∗i (x− Pn
m(x))|+

∑
i∈D∪E∪(S∩A)

|e∗i (x− Pn
m(x))|

=
∑
i∈S′

|e∗i (x− Pn
m(x))| ≤ ∥x− Pn

m(x)∥.

Since S ∈ S is arbitrary, we conclude that ∥x − PA(x)∥ ≤ ∥x − Pn
m(x)∥ in this

case.
Case 3:

∥x− PA(x)∥ = sup
j∈N

sup
1≤ℓ≤jskj

∣∣∣∣∣
ℓ∑

i=1

e∗nskj
+i
(x− PA(x))

∣∣∣∣∣ .
Fix j, ℓ ∈ N such that 1 ≤ ℓ ≤ jskj

. First, assume that s = |A| ≤ skj
. Choose

S ⊂ N such that |S| = skj
, nskj

< S ∩ n, and

A ∩ {nskj
+1, . . . , nskj

+ℓ} ⊂ S.
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Then S ∈ S and

Bm < nm + 1 ≤ n|A| + 1 ≤ nskj
+ 1 ≤ nskj

+1.

Therefore, we obtain∣∣∣∣∣
ℓ∑

i=1

e∗nskj
+i
(x− PA(x))

∣∣∣∣∣ ≤

∣∣∣∣∣
ℓ∑

i=1

e∗nskj
+i
(x)

∣∣∣∣∣+
ℓ∑

i=1

∣∣∣∣e∗nskj
+i
(PA(x))

∣∣∣∣
≤

∣∣∣∣∣
ℓ∑

i=1

e∗nskj
+i
(x− Pn

m(x))

∣∣∣∣∣+∑
i∈S

|e∗i (x− Pn
m(x))|

≤ 2∥x− Pn
m(x)∥.

Next, assume that |A| > skj . Since |A| ∈ s, |A| ≥ skj+1. Let

D = {nskj
+1, nskj

+2, . . . , nskj
+ℓ} and E = {n1, . . . , n|A|}.

By (7.6), D ⊂ E. If D ⊂ A, then∣∣∣∣∣
ℓ∑

i=1

e∗nskj
+i
(x− PA(x))

∣∣∣∣∣ = 0 ≤ ∥x− Pn
m(x)∥.

Suppose that D ̸⊂ A. Since |D\A| ≤ |E\A| = |A\E|, we can choose S1 ⊂ A\E
such that |S1| = |D\A|. Choose S2 > max{n|A|,maxA} with |S2| = |A| − |S1|.
Form S = S1 ∪ S2. We have |S| = |A|, n|A| < S ∩ n, and |D\A| = |A ∩ S|. Since
S ∈ S, we get∣∣∣∣∣

ℓ∑
i=1

e∗nskj
+i
(x− PA(x))

∣∣∣∣∣ =

∣∣∣∣∣∣
∑

i∈D\A

e∗i (x)

∣∣∣∣∣∣ ≤ |D\A| max
i∈D\A

|e∗i (x)|

≤ |A ∩ S| min
i∈A∩S

|e∗i (x)|

≤
∑
i∈S

|e∗i (x− Pn
m(x))|

≤ ∥x− Pn
m(x)∥.

From these cases, we know that ∥x− PA(x)∥ ≤ 2∥x− Pn
m(x)∥; therefore, B is

s-(n, strong partially greedy).
ii) B is not (n, conservative): Let

Dj =
{
nskj

+1, . . . , n(j+1)skj

}
and Ej =

{
n(j+1)skj

+1, . . . , n2(j+1)skj

}
.

By the definition of ∥ · ∥, ∥1Dj∥ = jskj . We shall show that ∥1Ej∥ ≤ skj . If
j′ ≤ j, then

n(j′+1)sk
j′

< Ej ,
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while if j′ > j, then by (7.6),

nsk
j′
+1 > Ej .

Therefore,

sup
j′∈N

sup
1≤ℓ≤j′sk

j′

∣∣∣∣∣
ℓ∑

i=1

e∗nsk
j′

+i
(1Ej

)

∣∣∣∣∣ = 0.

Pick S ∈ S. If |S| ≥ skj+1, then

Ej < nskj+1
≤ n|S| < S ∩ n.

So,
∑

i∈S |e∗i (1Ej
)| = 0. Since |S| ∈ s, we can suppose that |S| ≤ skj

. Then

∥1Ej
∥ = max

∥1Ej
∥∞, sup

S∈S
|S|≤skj

∑
i∈S

|e∗i (1Ej
)|

 ≤ skj
.

We have

∥1Dj
∥/∥1Ej

∥ → ∞ as j → ∞.

Therefore, B is not (n, conservative).
iii) B is not quasi-greedy. Let ε = (1,−1, 1,−1, . . .) and consider ∥1εBskj+1

∥.
Clearly,

sup
j′∈N

sup
1≤ℓ≤j′sk

j′

∣∣∣∣∣
ℓ∑

i=1

e∗nsk
j′

+i
(1εBskj+1

)

∣∣∣∣∣ = 1.

Pick S ∈ S. If |S| ≥ skj+1, then S ∩ n > nskj+1
≥ Bskj+1

and so,∑
i∈S

|e∗i (1εBskj+1
)| = 0.

If |S| ≤ skj , then ∑
i∈S

|e∗i (1εBskj+1
)| ≤ skj .

We have shown that

∥1εBskj+1
∥ ≤ skj

.

On the other hand, it is easy to check that∥∥∥1Bskj+1

∥∥∥ ≥ jskj .

Therefore, B does not have the UL property. By Remark 2.4, B is not quasi-
greedy.
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The proof of Proposition 7.16 uses the Schauder condition to prove the quasi-
greedy property. We can drop the Schauder condition and require that s has
bounded additive gaps instead.

Proposition 7.21. Let B be an n-Schauder Markushevic basis. If s has bounded
additive gaps, then B is s-(n, strong partially greedy) if and only if B is quasi-greedy
and s-order-(n, superconservative).

Proof. The proof is similar to that of Proposition 7.16 but uses [30, Proposition
4.1] instead of [6, Theorem 5.2] to prove the quasi-greedy property.

7.2.3. When an s-(n, strong partially greedy) basis is (n, strong partially
greedy)

Proposition 7.22 (Generalization of Lemma 6.16 in [8]). If s has bounded additive
gaps, an s-(n, strong partially greedy) Markushevich basis is (n, strong partially
greedy).

Proof. Assume that B is C-s-(n, strong partially greedy). We have

∥x−Gn(x)∥ ≤ C∥x∥,∀x ∈ X,∀n ∈ s,∀Gn(x). (7.7)

By [30, Proposition 4.1], B is quasi-greedy. Using the same argument as in the
proof of Proposition 7.16, we know that B is ∆n

osc-s-order-(n, superconservative)
for some ∆n

osc > 0. Let us show that B is (n, superconservative). Pick (A,B) ∈
T(n) and signs ε, δ. Let s = min s. We proceed by case analysis.

Case 1: B ∩ n = ∅. By Remark 7.8, (A,B) ∈ T(n, s), and we get

∥1εA∥ ≤ ∆n
osc∥1δB∥.

Case 2: B ∩ n ̸= ∅ and min(B ∩ n) ≤ ns. Then A < ns. Since A ⊂ n, A = ∅;
hence, ∥1εA∥ = 0 ≤ ∥1δB∥.

Case 3: B ∩ n ̸= ∅ and B ∩ n > ns. Let N := max{k ∈ s : nk < B ∩ n} and
A′ = {a ∈ A : a ≤ nN}. Observe that (A′, B) ∈ T(n, s). Since B is ∆n

osc-s-order-
(n, superconservative),

∥1εA′∥ ≤ ∆n
osc∥1δB∥.

Consider A′′ = A\A′. Let M be the next number after N in s. We have

nN < A′′ < min(B ∩ n) ≤ nM and A′′ ⊂ n.

By hypothesis, s has ℓ-bounded additive gaps for some ℓ ≥ 1. Hence, |A′′| ≤ ℓ−1,
which gives

∥1εA′′∥ ≤ (ℓ− 1) sup
n

∥en∥ ≤ (ℓ− 1) sup
n

∥en∥ sup
n

∥e∗n∥∥1δB∥ ≤ (ℓ− 1)c22∥1δB∥.

We obtain that

∥1εA∥ ≤ ∥1εA′∥+ ∥1εA′′∥ ≤ (∆n
osc + (ℓ− 1)c22)∥1δB∥.

From these cases, we know that B is (n, superconservative). By Theorem 2.6,
B is (n, strong partially greedy).
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When s has arbitrarily large additive gaps, we give an example of a Schauder
basis that is s-(n, strong partially greedy) but is not (n, strong partially greedy).

Proposition 7.23 (Generalization of Proposition 7.6 item ii)). Suppose s has
arbitrarily large additive gaps. There is a Banach space X with a 1-unconditional
basis that is s-(n, strong partially greedy) but is not (n, conservative).

Proof. We modify the example in [8, Proposition 6.14]. Choose a subsequence
(skj )j such that

skj+1 − skj
> 3 · 10j (7.8)

and a decreasing sequence of positive numbers (pk)k so that

lim
k→∞

pk = 1 and sup
j

j

(
1

pkj+1
− 1

pkj

)
= ∞. (7.9)

A possible choice is

pk2j
= 1 +

1

j
and pk2j+1 = 1 +

1

j + 1

and then choose other pk’s such that (pk)k is decreasing. Define

Sk := {S ⊂ n : |S| = 10k and nsk < S} and Tj := {nskj
+1, . . . , nskj

+10j}.

Let X be the completion of c00 with respect to the following norm:

∥(xi)i∥ = max

∥(xi)i∥∞, ∥(xi)i∥1, sup
j

∑
i∈Tj

|xi|pkj+1

 1
pkj+1

 ,

where

∥(xi)i∥1 := sup
k

∑
S∈Sk

(∑
i∈S

|xi|pk

) 1
pk

+

(∑
i/∈n

|xi|pk

) 1
pk

 .

Let B be the canonical basis, which is 1-unconditional and normalized.

i) B is s-(n, strong partially greedy): By the proof of Theorem 7.16, it suffices to
show that B is s-order-(n, conservative). Let (A,B) ∈ T(n, s) with A ≤ ns < B∩n.
Pick j ∈ N such that Tj ∩ A ̸= ∅. Since ns ≥ A, we get B ∩ n > ns ≥ nskj+1

. If

|B ∩ n| ≥ |A ∩ Tj |, choose S ∈ Skj+1 such that |S ∩B| ≥ |A ∩ Tj |. We obtain

∑
i∈Tj

|e∗i (1A)|
pkj+1

 1
pkj+1

≤

(∑
i∈S

|e∗i (1B)|
pkj+1

) 1
pkj+1

≤ ∥1B∥.
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If |B ∩ n| < |A ∩ Tj |, choose S ∈ Skj+1 such that S ∩B = B ∩ n. We have

∑
i∈Tj

|e∗i (1A)|
pkj

+1

 1
pkj+1

≤

(∑
i∈B

|e∗i (1B)|
pkj+1

) 1
pkj+1

≤

( ∑
i∈S∩B

|e∗i (1B)|
pkj+1

) 1
pkj+1

+

 ∑
i∈B\S

|e∗i (1B)|
pkj+1

 1
pkj+1

≤ ∥1B∥.

Next, pick k ∈ N and S ∈ Sk such that S ∩ A ̸= ∅. If |B ∩ n| ≥ |S ∩ A|, choose
S′ ∈ Sk such that |S′ ∩B| = |S ∩A|. We obtain(∑

i∈S

|e∗i (1A)|pk

) 1
pk

≤

(∑
i∈S′

|e∗i (1B)|pk

) 1
pk

≤ ∥1B∥.

If |B ∩ n| < |S ∩A|, we use the same argument as above to obtain the same con-
clusion. We have shown that ∥1A∥ ≤ ∥1B∥; hence, B is s-order-(n, conservative).

ii) B is not (n, conservative): We have

∥1Tj
∥ ≥

∑
i∈Tj

∣∣e∗i (1Tj
)
∣∣pkj+1

 1
pkj+1

= 10
j

pkj+1 .

Let

Dj := {nskj
+10j+1, nskj

+10j+2, . . . , nskj
+10j+10j}.

By (7.8), we know that Ti ∩ Dj = ∅ for all i, j ∈ N. Pick k ∈ N and S ∈ Sk. If
k > kj + 1, then S > nskj+1

and so, S ∩Dj = ∅. Suppose that k ≤ kj . We have

sup
k≤kj

∑
S∈Sk

(∑
i∈S

∣∣e∗i (1Dj

)∣∣pk

) 1
pk

≤ 10
j

pkj .

Observe that (Tj , Dj) ∈ T(n); however, by (7.9),

∥1Tj
∥

∥1Dj
∥

= 10
j

(
1

pkj+1
− 1

pkj

)
→ ∞.

We conclude that B is not (n, conservative). By Theorem 2.6, B is not (n, strong
partially greedy). This completes our proof.
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8. Larger greedy sums for (n, strong partially greedy) bases

Define ι : n → N as ι(nk) = k.

8.1. (λ, n, strong partially greedy) bases and their characterizations

Recall the condition in the definition of greedy bases: there exists C ≥ 1 such that

∥x−Gm(x)∥ ≤ Cσm(x),∀x ∈ X,∀m ∈ N,∀Gm(x). (8.1)

Let λ > 1. [23, Theorem 3.3] shows that if we replace Gm(x) in (8.1) by a larger
greedy sum G⌈λm⌉(x), then we have a condition that is equivalent to the almost
greedy property. Particularly, B is almost greedy if and only if there exists C ≥ 1
such that

∥x−G⌈λm⌉(x)∥ ≤ Cσm(x),∀x ∈ X,∀m ∈ N,∀Gm(x). (8.2)

Interestingly, enlarging the greedy sum size from m to ⌈λm⌉ moves us from the
greedy property to the almost greedy property. Motivated by the idea, the author
in [19] showed that while enlarging the greedy sum size in (1.4) still gives us almost
greedy bases, enlarging the greedy sum in (1.5) gives us strictly weaker bases (see
[19, Theorem 1.5]). In the same manner, we define

Definition 8.1. A basis B in a Banach space is said to be (λ, n, strong partially
greedy) if there exists C ≥ 1 such that

∥x−G⌈λm⌉(x)∥ ≤ Cpσn
m(x),∀x ∈ X,∀m ∈ N,∀Gm(x). (8.3)

The smallest constant C for (8.3) to hold is denoted by Cλ,n,sp.

We shall characterize (λ, n, strong partially greedy) bases by the quasi-greedy
property and (λ, n, PSLC).

Definition 8.2. A basis B is (λ, n, PSLC) if there exists a constant C ≥ 1 such
that

∥x+ 1εA∥ ≤ C∥x+ 1δB∥,

for all x ∈ X with ∥x∥∞ ≤ 1, for all (A,B) ∈ S(n) with (λ−1)ι(maxA)+|A| ≤ |B|
and A < (supp(x)⊔B)∩n, and for all signs ε, δ. The least constant C is denoted
by ∆λ,n,pl.

Definition 8.3. A basis B is (λ, n, superconservative) if there exists a constant
C > 0 such that

∥1εA∥ ≤ C∥1δB∥,

for all (A,B) ∈ T(n) with (λ− 1)ι(maxA) + |A| ≤ |B| and for all signs ε, δ. The
least constant C is denoted by Cλ,n,sc. When ε ≡ δ ≡ 1, we say that B is (λ, n,
conservative). The corresponding constant is denoted by Cλ,n,c.

Theorem 8.4. Let B be a basis of a Banach space X. The following are equivalent:
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i) B is (λ, n, strong partially greedy),

ii) B is quasi-greedy and (λ, n, PSLC),

iii) B is quasi-greedy and (λ, n, superconservative),

iv) B is quasi-greedy and (λ, n, conservative).

Before proving Theorem 8.4, we need the following lemmas, the first of which
reformulate (λ, n, PSLC) into a more useful form. The proof is similar to that of
Lemma 2.9.

Lemma 8.5. A basis B is ∆λ,n,pl-(λ, n, PSLC) if and only if

∥x∥ ≤ ∆λ,n,pl∥x− PA(x) + 1εB∥,

for all x ∈ X with ∥x∥∞ ≤ 1, for all (A,B) ∈ S(n) with (λ−1)ι(maxA)+|A| ≤ |B|
and A < (supp(x− PA(x)) ⊔B) ∩ n, and for all signs ε.

Lemma 8.6. If a basis B is quasi-greedy and (λ, n, superconservative), then B is
(λ, n, PSLC).

Proof. Similar to the proof of Lemma 2.5.

Lemma 8.7. Let B be a Cℓ-suppression quasi-greedy basis and λ > 1. The fol-
lowing hold.

i) If B is Cλ,n,sp-(λ, n, strong partially greedy), then B is CℓCλ,n,sp-(λ, n,
PSLC).

ii) If B is ∆λ,n,pl-(λ, n, PSLC), then B is Cℓ∆λ,n,pl-(λ, n, strong partially
greedy).

Proof. i) Choose x,A,B, ε, δ as in Definition (8.2). Let ns = maxA and set
D = {n1, . . . , ns}\A. Form y = x+ 1εA + 1D + 1δB . Observe that

|D ∪B| = |D|+ |B| ≥ (s− |A|) + (λ− 1)s+ |A| = λs.

Choose E ⊂ D ∪B such that |E| = ⌈λs⌉ to have

∥x+ 1εA∥ = ∥y − PD∪B(y)∥ ≤ Cℓ∥y − PE(y)∥ ≤ CℓCλ,n,sppσn
s (y)

≤ CℓCλ,n,sp∥y − Pn
s (y)∥

= CℓCλ,n,sp∥x+ 1δB∥.

ii) Let x ∈ X, m ∈ N, k ≤ m, and A ∈ G(x, ⌈λm⌉). We need to show that

∥x− PA(x)∥ ≤ Cℓ∆λ,n,pl∥x− Pn
k (x)∥.
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Set E = {n1, . . . , nk}\A, F = A\{n1, . . . , nk}, and α = minn∈A |e∗n(x)|. We verify
that E,F, x − PA(x) satisfy the condition of Lemma 8.5: clearly, (E,F ) ∈ S(n)
and

(λ− 1)ι(E) + |E| ≤ (λ− 1)m+ (m− |A ∩ {n1, . . . , nk}|)
≤ λm− |A ∩ {n1, . . . , nk}| ≤ |A| − |A ∩ {n1, . . . , nk}| = |F |.

It is easy to check that

E < (supp(x− PA(x)− PE(x)) ⊔ F ) ∩ n.

Let ε = (sgn(e∗n(x))n. Using Lemma 8.5 and Theorem 2.1, we obtain

∥x− PA(x)∥ ≤ ∆λ,n,pl∥x− PA(x)− PE(x) + α1εF ∥
≤ ∆λ,n,pl∥Tα(x− PA(x)− PE(x) + PF (x))∥
≤ ∆λ,n,plCℓ∥x− Pn

k (x)∥.

This completes our proof.

Lemma 8.8. If B is (λ, n, strong partially greedy), then B is quasi-greedy.

Proof. Assume that B is Cλ,n,sp-(λ, n, strong partially greedy). For each m ∈ N,
we have

∥x−G⌈λm⌉(x)∥ ≤ Cλ,n,sppσn
m(x) ≤ Cλ,n,sp∥x∥.

By [19, Lemma 2.3], we know that B is quasi-greedy.

Proof of Theorem 8.4. Lemmas 8.7 and 8.8 show that i) ⇐⇒ ii). By definitions,
(λ, n, PSLC) =⇒ (λ, n, superconservative), so ii) =⇒ iii). Lemma 8.6 gives iii)
=⇒ ii). Finally, iii) ⇐⇒ iv) is due to Remark 2.4.

By the characterizations in Theorem 8.4, we know that if λ1 > λ2 > 1, then a
(λ2, n, strong partially greedy) basis is (λ1, n, strong partially greedy). We now
provide a sufficient condition for the converse to hold.

Definition 8.9. Let N ∈ N. A basis B is said to be right-skewed if there exists
C > 0 such that for every finite set A ⊂ N, we can find a set of positive integers
B satisfying the condition: B > A, |B| = |A|, and ∥1B∥ ≤ C∥1A∥.

Proposition 8.10. Fix 1 < λ1 < λ2. Let B be a (λ2, n, conservative) basis that
is right-skewed. Then B is (λ1, n, conservative).

Proof. Set s :=
⌈
λ2−λ1

λ1−1

⌉
. Assume that B is ∆λ2,n,c-(λ2, n, conservative). Choose

(A,B) ∈ T(n) with |A|+(λ1−1)ι(maxA) ≤ |B|. Choose disjoint subsets (Dj)
s
j=1

satisfying |Dj | = |B|, B < D1 < D2 < · · · < Ds, and

∥1Dj∥ ≤ C∥1Dj−1∥,∀2 ≤ j ≤ s and ∥1D1∥ ≤ C∥1B∥.
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Set D = ∪s
j=1Dj . Then (B ∪D) ∩ n > A and

|B∪D| = |B|+|D| ≥ |A|+(λ1−1)ι(maxA)+
λ2 − λ1

λ1 − 1
|B| ≥ |A|+(λ2−1)ι(maxA).

Since B is (λ2, n, conservative), we know that

∥1A∥ ≤ ∆λ2,n,c∥1B∪D∥ ≤ ∆λ2,n,c(∥1B∥+ ∥1D∥)

≤ ∆λ2,n,c

∥1B∥+
s∑

j=1

∥1Dj∥


≤ ∆λ2,n,c(1 +C+C2 + · · ·+Cs)∥1B∥

≤

{
∆λ2,n,c

Cs+1−1
C−1 ∥1B∥ if C ̸= 1,

∆λ2,n,c(s+ 1)∥1B∥ if C = 1.

Hence, B is (λ1, n, conservative).

Corollary 8.11. Let 1 < λ1 < λ2. A right-skewed basis B is (λ1, n, strong
partially greedy) if and only if B is (λ2, n, strong partially greedy).

8.2. (λ, n, strong partially greedy) but not (n, strong partially greedy)
bases

Theorem 8.12. There exists a Banach space X with an 1-unconditional basis B
that is (λ, n, strong partially greedy) for all λ > 1 but is not (n, strong partially
greedy).

Proof. Fix λ > 1. Choose a subsequence n′ = (nkj ) of n such that

ln(⌈(λ− 1)kj⌉) ≥ 2
√
j. (8.4)

For each finite set F ⊂ N, define the weight sequences (wF
n )n as

wF
n =

{
1√
n

if F ⊂ n′,
1
n if F ̸⊂ n′.

Let X be the completion of c00 under the following norm: for x = (x1, x2, . . .),

∥x∥ = sup

{∑
i∈F

wF
π(i)|xi| : finite F ⊂ N and π : F → {1, . . . , |F |} is a bijection

}
.

Let B be the canonical basis, which is normalized and 1-unconditional.
i) B is not (n, conservative) and thus, not (n, strong partially greedy): choose

N ∈ N, AN = {nk1 , nk2 , . . . , nkN
} and BN ⊂ {i ∈ n : i /∈ n′} with |BN | = N and

BN > nkN
. Clearly, (AN , BN ) ∈ T(n); however,

∥1AN
∥ =

N∑
i=1

1√
i
and ∥1BN

∥ =

N∑
i=1

1

i
.
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Since ∥1AN
∥/∥1BN

∥ → ∞ as N → ∞, our basis B is not (n, conservative).
ii) B is (λ, n, conservative) and thus, (λ, n, strong partially greedy): Let

(A,B) ∈ T(n) with |A| + (λ − 1)ι(maxA) ≤ |B|. Pick a finite set F ⊂ N and a
bijection π : F → {1, . . . , |F |}. If F ̸⊂ n′, then

∑
i∈F

wF
π(i)|e

∗
i (1A)| ≤

|A|∑
i=1

1

i
≤

|B|∑
i=1

1

i
≤ ∥1B∥.

If F ⊂ n′, then write F = {nkj1
, nkj2

, . . . , nkjs
}. Without loss of generality,

assume that F ⊂ A (because for i ∈ F\A, |e∗i (1A)| = 0). Then

|B| ≥ (λ− 1)ι(maxA) ≥ (λ− 1)ι(nkjs
) = (λ− 1)kjs , and∑

i∈F

wF
π(i)|e

∗
i (1A)| ≤

s∑
i=1

1√
i

≤ 2
√
s.

We have

∥1B∥ ≥
|B|∑
i=1

1

i
≥

⌈(λ−1)ks⌉∑
i=1

1

i
=

∫ ⌈(λ−1)ks⌉+1

1

dx

x

≥ ln(⌈(λ− 1)ks⌉)
(8.4)

≥ 2
√
s ≥

∑
i∈F

wF
π(i)|e

∗
i (1A)|.

Letting F and π vary, we get ∥1A∥ ≤ ∥1B∥. We have shown that B is (λ, n,
strong partially greedy) for some λ > 1. To show that B is (λ, n, strong partially
greedy) for all λ > 1, we verify that B is right-skewed and resort to Lemma 8.11.

iii) B is right-skewed: pick a finite set A ⊂ N. Choose B ⊂ {i ∈ n : i /∈ n′}
such that B > A and |B| = |A|. Then

∥1B∥ =

|B|∑
i=1

1

i
=

|A|∑
i=1

1

i
≤ ∥1A∥.

This completes our proof.

9. Weighted (n, strong partially greedy) bases

9.1. The theory of weighted greedy-type bases

As a variant of greedy-type bases, researchers have studied the sequentially weight-
ed version, where an arbitrary weight sequence ζ = (sn)

∞
n=1 ∈ (0,∞)N is used to

“weigh” each subset of N. For A ⊂ N, the ζ-measure of A is ζ(A) =
∑

i∈A si. Let
η > 0 and define

σζ
η(x) := inf

{∥∥∥∥∥x−
∑
n∈A

anen

∥∥∥∥∥ : |A| < ∞, ζ(A) ≤ η, an ∈ F

}
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and
σ̃ζ
η(x) := inf {∥x− PA(x)∥ : |A| < ∞, ζ(A) ≤ η} .

Definition 9.1. A basis is ζ-greedy if there exists a constant C ≥ 1 such that

∥x− PA(x)∥ ≤ Cσζ
ζ(A)(x),∀x ∈ X,∀A ∈ G(x,m) for some m ∈ N.

A basis is ζ-almost greedy if there exists a constant C ≥ 1 such that

∥x− PA(x)∥ ≤ Cσ̃ζ
ζ(A)(x),∀x ∈ X,∀A ∈ G(x,m) for some m ∈ N.

Definition 9.2. A basis is ζ-democratic if there exists a constant C ≥ 1 such
that

∥1A∥ ≤ C∥1B∥,
for all finite sets A,B with ζ(A) ≤ ζ(B).

Among other results, Dilworth et al. [26] characterized ζ-almost greedy bases
as being quasi-greedy and ζ-democratic ([26, Theorem 2.6]). Later, Berná et al.
[17] introduced the so-called ζ-Property (A) and showed that a basis B is ζ-greedy
(ζ-almost greedy, resp.) if and only if it is unconditional (quasi-greedy, resp.)
and has the ζ-Property (A). Other results related to sequential weights include
characterizations of weighted weak semi-greedy bases and weighted semi-greedy
bases [12, 13, 26] and characterizations of weighted partially greedy and weighted
reverse partially greedy bases [28]. Recently, the author of the present paper [20]
generalized sequential weights to an arbitrary weight ω on sets and gave an example
of a basis that is set-weighted greedy but is not sequence-weighted greedy for any
sequence. The goal of this section is to study set-weighted (n, strong partially
greedy) bases.

Definition 9.3. Let P(N) be the power set of N. A weight on set is a nonnegative
function ω : P(N) → [0,∞] such that

i) ω(∅) = 0,

ii) ω(A) ∈ (0,∞] for each nonempty set A ⊂ N.

9.2. Weighted (n, strong partially greedy) bases and characterizations

For each m ≥ 1, we define Bm := {n1, . . . , nm} and B0 = ∅. Also let Tω(n) be the
collection of all ordered pairs of finite sets (A,B) with A ⊂ n, ω(A) ≤ ω(B), and
A < B ∩ n.

Definition 9.4. A basis is said to be ω-(n, strong partially greedy) if there exists
C ≥ 1 such that for all x ∈ X, m ∈ N, and A ∈ G(x,m), we have

∥x− PA(x)∥ ≤ Cpσn,ω
A (x), (9.1)

where
pσn,ω
A (x) := inf{∥x− PBm

(x)∥ : ω(Bm\A) ≤ ω(A\Bm)}.
The smallest C satisfying (9.1) is denoted by Cω

n,sp.
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Definition 9.5. A basis is ω-(n, PSLC) if there exists a constant C ≥ 1 such that

∥x+ 1εA∥ ≤ C∥x+ 1δB∥, (9.2)

for all x ∈ X with ∥x∥∞ ≤ 1, for all (A,B) ∈ Tω(n) with A < (B ⊔ supp(x)) ∩ n,
and for all signs ε, δ. The smallest C for which (9.2) holds is denoted by ∆ω

n,pl.

We have an useful reformulation of ω-(n, PSLC), whose proof is similar to the
proof of Lemma 2.9.

Lemma 9.6. A basis B is ∆ω
n,pl-ω-(n, PSLC) if and only if

∥x∥ ≤ ∆ω
n,pl∥x− PA(x) + 1εB∥,

for all x ∈ X with ∥x∥∞ ≤ 1, for all signs ε, and for all (A,B) ∈ Tω(n) with
A < (supp(x− PA(x)) ⊔B) ∩ n.

Theorem 9.7. Let B be a basis and ω be a weight on subsets of N.

i) If B is Cω
n,sp-ω-(n, strong partially greedy), then B is Cω

n,sp-suppression
quasi-greedy and Cω

n,sp-ω-(n, PSLC).

ii) If B is Cℓ-suppression quasi-greedy and ∆ω
n,pl-ω-(n, PSLC), then B is Cℓ∆

ω
n,pl-

ω-(n, strong partially greedy).

Proof. (i) Let B be Cω
n,sp-ω-(n, strong partially greedy). Let x ∈ X, m ∈ N, and

Λ ∈ G(x,m). We have

∥x− PΛ(x)∥ ≤ Cω
n,sppσn,ω

Λ (x) ≤ Cω
n,sp∥x∥,

which shows that B is Cω
n,sp-suppression quasi-greedy. To show that B is Cω

n,sp-
ω-(n, PSLC), we choose x,A,B, ε, δ as in Definition 9.5. Let maxA = ns and
y := 1εA + 1D + x+ 1δB , where D = {n1, n2, . . . , ns}\A. Since B ∪D is a greedy
set of y and w(A) ≤ w(B), we have

∥x+ 1εA∥ = ∥y − PB∪D(y)∥ ≤ Cω
n,sppσn,ω

B∪D(y)

≤ Cω
n,sp∥y − PA∪D(y)∥ = Cω

n,sp∥x+ 1δB∥.

(ii) Assume that B is Cℓ-suppression quasi-greedy and is ∆ω
n,pl-ω-(n, PSLC).

Let x ∈ X, m ∈ N, and Λ ∈ G(x,m). Fix Bk with ω(Bk\Λ) ≤ ω(Λ\Bk). We need
to show that

∥x− PΛ(x)∥ ≤ Cℓ∆
ω
n,pl∥x− PBk

(x)∥.
Set E = Bk\Λ, F = Λ\Bk, and α = minn∈Λ |e∗n(x)|. By Lemma 9.6 and Theorem
2.1, we obtain

∥x− PΛ(x)∥ ≤ ∆ω
n,pl

∥∥∥∥∥x− PΛ(x)− PE(x) + α
∑
n∈F

sgn(e∗n(x))en

∥∥∥∥∥
= ∆ω

n,pl ∥Tα (x− PΛ(x)− PE(x) + PF (x))∥
≤ Cℓ∆

ω
n,pl∥x− PBk

(x)∥,

as desired.
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Definition 9.8. A basis B is ω-(n, superconservative) if there exists a constant
C > 0 such that

∥1εA∥ ≤ C∥1δB∥, (9.3)

for all (A,B) ∈ Tω(n) and for all signs ε, δ. The smallest C for (9.3) to hold
is denoted by ∆ω

n,sc. If (9.3) holds for ε ≡ δ ≡ 1, then B is said to be ω-(n,
conservative), and the smallest constant in this case is denoted by ∆ω

n,c.

Similar to Lemma 2.5, we have

Lemma 9.9. If B is Cq-quasi-greedy and ∆ω
n,sc-ω-(n, superconservative), then B

is ∆ω
n,pl-ω-(n, PSLC) with ∆ω

n,pl ≤ 1 +Cq +∆ω
n,scCq.

Theorem 9.10. Let B be a basis and ω be a weight on subsets of N. The following
are equivalent:

i) B is ω-(n, strong partially greedy),

ii) B is quasi-greedy and ω-(n, PSLC),

iii) B is quasi-greedy and ω-(n, superconservative),

iv) B is quasi-greedy and ω-(n, conservative).

Proof. That i) ⇐⇒ ii) is due to Theorem 9.7. By definition and Lemma 9.9, ii)
⇐⇒ iii). Finally, iii) ⇐⇒ iv) is due to Remark 2.4.

Corollary 9.11. A basis B is quasi-greedy if and only if B is ω-(n, strong partially
greedy) for some ω.

Proof. If B is ω-(n, strong partially greedy) for some ω, then B is quasi-greedy by
Theorem 9.10. Conversely, suppose that B is quasi-greedy. Define the weight ω
on a set A ⊂ N

ω(A) =

{
∥1A∥ if A is finite,

∞ if A is infinite.

By Theorem 9.10, we need to verify that B is ω-(n, conservative). This is clearly
true as for any two finite sets A and B, we have ∥1A∥ ≤ ∥1B∥ whenever ω(A) ≤
ω(B) by the definition of the weight ω.

9.3. Properties of ζ-(n, conservative) bases

We consider sequence-weighted (n, conservative) bases, which are a special case
of the set-weighted version. In particular, let ζ = (sn)n ∈ (0,∞)N, then for each
subset A ⊂ N, ζ(A) :=

∑
n∈A sn; that is, the weight of each set is determined by

the sequence ζ. Hence, we do not have the freedom of assigning weights to sets as
in Definition 9.3.

Proposition 9.12. Let B be a basis of a Banach space X and ζ = (sn)n ∈ (0,∞)N.
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i) Let B be C-ζ-(n, superconservative). If a finite set A ⊂ n has

ζ(A) ≤ lim sup
n→∞

sn,

then supε ∥1εA∥ ≤ 2Cc2.

ii) If supn sn = ∞ and B is ζ-(n, superconservative), then (en)n∈n is equivalent
to the canonical basis of c0.

iii) Let n ̸= N. If infn∈n sn = 0 and B is C-ζ-(n, superconservative), then B
has a subsequence equivalent to the canonical basis of c0.

Proof. i) Let A ⊂ n be a finite set with ζ(A) ≤ lim supn→∞ sn. Choose n2 >
n1 > A such that ζ(A) < sn1

+ sn2
= ζ({n1, n2}). Since (A, {n1, n2}) ∈ Tζ(n), we

obtain

∥1εA∥ ≤ C∥en1
+ en2

∥ ≤ 2Cc2.

ii) Use item i).
iii) Pick N ∈ N\n. Let (n′

i)i ⊂ n be a sequence such that
∑

i sn′
i
< sN .

For any finite set A ⊂ (n′
i)i, we have (A, {N}) ∈ Tζ(n). Hence, supε ∥1εA∥ ≤

C∥eN∥ ≤ Cc2. Therefore, (en′
i
)i is equivalent to the canonical basis of c0.

Proposition 9.13. Suppose that 0 < infn sn ≤ supn sn < ∞. Then B is ζ-(n,
superconservative) if and only if B is (n, superconservative).

Proof. Without loss of generality, let 0 < α := infn sn ≤ supn sn = 1. Assume
that B is ∆n,sc-(n, superconservative). Let (A,B) ∈ Tζ(n) and choose signs ε, δ.
We have α|A| ≤ ζ(A) ≤ ζ(B) ≤ |B|. If |A| < 2⌈1/α⌉, then

∥1εA∥ < 2⌈1/α⌉ sup
n

∥en∥ ≤ 2⌈1/α⌉ sup
n

∥en∥ sup
m

∥e∗m∥∥1δB∥ ≤ 2⌈1/α⌉c22∥1δB∥.

We consider the case |A| ≥ 2⌈1/α⌉. Then |B| ≥ α|A| ≥ 2. Partition A into
N = ⌈2/α⌉ sets A1, . . . , AN such that each set Ai has

|Ai| ≤ |A|
N

+ 1 ≤ |B|
αN

+ 1 ≤ |B|
2

+ 1 ≤ |B|.

Hence, (Ai, B) ∈ T(n) and ∥1εAi∥ ≤ ∆n,sc∥1δB∥. Therefore,

∥1εA∥ ≤
N∑
i=1

∥1εAi∥ ≤
⌈
2

α

⌉
∆n,sc∥1δB∥.

We have shown that B is ζ-(n, superconservative).
Assume that B is ∆ζ

n,sc-ζ-(n, superconservative). Let (A,B) ∈ T(n) and choose

signs ε, δ. If ζ(A) ≤ ζ(B), then (A,B) ∈ Tζ(n) and so, ∥1εA∥ ≤ ∆ζ
n,sc∥1δB∥.

Suppose that ζ(A) > ζ(B).
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Case 1: ζ(B) > 2. Partition A into N sets A1, A2, . . . , AN such that A1 <
A2 < · · · < AN , ζ(Ai) ≤ ζ(B) < ζ(Ai) + 1 for 1 ≤ i ≤ N − 1, and ζ(AN ) ≤ ζ(B).
Observe that for 1 ≤ i ≤ N − 1,

ζ(Ai) > ζ(B)− 1 >
ζ(B)

2
.

Therefore,

N − 1 ≤ ζ(A)

ζ(B)/2
≤ 2|A|

α|B|
≤ 2

α
.

Since B is ∆ζ
n,sc-ζ-(n, superconservative) and (Ai, B) ∈ Tζ(n), we obtain

∥1εA∥ ≤
N∑
i=1

∥1εAi∥ ≤
N∑
i=1

∆ζ
n,sc∥1δB∥ ≤

(
1 +

2

α

)
∆ζ

n,sc∥1δB∥.

Case 2: ζ(B) ≤ 2. We have

α|A| ≤ α|B| ≤ ζ(B) ≤ 2.

Hence, |A| ≤ 2/α, which gives

∥1εA∥ ≤ 2

α
sup
n

∥en∥ ≤ 2

α
sup
n

∥en∥ sup
m

∥e∗m∥∥1δB∥ ≤ 2c22
α

∥1δB∥.

This shows that B is (n, superconservative).

Corollary 9.14. Let n ̸= N and ζ = (sn)n be such that either infn sn > 0 or
infn∈n sn = 0. If a basis B = (en)n is ζ-(n, strong partially greedy) for the
weight sequence ζ = (sn)n, then either B is (n, strong partially greedy) or B has a
subsequence that is equivalent to the canonical basis of c0.

Proof. Let B be ζ-(n, strong partially greedy) for some weight sequence ζ = (sn)n.
By Theorem 9.10, we know that B is quasi-greedy and ζ-(n, superconservative).

If 0 < infn sn ≤ supn sn < ∞, then Proposition 9.13 states that B is (n,
superconservative). By Theorem 2.6, B is (n, strong partially greedy).

If supn sn = ∞, then Proposition 9.12 item ii) gives that (en)n∈n is equivalent
to the canonical basis of c0.

If infn∈n sn = 0, Proposition 9.12 item iii) gives that (en)n∈n has a subsequence
that is equivalent to the canonical basis of c0.

Corollary 9.15. Let n ̸= N and ∆N,n be finite. If a basis B = (en)n is ζ-(n,
strong partially greedy) for some weight sequence ζ = (sn)n, then either B is (n,
strong partially greedy) or B has a subsequence that is equivalent to the canonical
basis of c0.

Proof. If inf sn > 0, then the conclusion follows from Corollary 9.14. If infn sn = 0,
then the finite ∆N,n implies that infn∈n sn = 0. Again the conclusion follows from
Corollay 9.14.
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We shall use Corollary 9.14 to prove the next theorem.

Theorem 9.16. Let n be such that N\n is infinite. There exists a 1-unconditional
Schauder basis B that is ω-(n, strong partially greedy) for some weight on sets ω,
but B is not ζ-(n, strong partially greedy) for any weight sequence ζ that satisfies
either infn sn > 0 or infn∈n sn = 0.

Proof. We slightly modify the example in the proof of Theorem 5.3. Let K =
N\n = k1 < k2 < · · · . Define a function ϕ : N → N as

ϕ(n) =

{
1 if n ≤ k1,

j if kj + 1 ≤ n ≤ kj+1 for some j ≥ 1.

Let X be the completion of c00 under the following norm: for x = (x1, x2, . . .),

∥x∥ := sup
F

∑
m∈F

|xm|+ ∥x∥ℓ2 ,

where F ⊂ N and
√

ϕ(minF ) ≥ |F |. Let B be the canonical basis. Using the same
argument as in Case 2 of Theorem 5.3, we know that B is not (n, conservative)
and thus, not (n, strong partially greedy).

Define a weight ω on each set A ⊂ N as follows:

ω(A) =

{
∥1A∥ if A is finite,

∞ if A is infinite.

Since ∥1A∥ = ω(A) for each finite A ⊂ N, B is ω-(n, conservative). Hence, we
know that B is ω-(n, strong partially greedy) by Theorem 9.10.

Let us show that B is not ζ-(n, strong partially greedy) for any weight sequence
ζ that satisfies either infn sn > 0 or infn∈n sn = 0. By Corollary 9.14, we need only
to show that B has no subsequence equivalent to the canonical basis of c0. Let (fn)n
be a subsequence of B and N ∈ N, we have ∥

∑N
n=1 fn∥ ≥

√
N → ∞ as N → ∞.

Hence, (fn)n is not equivalent to the canonical basis of c0, a contradiction.

Remark 9.17. The weight ω defined in the proof of Theorem 9.16 has some nice
properties

i) ω(A) < ∞ if A is finite,

ii) ω(A) → 0 as
∑

n∈A ω({n}) → 0, and ω(A) → ∞ as
∑

n∈A ω({n}) → ∞,

iii) If A,B ⊂ N are finite sets such that ∅ ≠ A ⊊ B, then ω(B)− ω(A) ≥ η > 0,
where η depends only on |A| and |B|. In particular,

ω(A) + (
√

|B| −
√
|A|) ≤ ω(B).

Corollary 9.18. i) There exists a 1-unconditional basis B that is ω-(N, strong
partially greedy) for some weight on sets ω, but B is not ζ-(N, strong partially
greedy) for any weight sequence ζ with inf sn > 0.
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ii) Let n ̸= N and ∆N,n be finite. There exists a 1-unconditional basis B that is
ω-(n, strong partially greedy) for some weight on sets ω, but B is not ζ-(n,
strong partially greedy) for any weight sequence ζ.

iii) Let n be such that ∆N,n is infinite. There exists a 1-unconditional Schauder
basis B that is ω-(n, strong partially greedy) for some weight on sets ω, but
B is not ζ-(n, strong partially greedy) for any weight sequence ζ that satisfies
either infn sn > 0 or infn∈n sn = 0.

Remark 9.19. Corollary 9.18 item i) is sharp in the sense that we cannot drop the
requirement inf sn > 0. Indeed, Khurana [28] characterized ζ-(N, strong partially
greedy) bases by quasi-greediness and the so-called ς-left-Property (A). By [28,
Remark 3.3], any basis trivially satisfies ζ-left-Property (A) with ζ = (sn)

∞
n=1 =

(2−n)∞n=1. Hence, if we have an ω-(N, strong partially greedy) basis, it is quasi-
greedy by Theorem 9.10 and has ζ-left-Property (A) for sn = 2−n. Therefore, the
basis is automatically ζ-(N, strong partially greedy).

As we shall show later, we can remove the condition “either infn sn > 0 or
infn∈n sn = 0” in item iii) and bring items ii) and iii) into one theorem.

Proof of Corollary 9.18. Item i) is due to [20, Theorem 1.21], while iii) is due to
Theorem 9.16. We prove item ii). Suppose that n ̸= N and N\n is finite. We use
the example of a basis B in [20, Section 4]. The basis B is ω-(N, strong partially
greedy) for some weight on sets ω, but B is neither (N, strong partially greedy)
nor has a subsequence equivalent to the canonical basis of c0.

We claim that B is not ζ-(n, strong partially greedy) for any weight sequence
ζ. Suppose otherwise. By Corollary 9.15, B is either (n, strong partially greedy)
or B has a subsequence that is equivalent to the canonical basis of c0. Since the
difference set ∆N,n is finite, by Theorem 3.9, B is either (N, strong partially greedy)
or B has a subsequence that is equivalent to the canonical basis of c0. However,
neither of these holds.

Theorem 9.20. Let n ̸= N. There exists a 1-unconditional Schauder basis B
that is ω-(n, strong partially greedy) for some weight on sets ω, but B is not ζ-(n,
strong partially greedy) for any weight sequence ζ.

Proof. Let sn = 1√
n
and tn = 1

n for n ≥ 1. Let X be the completion of c00 under

the following norm: for x = (x1, x2, . . .),

∥x∥ = sup
π,π′

 ∞∑
i=1

sπ(i)|xn2i−1
|+

∑
j∈N\(n2i−1)i

tπ′(j)|xj |

 ,

where π : N → N and π′ : N\(n2i−1)i → N are bijections. Consider the canonical
basis B, which is normalized and 1-unconditional. Define a weight ω on each set
A ⊂ N as follows:

ω(A) =

{
∥1A∥ if A is finite,

∞ if A is infinite.
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Since ∥1A∥ = ω(A) for each finite A ⊂ N, B is ω-(n, conservative). Hence, we know
that B is ω-(n, strong partially greedy) by Theorem 9.10. Besides, ω satisfies all
properties listed in Remark 9.17. We show that B is not ζ-(n, strong partially
greedy) for any weight sequence ζ = (sn)n. Suppose otherwise.

If either supn sn = ∞ or infn∈n sn = 0, then Proposition 9.12 items ii) and
iii) give that B has a subsequence that is equivalent to the canonical basis of c0, a
contradiction.

For the rest of the proof, assume that 0 < α := infn∈n sn ≤ supn sn =: β < ∞
and set p = ⌈β/α⌉. For each N ∈ N, let AN = {n1, n3, . . . , n2N−1} and BN =
{n2N , n2N+2, . . . , n2N+2(pN−1)}. Note that AN ⊂ n, AN < BN ∩ n, and

ζ(AN ) ≤ βN ≤ pNα = |B|α ≤ ζ(BN ).

Hence, (AN , BN ) ∈ Tζ(n). However,

∥1AN
∥ =

N∑
i=1

1√
i

≥ 2
√
N + 1− 2, while ∥1BN

∥ =

pN∑
i=1

1

i
≤ ln(pN) + 1.

We have ∥1AN
∥/∥1BN

∥ → ∞ as N → ∞. Therefore, B is not ζ-(n, conservative)
and thus, is not ζ-(n, strong partially greedy).
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[16] Berná, P. M., Blasco, Ó., Garrigós, G., Hernández, E., Oikhberg, T.: Lebesgue inequalities
for Chebyshev thresholding greedy algorithms. Rev. Mat. Complut. 33, 695–722 (2020)
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