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Non-existence of certain lightlike hypersurfaces of an
indefinite Sasakian manifold

Samuel Ssekajja

Abstract. We consider a lightlike hypersurface, tangent to the structure vector field, of an
indefinite Sasakian manifold. We prove that no such a hypersurface can either have parallel
or recurrent second fundamental forms. In addition to the above, we also prove that no such a

hypersurface may have parallel or recurrent induced structural tensors.

1. Introduction

Lightlike submanifolds differ significantly from their non-degenerate counterparts.
Such differences results from the fact that the tangent bundle and the normal
bundle of a lightlike submanifold have a non-trivial intersection. This makes the
study of lightlike geometry extremely difficult compared to the non-degenerate
case. In the books [5, 6] and [13], the authors introduce the geometry of lightlike
submanifolds in semi-Riemannian manifolds, with relatively different approaches.
Following the fundamental tools developed in the above books, many scholars
have investigated the geometry of lightlike submanifolds. For instance, see, among
others, the following articles: [1, 2, 7, 8, 9, 10, 11, 12, 14, 15, 16, 17].

The geometry of lightlike hypersurfaces of indefinite Sasakian manifolds have
been extensively investigated. The most investigated, among all, are the ones
which are tangent to the structure vector field of the indefinite Sasakian man-
ifold. For example, D. H. Jin [11] has proved that such hypersurfaces can not
be screen conformal, and also their screen distributions are not totally umbilical.
Furthermore, such hypersurfaces can not be totally umbilical, although they had
previously been assumed to be totally umbilical by the authors in the papar [12].
In the same line, S. Ssekajja [16] have shown that such hypersurfaces are never
totally n-umbilical, their screen distributions are never parallel, and their induced
connections are never metric connections.

Although the above hypersurfaces have also been studied under the assump-
tions that their second and local second fundamental forms are parallel (see, for
example, [14] and [15]), we have shown, in this paper, that such hypersurfaces can
not be studied under such conditions. In fact, these hypersurfaces can not have
parallel second fundamental forms nor parallel induced structure tensors (see The-
orems 4.5, 4.7, 5.4, 6.1, 6.3 and 6.4). The rest of the paper is arranged as follows;
In Section 2, we give some basic preliminaries on lightlike hypersurfaces required
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in the rest of the paper. In Section 3, we give some constructions on lightlike
hypersurfaces of an indefinite Sasakian manifold. In Sections 4 and 5, we discuss
parallelism and recurrence of second fundamental forms. Finally, in Section 6, we
discuss the parallelism and recurrence of the induced structural tensors.

2. Preliminaries

Let (M,g) be a (2n + 1)-dimensional semi-Riemannian manifold with index g,
where 0 < ¢ < 2n + 1, and let (M,g) be a hypersurface of M. Let g be the
induced tensor field by g on M. Then, M is called a lightlike hypersurface of M if
g is of constant rank 2n — 1 and the normal bundle TM* is a distribution of rank
1 on M [5, 6]. Here, the fibres of the vector bundle TM~ are defined as

T,M* ={Y, € T,M : §,(X,,Y,) =0, VX, € T,M}.

Furthermore, it is worth remarking that, for a lightlike hypersurface, T, M+ =
Rad(T,M), where Rad(T,M) =T, M NT,M=.

Let (M, g) be a lightlike hypersurface of a semi-Riemannian manifold (M, g).
The complementary distribution to TM=* in TM is called a screen distribution
[5, 6] and denoted by S(T'M). Although S(T'M) is generally not unique, it is known
to be non-degenerate and canonically isomorphic to the factor bundle TM/T M=+
considered by the author in [13]. Thus, we have the decomposition

TM = S(TM) L TM*. (2.1)

We also have TM = S(T'M) L S(T'M)*, where S(T M)~ is the complementary
vector bundle to S(TM) in TM|p;. The following theorem is important in the
study of lightlike hypersurfaces.

Theorem 2.1 (Duggal-Bejancu [5]). Let (M,g) be a lightlike hypersurface of
(M,g). Then, there exists a unique vector bundle tr(TM), called the lightlike
transversal bundle of M with respect to S(TM), of rank 1 over M such that for
any non-zero section & of TM~ on a coordinate neighbourhoodU C M, there exists
a unique section N of tr(TM) on U satisfying

9§, N)=1, g(N,N)=g(N,Z) =0, (2.2)
for any Z tangent to S(TM).
Consequently, we have the following decomposition of T'M.
TM|y = S(TM) L {TM* @ tr(TM)} = TM @ tr(TM). (2.3)

Let V be the Levi-Civita connection of (M, g). Let V, V!, V* and V** denote
the induced connections on M, tr(T'M), S(TM) and TM=, respectively, and P be
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the projection of TM onto S(T'M). Then the local Gauss—Weingarten equations
of M and S(T'M) are the following [5, 6].

VxY =VxY +h(X,Y)=VxY + B(X,Y)N, (2.4)
VxN=-AnX + V5N = —AyX + 7(X)N, (2.5)
VxPY = V%PY + h*(X,PY) = Vi PY + C(X, PY), (2.6)
Vx€=—A{X + V¥ = —AL X — 1(X)E, (2.7)

for all X and Y tangent to M, & tangent to TM~+ and N tangent to tr(TM). In
the above setting, h is called the second fundamental form and B the local second
fundamental form of M. Furthermore, A* is the second fundamental form and C'
the local second fundamental form of S(T'M). Ay and Af are the shape operators
of TM and S(T'M) respectively, while 7 is a 1-form on T'M.

The above shape operators are related to their local fundamental forms by

g(AIX,Y) = B(X,Y), (2.8)

for any X and Y tangent to M. It follows from (2.8) that
B(X,§) =0, (2.9)
for any X tangent to M. Moreover, we have
G(A{X,N)=0 and g(AnNX,N)=0, (2.10)

for all X tangent to M. From relations (2.10), we notice that A7 and Ay are both
screen-valued operators. Since S(TM) is non-degenerate (2.9) implies that

Afe=0. (2.11)
Let 6 be a 1-form, on M, defined on M by
0(X) = g(X,N), (2.12)

for all X tangent to M. Then, in view of decomposition (2.1), any X tangent to
M can be written as

X =PX +0(X)E (2.13)
It is easy to show that
(Vxg)(Y,Z) = B(X,Y)0(Z) + B(X, 2)0(Y), (2.14)

for all X, Y and Z tangent to M. Consequently, V is generally not a metric
connection with respect to g. However, it is known that the induced connection
V* on S(T'M) is a metric connection.
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On every lightlike hypersurface (M, g) of a semi-Riemannian manifold (M, g),
the covariant derivatives of the second fundamental form h = B ® N and the local
second fundamental form B are defined as

(Vxh)(Y,Z) = Vh(Y,Z) = h(VxY, Z) = MY, Vx Z), (2.15
(VxB)(Y,Z) =X -B(Y,Z) — B(VxY,Z) — B(Y,VxZ), (2.16)

for any X, Y and Z tangent to M. From the fact Vi N = 7(X)N, we have

Vih(Y,Z)=X-B(Y,Z)N + B(Y, Z)V4N
= {X-B(Y,Z)+ B(Y, Z)T(X)}N, (2.17)

for any X, Y and Z tangent to M. In view of (2.15), (2.16) and (2.17), h and B
satisfy the relation

(Vxh)(Y,2) = {(VxB)(Y, Z) + 7(X)B(Y, Z)} N, (2.18)

for any X, Y and Z tangent to M.

3. Lightlike hypersurfaces of indefinite Sasakian manifolds

An odd-dimensional semi-Riemannian manifold (M,g) is called contact metric
manifold [4] if there are a (1,1) tensor field ¢, a vector field (, called structure
vector field, and a 1-form 7 such that

g(&Xv QEY) = g(Xa Y) - U(X)U(Y)7 §(C,C) =1, (31)
P*X =X +n(X)¢, (X, ) =n(X), (32)
dn(X,Y) = g(X, ¢Y),

for any X and Y tangent to M. It follows that ¢¢ = 0, no ¢ = 0 and n(¢) = 1.
Then (¢,¢,7,9) is called contact metric structure of M. Furthermore, M has a
normal contact structure if Ng + 2dn ® ¢ = 0, where Ny is the Nijenhuis tensor
field [20]. A normal contact metric M is called an indefinite Sasakian manifold

[18, 19], for which we have

(Vx9)(Y) = g(X,Y)¢ = n(Y)X, (3-3)
vXC = 7Q_5Xa (34)

for any X and Y tangent to M.

Let (M, g) be a lightlike hypersurface, tangent to the structure vector field ¢,
of an indefinite Sasakian manifold (M, ¢, (,n, ). In such a case, C. Calin [3] has
shown that ¢ belongs to the screen distribution S(T'M). Through out this paper,
we assume that M is tangent to (.

Let ¢ and N be local sections of TM~* and tr(T M), respectively, satisfying
(2.2). Since (¢,¢,n) is an almost contact structure and ¢¢ a lightlike vector field,
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it follows that ¢N is lightlike too. Moreover, g(¢¢,€&) = 0 and, thus, ¢¢ is tan-
gent to TM. Let us consider S(TM) containing ¢T M=+ as a vector subbundle.
Consequently, N is orthogonal to ¢¢ and we have g(¢N, &) = —g(N, ¢¢) = 0 and
G(¢N,N) = 0. This means that ¢N is tangent to TM and in particular, it be-
longs to S(TM). Thus, ¢tr(TM) is also a vector subbundle of S(T'M). In view of
(3.1), we have g(¢&,¢N) = 1. It is then easy to see that 9T M+ @ ¢tr(TM) is a
non-degenerate vector subbundle of S(T'M), with 2-dimensional fibers. Since ¢ is
tangent to M, and that g(¢¢, ¢) = g(¢N, () = 0, then there exists a non-degenerate
distribution Dy on T'M such that

S(TM) = {¢TM* @ ¢tr(TM)} L Dy L (C), (3.5)

where (¢) denotes the line bundle spanned by the structure vector field ¢. Further-
more, one can easily check that Dy is an almost complex distribution with respect
to ¢, that is; ¢Dg = Do.

Then, in view of (2.1), (2.3) and (3.5), the decompositions of TM and TM
becomes

TM = {¢TM* @ tr(TM)} L Dy L () L TM*. (3.6)
TMy = {¢TM* @ tr(TM)} L Do L (¢) L {TM~* & tr(TM)}.
If we set D =TM* 1 ¢TM~+ L Dy and D' = ¢tr(TM), then (3.6) becomes
TM =D& D' L (). (3.7)

Here, D is an almost complex distribution and D’ is carried by ¢ into the transver-
sal bundle.
Consider the lightlike vector fields U and V given by

U=—-¢N and V = —¢¢, (3.8)
together with their corresponding 1-forms u and v given by
u(X) = g(X,V) and v(X) = g(X,U), (3.9)

for any X tangent to M.
Then, from (3.7), any X tangent to M can be written as

X =RX 4+ QX +n(X)(, (3.10)

where R and () are the projection morphisms of 7'M onto D and D', respectively.
Applying ¢ to (3.10) and using (3.2), we get

¢X = ¢X +u(X)N, (3.11)
where ¢ is a (1,1) tensor field defined on M by ¢X = ¢RX. Furthermore, we have

X = X + (X)) +uX)U, uwlU)=1, ¢U=0, (3.12)
n(¢X) =u(@X) =0, v(pX)=-0(X), 6(¢X)=wv(X), (3.13)
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for any X tangent to M. It is easy to show that

9(6X,¢Y) = g(X,Y) = n(X)n(Y) — u(Y)v(X) — u(X)o(Y),
9(@X,Y) = —g(X,¢Y) — u(X)0(Y) — u(Y)0(X), (3.14)

for any X and Y tangent to M.

Lemma 3.1. On a lightlike hypersurface (J\_J, g), tangent to the structure vector
field ¢, of an indefinite Sasakian manifold (M, ¢,(,n,g), the following holds.

Vx(=—¢X, (
B(X, () = —u(X), (
C(X,¢) = —v(X), (
B(X,U)=C(X,V), (

(Vxu)(Y) = —B(X,¢Y) — 7(X)u(Y), (3.19

(Vxo)(Y) = g(X,Y)C —n(Y)X — B(X,Y)U + u(Y)AnX, (

VxU = ¢AnX — 0(X)¢ + 7(X)U, (
VxV = AL X — 1(X)V, (

for all X andY tangent to M.

Proof. A proof uses straightforward calculations, while considering (3.3), (3.4) and
(2.4)-(2.7). O

Lemma 3.2. Let (M, g) be a lightlike hypersurface, tangent to the structure vector
field ¢, of an indefinite Sasakian manifold (M,g,¢,n,¢). Then A satisfy the
relation '

A= V. (3.23)

Proof. A proof follows directly from relations (2.8) and (3.16), and the fact that
S(T'M) is non-degenerate. O

4. Parallelism of second fundamental forms h and B

In this section, we show that there exist no lightlike hypersurfaces (M, g), tangent
to the structure vector field ¢, of an indefinite Sasakian manifold (M, ®, ¢, 7, ),
with a parallel second fundamental form h or a parallel local second fundamental
form B. These findings can be seen in Theorems 4.5 and 4.7. In order to establish
these results, we need the following definition and some lemmas.

Definition 4.1. Let (M, g) be a lightlike hypersurface of a semi-Riemannian man-
ifold (M, g). Let h be the second fundamental form of M, and B its local second
fundamental form. Then, we say that
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1. h is parallel if
(Vxh)(Y, 2) = 0; (4.1)

2. B is parallel if
(VxB)(Y, Z) =0, (4.2)

for any X, Y and Z tangent to M.

Remark 4.2. One can easily see, from relation (2.18), that the parallelism of h
does not, in general, imply the parallelism of B and vise-versa. This motivates us
to investigate their parallelism separately.

Lemma 4.3. Let (M,g) be a lightlike hypersurface of a semi-Riemannian man-
ifold (M,g). If either the second fundamental form h of M or its local second
fundamental form B is parallel, then AZ satisfy

ALAEX =0, (4.3)
for any X tangent to M.
Proof. Suppose that h is parallel. Then, by (2.18) and (4.1), we have
(VxB)(Y, Z) + r(X)B(Y. 2) = 0, (4.4)

for any X,Y and Z tangent to M. Then, replacing Z with £ in (4.4), and using
(2.9), we get

(VxB)(Y,§) =0, (4.5)
for any X and Y tangent to M. It follows from (2.16) and (4.5) that
X -B(Y,§) - B(VxY,§) — B(Y,Vx¢) = 0. (4.6)

Now, applying (2.9) to (4.6), we have
B(Y. V&) = 0. (47)

In view of (2.7), (2.9) and (4.7), we have B(Y, A;X) = 0. Thus, relation (4.3)
follows easily from the last relation by the fact that A} is screen-valued operator
and the non-degeneracy of the screen distribution S(TM). In case B is parallel,
the proof also follows easily as above, which completes the proof. O

Lemma 4.4. Let (M, g) be a lightlike hypersurface, tangent to the structure vector
field ¢, of an indefinite Sasakian manifold (M,$,(,n,g), with a parallel second
fundamental form h, then
B(X,¢Y) + B(Y,¢X) =0, (4.8)
ALV =0, A{pAX =0, (4.9)

for any X and Y tangent to M.
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Proof. As h is parallel, we replace Z with ¢ in (2.18) to get
(VxB)(Y, () + 7(X)B(Y,¢) =0,

for any X and Y tangent to M, which after applying (3.16) to the second term,
reduces to

(VxB)(Y,¢) —u(Y)T(X) = 0. (4.10)
But, using (2.16), (3.15), (3.16) and (3.19), we have
(VxB)(Y,() = X - B(Y,¢) = B(VxY,() = B(Y,Vx()
=X -uY) +u(VxY) + B(Y, ¢X)

=—(Vxu)(Y) + B(Y, ¢X)
= B(X,$Y) + u(Y)r(X) + B(Y, $X). (4.11)

Then, relation (4.8) follows from (4.10) and (4.11). Next, replacing Y with £ in
(4.8) and noting that ¢§ = =V, we get B(X,V) = 0, which leads to AV =0 by
the non-degeneracy of the screen distribution S(7M), and hence the first relation
in (4.9) is proved. Furthermore, replacing ¥ with AfY in (4.8) and using (4.3)
of Lemma 4.3, we have B(X, (bAgY) = 0. This leads to AfpAY = 0 by the
non-degeneracy of the screen distribution S(TM). This proves the second relation
in (4.9), which completes the proof. O

In view of Lemmas 4.3 and 4.4, we have the following result.

Theorem 4.5. There exist no lightlike hypersurfaces (M, g), tangent to the struc-
ture vector field ¢, of an indefinite Sasakian manifold (M, ¢,(,n,g), with a parallel
second fundamental form h.

Proof. In view of relation (2.8) and (4.8) of Lemma 4.4, we have
GALX, 6Y) + g(Az6X,Y) =0, (4.12)

for any X and Y tangent to M. Applying relation (3.14) and the first relation in
(4.9) to the first term in (4.12), we derive

I(ALX, 9Y) = —g(pALX.Y) — B(X,V)O(Y) = —g(pALX,Y). (4.13)

Replacing (4.13) in (4.12), and using the fact that S(T'M) is non-degenerate, we
get

~PYAIX + AipX =0, (4.14)

for any X tangent to M. On the other hand, using the last relation in (3.13), we
have

B(pA;X) = v(ALX) = B(X,U), (4.15)
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for any X tangent to M. Therefore, by the help of (2.12), (2.13), (3.8), (3.11) and
(4.15), we have

PoALX = AL X — 0(pA;X)E = 9AL X — B(X,U)E. (4.16)
Replacing (4.16) in (4.14), we get
—QA{X + B(X,U)§ + AfoX = 0. (4.17)

Applying ¢ to (4.17) and using (3.12), and remembering that B(X,V) = 0 and
o& = =V, we get

AEX — B(X, Q)¢ — B(X,U)V + ¢pA{¢X = 0. (4.18)

Next, applying A; to (4.18) and using (3.16), (3.23), (4.3) and the two relations
in (4.9), we get

~B(X, ()AL = B(X, )V = —u(X)V =0, (4.19)

for any X tangent to M. Taking U for X in (4.19), we get V = 0 which is
impossible, which completes the proof. O

Next, we turn our attention to the parallelism of the local second fundamental
form B. In that line, we need the following lemma.

Lemma 4.6. Let (M, g) be a lightlike hypersurface, tangent to the structure vector
field ¢, of an indefinite Sasakian manifold (M,g,$,n,¢,g), with a parallel local
second fundamental form B, then

B(X,6Y) + B(Y, ¢X) + r(X)u(Y) =0, (4.20)
ALV =0, AIpAIX =0, (4.21)

for any X andY tangent to M.
Proof. Suppose that B is parallel. Then by (4.2), we have
(VxB)(Y,Z) =0, (1.22)

for any X, Y and Z tangent to M. Replacing Z with ¢ in (4.22) and using (2.16),
we get

X - B(Y,() - B(VxY,() = B(Y,Vx() =0. (4.23)
Applying (3.15) and (3.16) to (4.23), we get
X u(Y) +u(VxY) + B(Y,6X) =0,
which simplifies to

—(Vxu)(Y) + B(Y,¢X) = 0. (4.24)
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Substituting (3.19) in (4.24), we get

B(X,9Y) 4+ 7(X)u(Y) + B(Y,9X) =0,
which proves (4.20). Replacing Y with £ in (4.20) and noting that ¢£ = =V, we
get B(X,V) = 0, which gives A7V = 0. On the other hand, replacing Y with

AZY in (4.20) and using (4.3) of Lemma 4.3 and the first relation in (4.21), we get
B(X, gbAzY) = 0, which completes the proof. O

Using Lemma 4.6, we prove the following result.

Theorem 4.7. There exist no lightlike hypersurfaces (M, g), tangent to the struc-
ture vector field ¢, of an indefinite Sasakian manifold (M, ¢,(,n, ), with a parallel
local second fundamental form B.

Proof. From (2.8), (3.9) and (4.20), we have
9(Ae X, 9Y) + g(ALY, ¢X) + g(r(X)V,Y) = 0, (4.25)

for any X and Y tangent to M. Since B(X,V) =0 (see Lemma 4.6), we simplify
the first term in (4.25), using relation (3.14), as follows

(A X, 8Y) = —g(¢A: X, Y) — B(X,V)0(Y) = —g(dA: X,Y). (4.26)

Replacing (4.26) in (4.25) and using the fact the screen distribution S(T'M) is
non-degenerate, we get

—PoALX + AgpX +7(X)V =0 (4.27)
It is easy to see, from the last relation in (3.13), that
0(pA: X) = v(A; X) = B(X,U), (4.28)
for any X tangent to M. Thus, applying (2.13) and (4.28), we have
PoALX = pA; X — 0(AX)E = 9A X — B(X,U)E, (4.29)
for any X tangent to M. Then replacing (4.29) in (4.27), we get
—QA{X + B(X,U)§ + AgpX + 7(X)V = 0. (4.30)
Applying ¢ to (4.30) and using (3.12), we derive
AEX = (A X)¢ —u(Ae X)U + B(X,U)¢§ + pAgp X + 7(X)pV =0.  (4.31)

But n(4;X) = B(X,(), u(A;X) = B(X,V) =0, ¢ = =V and ¢V = £. There-
fore, (4.31) reduces to

AEX — B(X, Q)¢ — B(X,U)V + ¢A:pX + 7(X)€ = 0. (4.32)
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Applying Ag to (4.32) and using (2.13), (3.16), (4.3) and (4.21) of Lemma 4.6,
together with (3.23) of Lemma 3.2, we get

—B(X, ()AL = B(X,()V = —u(X)V =0, (4.33)

for any X tangent to M. Replacing X with U in (4.33), we get V' = 0 which is
impossible, and hence the proof. O

Remark 4.8. Lightlike hypersurfaces (M, g), tangent to the structure vector field
¢, of an indefinite Sasakian space form (M(c), ¢, ¢, n, ), with parallel second fun-
damental form h and parallel local second fundamental form B have been studied
in [14, pages 346-352] and in [15, pages 231-233]. We however, stress, with the
help of Theorems 4.5 and 4.7 above, that such hypersurfaces do not exist.

5. Recurrence of second fundamental forms h and B

Away from the second fundamental form h and the local second fundamental form
B being parallel, we investigate a more general case, in which the above tensors
are recurrent. For this reason, we start with the following definition.

Definition 5.1. Let (M, g) be alightlike hypersurface of a semi-Riemannian man-
ifold (M,g). Let h and B denote its second fundamental form and local second
fundamental form, respectively. Then, we say that

1. h is recurrent if there exist a one-form o on M such that
(Vxh)(Y, Z) = a(X)h(Y, Z); (5.1)
2. B is recurrent if there exist a one-form 5 on M such that
(VxB)(Y, Z) = B(X)B(Y, Z), (5.2)
for any X, Y and Z tangent to M. Moreover, if « = 8 = 0 then we see that h
and B becomes parallel.

Proposition 5.2. Let (M, g) be a lightlike hypersurface of a semi-Riemannian
manifold (M, g). Then, the second fundamental form h of M is recurrent if and
only if its local second fundamental form B is recurrent.

Proof. Suppose that h is recurrent. Then, by (2.18) and (5.1), we have
(VxB)(Y, Z) = {a(X) - 7(X)}B(Y, Z),

for any X, Y and Z tangent to M. This shows that B is also recurrent with
B = a — 7. On the other hand, if B is recurrent, then (2.18) and (5.2) gives

(Vxh)(Y, Z) = {B(X) + 7(X)}B(Y, Z)N = {B(X) + 7(X)}1(Y, 2),

for any X, Y and Z tangent to M, This shows that h is also recurrent with
a = B+ 7, which completes the proof. O
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In view of Proposition 5.2, it is enough to investigate the recurrence of either h or
B. Here, we shall investigate the recurrence of the second fundametal form h. Let
us start with the following lemma.

Lemma 5.3. Let (M, g) be a lightlike hypersurface of a semi-Riemannian manifold
(M, g). If the second fundamental form h of M is recurrent, then

ATALX =0, (5.3)

for any X tangent to M. Furthermore, if M = (M, g, ¢,n,¢,g) is an indefinite
Sasakian manifold, such that the lightlike hypersurface M is tangent to the struc-
ture vector field ¢, then

a(X) = —B(U, ¢X), (5.4)
B(X,¢Y) + B(Y,¢X) — B(U,¢X)u(Y) =0, (5.5)
ALV =0, A¢ALX =0, (5.6)

for any X andY tangent to M.
Proof. Using (2.18) and (5.1), we get
(VxB)(Y,Z) + 7(X)B(Y. Z) = a(X)B(Y, Z). (5.7)

Replacing Z with € in (5.7) and using (2.9), we get (VxB)(Y,¢) = 0. With the
help of relations (2.7), (2.9) and (2.16), the last relation becomes B(Y, A;X) =
0, from which (5.3) follows easily by the non-degeneracy of S(T'M). Next, if
M = (M,g,$,n,¢,g) is an indefinite Sasakian manifold such that the lightlike
hypersurface M is tangent to the structure vector field ¢, then we can replace Z
with ¢ in (5.7), and using (3.16), to get
(VxB)(Y, () = 7(X)u(Y) = —a(X)u(Y), (5.8)
for any X and Y tangent to M. On the other hand, using (2.16), (3.15), (3.16)
and (3.19), we have
(VxB)(Y,¢) = X - B(Y,() = B(VxY,() = B(Y, Vx()

=X u(Y)+u(VxY)+ B(Y,¢X)

= —(Vxu)(Y) + B(Y, ¢X)

= B(X,¢Y) +u(Y)r(X) + B(Y, $X). (5.9)
Replacing (5.9) in (5.8), we get

B(X, oY) + B(Y,6X) + a(X)u(Y) = 0. 5.10)

Taking U instead of Y in (5.10) and noting that ¢U = 0, we have a(X) =
—B(U, $X), which proves (5.4). Then, relation (5.5) follows from (5.4) and (5.10).
Next, replacing Y with & in (5.5), we get B(X, ¢§) = —B(X,V) =0, i.e. AV =0,
proving the first relation in (5.6). Next, replacing ¥ with A7Y in (5.5) and us-
ing relations (2.8), (5.3) and the first relation in (5.6), we get B(X,$A;Y) = 0.

This give us Af¢pA; X = 0, by the non-degeneracy of S(T'M), which completes the
proof. O

—~
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With the help of Lemma 5.3, we have the following result.
Theorem 5.4. There exist no lightlike hypersurfaces (M, g), tangent to the struc-
ture vector field ¢, of an indefinite Sasakian manifold (M, $,(,n, g), with a recur-

rent second fundamental form h.

Proof. From (5.6), we have B(X,V) = 0, for any X tangent to M. Therefore, we
simplify the first term in (5.5), with the help of relation (3.14), as follows

JALX, 6Y) = —g(SALX,Y) - BX,V)O(Y) = —g(¢A;X,Y),  (5.11)

for any X and Y tangent to M. Then, using relations (2.8), (5.5) and (5.11), and
the non-degeneracy of S(T'M), we have

~POALX + A;¢X — B(U,$X)V =0, (5.12)

for any X tangent to M. By a straightforward calculation, while considering ther
last relation in (3.13), we have

0(pA: X) = v(A; X) = B(X,U), (5.13)

for any X tangent to M. In view of (2.13) and (5.13), we have
POALX = pALX — 0(pALX)E = pALX — B(X, U)E, (5.14)
for any X tangent to M. Now, relation (5.12) can be re-written, using (5.14), as
—$AIX + B(X,U)¢ + Af¢X — B(U,6X)V = 0. (5.15)

Applying ¢ to (5.15) and using (3.12), while noting that u(A; X) = B(X,V) =0,
@& = =V and ¢V = ¢, we get

AEX — B(X, Q)¢ — B(X,U)V + ¢A:¢X — B(U,$X)€ = 0. (5.16)

Then, applying A to (5.16), while using (2.11), (3.16), (3.23), (5.3) and (5.6), we
get

~B(X, ()AL = B(X, )V = —u(X)V = 0. (5.17)

Taking U instead of X in (5.17), we get V' = 0, which is impossible. This completes
the proof. O

Corollary 5.5. There exist no lightlike hypersurfaces (M ,9), tangent to the struc-
ture vector field ¢, of an indefinite Sasakian manifold (M, $,¢,n,§), with a recur-
rent local second fundamental form B.
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6. Parallelism of the induced structures ¢, U and V

Turning to the induced structures ¢, U and V', we have the following results.

Theorem 6.1. There exist no lightlike hypersurfaces (M, g), tangent to the struc-

ture vector field ¢, of an indefinite Sasakian manifold (M, ®,(,n,g), with parallel
induced structures ¢, U or V.

Proof. Suppose that ¢ is parallel, i.e. V¢ = 0. Then, relation (3.20) gives
g( X, Y)C—n(Y)X — B(X,Y)U +u(Y)AnX =0, (6.1)

for any X and Y tangent to M. Replacing Y with ¢ in (6.1) and using (3.16), we
get

(X)) — X +u(X)U =0. (6.2)

Taking V for X in (6.2), we get the obvious contradiction V' = 0. Next, suppose
VxU =0, for any X tangent to M. Then, relation (3.21) gives

GANX — O(X)C + T(X)U =0, (6.3)

for any X tangent to M. The inner product of (6.3) with ¢ gives §(X) = 0,
which is impossible since 0(§) = g(¢§,N) = 1. Finally, if VxV = 0, for any
X tangent to M, then by (2.6) one gets V5V = 0 and C(X,V) = 0, for any
X tangent to M. With the help of relation (3.18), the last relation means that
B(X,U) =C(X,V) =0. If we replace X with ¢ in this relation and considering
(3.16), we get 0 = B(U, () = —u(U) = —1, which is impossible. O

Definition 6.2 ([10, page 1922]). The structure tensor field ¢ of (M, g) is said to
be recurrent if there exists a 1-form w on M such that

(Vx¢)(Y) = w(X)9Y, (6.4)
for any X and Y tangent to M. ¢ is parallel whenever w = 0.
As a generalization of part of Theorem 6.1, we have the following result.

Theorem 6.3. There exist no lightlike hypersurfaces (J\/.[ ,9), tangent to the struc-
ture vector field ¢, of an indefinite Sasakian manifold (M, ¢,(,n,g), with a recur-
rent induced structure tensor ¢.

Proof. Suppose that ¢ is recurrent. Then, relation (3.20) and (6.4) gives
XY~ (V)X — BLY)U +u(V)AnX = w(X)oY,  (65)

for any X and Y tangent to M. Replacing Y with ¢ in (6.5) and using (3.16) and
the fact ¢¢ = 0, we get

n(X)¢ — X +u(X)U = 0. (6.6)

Replacing X with V in (6.6), we get the obvious impossibility V' = 0. O
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We also have the following.

Theorem 6.4. There exist no lightlike hypersurfaces (M, g), tangent to the struc-
ture vector field ¢ , of an indefinite Sasakian manifold (M, ¢$,¢,n,g), such that D’
is a killing distribution.

Proof. By a direct calculation, we have

(Lug)(X,Y)=U-9(X,Y) - g([U, X],Y) — g(X, [U,Y])
= (Vug)(X,Y)+g(VxU,Y) + g(X,VyU), (6.7)

for any X and Y tangent to M. Then, applying (2.14) to (6.7), we get

(Lug)(X,Y)
=B(U,Y)0(X) +BUX)0Y)+g(VxUY)+g(X,VyU). (6.8)

Suppose that Lyg = 0, that is D’ is a killing distribution, then (6.8) leads to
B(U,Y)8(X) + B(U, X)8(Y) + g(VxU,Y) + g(X,VyU) =0.  (6.9)
Replacing X with £ and Y with ¢ in (6.9) and using (2.9), we get
B(U,{)+g(VeU,¢) = 0. (6.10)
But, using (3.15) and (3.16), we have

B(U,¢) = —u(U) = —1, (6.11)
9(VeU, Q) = =g(U,Ve() = g(U, ¢€) = —1. (6.12)

Replacing (6.11) and (6.12) in (6.10), we arrive at an obvious contradiction. [

Remark 6.5. In the paper [15, Theorem 4.11], the author studies lightlike hyper-
surfaces (M, g), tangent to the structure vector field ¢, of an indefinite Sasakian
manifold (M, ¢,¢,n,g), with the assumption that U and V are parallel vector
fields. But this is not possible by Theorem 6.1. Furthermore, in the paper [14,
Theorem 4.12], the ditribution D’ is assumed to be killing but by Theorem 6.4
this is not possible. On the other hand, in the paper [17, Theorem 1], the author
studies the geometry of recurrent lightlike hypersurfaces of an indefinite Sasakian
manifold. However, we have seen, in Theorem 6.3, that such hypersurfaces do not
exist.
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