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Existence and uniqueness results for nonlinear hybrid
Ψ-Caputo-type fractional differential equations with

nonlocal periodic boundary conditions

Fatima Ezzahra Bourhim, Ali El Mfadel, M’hamed Elomari and

Naoufel Hatime

Abstract. In this paper, we consider a nonlinear fractional hybrid differential equation in-

volving the Ψ-Caputo fractional operator with nonlocal periodic boundary conditions. Based on

Lipschitz and Carathéodory conditions and via the Krasnoselskii fixed point theorem and some

basic fractional analysis techniques, we discuss the existence and uniqueness of solutions to

the proposed problem. Moreover, for a specific class of continuous functions, we prove some

fundamental fractional differential inequalities. We finish this work with a non-trivial example.

1. Introduction

Fractional calculus has emerged as an important area of investigation given its
extensive applications in the mathematical modeling of many complex systems
with long-term memory effects. An important characteristic of fractional order
operators is their nonlocal nature, which accounts for the hereditary properties of
the underlying phenomena. The interactions among macromolecules in the damp-
ing phenomenon give rise to a macroscopic stress-strain relationship in terms of
fractional differential operators. It is known that fractional order models are used
for a better description of phenomena having both discrete and continuous be-
haviors and are applied in different sciences and engineering fields such as ma-
terial theory, transport processes, earthquakes, electrochemical processes, wave
propagation, signal theory, biology, electromagnetic theory, fluid flow phenomena,
thermodynamics, mechanics, geology, astrophysics, economics, and control theory
(see [3, 9, 13, 29]). Fractional differential equations have been of great inter-
est recently, such as boundary value problems for nonlinear fractional differential
equations, which can be employed in modeling and describing non-homogeneous
physical phenomena that take place in their form. Almeida et al. [5] investigated
the existence and uniqueness results of nonlinear fractional differential equations
involving a Caputo type fractional derivative with respect to another function by
using fixed point theorems and the Picard iteration method. Zhang in [33] proved
the existence and uniqueness results for nonlinear fractional boundary value prob-
lems involving Caputo type fractional derivatives by using some fixed point the-
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orems. Many researchers have obtained some interesting results on the existence
and uniqueness of solutions to boundary value problems for fractional differential
equations involving different fractional operators, such as Riemann–Liouville [25],
Caputo [2], Hilfer [24], Erdelyi–Kober [27] and Hadamard [1]. For more details,
we refer the reader to [6, 7, 10, 12, 15, 16, 18, 20, 28, 32, 34] and the references
therein.

Based on the works that we mentioned, we look into expanding the results
found in [23] in the frame of Ψ-Caputo type fractional derivatives of order 2 <
α ≤ 3. More specifically, we aim to study the existence and uniqueness of solutions
for the following fractional boundary value problem:

CDα;Ψ
0+

(
x(t)

f(t, x(t))

)
= g(t, x(t)), t ∈ J = [0, T ],

x′(0) = x′(T ), a
x(0)

f(0, x(0))
+ b

x(T )

f(T, x(T ))
= c.

(1.1)

Where CDα;Ψ is the Ψ-Caputo fractional derivative of order 2 < α ≤ 3, f ∈
C2(J × R,R\{0}), g ∈ C(J × R,R) and a, b, c are real constants with a+ b ̸= 0.

Our paper is structured as follows:

• In Section 2, we give an overview of the Ψ-Caputo fractional calculus that
will be used in subsequent parts of the paper.

• In Section 3, based on mixed Lipschitz and Carathéodory conditions, we
establish some existence and uniqueness results for the main problem (1.1).

• In Section 4, we prove some fundamental fractional differential inequalities.

• As an application, an illustrative example is presented in Section 5.

• To summarize, we finish the paper by a conclusion.

2. Preliminaries

We start this section by introducing some necessary definitions and the basic
results required for further development.

Let J = [0, T ], T > 0 and X = C(J,R) the Banach space of continuous func-
tions from J into R endowed with supremum norm

||y|| = sup{|y(t)|, t ∈ J}.

We denote by C(J × R,R) the class of function g : J × R → R such that

1. The map t 7→ g(t, x) is Lebesgue-measurable for all x ∈ R.

2. The map x 7→ g(t, x) is continuous for almost every t ∈ J .
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The class C(J ×R,R) is called the Carathéodory class of functions on J ×R. Let
L1(J,R) denote the space of Lebesgue integrable real-valued functions on J with
norm ||.||L1 defined by

||x||L1 =

∫ T

0

|x(s)|ds.

We define the multiplication in X by (xy)(t) = x(t)y(t),∀x, y ∈ X.
Clearly, X = C(J,R) is a Banach algebra with respect to the above norm and

the defined multiplication.
Now, we give some results and properties from the theory of fractional calculus.

Defintion 2.1 (Ψ-Riemann–Liouville fractional integral [4]). Let α > 0, f a
Lebesgue integrable function defined on [a, b] and Ψ: [a, b] → R that is an increas-
ing differentiable function such that Ψ′(t) ̸= 0, for all t ∈ [a, b].

The Ψ-Riemann–Liouville fractional integral operator of order α of a function
f is defined by

Iα;Ψa+ f(t) =
1

Γ(α)

∫ t

a

Ψ′(s)(Ψ(t)−Ψ(s))α−1f(s)ds.

Defintion 2.2 (Ψ-Riemann–Liouville fractional derivative [4]). Let n ∈ N, f and
Ψ two functions of Cn([a, b]) such that Ψ is increasing with Ψ′(t) ̸= 0, for all
t ∈ [a, b]. The Ψ-Riemann–Liouville fractional derivative of order α of a function
f is defined by

Dα;Ψ
a+ f(t) =

(
1

Ψ′(t)

d

dt

)n

(In−α;Ψ
a+ f(t))

=
1

Γ(n− α)

(
1

Ψ′(t)

d

dt

)n ∫ t

a

Ψ′(s)(Ψ(t)−Ψ(s))n−α−1f(s)ds,

where n = [α] + 1 and [α] denotes the integer part of α.

Defintion 2.3 (Ψ-Caputo fractional derivative [4]). Let n ∈ N, f and Ψ two
functions of Cn([a, b]) such that Ψ is increasing with Ψ′(t) ̸= 0, for all t ∈ [a, b].
The Ψ-Caputo fractional derivative of order α of a function f is defined by

CDα;Ψ
a+ f(t) = (In−α;Ψ

a+ f
[n]
Ψ )(t)

=
1

Γ(n− α)

∫ t

a

Ψ′(s)(Ψ(t)−Ψ(s))n−α−1f
[n]
Ψ (s)ds,

where n = [α] + 1, for α /∈ N and n = α otherwise, and

f
[n]
Ψ (t) =

(
1

Ψ′(t)

d

dt

)n

f(t) on [a, b].

From this definition, it is clear that when α = n ∈ N, we have

CDα;Ψ
a+ f(t) = f

[n]
Ψ (t).
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We note that if f ∈ Cn([a, b]), then the Ψ-Caputo fractional derivative of order α
of f is giving as

CDα;Ψ
a+ f(t) = Dα;Ψ

a+

(
f(t)−

n−1∑
k=0

f
[k]
Ψ (a)

k!
(Ψ(t)−Ψ(a))k

)
.

Theorem 2.4 ([4]). Let f ∈ Cn([a, b]) and α > 0, then we have

Iα;Ψa+
CDα;Ψ

a+ f(t) = f(t)−
n−1∑
k=0

f
[k]
Ψ (a)

k!
(Ψ(t)−Ψ(a))k.

In particular, given α ∈ (0, 1) we have:

Iα;Ψa+
CDα;Ψ

a+ f(t) = f(t)− f(a).

Remark 2.5. For the sake of simplicity, in the rest of the paper, we use the
notation Dα;Ψ instead of Dα;Ψ

0+ .

To prove the existence and uniqueness of the results of the problem (1.1), we
assume the following assumptions throughout the rest of this paper:

(H0) x 7→ x

f(t, x)
is increasing on R, for all t ∈ J .

(H1) There exists a constant L > 0 such that:

|f(t, x)− f(t, y)| ≤ L|x− y|, for all t ∈ J and x, y ∈ R.

(H2) There exist some constants P,Q > 0 and p ∈ (0, 1) such that the function
g satisfies the following growth condition :

|g(t, x)| ≤ P |x|p +Q, for each t ∈ J and each x ∈ R.

3. Main results

In this section, we prove some existence and uniqueness results for the problem
(1.1) on the real interval J . First of all, we define the meaning of solution for the
boundary fractional hybrid differential equations (1.1).

Defintion 3.1. Let x ∈ C2(J,R). If the following conditions are fulfilled:

i) The function t 7→ x

f(t, x)
∈ C2(J,R) for each x ∈ X,

ii) x satisfies (1.1).

Then x called a solution to (1.1).

Theorem 3.2 ([11]). Let S be a non-empty, closed, convex, and bounded subset
of the Banach algebra X, and let A : X → X,B : X → X be two operators such
that
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1. A is Lipschitzian with a Lipschitz constant L.

2. B is completely continuous.

3. x = AxBy ⇒ x ∈ S, for all y ∈ S.

4. LM < 1, where M = ||B(S)||.

Then, the operator equation AxBx = x has a solution in S.

In order to get our target, we need the following lemma:

Lemma 3.3. Let a, b, c are real constants such that a + b ̸= 0. Assume that
hypothesis (H0) holds for a given h ∈ L1(J,R), then the unique solution of the
hybrid fractional differential equation


CDα;Ψ

(
x(t)

f(t, x(t))

)
= h(t), t ∈ J = [0, T ],

a
x(0)

f(0, x(0))
+ b

x(T )

f(T, x(T ))
= c.

(3.1)

is given by

x(t) = [f(t, x(t)]

{
c1[Ψ(t)− a

a+ b
Ψ(T )− a

a+ b
Ψ(0)]

+ c2[(Ψ(t)−Ψ(0))2 − b

a+ b
(Ψ(T )−Ψ(0))2]

+
1

Γ(α)

∫ t

0

Ψ′(s)(Ψ(t)−Ψ(s))α−1h(s)ds

− b

a+ b

1

Γ(α)

∫ T

0

Ψ′(s)(Ψ(T)−Ψ(s))α−1h(s)ds+
c

a+ b

}
.

Where c1 =
1

Ψ′(0)

(
x(0)

f(0, x(0))

)′

and c2 =
1

2Ψ′(0)

(
x(0)

f(0, x(0))

)′′

.

Proof. Taking the Ψ-Riemann–Liouville fractional integral of order α to the first
equation of (3.1), and using Theorem 2.4, we get

x(t)

f(t, x(t))
=

x(0)

f(0, x(0))
+

1

Ψ′(0)

(
x(0)

f(0, x(0))

)′

︸ ︷︷ ︸
c1

(Ψ(t)−Ψ(0))

+
1

2

1

Ψ′(0)

(
x(0)

f(0, x(0))

)′′

︸ ︷︷ ︸
c2

(Ψ(t)−Ψ(0))2 + Iα;Ψh(t).
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If we set

c1 =
1

Ψ′(0)

(
x(0)

f(0, x(0))

)′

and c2 =
1

2Ψ′(0)

(
x(0)

f(0, x(0))

)′′

.

Hence we get

b
x(T )

f(T, x(T ))
= b

x(0)

f(0, x(0))
+ bc1(Ψ(T )−Ψ(0)) + bc2(Ψ(T )−Ψ(0))2 + bIα;Ψh(T ).

Thus

x(0)

f(0, x(0))
=

1

a+ b

{
c− bc1(Ψ(T )−Ψ(0))− bc2(Ψ(T )−Ψ(0))2 − bIα;Ψh(T )

}
.

Consequently,

x(t) = [f(t, x(t)]

{
c1[Ψ(t)− a

a+ b
Ψ(T )− a

a+ b
Ψ(0)]

+ c2[(Ψ(t)−Ψ(0))2 − b

a+ b
(Ψ(T )−Ψ(0))2]

+
1

Γ(α)

∫ t

0

Ψ′(s)(Ψ(t)−Ψ(s))α−1h(s)ds

− b

a+ b

1

Γ(α)

∫ T

0

Ψ′(s)(Ψ(T)−Ψ(s))α−1h(s)ds+
c

a+ b

}
.

Now, for a real numbers a and b such that a+ b ̸= 0, we set

w =
|c1|

|a+ b|

{
|Ψ(T )|+ |b||Ψ(T )|+ |a||Ψ(0)|}+ |c2|

|a+ b|
{(|b|+ 1)(Ψ(T )−Ψ(0))2

}
+

(P +Q)

Γ(α+ 1)

(
1 + |b|)(Ψ(T )−Ψ(0)

)α
+

|c|
|a+ b|

.

Then, we have the following existence result:

Theorem 3.4. Assume that hypothesis (H0)–(H2) holds such that L ∈
(
1,

1

w

)
and a+ b ̸= 0, then the hybrid fractional differential equation (1.1) has at least a
solution defined on J .

Proof. We define a subset S of X by

S = {x ∈ X, ||x|| ≤ N},
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where N =
F0w

1− Lw
, and F0 = sup

t∈J
|f(t, 0)|. Via Lemma 3.3, it is easy to see that

the problem (1.1) is equivalent to the nonlinear hybrid integral equation

x(t) = [f(t, x(t)]

{
c1[Ψ(t)− a

a+ b
Ψ(T )− a

a+ b
Ψ(0)]

+ c2[(Ψ(t)−Ψ(0))2 − b

a+ b
(Ψ(T )−Ψ(0))2]

+
1

Γ(α)

∫ t

0

Ψ′(s)(Ψ(t)−Ψ(s))α−1g(s, x(s))ds

− b

a+ b

1

Γ(α)

∫ T

0

Ψ′(s)(Ψ(T)−Ψ(s))α−1 × g(s, x(s))ds+
c

a+ b

}
, t ∈ J.

Where c1 =
1

Ψ′(0)

(
x(0)

f(0, x(0))

)′

and c2 =
1

2Ψ′(0)

(
x(0)

f(0, x(0))

)′′

.

We define two operators A : X → X and B : S → X by:

Ax(t) = f(t, x(t)), t ∈ J, (3.2)

and

Bx(t) = c1[Ψ(t)− a

a+ b
Ψ(T )− a

a+ b
Ψ(0)]

+ c2[(Ψ(t)−Ψ(0))2 − b

a+ b
(Ψ(T )−Ψ(0))2]

+
1

Γ(α)

∫ t

0

Ψ′(s)(Ψ(t)−Ψ(s))α−1g(s, x(s))ds

− b

a+ b

1

Γ(α)

∫ T

0

Ψ′(s)(Ψ(T)−Ψ(s))α−1 × g(s, x(s))ds+
c

a+ b
.

Then the hybrid integral equation (3.2) is transformed into the operator equation
as

x(t) = Ax(t)Bx(t), t ∈ J.

We proceed now to show that the operators A and B satisfy all the conditions of
Theorem 3.2 in several steps.

Step 1: Let x, y ∈ X, then by hypothesis (H1),

|Ax(t)−Ay(t)| = |f(t, x(t))− f(t, y(t))| ≤ L|x(t)− y(t)|, t ∈ J.

Step 2: Let xn, x ∈ S with lim
n→∞

||xn−x|| = 0, it is easy to see that xn is a bounded

subset of S. As a result, we deduce that ||x|| ≤ N . Via the continuity of g
we see that g(s, xn(s)) → g(s, x(s)), as n → ∞.
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On the other hand, taking (H2) into consideration, give us the following
inequality:

Ψ′(s)(Ψ(t)−Ψ(s))α−1

Γ(α)
||g(s, xn(s)− g(s, x(s)||

≤ 2
Ψ′(s)(Ψ(t)−Ψ(s))α−1

Γ(α)
(PNp +Q).

Notice that the functions

s 7→ 2
Ψ′(s)(Ψ(t)−Ψ(s))α−1

Γ(α)
(PNp +Q)

and

s 7→ 2
Ψ′(s)(Ψ(T )−Ψ(s))α−1

Γ(α)
(PNp +Q)

are Lebesgue integrable respectively over [0, t] and [0, T ], this fact, together
with the Lebesgue dominated convergence Theorem, implies that∫ t

0

Ψ′(s)(Ψ(t)−Ψ(s))α−1

Γ(α)
||g(s, xn(s)− g(s, x(s)|| −→

n→∞
0,

and ∫ T

0

Ψ′(s)(Ψ(T)−Ψ(s))α−1

Γ(α)
||g(s, xn(s)− g(s, x(s)|| −→

n→∞
0.

It follows that ||Bxn−Bx|| → 0 as n → ∞. Thus B is a continuous operator.
To show that B is compact we take x ∈ S, thus, we have

|Bx(t)| ≤ |c1|
{
|Ψ(T )|+ |b|

|a+ b|
|Ψ(T )|+ |a|

|a+ b|
|Ψ(0)|

}
+ |c2|

{
(Ψ(T )−Ψ(0))2 +

|b|
|a+ b|

(Ψ(T )−Ψ(0))2
}

+
|b|

|a+ b|
(P ||x||p +Q)

Γ(α+ 1)
(Ψ(T )−Ψ(0))α +

|c|
|a+ b|

.

Therefore,

||Bx|| ≤ |c1|
{
|Ψ(T )|+ |b|

|a+ b|
|Ψ(T )|+ |a|

|a+ b|
|Ψ(0)|

}
+ |c2|

{
(Ψ(T )−Ψ(0))2 +

|b|
|a+ b|

(Ψ(T )−Ψ(0))2
}

+
|b|

|a+ b|
(PNp +Q)

Γ(α+ 1)
(Ψ(T )−Ψ(0))α +

|c|
|a+ b|

,



Nonlinear hybrid Ψ-Caputo-type fractional differential equations 237

hence, B is a uniformly bounded operator. Now, for equicontinuity of B, we
take t1, t2 ∈ J such that t1 < t2, and x ∈ S, thus, we get

|Bx(t2)−Bx(t1)| ≤ |c1|(Ψ(t2)−Ψ(t1))

+ |c2|(Ψ(t1)−Ψ(0))2 − (Ψ(t2)−Ψ(0))2

+
(PNp +Q)

Γ(α+ 1)
(Ψ(t2)−Ψ(0))α − (Ψ(t1)−Ψ(0))α.

Consequently, we get ||Bx(t2)−Bx(t1)|| → 0 when t2 → t1. Therefore, B is
equicontinuous, thus, by the Arzelà–Ascoli Theorem [30], the operator B is
compact.

Step 3: Let x ∈ X and y ∈ S such that x = AxBy, then

|x(t)| ≤ |Ax(t)By(t)| ≤ (L|x(t)|+ F0)|By(t)|

≤ F0|By(t)|
1− L|By(t)|

.

Without any loss of generality, we take p = 0, then

|By(y)| ≤ |c1|
|a+ b|

{|Ψ(T )|+ |b||Ψ(T )|+ |a||Ψ(0)|}

+
|c2|

|a+ b|
{(|b|+ 1)(Ψ(T )−Ψ(0))2}

+
(P +Q)

Γ(α+ 1)
(1 + |b|)(Ψ(T )−Ψ(0))α +

|c|
|a+ b|

.

Therefore,

||x|| ≤ F0w

1− Lw
,

where

w =
|c1|

|a+ b|
{|Ψ(T )|+ |b||Ψ(T )|+ |a||Ψ(0)|}

+
|c2|

|a+ b|
{(|b|+ 1)(Ψ(T )−Ψ(0))2}

+
(P +Q)

Γ(α+ 1)
(1 + |b|)(Ψ(T )−Ψ(0))α +

|c|
|a+ b|

.

Step 4: Finally, it remains to show that LM < 1 with M = ||B(s)||. We have

M = ||B(s)|| = sup{||Bx||, x ∈ S} ≤ w.

Thus,
LM ≤ Lw < 1.
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From the above stepes, we can see that all the conditions of Theorem 3.2 are
satisfied, thus the operator AxBx has fixed point in S. As a result, the problem
(1.1) has at least a solution defined on J .

4. Ψ-fractional hybrid differential inequalities

In this section, we discuss a fundamental results relative to strict inequalities for
the problem (1.1). We begin with the definition of the class Cp([0, T ],R).

Defintion 4.1 ([26]). Let q ∈ (0, 1) and p > 0 such that p+ q = 1, we set

Cp([0, T ],R) =
{
m ∈ C([0, T ],R) such that tpm ∈ C([0, T ],R)

}
Remark 4.2.

• For the rest of the paper, we consider q ∈ (0, 1) and p > 0 such that p+q = 1.

• For all m ∈ Cp([0, T ],R), the Ψ-Riemann–Liouville derivative defined in
Definition 2.1 reduced to

Dq;Ψm(t) =
1

Γ(p)

1

Ψ′(t)

d

dt

∫ t

0

Ψ′(s)(Ψ(t)−Ψ(s))p−1m(s)ds,

Lemma 4.3. Let m ∈ Cp([0, T ],R). Suppose that for all t1 ∈ [0, T ], and t ∈ (0, t1)
we have

m(t) < 0,

then,

Dq;Ψm(t1) ≥ 0, q > 0.

Proof. We consider m ∈ Cp([0, T ],R), suppose that t1 ∈ [0, T ], we have m(t) < 0
with 0 < t < t1. Then, m(t) and tpm(t) are continuous over [0, T ].
Since m(t) is continuous on [0, T ], let t1 ∈ [0, T ], then, there exist a constant h > 0
and a continuous function k such that

−k(t1) ≤ m(s) ≤ k(t1), where 0 < t1 − h ≤ s ≤ t1 + h < T. (4.1)

If we set H(t) =

∫ t

0

Ψ′(s)(Ψ(t)−Ψ(s))p−1m(s)ds, then we have

H(t1 + h)−H(t1) =

∫ t1

0

[(Ψ(t+ h)−Ψ(s))p−1 − (Ψ(t1)−Ψ(s))p−1]m(s)ds

+

∫ t1+h

0

Ψ′(s)(Ψ(t1 + h)−Ψ(s))p−1m(s)ds = I1 + I2,
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where

I1 =

∫ t1

0

[(Ψ(t+ h)−Ψ(s))p−1 − (Ψ(t1)−Ψ(s))p−1]m(s)ds,

I2 =

∫ t1+h

0

Ψ′(s)(Ψ(t1 + h)−Ψ(s))p−1m(s)ds.

Since t1 + h > t1, p− 1 < 0 and Ψ an increasing function, then we have

(Ψ(t1 + h)−Ψ(s))p−1 < (Ψ(t1)−Ψ(s))p−1.

This, with the fact that m(t) < 0 for all t ∈ (0, t1), implies that I1 ≥ 0.
Using (4.1), we see that

I2 ≥ −k(t1)

p
(Ψ(t1 + h)−Ψ(t1))

p.

Hence,

H(t1 + h)−H(t1) +
k(t1)

p
(Ψ(t1 + h)−Ψ(t1))

p ≥ 0.

Then dividing both sides by h and taking limits as h → 0, we obtain

lim
h→0

{
H(t1 + h)−H(t1)

h
+

k(t1)

p

(
(Ψ(t1 + h)−Ψ(t1))

h

)p

hp−1

}
≥ 0.

Since p ∈ (0, 1), thus
dH(t1)

dt
≥ 0, which implies that Dq;Ψ(t1) ≥ 0.

Theorem 4.4. Assume that hypothesis (H0) hold and suppose that there exist two
functions y, z in Cp([0, T ],R) satisfying the following inequalities

Dα;Ψ

(
y(t)

f(t, y(t))

)
≤ g(t, y(t)), ∀t ∈ J, (4.2)

and

Dα;Ψ

(
z(t)

f(t, z(t))

)
≥ g(t, z(t)), ∀t ∈ J, (4.3)

such that one of the inequalities is strict, then

y0 < z0 implies that y(t) < z(t) for all t ∈ J,

where y0 = t1−αy(t)|t=0 and z0 = t1−αz(t)|t=0.

Proof. We assume that this claim is false, since y0 < z0, tα−1y(t) and tα−1z(t) are
continuous functions, then there exists t1 such that t1 ∈ (0, T ) where

y(t1) = z(t1) and y(t) < z(t), for all t ∈ (0, t1).
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We set

Y (t) =
y(t)

f(t, y(t))
and Z(t) =

z(t)

f(t, z(t))
.

Then we have Y (t1) = Z(t1), and via (H0)we get Y (t) < Z(t) for all t ∈ (0, t1).
If we set m(t) = Y (t) − Z(t) for all t ∈ (0, t1), then we have m(t) < 0, t ∈ (0, t1)
and m(t1) = 0, since m ∈ Cp([0, T ],R), using Lemma 4.3, we obtain

g(t1, y(t1)) > Dα;Ψ(Y (t1)) > Dα;Ψ(Z(t1)) ≥ g(t1, z(t1)).

Which is contradictory with the fact that y(t1) = z(t1), hence the proof is finished.

Theorem 4.5. Assume that hypothesis (H0) holds and a, b, c are real constants
with a+ b ̸= 0. Suppose that there exist functions y, z ∈ Cp([0, T ],R), such that

Dα;Ψ

(
y(t)

f(t, y(t))

)
≤ g(t, y(t)), ∀t ∈ J, (4.4)

and

Dα;Ψ

(
z(t)

f(t, z(t))

)
≥ g(t, z(t)), ∀t ∈ J, (4.5)

with one of the inequalities being strict. If a > 0, b < 0 and y(T ) < z(T ), then

a
y(0)

f(0, y(0))
+b

y(T )

f(T, y(T ))
< a

z(0)

f(0, z(0))
+b

z(T )

f(T, z(T ))
⇒ y(t) < z(t) for all t ∈ J.

Proof. We have

a

(
y(0)

f(0, y(0))
− z(0)

f(0, z(0))

)
< b

(
z(T )

f(T, z(T ))
− y(T )

f(T, y(T ))

)
,

Since a > 0, b < 0 and y(T ) < z(T ) by (H0), we have y(0) < z(0).
Hence, as application of Theorem 4.4 we get y(t) < z(t).

Theorem 4.6. Assume that the conditions of Theorem 4.4 hold. Suppose that
there exists a real number M > 0 such that

g(t, x1)− g(t, x2) ≤ M

(
x1

f(t, x1)
− x2

f(t, x2)

)
, t ∈ J andx1, x2 ∈ Rwithx1 ≥ x2.

Then

a
y(0)

f(0, y(0))
+ b

y(T )

f(T, y(T ))
< a

z(0)

f(0, z(0))
+ b

z(T )

f(T, z(T ))
,

implies that
y(t) < z(t) for all t ∈ J.

Where 1
Γ(p) (Ψ(T )−Ψ(0))p−1 ≥ M,p ∈ (0, 1)
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Proof. We set
zε(t)

f(t, zε(t))
=

z(t)

f(t, z(t))
+ ε, ε > 0,

and let

Zε(t) =
zε(t)

f(t, zε(t))
and Z(t) =

z(t)

f(t, z(t))
, t ∈ J.

So, we have
Zε(t) > Z(t) ⇒ zε(t) > z(t).

Since

g(t, x1)− g(t, x2) ≤ M

(
x1

f(t, x1)
− x2

f(t, x2)

)
and

Dα;Ψ

(
y(t)

f(t, y(t))

)
≤ g(t, y(t)), t ∈ J,

hence

Dα;Ψ(Zε(t)) = Dα;Ψ(Z(t)) +Dα;Ψ(ε)

= Dα;Ψ(Z(t)) +
ε

Γ(p)
(Ψ(T )−Ψ(0))p−1, p ∈ (0, 1)

≥ g(t, zε(t)) + ε

(
1

Γ(p)
(Ψ(T )−Ψ(0))p−1 −M

)
> g(t, zε(t)).

We have zε(0) > z(0) ≥ y(0), hence, by virtue of Theorem 4.5 we get

y(t) < zε(t) for all t ∈ J.

By taking ε → 0, we get y(t) ≤ z(t), for all t ∈ J .

5. An illustrative example

In this section, we give an example to illustrate our main result. Consider the
following hybrid fractional differential equation:

CD
5
2 ,t

0+

(
x(t)

Φ(t, x(t))

)
= φ(t, x(t)), t ∈ ∆ = [0, 1],

x′(0) = x′(1),
x(0)√

1
10 |x(0)|+ 1

+
x(1)√

1
10 |x(1)|+ 1

= 0.

(5.1)
where α = 3

2 , T = 1, a = b = 1, c = 0, Ψ(t) = t,

φ(t, x(t)) =

√
|x(t)|+ e−|x(t)|

t2 + 2t+ 3
sin2(x(t)), and Φ(t, x(t)) =

√
1

10
|x(t)|+ 1.
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It is clear that the assumption (H0) is satisfied. We proceed to prove that the
assumption (H1) hold, let t ∈ ∆ and x, y ∈ C (∆,R), then we have

|Φ(t, x(t))− Φ(t, y(t))| =

∣∣∣∣∣
√

1

10
|x(t)|+ 1−

√
1

10
|x(t)|+ 1

∣∣∣∣∣
≤ 1

10

∣∣∣x(t)− y(t)
∣∣∣√

1
10 |x(t)|+ 1 +

√
1
10 |x(t)|+ 1

≤ 1

10
|x(t)− y(t)| .

Thus, the assumption (H1) is true where L =
1

10
.

It remains to verify that the assumption (H2) hold, let t ∈ ∆ and u ∈ R, then we
have

|φ(t, x(t))| =

∣∣∣∣∣
√
|x(t)|+ 1

t2 + 2t+ 3

∣∣∣∣∣
≤ 1

3

√
|x(t)|+ 1

3
,

Thus the assumption (H2) is verified where P = Q =
1

3
and p =

1

2
.

Hence, as a consequence of Theorem 3.2, we deduce that the problem (5.1) has at
least solution on [0, 1]. To guarantee the uniqueness of this solution, it is enough
to take the constants c1 and c2 such that

|c1|+ |c2|
10

+
1

3Γ
(
5
2

) < 1.

6. Conclusion

In the work, we consider a nonlocal fractional hybrid boundary value problem
involving Ψ-Caputo fractional derivative of order α ∈ (2, 3], by the Krasnoselskii
fixed point Theorem, we prove that the main problem has at least a solution. In
addition, we prove some fundamental fractional differential inequalities for a spe-
cific class of continuous functions. Finally, as an application, a nontrivial example
is presented to illustrate our theoretical results.

Acknowledgements. The authors would like to express their sincere apprecia-
tion to the referees for their very helpful suggestions and many kind comments.



Nonlinear hybrid Ψ-Caputo-type fractional differential equations 243

References

[1] Agarwal, R.P., Ntouyas, S.K., Ahmad, B., Alzahrani, A.K.: Hadamard-type fractional func-
tional differential equations and inclusions with retarded and advanced arguments. Advances
in Difference Equations. 1, 1–15 (2016)

[2] Agarwal, R.P., Hristova, S., O’Regan, D.: A survey of Lyapunov functions stability and
impulsive Caputo fractional differential equations. Fract. Calc. Appl. Anal. 19, 290–318
(2016)

[3] Agarwal, R.P., Zhou, Y., Wang, J., Luo, X.: Fractional functional differential equations with
causal operators in Banach spaces. Mathematical and Compututer Modelling. 54, 1440–1452
(2011)

[4] Almeida, R.: Caputo fractional derivative of a function with respect to another function.
Commun. Nonlinear Sci. Numer. Simul. 44, 460–481 (2017)

[5] Almeida, R., Malinowska, A.B., Monteiro, M.T.T.: Fractional differential equations with a
Caputo derivative with respect to a kernel function and their applications. Mathematical
Methods in the Applied Sciences. 41(1), 336–352 (2018)

[6] Baleanu, D., Jafari, H., Khan, H., Johnston, S.J.: Results for mild solution of fractional
coupled hybrid boundary value problems. Open Math. 13, 601–608 (2015)

[7] Baleanu, D., Khan, H., Jafari, H., Khan, R.A. and Alipour, M.: On existence results for
solutions of a coupled system of hybrid boundary value problems with hybrid conditions.
Advances in Difference Equations. 1, 1–14 (2015)

[8] Belarbi, A., Benchohra, M., Ouahab, A.: Uniqueness results for fractional functional differ-
ential equations with infinite delay in Frechet spaces. Appl. Anal. 58, 1459–1470 (2006)

[9] Carpinteri, A., Mainardi, F., editors.: Fractals and Fractional Calculus Continuum Me-
chanics. Springer Verlag (1997)

[10] Dhage, B.C.: On α−condensing mappings in Banach algebras. Math. Student. 63, 146–152
(1994)

[11] Dhage, B.C.: On a fixed point theorem in Banach algebras with applications. Appl. Math.
Lett. 18, 273–280 (2005)

[12] Dhage, B.C., Lakshmikantham, V.: Basic results on hybrid differential equations. Nonlinear
Anal. Hybrid. 4, 414–424 (2010)

[13] Diethelm, K.: The Analysis of Fractional Differential Equations: An Application-Oriented
Exposition Using Differential Operators of Caputo Type. Lecture Notes in Mathematics
2004, Springer-Verlag Berlin Heidelberg (2010).

[14] Deimling, K.: Nonlinear Functional Analysis. Springer-Verlag, New York (1985).

[15] El Mfadel, A., Melliani, S., Elomari, M.: Existence and uniqueness results for Caputo
fractional boundary value problems involving the p-Laplacian operator. U.P.B. Sci. Bull.
Series A. 84(1), 37–46 (2022)

[16] El Mfadel, A., Melliani, S., Elomari, M.: New existence results for nonlinear functional hy-
brid differential equations involving the Ψ-Caputo fractional derivative. Results in Nonlinear
Analysis. 5(1), 78-86 (2022)

[17] El Mfadel, A., Melliani, S., Elomari, M.: Existence results for nonlocal Cauchy problem of
nonlinear Ψ-Caputo type fractional differential equations via topological degree methods.
Advances in the Theory of Nonlinear Analysis and its Application. 6(2), 270–279 (2022)

[18] El Mfadel, A., Melliani, S., Elomari, M.: On the Existence and Uniqueness Results for
Fuzzy Linear and Semilinear Fractional Evolution Equations Involving Caputo Fractional
Derivative. Journal of Function Spaces. 1–7 (2021)

[19] El Mfadel, A., Melliani, S., Elomari, M.: A Note on the Stability Analysis of Fuzzy Nonlinear
Fractional Differential Equations Involving the Caputo Fractional Derivative. International
Journal of Mathematics and Mathematical Sciences. 1–6 (2021)

[20] El Mfadel, A., Melliani, S., Elomari, M.: Notes on Local and Nonlocal Intuitionistic Fuzzy
Fractional Boundary Value Problems with Caputo Fractional Derivatives. Journal of Math-
ematics. 1–11 (2021)

[21] Green, J.W., Valentine, F.A.: On the Arzelà–Ascoli theorem. Mathematics Magazine. 34,
199–202 (1961)



244 F.E. Bourhim, A. El Mfadel, M. Elomari and N. Hatime

[22] Guo, T.L., Jiang, W.: Impulsive fractional functional differential equations. Comput. Math.
Appl. 64, 3414–3424 (2012)

[23] Hilal, K., Kajouni, A.: Boundary value problems for hybrid differential equations with
fractional order. Advances in Difference Equations. 1–19 (2015)

[24] Hilfer, R.: Applications of Fractional Calculus in Physics, Singapore (2000)
[25] Kilbas, A.A., Srivastava, H.M., Trujillo, J.J.: Theory and Applications of Fractional Dif-

ferential Equations. Elsevier Science B.V, Amsterdam. 204 (2006)
[26] Lakshmikantham, V., Vatsala, A.S.: Theory of fractional differential inequalities and appli-

cations. Commun. Appl. Anal. 11, 395–402 (2007)
[27] Luchko, Y., Trujillo, J.J.: Caputo-type modification of the Erdélyi–Kober fractional deriva-
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